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Abstract

This paper derives linear 2nd order ordinary differential equations describ-
ing the motion of a 2 dimensional airfoil allowing for 3 spatial Degrees of
Freedom in airfoil angular rotation, vertical movement and control surface
rotation. The equations of motion are derived from a conservative Euler-
Lagrange formulation with the non-dissipative forcing functions arising from
steady, incompressible, inviscid 2 dimensional aerodynamics incorporating
results from Thin Airfoil Theory. The resulting model predicts undamped,
increasing oscillations below a critical airflow speed called the flutter bound-
ary. The paper shows how this speed can be predicted from the eigenvalues
of the system. By changing certain airfoil geometrical and mechanical prop-
erties, it is demonstrated that it is possible to aeroelastically tailor the airfoil
such that flutter is avoided for a given flight regime. The model adopted
has been found deficient in its ability to predict a realistic flutter boundary.
This problem is due to the absence of dissipative forces in the aerodynam-
ics of the model. It has been suggested that the model can be made more
realistic by incorporating unsteadiness into the aerodynamics of the system

using results from Peters’ finite state theory.



1 Introduction

Aeroelasticity studies the dynamics of an elastic body moving through a
fluid and undergoing deformation due to aerodynamic forces. Aeroelastic
considerations are of vital importance in the design of aerospacecraft be-
cause vibration in lifting surfaces, called flutter, can lead to structural fa-
tigue and even catastrophic failure [1]. An important problem concerns the
prediction and characterization of the so called flutter boundary (or speed)
in aircraft wings. Classical aeroelastic theories [2] predict damped expo-
nentially decreasing oscillations for an aircraft surface perturbed at speeds
below the critical flutter boundary. However, exponentially increasing os-
cillations are predicted beyond this speed [3]. Therefore, knowledge of the
stability boundary is vital to avoid hazardous flight regimes. This stabil-
ity problem is studied in classical theories with the governing equations of
motion reduced to a set of linear ordinary differential equations [2].

Linear aeroelastic models fail to capture the dynamics of the system in
the vicinity of the flutter boundary. Stable limit cycle oscillations (LCO)
have been observed in wind tunnel models [3] and real aircraft [1] at speeds
in the neighborhood of the predicted flutter boundary. These so called ”be-
nign”, finite amplitude, steady state oscillations are unfortunately not the
only possible effect. Unstable LCO have also been noticed both before and
after the onset of the predicted flutter speed [3]. In the case of unstable
LCO, the oscillations grow suddenly to very large amplitudes causing catas-
trophic flutter and structural failure. A more accurate aeroelastic model
will need to incorporate nonlinearities present in the system to account for
such phenomena.

Nonlinear effects in aeroelasticity arise from either the aerodynamics of



the flow or from the elastic structure of the airfoil [3]. Sources of nonlinearity
in aerodynamics include the presence of shocks in transonic and supersonic
flow regimes and large angle of attack effects, where the flow becomes sep-
arated from the airfoil surface [3]. Structural nonlinearities are known to
arise from freeplay or slop in the control surfaces, friction between moving
parts and continuous nonlinearities in structural stiffness [3].

This paper is the first step in developing a structurally nonlinear aeroe-
lastic model with unsteady aerodynamics. We first adopt a linear aerody-
namic model that limits the ambient airflow to inviscid, incompressible (low
Mach number) and steady state flow. A more sophisticated unsteady aero-
dynamic model such as Peters’ finite-state Thin Airfoil Theory will be re-
quired to capture dissipative effects in flutter. Since we derive the structural
equations separately from the aerodynamics, it will be simple to adopt more
sophisticated aerodynamics at a later stage without affecting the structural
model. Further development will include the addition of nonlinear polyno-
mial terms to model structural stiffness coefficients once the unsteady model

is in place.

2 Equations of motion

The aeroelastic behavior of aircraft lifting surfaces has traditionally been
studied with a simple 2 dimensional (2D) typical airfoil section model [2].
An airfoil section (or airfoil) is physically a cross section of a wing or other
lifting surface. The flow around this section is assumed to be representa-
tive of the flow around the wing. Since the airfoil section is modeled as a
rigid body, elastic deformations due to structural bending and torsion are

modeled by springs attached to the airfoil [1]. The use of an airfoil model



is consistent with standard aerodynamic analysis where the flow over 3D
lifting surfaces is first studied using a cross section and the results are then
suitably modified to account for 3D (finite wing) effects [4]. In this study,
finite wing corrections are not incorporated into the aerodynamic model.

A brief discussion of airfoil terminology will be useful at this point. The
tip of the airfoil facing the airflow is called the leading edge (LE) and the end
of the airfoil is called the trailing edge (TE). The straight line distance from
the LE to the TE is called the chord of the airfoil. The airfoil chord is fixed
by the type of airfoil specified, given by standard NACA nomenclature [5]
and hence can be used as a universal reference length. The mean camber
line is the locus of points midway between the upper and lower surfaces of
the airfoil. For a symmetrical airfoil, the mean camber line is coincident
with the chord line.

The typical airfoil section studied in this paper includes a TE control
surface known as a flap (see Fig. 1). As an airfoil moves through a flow,
it has potentially an infinite number of spatial Degrees of Freedom (DOF).
Here, the airfoil is constrained to one translational and two rotational DOF
(Fig. 1). The translational DOF called plunging is the vertical movement of
the airfoil about the local horizontal with a displacement h = h(t) (t denotes
dimensional time). The rotational or pitching DOF of the airfoil about the
elastic center (point 3 in Fig. 1) is represented by the angle a = «(t) mea-
sured counterclockwise from the local horizontal. Finally, the rotational or
flapping DOF of the flap about its hinge axis (point 5 in Fig. 1) is measured
by the angle 8 = ((t), with the airfoil chord line as a reference. The elastic
constraints on the airfoil are represented by one translational and two ro-
tational springs with stiffness coeflicients kj,, ko and kg (treated for now as

constants, but developed further in future work).



1 - Aerodynamic center 4 - Airfoil-Flap center of mass

2 - Half chord point 5 - Flap pivot point
3 - Axis of rotation 6 - Flap center of mass

Figure 1: Typical Airfoil Section. See Table 1 for nomenclature. Also see

Fig. 2 for definition of geometrical constants.

Points of interest on the airfoil section that appear throughout the paper
are shown in Fig. 2. The center of pressure for the airfoil lies at Point 1,
also called the aerodynamic center (also see section 3). Point 2 is the half
chord point of the airfoil section. One half of the chord length (b in Fig. 2)
is used in this paper to non-dimensionalize the other geometrical lengths of
the airfoil. The half chord also comes up while formulating the aerodynamic
forces and moments (see section 3). Two important reference points are the
elastic center, point 3, about which the airfoil rotates and the flap hinge
location, point 5, about which the TE flap rotates. The center of gravity

(CG) locations are at points 4 (airfoil and flap), 4’ (airfoil alone) and 6



(flap alone). The geometrical constants relating these points are defined
graphically in Fig. 2 and summarized in Table 1.

The classical aeroelastic equations of motion for a typical airfoil section
were derived by Theodorsen [2] using a force balance. The equations are
derived in this paper by writing non-conservative Euler-Lagrange equations
of motion for each DOF. The aerodynamic force and moments (see section
3) associated with the airfoil are treated as external forces in the Euler -
Lagrange formulation. Three right handed cartesian coordinate frames are
used in the following derivation - an inertial frame I (i1, 12, 73) with its origin
at the half chord and two airfoil fixed frames. The first airfoil-fixed frame
A(ay,a9,a3) also has its origin at the airfoil half chord. The points of interest
1-5 in Fig. 2 on the chord line are coincident with the a; direction. The
second non-inertial frame B (31,32,33) has its origin at the flap pivot point
with the flap center of mass lying in the by direction. The a; and by axes
are coincident with the inertial i; axis for the airfoil in its non-deflected
position. The general rotations to transform a vector ¢ from frames A, B

into the inertial reference frame I are given by [6]
{U}r=[R:(—a){t}a  where  {7};=[R:(—a—O){v}z (1)

where [R;(v)] denotes the first Euler rotation matrix for an angle 1. We
note that the rotations are considered small and hence small angle approx-
imations are used i.e. sine and cosine functions are approximated to the
first term in their respective Taylor series.

The Lagrangian is the difference between the kinetic 7 and potential V
energies of the system, £L =7 — V. By defining the gravitational potential
datum line at the ; inertial axis (see Fig. 2) and arguing that the move-

ment of the CG of the airfoil about this line is small, the contribution of
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Figure 2: Typical airfoil section showing inertial and airfoil-fixed axes and
geometrical constants. See Table 1 for definition of terms. Also see Fig. 1

for definition of aerodynamic forces and elastic constraints.

gravitational potential to the energy of the system can be neglected. Then,

the potential energy of the system is,
1 1 1
V= Ska o? + 5 ks B2+ 5 kn h? (2)

The expression for the kinetic energy in terms of the velocities vj;, j =
{4',6} of the mass centers (points 4’ and 6 in Fig. 2) and the angular rota-
tions « and 3 is,

1. . 1 ) . 1 L 1 oS
T = ilaoﬂ + §If (a4 B)% + 5"Ma Uy - Uar + 5y T - T (3)

Here, m;, j = {a(airfoil), f(flap)} are the masses and I}, j = {a(airfoil), f(flap)}

are the moments of inertia referred to the CG locations.



The velocities of the mass centers can be written relative to the rotation

centers (points 3 and 5 in Fig. 2) as,

Ty = U3+ (—d&)az x Ty

—

Ug = Us+ (—ﬂ)i)g X 756 + (—&)as x 735 (4)

The length of the vectors 7j; can be obtained from Fig. 2. Performing
rotations into the inertial reference frame using equation (1) with small

angle approximations and taking the cross products in the above equation,

~

174/ = —[b:L'Xa d] 11 — [h + bZL‘X d] ’22

Tg = —[bxﬁ(a+ﬁ)5+b(c— a)od]iy — [ﬁ+bxﬁ5+b(0— a) &l iz

Finally, noting again that o and 3 are small, we keep only the terms that

are linear in « and ( in the above equation,

Gy Oy = [Up> = (h+ bz, &)?
¥ - U = |6 = (h+bxgB+b(c—a)d) (5)
Substituting equations (5) into the kinetic energy expression from (3) we
have,
1 1 .
T = SlLtl+ mab*z2 +mpb?(zg + ¢ — a)?] &% + 5 Ur+ msb*a3] 52+
1 . i
+ B [mq + my] h? 4+ [If + mbe:U% + (mbexg)(c — a)] af +
+  [mabzy +mypb(zs + ¢ — a)] hé + mypbxg Bh (6)
We note here that from Fig. 2 the CG location of the airfoil-flap combi-

nation can be expressed in terms of the CG locations of the airfoil and flap

as (mq+myg)bre = mabry +myeb(xg+c—a). Then, the following structural



Table 1: Nomenclature

Variables (see Fig. 1)

Pitch angle (Positive counterclockwise)
Plunging displacement (Positive downwards)

Flap angle (Positive counterclockwise)

Aerodynamic Forces/Moments (see Fig. 2)

Resultant aerodynamic force at point 1
Moment due to L about point 3

Moment due to L about point 5

Structural Constants

Half-chord of airfoil

Airfoil mass per unit length

Moments of inertia, i = {a (airfoil), 5 (flap)}
Static moments, ¢ = {« (airfoil), B (flap)}

Elastic constraint stiffness, = {«, 3, h} (see Fig. 2)

Geometrical Constants (Non-dimensional)

Lo

Ty

g

Coordinate of axis of rotation (elastic center)
Coordinate of flap hinge

Distance of airfoil-flap mass center from a
Distance of airfoil mass center from a

Distance of flap mass center from c

quantities that appear in Theodorsen’s form of the equations [2] are defined.

= mysbxg

= Mg+ my
= Io+ If + maba’ + mgb* (x5 + c — a)?
= If—i—mfb2x/23

= mgbxy + msb(ag + c —a) = (Mg + my)bry = mbay

8



The moments of inertia I}, j = {«a(air foil), 5(flap)} and the static mo-
ments S, j = {a(airfoil), 3(flap)} in the above expressions are referred
to the reference points (points 3(airfoil) and 5(flap) in Fig. 2). Then, the
Lagrangian function in terms of the potential and kinetic energy expressions

from (2) and (6), with the structural quantities as defined in (7) is,
1
2

The general expression for the non-conservative form of the Euler-Lagrange

1 . 1 . . . ..
L. d2+2fgﬁ2+2mh2+[Ig+b(c—a)5g]dﬁ+5ahd+5ﬁﬂh}

2
{ka o® + kg B> + ky h*} (8)

equations is [6],

d (OL\ 0L
— | — i, 1=1,...,
di (aq') a4 = Qi 1 " (9)

We choose n = 3 and i = a, 3, h for the coordinates. Let Q;, i = {«, 3, h}
represent the generalized forces on the RHS of the equation. The external
forces on the airfoil arise due to the force R and the moment Mac (see
Fig. 1). The force R produces moments about our reference points 3, 5
which we shall call M,, Mg using the notation of Theodorsen [2]. The
generalized forces can then be obtained from a variational principle called
the principle of virtual work (PVW) [6], which states that the external forces
Q; on a system produce no virtual work W for virtual displacements §¢;.
The mathematical statement for the principle is,
n
SW=>"Qi-6G=0 (10)
i=1
The virtual displacements of a point on the airfoil can be written as —G8his,

—50&3 and —6ﬁi3 in the inertial frame I. Then the general statement of



PVW from equation (10) gives,
W = R-(=0hig) + M, - (—daiz) + My - (—08i3) =0
= 0W = Lig- (=0hig) + (—Mais) - (—dais) + (—Mpis) - (—83i3) = 0

= oW

—L6h + Mydo+ MgéB = 0 (11)

which gives us the expressions for the generalized forces in terms of aerody-

namic lift and moments,
Qo = My, Qg = Mg and Q, = —L

The Lagrangian (8) is substituted in equations (9) along with the rela-
tionships for the generalized forces given above. Evaluating the expressions
gives three 2nd order ordinary differential equations (ODE) as they appeared

originally in Theodorsen’s paper [2],

I+ (Ig4+b(c—a)Ss) B+ Sah+kaa = M,

Is B+ (Ig +b(c—a)Ss) &+ Sgh + ks B8 Mg (12)

mh+ Syé+Ssf+knh = L

The left hand side (LHS) of equations (12) represent the contributions
from the structural dynamics of the airfoil. The right hand side terms (RHS)
represent the aerodynamic forcing terms, which arise from the interaction of
the airfoil with the moving flow around it. In the Theodorsen paper [2] the
aerodynamic forcing terms on the RHS were expressed as linear functions
of (o, &, &, B, B, B, h, iz, h) These functions arose from the aerodynamic
model chosen by Theodorsen, which assumed a thin airfoil limited to small
oscillations in an unsteady incompressible flow. The equations (12) do not

include any nonlinearities and assume constant stiffness coefficients k;.

10



We develop a simple steady state aerodynamic model in the next section
with a restriction of incompressibility and irrotationality for a thin airfoil
undergoing small amplitude oscillations. This will lead to the basic steady
linear model for our system. Future work will incorporate more sophisticated
unsteady aerodynamics. Nonlinearities will be introduced in the unsteady
model by replacing the stiffness coefficients with polynomial stiffness terms

in future work.

3 Steady Aerodynamic Model

The terms on the right hand side of equations (12) represent the restoring
aerodynamic force and moments on the airfoil. An aerodynamic model
is needed to derive expressions for these in terms of the system variables
«a, 0 and h. As an airfoil moves through the air, there exists a pressure
distribution around it, which can be integrated over its surface to give a
single resultant force R and a moment M, acting at the aerodynamic center
(point 1 in Fig. 1).

Consider an airfoil control mass (CM) enclosed in a control volume (CV)
V', with control surface S in an inertial reference frame (z,y, z) (see Fig. 3).
The airfoil CM is attached to an airfoil-fixed right handed cartesian refer-
ence frame (Z, 9, Z) moving in time ¢. The airfoil CM has constant mass m
and velocity © = o(t). The flow field enclosed in the CV around the airfoil
is variable with both space and time. Its density is p = p(Z,¢) and veloc-
ity is 7 = ve(&, 1)1 + v, (Z,1) ] + v.(Z, 1) k, defined in the inertial reference
frame. The airfoil has a pressure distribution due to the flow field given by
p = p(&,t). We wish to relate the time variable properties of the airfoil CM

viewed from a Lagrangian frame (moving with the airfoil) to the proper-

11



Voo Airfoil fixed frame

Z Inertial frame
Figure 3: Airfoil control mass (CM) within a control volume (CV) with an

integration contour C defined. Also shown are the inertial (Eulerian) and

airfoil fixed (Lagrangian) reference frames.

ties of the CV viewed from a fixed Eulerian frame of reference. Reynolds’
Transport Theorem (RTT) [7] is a general conservation law that relates CM

conservation laws to the CV under consideration. RTT states that for a

general extensive continuum property ¥ = W(Z,t) with a corresponding
intensive property ¢ = (Z,t) = g—i,

o=l e i oo

To write mass conservation equations, we consider mass as the property

of interest, letting ¥ = m and ¢ = 1. Substituting this in equation (13),

jt//CMde:Z///VpdV+/Lp(ﬁ-d3)

The LHS of the above equation represents the time rate of change of density
of the airfoil CM, which is invariant. The equation then leads to the general

continuity equation of fluid mechanics [4],

[ oav s [[oie-as=0 (14

12



For momentum conservation laws the continuum property of interest is
momentum. We let ¥ = m# and correspondingly ¢ = ¢. Then, substituting

this in the RTT equation (13),

jt//CMmf;dV:jt///vpz_fdv-l-//sﬂﬁ(ﬁ‘d_g) (15)

The LHS of equation (15) Newton’s 2nd Law (constant mass) relates the
momentum of the airfoil CM to the force it experiences,

. d -
F = m%(v) (16)

The force F on the airfoil CM is split into a volume force f acting on a
unit elemental volume dV, a force due to viscous shear stresses, represented
simply by F’viswus and a pressure force p acting on an elemental area dS.

Then, for the control volume V and control surface S, equation (15) gives,

—//gpd§+///‘/pde+Fviscous= gt///vadVJr//S(pﬁ'df?)U (17)

The continuity and momentum conservation equations do not have closed
form solutions. To find closed form solutions to the equations, we impose
certain conditions on the flow properties. First, the flow around the airfoil is
assumed to be changing so slowly that a steady state in time can be assumed.
Second, the flow is assumed to be incompressible (a good approximation [4]
for a flow Mach number M < 0.3) making p = p a constant, where the
subscript oo refers to freestream flow, far from the airfoil. Then, with these

assumptions and applying the divergence theorem to the continuity equation

(14),
poo//s(17~d_;§) = poo///v(ﬁ-ﬁ)dvzo

= V.7=0 (18)

13



The third assumption is of irrotational flow which implies that the curl
of the velocity field V x @ = 0. This allows us to define a potential flow
such that the velocity of the flow at every point is the gradient of a scalar

potential function ¢(z,y, z):
VxT=0s7=Vo(z,y,z2) (19)

Immediately, from equations (18, 19) we obtain Laplace’s equation [4],

governing incompressible, irrotational flow.
Vi =0 (20)

Since the equation is linear, a complicated flow about an airfoil can be
broken into several elementary potential flows that are solutions to Laplace’s
equation. This is the basis for Thin Airfoil Theory [8, 9] which we shall use
later. There are two boundary conditions [4] associated with equation (20)
for the case of flow over a solid body. The first assumes that perturbations go
to zero far from the body. Thus, we can define the freestream flow conditions
as being uniform [4] i.e. ¥ = vaoi. The second is the flow tangency condition
for a solid body, which states that its physically impossible for a flow to cross
the solid body boundary i.e. ﬁ(ﬁ -n=0.

Now we take a look at the momentum conservation equation (17). The
irrotationality and incompressibility criteria imply that the flow is inviscid
i.e. friction, thermal conduction and diffusion effects are not present (these
effects are negligible for high Reynolds numbers associated with aircraft
flight [4]). We have already neglected inertial forces in our derivation of
the Euler-Lagrange equations and thus, f = 0. For the 2-dimensional airfoil

case, with unit depth in the z direction and the integration contour C defined

14



as shown in Fig. 3, equation (17) then reduces to:

_ 740 pdS = pavn 740 (5 d5) (21)

The LHS represents the force R due to the pressure distribution on the
airfoil. An expression for this can be calculated from either of the two
integrals in equation (21). However, since we have assumed incompressible,
irrotational flow, we can take advantage of the Kutta-Juokowski Theorem [4]
that relates the force (R) experienced by a two dimensional body of arbitrary
cross sectional area immersed in an incompressible, irrotational flow to the
magnitude of the circulation I" around the body. Mathematically the Kutta-

Juokowski Theorem states,

R = poooo X T, where T'=— f (7 - dS) (22)
C

Before moving onto Thin Airfoil Theory [8, 9], a brief discussion of the
inviscid flow assumption is in order. The condition of non-viscous flow
follows directly from the condition of irrotationality as a consequence of
Kelvin’s Theorem [4]. Kelvin’s theorem proves that for an inviscid flow, with
conservative body forces (in our case, body forces are zero), the circulation
remains constant along a closed contour. This implies that there is no change

in the vorticity, V x ¥, with time:

dr d S = o e
dt__dtjfc(v-dS)_ dt//g(va)-dS— (23)

If the vorticity is zero to begin with (as is the case for irrotational flow),
in the absence of inviscid forces the flow will remain irrotational. The major
drawback of ignoring viscosity is that zero drag is predicted for the airfoil
(d’Alembert’s paradox [4]). The paradox is apparent from equation (22).

The lift force L is defined as always being normal to the free stream while

15



the drag force D is always parallel to the flow (See Fig. 1). Taking force

components normal and parallel to the freestream flow,

L

-
Poo |Vso| T Sm(g) = PooVool’

D = po [vZ|[T] sin(0) =0 (24)

This paradox is resolved with the justification that the drag force is
always parallel to the translational DOF for the airfoil h and can thus be
safely ignored in our equations of motion. The line of action of the drag
force rotates about the mean chord line, but since we are assuming small
oscillations, any moments that could affect the two rotational DOF « and
(B are neglected.

Classical Thin Airfoil Theory [8, 9] assumes that the flow around an
airfoil can be described by the superposition of two potential flows, such
that the entire flow around the airfoil has a velocity potential function that
is a solution to Laplace’s equation (20). The first potential flow is a uniform
freestream flow that we have already described, @ = vooi. To this is added
a second component of velocity, induced by the presence of the airfoil in the
moving flow.

The fundamental assumption of the theory is that the velocity induced by
the airfoil is equivalent to the sum of induced velocities of a line of elemental
vortices, called a vortex sheet, placed on the chord line of the airfoil (see
Fig. 4). Thus, the airfoil itself can be replaced by the vortex sheet in the
model. In reality, there is a thin layer of high vorticity on the surface of
the airfoil due to viscous effects and thus this model is somewhat justified,
with the restriction that the airfoil be thin enough to model with just the
chord line. The NACA [5] standard definition for a thin airfoil is that the
thickness be no greater than 10% of the chord i.e. tp4, < 0.1(2b), where

16
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Figure 4: The airfoil is replaced with a vortex sheet along its chord line.

The chord line is transformed to a half circle by the conformal map & =

b(1 — cos(¥)). The flap location 7 is mapped to an angle 6y,.

We state here explicitly that the vortex sheet is not a consequence of
viscous effects, which we have ignored, but is a mathematical device to
model the induced flow over a real airfoil. Replacing the airfoil with an
equivalent vortex sheet on the mean chord line (Fig. 4) produces a velocity
distribution consistent with vortex flow, which is a potential flow and hence
satisfies Laplace’s equation (20). The strength of each elemental vortex

located at a distance dx is v = «(x). The circulation around the airfoil is

given by the sum of all the elemental vortices:
2b
r= [t ae (25)

The mean chord line of the airfoil is transformed via a conformal map [§]
such that the airfoil coordinate £ (see Fig. 4) is replaced by an angle 9. The

flap hinge coordinate 7 is transformed to the angle 6, (see Fig. 4). The
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conformal map is given by the equation:
€ =0(1—cos(9)) (26)

where, the flap hinge location in Fig. 4 is given by n = b(1 — cos(0y)).
The lift per unit span, L = poovso] follows from the Kutta-Joukowski
Theorem (22). At this point, it is convenient to introduce a dimensionless

variable known as the section lift coefficient [4], defined as,

L L r
“a= 2 PoovZ,(2D) - bpocZ, ~ b (27)
where b is the half chord length from Fig. 2. From the Buckhingam Pi
theorem [4], in general for a given flow ¢; = ¢;(«, 3). Expanding this with a
first order Taylor approximation,

o acl acl
Cl—Cl(0,0)+8@a+aﬁﬁ (28)

Thin airfoil theory [8] gives constant expressions for the partial derivatives in
equation (28). We are assuming a symmetric airfoil, which makes ¢;(0,0) =
0 [4]. Then,

a = [2r]a+2[(m — 0)) + sin(6,)] B
Noting that the length of the flap chord from Fig. 2 and Fig. 4 b(1—c¢) = b—n

and using the inverse of the conformal map defined in equation (26),
qg=o0ra+o03 (29)

where 01, 02 are constant value expressions in terms of the geometrical length
c (see Fig. 2).
The aerodynamic moment about an arbitrary point zg on the airfoil can

be expressed in terms of the strength v of each elemental vortex as,
2b
M = —pcne [ (€= 20) (¢ o)
0
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Thin Airfoil Theory provides results [8] for the aerodynamic moment M,.
about the aerodynamic center, which is coincident with the quarter chord
point (point 1 in Fig. 2) for a thin airfoil [4]. However, we are interested in
the aerodynamic moment M, about the elastic center (point 3 in Fig. 2) that
appears in equation (12). We proceed by deriving an expression relating M,

to My.. Summing moments about point 3 in Fig. 2,
Ma = Mac + 713 X E (30)

where, 73 is the vector from point 1 to 3 and the lift vector L is always
orthogonal to the chord line and hence to 73. Also, from Fig. 2, |r3| =
b (% + a).

Analogous to the section lift coefficient is the section moment coeffi-

cient [4],
B M M
%(Qb)2p00vc2>o 20%pocv3

Expressing the moments in equation (30) in terms of moment coefficients

(31)

Cm

(31) and the lift coefficient defined in equation (27),
Cl 1
m,a — Cmiyac T 5 Py 2
Cm, c,+2<a+2> (32)

As before, ¢pmac = cmac(a, 5) [4]. Expanding this with a first order

Taylor approximation,

aCm,ac o+ 8cm,ac

cm7ac(a7 B) = Cm,a0(07 0) + da Bk

8 (33)

The aerodynamic center is a convenient reference because the aerodynamic

moment about this point is independent of the angle of attack [4] which im-

8Cm,ac

plies =52%¢ = 0 and for a symmetric airfoil, ¢ 4c(0,0) = 0 [4]. Thin Airfoil

Theory gives constant value expressions [8] (03,04 in Table 2) for the par-

tial derivatives in equation (33) which are substituted back into equation(32)
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Table 2: Thin Airfoil Theory expressions for aerodynamic coefficients

Partial Symbol Constant value expression
derivative
% o1 27
?T% op; 2 [arccos(c) + V1 — 2]
80510;(15 o3 0
80572'” o4 —1(1+e)V1-¢2
e | o [ n(i+a)
859"5(1 o (3 +a) arccos(c) + (a — §) V1—¢2
8%%,5 o7 ﬁ {2(1 + 2¢) (g — arccos 1?) — (c+ 2)\/@}
83%’5 o o7 {1 —-1 (2 arccos \/% - m>} + { L(le?c)J {77 — 2arccos \/% — mw }

along with the expression for ¢; from equation (29) to obtain,
Cm,a:0—5a+0—66 (34)

where the constant terms o5, og are given in Table 2.
The hinge moment Mg about the flap hinge (point 5 in Fig. 2) arises
due to the pressure distribution on the flap. The hinge moment about an
arbitrary point Tg on the flap can be expressed in terms of the strength
of the elemental vortices arranged along the flap chord as,
b
My = =pacti | (€= G0)3(& = 0)
As before, a section hinge moment coefficient is defined with the airfoil chord
b replaced by the flap chord b(1 — ¢) (see Fig. 2),
My
3(b(1 = ©))?*pcv,

Cm,3 = Cmﬂ(aa ﬁ) = (35)
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From the results of Thin Airfoil Theory [9] we directly obtain expressions

for the partial derivatives in the first order Taylor expansion,

Ocm g ocm g
90 “ a5 Y

= Cm,ﬁ(av /8) = [O'70t + O-Sﬁ] (36)

cmp(o, B) = emp(0,0) +

Finally, the aerodynamic force and moment expressions from equations
(27,31) can be written in terms of the defined constants from Table 2 as

linear functions of o and (.

L = bpeovi(oia+ aaf)
M, = 20 pocvl (050 + 063) (37)

1
My = S8 — P pacti(ora+ osp)

4 Steady Linear Aeroelastic Model

We combine the aeroelastic equations of motion developed in section 2 with
the linear steady aerodynamics developed in section 3 to obtain an aeroe-
lastic model for the system. The model is only as good as the assumptions
made and in this case the main limitation is the assumed steadiness of the

flow around the airfoil with respect to time. Combining equations (12) and
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(37), we write the model equations of motion in matrix form.

1, (Iﬁ + b(c — CL)Sﬁ) Sa o
(Is + b(c — a)Sp) Iy Sg 8 6 ¢+ (38)
I Sa Sp m || h
ko — 2b2poovgoa5 —2b2poov§o(76 0 o 0
—1b%(1 — ¢)?pocvior kg — 303(1 — ¢)*pcvZor O B =40
bpoovgom bpoovgoag kn, h 0

Note that the equations are of the general form [M{G}+[C|{¢}+[K]{q},
where {q} is a vector of the system variables, with an overdot representing
the time derivative, [M] is a symmetric inertia matrix, [K] is a stiffness
matrix with contributions from the strain energy of the system, the potential
energy of the elastic constraints and contributions from the aerodynamic
loads. The matrix [C] represents the damping present in the system, and
is null in this case because of the absence of any dissipative forces in this
model. We rewrite the equations in first order form by introducing a change

of variables {a, 3, h, d,ﬁ, h} = {x1, 292, w3, 24, T5,T6}.

Z 0 0 0 100 x1

2o 0 0 0 010 X9

Z3 _ 0 0 0 0 01 x3 (30)
T4 alvgo + by agvgo +by b3 0 0 O T4

s agv +by agw, +bs bg 0 0 0 s

T i asv: + by agvi, +bs by 0 0 0 1 L 76 |

This linear, 2nd order ODE has solutions of the form #(t) = Ge’, where
A is an eigenvalue of the system given above with an associated eigenvector v.

The velocity vy is shown explicitly in the matrix because of its importance
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in this analysis. Prediction and characterization of the flutter boundary is
our ultimate goal and the system behavior is studied for various values of vo.
The constants a;, 7 = 1,2...,6 and bj, j = 1,2...,9 are expressions of the
system constants from Table 1. Numerical values for a real airfoil geometry
with corresponding physical structural data, obtained from experimental
results published in reference [10], are tabulated in Table 3. These numbers
were used to numerically integrate the ODEs in equation (39) using a 4th
order Runge-Kutta scheme with a 5th order correction. The airflow density
was taken to be that at mean sea level. The numerics correspond to a
physical situation where an airfoil is flown at sea level between speeds of 0
to 100m/s. The limitations on the speed are a direct consequence of the
incompressible, inviscid assumptions made in the aerodynamic model, (see
section 3) which only hold for a Mach number of M < 0.3, corresponding
to an airflow velocity of ve &~ 100m/s. The airfoil was chosen to run at
sea level because of this speed limitation in order to reflect a real physical
regime in which aircraft operate - the takeoff roll. This usually occurs at
speeds within the limits of our model at sea level. Speeds at the high end of
this range are also normal for the initial ascent of small, low speed private
commuter aircraft like the Cessna series of single engine turboprops.

The six eigenvalues of the system take the form I'y £ :Q, k = 1,2, 3,
where the stability of the system is strongly dependent on the real part of
the eigenvalues, I'y. The stability of the system is ensured for I'y < 0. The
system exhibits oscillatory behavior for non-zero values of the imaginary part
Q.. The response for the set of parameters given in Table 3 is dynamically
unstable over a significant range of velocities within the limit of the model,
with highly divergent and unbounded oscillations increasing with time. The

behavior of the imaginary part of the eigenvalues with changes in airflow
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Table 3: Physical Data

Structural Constants

kp,

P

0.127 m

1.567 kg
0.01347 kgm?
0.0003264 kgm?
0.08587 kgm
0.00395 kgm
37.3 kgm/s?

39 kgm/s?
2818.8 kgm/s?
1.225 kg/m3

Geometrical Constants (Non-dimensional)

a

C

-0.5
0.5

speed is shown in Figure 5. A plot of the real part I'y versus v, shown in
Figure 6, shows that the first bifurcation occurs at a value of vo, = 25m/s,
where I'y, first take a positive value. This bifurcation corresponds to a change
in the stability of the system from stable to divergent oscillations and is the
predicted flutter boundary. The onset of flutter at such an early stage in
the flight regime is highly undesirable since most modern aircraft takeoff
at speeds ~ 60m/s. We seek to tailor the design of the airfoil such that
flutter is delayed as long as possible. Within the limits of the present model,
a flutter speed above 100m/s would be a good design objective because

beyond this speed the model will no longer produce meaningful results.
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Figure 5: Imaginary part of eigenvalues plotted versus flow speed (in m/s).
See [10] for airfoil data. See Table 3 for values of system constants. The
system dynamics for this configuration are highly unstable divergent oscil-

lations.

The criterion used to determine the first occurrence of flutter is the
appearance of the first bifurcation point in the I' plot. Stability corresponds
to a zero or negative I'y, for all values of vy, within the boundaries of the
model. With this design goal in mind, the behavior of the system was studied
for changes in various model parameters. The first approach adopted was
in varying the geometrical configuration of the airfoil. The location of the
elastic center (point 3 in Fig. 2), corresponding to the value of a in Table 3
had no significant effect on the location of the first bifurcation point. The

location of the airfoil CG (point 4 in Fig. 2) with respect to the elastic center
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Figure 6: Real part of eigenvalues plotted versus flow speed (in m/s). Note
the first bifurcation for ve, ~ 25m/s. This is the predicted flutter veloc-
ity. See [10] for airfoil data. See Table 3 for values of system constants.
The system dynamics for this configuration are highly unstable divergent

oscillations.

was then changed. This corresponds to an increase or decrease in the static
moment S, (see Table 1 and equation (7) for definitions). Increasing S,
which implies moving the center of gravity towards the TE of the airfoil
only worsened the situation with flutter occurring at even lower speeds. A
decrease in S, obtained by moving the CG towards the LE of the airfoil
did delay the onset of the first bifurcation. However, the flutter boundary
was still within 100 m/s for the maximum decrease in S, possible physically.

For example, the flutter boundary was pushed forward to around 70m/s for
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Figure 7: Real part of eigenvalues plotted versus flow speed (in m/s). S, =
0.008587 kgm. Note the delayed first bifurcation for vo, &~ 65m/s, when
compared to Fig. 6. However, flutter is still predicted before the model

limit of v = 100m/s

10% of the original S, (see Fig. 7).

The second configuration change was altering the structural character-
istics of the airfoil. The stiffness of the airfoil constraints in pitch, plunge
and flap were changed. This approach was successful and the flutter bound-
ary was pushed outside the physical envelope of this model. Combining a
change in the geometry of the airfoil with a change in its structural stiffness
produced the best results for the smallest alteration in the airfoil configura-

tion. For example, a 250% increase in k, and kg changing the stiffness of
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Figure 8: Real part of eigenvalues plotted versus flow speed (in m/s). S, =
0.008587 kgm, ko = 93.25kgm/s?, kg = 97.5kgm/s*. The airfoil stiffness
has been increased by 250% and the CG is shifted forward towards the
LE by 90%. Note the first bifurcation for v, ~ 125m/s falls outside the

boundaries of the model (vo < 100m/s).

the airfoil in pitch and flap, combined with a 50% decrease in S, produced
the first bifurcation at a speed of around 120m/s, thus ensuring no flutter
within our desired speed envelope. The bifurcation diagram is shown in Fig-
ure 8 with the imaginary parts of the eigenvalues plotted in Figure 9. The
stable oscillatory behavior of the system for the new parameters is shown in
Figure 10.

The above analysis is deficient because of the shortcomings of the aero-
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Figure 9: Imaginary part of eigenvalues plotted versus flow speed (in m/s).
So = 0.008587 kgm, ko = 93.25kgm/s?, ks = 97.5kgm/s*>. The airfoil
stiffness has been increased by 250% and the CG is shifted forward towards
the LE by 90%. There is no predicted flutter within the boundaries of the
model (vo < 100m/s).

dynamic model chosen. While the linear nature of the aerodynamics is one
major limiting assumption, the major obstacle to obtaining a realistic pic-
ture of the dynamics is due to the absence of dissipative forces. The flow
around the airfoil changes with time and thus physically accurate predictions
flutter speed can only be made using unsteady aerodynamics [1]. However,
at least some qualitative inferences can be made from this limited model.

The flutter speed dependence on the bifurcation point of the real part of
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Figure 10: System dynamics for a simulation time of 100 seconds. S, =
0.008587 kgm, ko = 93.25kgm/s?, kg = 97.5 kgm/s®. Note that the oscil-
lations do not diverge. The maximum deflection of the airfoil is about 0.5
m, which is twice the airfoil length. The pitch and flap oscillations are also

within 1 radian.

the system eigenvalues has been established. It is also evidently possible to
delay the onset of instability by changing the structure of the airfoil. For
example, moving the CG location of the airfoil forward with respect to its
elastic axis, towards the LE, while stiffening the airfoil structurally leads to

an increase in the flutter speed for the linear aerodynamic model chosen.

30



5 Concluding Remarks

In this paper, a linear steady state aeroelastic model in 3 DOF was derived
a priori for a 2 dimensional airfoil model. The equations of motion were
derived from the Lagrangian formulation for conservative systems. A flut-
ter boundary was predicted at sea level conditions and the effects of airfoil
geometry and structural characteristics on the predicted value were stud-
ied. The results indicate that a linear steady state model cannot accurately
predict the flutter boundary. The weakness in the model lies entirely in
the assumed steadiness of the airflow around an airfoil. There are several
perturbative effects introduced into the flow due to the movement of the air-
foil that are entirely neglected. Furthermore, the steady state assumption
limits the velocity range for which this model is valid, due to the necessary
preconditions of inviscidity and incompressibility that have been introduced
while deriving the aerodynamical model. However, the model does provide
a certain amount of insight into the nature of the flutter boundary. It is
shown that the flutter boundary can be inferred from the behavior of the
real part of the eigenvalues arising from the equations of motion. It has
also been noticed that changing certain airfoil structural and geometrical
parameters leads to a shift in the position of the flutter boundary. This
is significant because it allows for the design of an airfoil which will never
encounter flutter for a certain flight regime.

The development of unsteady aerodynamics to complement the struc-
tural equations derived earlier in this paper is the logical next step. The
introduction of dissipative forces into the flow around an airfoil will lead
to a more realistic prediction of flutter characteristics. A readily available

and widely used [1] unsteady aerodynamic theory is Peters’ finite state,
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induced-flow theory. Subsequent work should include results from this the-
ory in the aerodynamics of the model derived in this paper. In Peters’
theory, the aerodynamic forcing functions can be expressed as functions of
time derivatives of the system variables, such that L = L(«a, 3, h, &, B, h),
M, = My(o, B, h, é, 3,h), My = My(cv, 8, h, é, 3, h). The second step will
be incorporating structural nonlinearities into the unsteady model. This
will be effected by replacing the structural stiffness constants k., kg, k with

polynomial stiffness coefficients kq (o), kg(8), kn(h).
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