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The Bost—Connes system

Algebra Q[Q/Z] x N generators and relations

Hntm — Unm
Pnlm = Embn  When (n,m) =1
Pnpin =1

e(r+s) =e(r)e(s), e(0)=1

pn(e(r)) = eI = 3 e(s)

ns=r
C*-algebra C*(Q/Z) xN=C(Z) » N

Time evolution
ar(e(r)) = e(r), ot(un) = nuy

Hamiltonian Tr(e PH) = ¢(B)

Complete classification of extremal KMS states
(phase transition)



Observations

e Representations m, on £2(N):

Hn€m — €nm, Wp(e("“))em — C;'j?’em

¢ = p(e(r)) root of 1, for p e Z

e Low temperature KMS states (3> 1)

Tr(mp(a)ePH) o
Spﬁ,p(a’) — TI’(G_BH) ) P < Z

e Zero temperature: evaluations

SOOO,p(CL) — <€1>7Tp(a)€1>

poo,ple(r)) = ¢r
® Lunu = en idempotent

en=% Z e(s)
0

ns=
enem projection of ¢2(N) on n|m (range of
multiplication by n)



Bost—Connes endomotive (Connes—Consani—M.)

abelian semigroup action S =Non A = Q[Q/Z]

Endomotives (A, S) from self maps of algebraic
varieties s : Y — Y, s(yg) = yo unbranched,
Xs =s"1(yo), X = lim X; = Spec(A)

£S,S/ : XS/ — XS? 63’5/(y) — r(y)a S/ =Tsc S

Bost—Connes endomotive:
Gy, With self maps u — u¥

sp i P(t,t7 ) — P, t7F), ke N, PecQlt,t 1]

X = Spec(Q[t,t71]/(t* — 1)) = s;1(1) and
X =lim, X}



Integer model of the Bost—Connes algebra

(Connes—Consani—M.)

Az pc 9enerated by Z[Q/Z] and puy, fin

/jnﬁm — ﬁnm
N;;éf;l;z — :UJ;I;,m
P fin =T

fnfly = Mmbin (n,m) = 1.

pnx = op(x)p,  and Tln = fnon(x)

where op(e(r)) = e(nr) for r € Q/Z

Note: pn(x) = punpzp) ring homomorphism but
not pn(xz) = pnxp;, (Correspondences ‘‘crossed
product” Ay pc = Z[Q/Z] x;N)



Gadgets over [ (Soulé)

(Xa AX) eZC,O')

e X : R — Sets covariant functor,
R finitely generated flat rings

o Ay complex algebra

e evaluation maps: forall z € X(R), o : R — C
= ez - Ax — C algebra homomorphism

ef(y)aa — ey,o'of
for f : R — R ring homomorphism

Affine varieties V; = gadget X = G(Vy) with
X(R) =Hom(O(V),R) and Ax =0(V)®C

Affine variety over [F; (Soulé)
Gadget with X (R) finite; variety X, and mor-
phism of gadgets

X — G(Xgz)

such that all X — G(V3) come from Xy — Vy
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Bost—Connes and [Fq{ (Connes—Consani—M.)

Affine varieties M(”) over 1 defined by gadgets
G(Spec(Q[Z/nZ])); projective system

Endomorphisms oy, (Of varieties over Z, of gad-
gets, of Fi-varieties)

Extensions [F1»: free actions of roots of 1

(Kapranov—=Smirnov)

(— (" neN and ¢(—(*—elalr)), aeZ

Frobenius action on i

In reductions mod p of integral Bost—Connes
endomotive = Frobenius

Bost—Connes = extensions Fq» plus Frobenius



The Habiro ring
Zlq) = lim Z[q] /((9)n)

n

(Dn=10—-g)(1—q¢*) (1 —q")
Zlql/((@)n) — Zlql/((q)g) for kE < nsince (q)r|(g)n

Evaluation maps at roots of 1
ev¢ : Z[q] — Z[C]

surjective ring homomorphisms
give an injective homomorphism:

ev: Zlql — [ 2I¢]

cez

Taylor series expansions

7¢ : Zlql — Z[¢)[[g — <]
injective ring homomorphism

P(@)=ao+a1(¢+(q—)+ - FalC+(@-0) =
12
D_ai
7=0

> PO - OF

k>0

J

S (e Ha- o =

k=0



Endomorphisms of the Habiro ring

on(f)(q) = f(q")
lifts P(¢) — P(¢") in Z[¢] through ev,

on : Llql/((@)m) — Zlg]/(on(@)m) — Zlql/((@)m)

where (@)m|on(q)m = on : Z[q] — Z[q]

evc(on(f)) = even(f)
but on Taylor series 7:(on(f)) # 7en(f)

reon() = Y eve((f o om)®) (g~ OF

k>0 "



Representations of the Habiro ring and the
Bost—Connes endomotive

f € Z[E] and ¢ € Z = bounded operator on
2(N)

ng €En — G’UCn(f) €n
= C*-algebra C%(Z[q))

p € 7* = isomorphism C%(Z[q]) & C*(Q/Z)

C}(Z[E]) and un and py = Bost—Connes alge-
bra C*(Q/Z) x N

With Taylor expansion: operators

1
TC,f €En,m = Z E(f O Un)(k) (C) Cn,m+k
k>0 ™"

on H = /¢2(N) ® 2(NuU{0})

— C*-algebra C;"’Z(Z/[E])



Integral model from Habiro ring

Ring Ay , generated by Z[E] and pn and ;) with
relations

p f =on(f) pp, and f bn = pnon(f)

Semigroup crossed product
Az.q = Z/[E]OO Xp N
where Ay = {uy f iy | € Zlgl}
AN - Ap C ANpr/ (N,

Aco = Zlqlso = UNAN
Endomorphisms pp : Asc — Axo

pn(a) = pnapy, pn: AN — AyN
on(a) = prapn, onp: Ay — AN/p, If n|N

en = Unity, - AN — HnN/(n,N) Rn/(n,N) M;N/(n,N) C AnN/(n,N)

ay — epane, With R, = range of o, on Z[q]

Subring Ay , generated by Zlq) and fin and u*
maps to Ay pc via evaluations at ¢ € Z
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Time evolution and KMS states

0 < h< 1 with logr +xlogh = 0 for r EQj_
and x € Z = (r,xz) = (1,0)

1 —i
oTeenm= 2 (P on) O WM Spen,m

o1(8,) = h*6,  oy(un) = n' pn

Ok€n,m = €n mik
Hamiltonian H epm = (log(n) + mlog(h)) enm

Partition function

Low temperature KMS states
op(8iTe ) = W' (L =17)¢(B) Y e o(f o on)n™
Bost—Connes case included ’

0p(Te,p) = (1= hP)¢(B) 1 ;evg(f oon) n "

Zero temperature
Voo (Te,5) = eve(f)

liM g0 (85Tt ) /P recover all terms in the Taylor series
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Multivariable Habiro rings (Manin)

Zlg1,---,qn] =limZlqy, ..., qn]/I, N
N

where I, n is the ideal

((gr—1)(gF 1) (g —1),...,(gn—1)(g2 — 1)+ (g} — 1))

Evaluations at roots of 1

/\

eve, . o) - Llats - an] — Z[C1, - - -, Cnl

Taylor expansions

e~

Tz 1 Zlq1, - an] — Z[C1, - - Galllaa —Cas - - -5 an—Gall
Z = (C1,---,¢n) In 2"
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Endomorphisms of tori and Habiro rings

Torus T" = (G,»,)™, algebra @[tz‘,ti—l]

“=(t0)i=1,.m  With = T]¢;"

a € M, (Z)T homomorphisms semigroup:
automorphisms SL,(Z)

Action on Habiro rings

—_—

: —1 ~1
Z[Q]_,---,Qn]:I|<_mZ[q1,---,Qn,q1 7"'7Qn ]/jnN
N

Jn.N ideal generated by the (¢;—1) - (q 1),
for i=1,...,n and the (¢; ' —1)--- (g —N— 1)

Semigroup action a € M,(Z)7:
g+ oalq) =o0alq1,--.,qn) =

(qa11q312 qgln, o q nlqgnQ q%nn) — qa
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Multivariable Bost—Connes endomotives

Variety T" = (G,)" endomorphisms a € M, (Z) T
Xa={t=(t1,...,tn) € T"|sa(t) = tg}

a8 X = Xa, L th, a=pyec Mn(Z)_I_

X = Ii(_ma Xao With semigroup action

C(X(Q)) £ Q[Q/Z]®™ generators e(r1) @--- @ e(ry)

An = Q[Q/Z]®™ %, Mp(Z) T
generated by e(r) and pqa, p,
pa(e(r)) = pae(ly = —— 3 e(s)

det o o(8)=r

oale(r)) = poe(r)ua = e(a(r))

From representations of multivariable Habiro
rings on 2(Mn(Z)1)

ev(¢y..cn)(fea = f((Mea, &= det(a)a*

ring Z[g1, - - - anloo Xp Mn(Z)T
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A-rings, endomotives, and [y

Grothendieck: characteristic classes, Riemann—
Roch

Torsion free R with action of semigroup N by
endomorphisms lifting Frobenius

sp(x) — 2P € pR, Vx €R
Morphisms: fosp =spof
Q-algebra A = A-ring

iff action of Gal(Q/Q) x N on X = Hom(A,Q) factors
through an action of Z

The Bost—Connes endomotives is a direct limit
of A-rings

Ry =Z[t,t7]/(t" — 1) s (P)(t,t71) = P(t*, t7F)

Action of Z: Frobenius over Fi-

Every torsion free finite rank A-ring embeds
in Z[Q/Z]®™ with action of N compatible with
Sn,diag C Mn(Z)T (Bogner—Smit)

= multivariable Bost—Connes endomotives as
universal A-rings
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Time evolution and Hamiltonian

or(e(r)) = e(r), or(pa) = det(a)” pa

Hamiltonian Heg = log det(3) eg
Infinite multiplicities: SL,(Z) symmetry

As in the case of 2-dim Q-lattices (Connes-M.):

Ur = {(a, p) € N\GLa(Q)T xr Z" | alp) € Z"}
Quotient U by SL,(Z) x SLn(Z)

(71,72) : (@, p) = (y1av5 ,72(p))
Convolution algebra

(f1 % f2)(a,p) = Z fi(a, p1) f2(a2, p2)

(aap)z(al 7p1)o(a2 ,pQ)Eur

f(a,p) = fla™ta(p)) and oi(f)(a,p) = det(a)" f(a, p)
(mp(f)E) () = > f(aB™,8(p))E(B)

BEM\GL.(Q)* : Bpel:

On 2(MN\G,). If p € (Z*)™:
Gp={a € GLo(Q)T |a(p) € 2"} = Mu(Z)T

ZB)= > det(m)””
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Quantum channels and states

States given by “density matrices” p
Tr(ap)

Tr(o)

Gibbs states when g = e #H

p(a) =

Transforming density matrices by endomorphisms
(quantum channels)

s ar s(a) = psapy

semigroup S acting on algebra A by endomor-
phisms realized by isometries us, s € S

— (s* a :Tr(GQS)
os(a) = (") (@) = = 2557

Action on density matrices p — gs = pious

with os = pgous
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MZVs of cones (Terasoma)
x(v)
veconzn ©1 k

¢; = Q-linear forms on Q™ positive on interior
cO of C, x € Hom(Z"™, C*)

States from MZVs of cones
Algebra A = Q[Q/Z]®"™ and semigroup Sc C
Mn(Z)T preserving cone C
oo = (L1(v) - £ (v)) " tey
on Hilbert space ¢2(C° NZ") = state

Tr(a,g) — Z Xa('U)

vecomgn £1(v) -+ £ (v)
character x, for a choice of a € GLn(Z):
k
Xa(v) = (1 Gy

fora=e(r1)®- --®e(rn) and ¢; = ale(r;)) € Z.
Semigroup action and relations:

— Xa(V)
Tr(ags) = Ue;w 11(s(0)) - L (s5(0))

R(CC(K]-,Z'? <o 7£k,i7 Xs(ai))) =0« R(CC(ELZ'OS? <o ,K]{;,Z'OS, Xai)) =0
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T he universal Witten—Reshetikhin—Turaev
invariant (Habiro)

3-dimensional integral homology sphere M
surgery presentation M = S%, algebraically split
ink L=LqU---ULy in S3 framing +1

S3 & S?/ & L ~ L' Fenn—Rourke moves

Chern—Simons path integral (witten) and quan-
tum groups at roots of 1 (Reshetikhin—Turaev)

(M) :Z2—C, 7:(M)

and Ohtsuki series

O =14 An(M)(qg—1)"

n=1

Unified view (Habiro): Jys(q) = Jr(q)
Jni(q) € Z[g]
evc(Ja1(9)) = 7e(M)

1 (Ja(q)) = 79 (M)
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Integral homology 3-spheres

Zhs = free ab group generated by orientation-
preserving homeomorphism classes of integral
homology 3-spheres

Ring with product M#M> connected sum

Inr 0, (@) = I (@I, (), Jg3(q) =1

J_p(@) = Jy(a™h)
= WR'T ring homomorphism
J : Zhs — Z/[E]
Ohtsuki filtration
Zhs =FygDF1 D -FpD---
Fi. Z-submodule spanned by

/
[M,Lq,...,L.] = S (—)Flmy,
L'C{Ly,...,Ly}

L; = alg split links +=1-framed

Habiro conjecture
J : Zhs — Z/[E]

Zhs = lim ,Zhs/F; with d : N — Z~
«—d =
d(n)-components of link have framing +n
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Integral homology spheres and [

Xzps(R) :={¢: Zhs — R|33 : Z[q] — R, ¢ = $oJ}

J : Zhs — Z/[E] WRT invariant;
Xzns(R) = set of coarser R-valued invariants

Ax = (C*-algebra completion of Zhs ® C in
norm induced by representations EC,f of Z[q]

= X7ns 9adget over [y
Using that o o ¢ : Zhs — C factors through ev,

Question: Using Habiro conjecture Xi\hs induc-

tive limit of affine varieties over 1 7
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Question: Semigroup action on Zhs 7

M = S} ~with L =L;uU---U Ly alg split w/
framing £1/m; of L;, m = (m1,...,my)

3 3
SL,m — SL,mn

IS @ semigroup action on Zhs

3 3 _ o3
STm#OL m! = SLUL (m,m!)

But want o,(M) homology sphere such that

oy (1) (@) = onlan (@) € Z[q]

for some invariant « ;: Zhs — Z/[E]

Notice that for M’ = 1/m-surgery on K in M

Jy(q) = Jy(g) mod (¢2™ — 1)
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