Regret Based Dynamics:
Convergence in Weakly Acyclic Games

*
Jason R. Marden
Department of Mechanical
and Aerospace Engineering
University of California
Los Angeles, CA 90095

marden@ucla.edu

ABSTRACT

No-regret algorithms have been proposed to control a wide
variety of multi-agent systems. The appeal of no-regret al-
gorithms is that they are easily implementable in large scale
multi-agent systems because players make decisions using
only retrospective or “regret based” information. Further-
more, there are existing results proving that the collective
behavior will asymptotically converge to a set of points of
“no-regret” in any game. We illustrate, through a simple
example, that no-regret points need not reflect desirable op-
erating conditions for a multi-agent system. Multi-agent
systems often exhibit an additional structure (i.e. being
“weakly acyclic”) that has not been exploited in the con-
text of no-regret algorithms. In this paper, we introduce a
modification of the traditional no-regret algorithms by (i)
exponentially discounting the memory and (ii) bringing in
a notion of inertia in players’ decision process. We show
how these modifications can lead to an entire class of regret
based algorithms that provide almost sure convergence to a
pure Nash equilibrium in any weakly acyclic game.
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1. INTRODUCTION

The applicability of regret based algorithms for multi-agent
learning has been studied in several papers [7, 4, 14, 2, 8,
1]. The appeal of regret based algorithms is two fold. First
of all, regret based algorithms are easily implementable in
large scale multi-agent systems when compared with other
learning algorithms such as fictitious play [19, 13]. Secondly,
there is a wide range of algorithms, called “no-regret” al-
gorithms, that guarantee that the collective behavior will
asymptotically converge to a set of points of no-regret (also
referred to as coarse correlated equilibrium) in any game
[28]. A point of no-regret characterizes a situation for which
the average utility that a player actually received is as high
as the average utility that the player “would have” received
had that player used a different fixed strategy at all previous
time steps. No-regret algorithms have been proposed in a
variety of settings ranging from network routing problems
[3] to structured prediction problems [7].

In the more general regret based algorithms, each player
makes a decision using only information regarding the re-
gret for each of his possible actions. If an algorithm guar-
antees that a player’s maximum regret asymptotically ap-
proaches zero then the algorithm is referred to as a no-regret
algorithm. The most common no-regret algorithm is regret
matching [9]. In regret matching, at each time step, each
player plays a strategy where the probability of playing an
action is proportional to the positive part of his regret for
that action. In a multi-agent system, if all players adhere
to a no-regret learning algorithm, such as regret matching,
then the group behavior will converge asymptotically to a
set of points of no-regret [9]. Traditionally, a point of no-
regret has been viewed as a desirable or efficient operating
condition because each player’s average utility is as good as
the average utility that any other action would have yielded
[14]. However, a point of no-regret says little about the per-
formance; hence knowing that the collective behavior of a
multi-agent system will converge to a set of points of no-
regret in general does not guarantee an efficient operation.

There have been attempts to further strengthen the conver-
gence results of no-regret algorithms for special classes of
games. For example, in [13], Jafari et al. showed through
simulations that no-regret algorithms provide convergence
to a Nash equilibrium in dominance solvable, constant-sum,
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and general sum 2 X 2 games. In [4], Bowling introduced a
gradient based regret algorithm that guarantees that play-
ers’ strategies converge to a Nash equilibrium in any 2 player
2 action repeated game. In [3], Blum et al. analyzed the
convergence of no-regret algorithms in routing games and
proved that behavior will approach a Nash equilibrium in
various settings. However, the classes of games considered
here can not fully model a wide variety of multi-agent sys-
tems.

It turns out that weakly acyclic games, which generalize
potential games [20], are closely related to multi-agent sys-
tems [17]. The connection can be seen by recognizing that
in any multi-agent system there is a global objective. Each
player is assigned a local utility function that is appropri-
ately aligned with the global objective. It is precisely this
alignment that connects the realms of multi-agent systems
and weakly acyclic games.

An open question is whether no-regret algorithms converge
to a Nash equilibrium in n-player weakly acyclic games. In
this paper, we introduce a modification of the traditional no-
regret algorithms that (i) exponentially discounts the mem-
ory and (ii) brings in a notion of inertia in players’ decision
process. We show how these modifications can lead to an
entire class of regret based algorithms that provide almost
sure convergence to a pure Nash equilibrium in any weakly
acyclic game. It is important to note that convergence to
a Nash equilibrium also implies convergence to a no-regret
point.

In Section 2 we review the game theoretic setting. In Sec-
tion 3 we discuss the no-regret algorithm, “regret matching,”
and illustrate the performance issues involved with no-regret
points in a simple 3 player identical interest game. In Sec-
tion 4 we introduce a new class of learning dynamics referred
to as regret based dynamics with fading memory and inertia.
In Section 5 we present some simulation results. Section 6
presents some concluding remarks.

Notation
— For a finite set A, |A| denotes the number of elements
in A.

— I{-} denotes the indicator function, i.e., I{S} = 1 if
the statement S is true; otherwise, it is zero.

R" denotes the n dimensional Euclidian space.

— A(n) denotes the simplex in R", i.e., the set of n di-
mensional probability distributions.

— For x € R™, [z]T € R"™ denotes the vector whose ith
entry equals max(xz;,0).

2. SETUP

2.1 Finite Strategic-Form Games

A finite strategic-form game [6] consists of an n-player set
P :={P1,...,Pn}, a finite action set Y; for each player P; €
P, and a utility function U; : Y — R for each player P; € P,
where Y := Y7 X ... x Y,,. We will henceforth use the term
“game” to refer to such a finite strategic-form game.

In a one-stage version of a game, each player P; € P si-
multaneously chooses an action y; € Y;, and as a result
receives a utility U;(y) depending on the action profile y :=
(y1,---,yn). Before introducing the definition of Nash equi-
librium, we will introduce some notation. Let y_; denote
the collection of the actions of players other than player P;,
ie.,
Y—i = (Y1, Yim1, Yit 155 Yn),

and let Y_; := Y1 x ...Yi—1 X Yi41...Y,. With this no-
tation, we will sometimes write an assignment profile y as
(yi,y—s). Similarly, we may write U;(y) as U;(yi,y—:). Us-
ing the above notation, an action profile y* is called a pure
Nash equilibrium if, for all players P; € P,

Ui(y?,yZs) = max Uiy, y~). (1)
Y €Y

Furthermore, if the above condition is satisfied with a unique
maximizer for every player P; € P, then y* is called a strict
(Nash) equilibrium.

In general, a pure Nash equilibrium may not exist for an
arbitrary game. However, we are interested in engineered
multi-agent systems where agent objectives are designed to
achieve an overall objective [26, 25, 15]. In an engineered
multi-agent system, there may exists a global objective func-
tion ¢ : Y — R that a global planner is seeking to maxi-
mize. Furthermore, players’ local utility functions need to
be somewhat aligned with the global objective function. It
is precisely this alignment that guarantees the existence of
at least one pure Nash equilibrium in such systems [17].

We will now introduce three classes of games that fit within
the multi-agent systems framework. Roughly speaking, the
difference between the classes is the degree to which the
players’ local utility functions are aligned with the global
objective function.

2.2 Identical Interest Games
The first class of games that we will consider is identical
interest games. In such a game, the players’ utility func-

tions {U;}j=, are chosen to be the same. That is, for some
function ¢ : Y — R,

Ui(y) = ¢(y),

for every P; € P and for every y € Y. It is easy to ver-
ify that all identical interest games have at least one pure
Nash equilibrium, namely any action profile y that maxi-
mizes ¢(y).

2.3 Potential Games

A significant generalization of an identical interest game is
a potential game [20]. In a potential game, the change in
a player’s utility that results from a unilateral change in
strategy equals the change in the “potential”. Specifically,
there is a function ¢ : ¥ — R such that for every player
P; € P, for every y_; € Y_;, and for every yi,y. € Yi,

Ui(yi,y—i) = Uiyl y—i) = & (i, y—i) — o7, y—i)-

When this condition is satisfied, the game is called a poten-
tial game with the potential function ¢. It is easy to see
that in potential games, any action profile maximizing the

potential function is a pure Nash equilibrium, hence every
potential game possesses at least one such equilibrium.
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2.4 Weakly Acyclic Games

Consider any finite game G with a set Y of action profiles. A
better reply path is a sequence of action profiles y', 42, ..., y”
such that, for every 1 < ¢ < L — 1, there is exactly one
player P;, such that i) yfl #+ yfjl, ii) yf_ie = yﬁ?;, and
iii) Uy, (y°) < Ui, (y*™). In other words, one player moves
at a time, and each time a player moves he increases his own
utility.

Suppose now that G is a potential game with potential func-
tion ¢. Starting from an arbitrary action profile y € Y, con-
struct a better reply path y = y', 42, ...,y" until it can no
longer be extended. Note first that such a path cannot cycle
back on itself, because ¢ is strictly increasing along the path.
Since Y is finite, the path cannot be extended indefinitely.
Hence, the last element in a maximal better reply path from
any joint action, y, must be a Nash equilibrium of G.

This idea may be generalized as follows. The game G is
weakly acyclic if for any y € Y, there exists a better reply
path starting at y and ending at some pure Nash equilibrium
of G [27, 28]. Potential games are special cases of weakly
acyclic games.

Similarly to potential games, a weakly acyclic game can also
be interpreted through the following global objective condi-
tion: a game G is weakly acyclic if there exists a global
objective function ¢ : Y — R such that for any action pro-
file y € Y that is not a Nash equilibrium, there exists at
least one player P; € P with an action y; € Y; such that

Ui(yi,y—i) > Ui(y) and ¢(yi,y—i) > ¢(y)-

Roughly speaking, a weakly acyclic game requires that for
any action profile at least one player’s local utility function
is aligned with the global objective.

In the rest of the paper, we will focus on weakly acyclic
games (for which at least one pure Nash equilibrium ex-
ists by definition) because we believe that most engineered
multi-agent systems will lead to weakly acyclic games [17].

2.5 Repeated Games

Here, we deal with the issue of how players can learn to play
a pure Nash equilibrium through repeated interactions; see
[5, 28, 27, 12, 24, 22]. We assume that each player has access
to its own utility function but not to the utility functions of
other players. This private utilities assumption is motivated
in multi-agent systems by the requirement that each agent
has access to local information only.

We now consider a repeated game where, at each step k €
{1,2,...}, each player P; € P simultaneously chooses an
action y;(k) € Y; and receives the utility U;(y(k)) where
y(k) == (y1(k),...,yn(k)). Each player P; € P chooses
its action y;(k) at step k according to a probability dis-
tribution p;(k) which we will specify later. Also, at step
k before choosing action y;(k), each player P; € P ad-
justs his strategy p;(k) based on the previous action profiles
y(1),...,y(k — 1) which are accessible by all players at step
k. More formally, the general strategy adjustment mecha-
nism of player P; takes the form

pi(k) = Fi(y(1), ... y(k — 1); Us).

A strategy adjustment mechanism of this form has complete
information, meaning that each player is (i) able to observe
the complete action profile at every time step and (ii) is
aware of the structural form of his utility function. In this
paper, we will consider strategy adjustment mechanism with
significantly less informational requirements.

There are many important considerations in the choice of
F; such as computational burden on each player as well as
the players’ long-term behavior. In the next section, we will
review a particular strategy update mechanism, namely re-
gret matching, which has reasonable computational burden
on each player. We will then go on to prove that a class of
regret based dynamics including regret matching are conver-
gent to a pure Nash equilibrium in all weakly acyclic games
whenever players exponentially discount their past informa-
tion and use some inertia in the decision making process.

3. REGRET MATCHING

We introduce regret matching, from [9], in which players
choose their actions based on their regret for not choosing
particular actions in the past steps.

Define the average regret of player P; for an action g; € Y;
as
k-1

RI(k) = =3 Y (Ui, y-i(m)) = Ui(y(m))).

m=1

In other words, the player P;’s average regret for y; € Y;
would represent the average improvement in his utility if he
had chosen g; € Y; in all past steps and all other players’
actions had remained unaltered.

Each player P; using regret matching computes Rfl(k) for
every action y; € Y; using the recursion

%mm + % (Ui (Giry—i(k)) = Uiy(k))).

Note that, at every step & > 1, player P; updates all en-
tries in his average regret vector R;(k) := [RY* (k)] gicy, Lo
update his average regret vector at step k, it is sufficient
for player P; to observe (in addition to the actual utility
received at time k — 1, U;(y(k — 1))) his hypothetical utili-
ties U; (§i, y—i(k — 1)), for all §; € Y;, that would have been
received if he had chosen @; (instead of y;(k — 1)) and all
other player actions y—;(k — 1) had remained unchanged at
step k — 1.

RV (k+1) =

In regret matching, once player P; computes his average
regret vector, R;(k), he chooses an action y;(k), & > 1,
according to the probability distribution p;(k) defined as

[REW]T
Spiev, [REW)]

for any y; € Y;, provided that the denominator above is
positive; otherwise, p;(k) is the uniform distribution over Y;
(pi(1) € A(]Yi]) is always arbitrary). Roughly speaking, a
player using regret matching chooses a particular action at
any step with probability proportional to the average regret
for not choosing that particular action in the past steps.
It turns out that the average regret of a player using regret

p}* (k) = Prob(y;(k) = ;) =
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matching will asymptotically vanish (similar results hold for
different regret based adaptive dynamics); see [9, 10, 11].
This implies that the empirical frequencies of the action pro-
files y(k) would almost surely converge to the set of coarse
correlated equilibria®, where a coarse correlated equilibrium
is any probability distribution z € A(|Y]) satisfying

> Uil y-i)z—ily-) < > Us(y)2(w),
Y €Y 4 yey
for all y; € Y; and for all P; € {P1,...,Pn}, where
zi(y-i) == Y (T y-i),
Yi €Yy

see Theorem 3.1 in [28].

In general, the set of Nash equilibria is a proper subset of
the set of coarse correlated equilibria. Consider for example
the following 3—player identical interest game characterized
by the player utilities shown in Figure 1.

L R L R L R

U | 2 —1 U |0 |0 U | -2 1

D 1 —2 D |0 0 D —1 2
M, M, M3

Figure 1: A 3—player Identical Interest Game.

Player P1 chooses a row U or D, Player P2 chooses a col-
umn L or R, Player P3 chooses a matrix M;, or M, or
Ms. There are two pure Nash equilibria (U, L, M;) and
(D, R, M3) both of which yield maximum utility 2 to all
players. The set of coarse correlated equilibria contains
these two pure Nash equilibria as the extremum points of
A(|]Y]) as well as many other probability distributions in
A(|Y]). In particular, the set of coarse correlated equilibria
contains all those z € A(|Y]) satisfying

2(y) =1,

YEY iy3=My

subject to z(ULM2) = z(DRM>) and z(URMz) = z(DLM3).

Any coarse correlated equilibrium of this form yields a util-
ity of 0 to all players. Clearly, one of the two pure Nash
equilibria would be more desirable to all players then any
other outcome including the above coarse correlated equi-
libria. However, the existing results at the time of writing
this paper such as Theorem 3.1 in [28] only guarantee that
regret matching will lead players to the set of coarse corre-
lated equilibria and not necessarily to a pure Nash equilib-
rium. While this example is simplistic in nature, one must
believe that situations like this could easily arise in more
general weakly acyclic games.

We should emphasize that regret matching could indeed be
convergent to a pure Nash equilibrium in weakly acyclic
games; however, to the best of authors’ knowledge, no proof

!This does not mean that the action profiles y(k) will con-
verge, nor does it mean that the empirical frequencies of
y(k) will converge to a point in A(]Y]).

for such a statement exists. The existing results charac-
terize the long-term behavior of regret matching in general
games as convergence to the set of coarse correlated equi-
libria, whereas we are interested in proving that the action
profiles y(k) generated by regret matching will converge to
a pure Nash equilibrium when player utilities constitute a
weakly acyclic game, an objective which we will pursue in
the next section.

4. REGRET BASED DYNAMICS WITH FAD-
ING MEMORY AND INERTIA

To enable convergence to a pure Nash equilibrium in weakly
acyclic games, we will modify the conventional regret based
dynamics in two ways. First, we will assume that each player
has a fading memory, that is, each player exponentially dis-
counts the influence of its past regret in the computation of
its average regret vector. More precisely, each player com-
putes a discounted average regret vector according to the
recursion

RY (k+1) = (1= p) RV (k) + p (Ui (5, y—i (k) = Uiy (k)))

for all g; € Y;, where p € (0, 1]~ is a parameter with 1 —p
being the discount factor, and R} (1) = 0.

Second, we will assume that each player chooses an action
based on its discounted average regret using some inertia.
Therefore, each player P; chooses an action y;(k), at step
k > 1, according to the probability distribution

i (K)RB;i(R, (k) + (1 — i (k))v¥ =D,

where a;(k) is a parameter representing player P;’s willing-
ness to optimize at time k, v¥**~1 is the vertex of A(|Yi])
corresponding to the action y;(k — 1) chosen by player P;
at step k — 1, and RB; : RIYil — A(]Y}]) is any continuous
function (on {x € RIY! : [z]* # 0}) satisfying
z >0 RB{(z) >0
and (2)
[z]T = 0= RB!(z) = 5, VY,

[Y5]°

where z* and RB{(x) are the /-th components of = and
RB;(z) respectively.

We will call the above dynamics regret based dynamics (RB)
with fading memory and inertia. One particular choice for
the function RB; is
¢ Wr +
RB!(2) = —iia——, (when [o]" £0)  (3)
|3 [Im}+
m=1
which leads to regret matching with fading memory and
inertia. Another particular choice is
1,0
eT

RBf(x) = Tom I{z"* > 0}, (when [z]" #0),

™ >0 er

where 7 > 0 is a parameter. Note that, for small values of
7, player P; would choose, with high probability, the action
corresponding to the maximum regret. This choice leads to
a stochastic variant of an algorithm called Joint Strategy
Fictitious Play (with fading memory and inertia); see [16].
Also, note that, for large values of 7, player P; would choose
any action having positive regret with equal probability.
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According to these rules, player P; will stay with his previ-
ous action y;(k — 1) with probability 1 — a;(k) regardless of
his regret. We make the following standing assumption on
the players’ willingness to optimize.

ASSUMPTION 4.1. There exist constants € and & such that
O<e<aik)y<e<l
for all steps k > 1 and for alli € {1,...,n}.

This assumption implies that players are always willing to
optimize with some nonzero inertia?. A motivation for the
use of inertia is to instill a degree of hesitation into the deci-
sion making process to ensure that players do not overreact
to various situations. We will assume that no player is in-
different between distinct strategies.

ASSUMPTION 4.2. Player utilities satisfy

Uiy, y—i) # Ui(yi,y—4),Y ui,yi € Y5,
yi £yl Yy €Yoy, Vie{l,..,n}.

The following theorem establishes the convergence of regret
based dynamics with fading memory and inertia to a pure
Nash equilibrium.

THEOREM 4.1. In any weakly acyclic game satisfying As-
sumption 4.2, the action profiles y(t) generated by regret
based dynamics with fading memory and inertia satisfying
Assumption 4.1 converge to a pure Nash equilibrium almost
surely.

We provide a complete proof for the above result in the
Appendix. We note that, in contrast to the existing weak
convergence results for regret matching in general games,
the above result characterizes the long-term behavior of re-
gret based dynamics with fading memory and inertia, in a
strong sense, albeit in a restricted class of games. We next
numerically verify our theoretical result through some sim-
ulations.

5. SIMULATIONS
5.1 Three Player Identical Interest Game

We extensively simulated the RB iterations for the game
considered at the end of Section 3. We used the RB; func-
tion given in (3) with inertia factor o = 0.5 and discount
factor p = 0.1. In all cases, player action profiles y(k) con-
verged to one of the pure Nash equilibria as predicted by
our main theoretical result. A typical simulation run shown
in Figure 2 illustrates the convergence of RB iterations to
the pure Nash equilibrium (D, R, M3).

5.2 Distributed Traffic Routing
5.2.1 Congestion Game Setup

Congestion games are a specific class of games in which
player utility functions have a special structure.

2This assumption can be relaxed to holding for sufficiently
large k, as opposed to all k.

Figure 2: Evolution of the actions of players using
RB.

In order to define a congestion game, we must specify the
action set, Y;, and utility function, U;(-), of each player.
Towards this end, let R denote a finite set of “resources”.
For each resource r € R, there is an associated “congestion
function”

e :{0,1,2,..} > R

that reflects the cost of using the resource as a function of
the number of players using that resource.

The action set, Y;, of each player, P;, is defined as the set
of resources available to player P;, i.e.,

Y; c 2%,

where 27 denotes the set of subsets of R. Accordingly, an
action, y; € Y;, reflects a selection of (multiple) resources,
yi C R. A player is “using” resource r if r € y;. For an
action profile y € Y1 X -+ X Yy, let o.(y) denote the total
number of players using resource r, ie., [{i:7 € y;}|. In
a congestion game, the utility of player P; using resources
indicated by y; depends only on the total number of play-
ers using the same resources. More precisely, the utility of
player P; is defined as

Uily) = = Y er(on(y))- (4)

TEY;

The negative sign stems from ¢, (-) reflecting the cost of using
a resource and U;(+) reflecting a utility or reward function.
Any congestion game with utility functions as in (4) is a
potential game [21, 20] with the potential function

o) == elh).

5.2.2 Distributed Traffic Routing Example

We consider a simple scenario with 100 players seeking to
traverse from node A to node B along 5 different parallel
roads as illustrated in Figure 3. Each player can select any
road as a possible route. In terms of congestion games, the
set of resources is the set of roads, R, and each player can
select one road, i.e., Y; = R.

We will assume that each road has a linear cost function
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Figure 3: Network Topology for a Congestion Game

with positive (randomly chosen) coefficients,
cri (k) = aik +b;, i=1,..,5,

where k represent the number of vehicles on that particular
road. This cost function may represent the delay incurred by
a driver as a function of the number of other drivers sharing
the same road. The actual coefficients or structural form
of the cost function are unimportant as we are just using
this example as an opportunity to illustrate the convergence
properties of the proposed regret based algorithms.

We simulated a case where drivers choose their initial routes
randomly, and every day thereafter, adjusted their routes us-
ing the regret based dynamics with the RB; function given in
(3) with inertia factor o = 0.85 and discount factor p = 0.1.
The number of vehicles on each road fluctuates initially and
then stabilizes as illustrated in Figure 4. Figure 5 illustrates
the evolution of the congestion cost on each road. One can
observe that the congestion cost on each road converges ap-
proximately to the same value, which is consistent with a
Nash equilibrium with large number of drivers. This behav-
ior resembles an approximate “Wardrop equilibrium” [23],
which represents a steady-state situation in which the con-
gestion cost on each road is equal due to the fact that, as
the number of drivers increases, the effect of an individual
driver on the traffic conditions becomes negligible.

on Each Road

Number of Drvers

Figure 4: Evolution of Number of Vehicles on Each
Route

We would like to note that the simplistic nature of this
example was solely for illustrative purposes. Regret based
dynamics could be employed on any congestion game with
arbitrary network topology and congestion functions. Fur-
thermore, well known learning algorithms such as fictitious

‘Congeston Cost on Each Road

Figure 5: Evolution of Congestion Cost on Each
Route

play [19] could not be implemented even on this very sim-
ple congestion game. A driver using fictitious play would
need to track the empirical frequencies of the choices of the
99 other drivers and compute an expected utility evaluated
over a probability space of dimension 5%.

‘We would also like to note that in a congestion game, it may
be unrealistic to assume that players are aware of the con-
gestion function on each road. This implies that each driver
is unaware of his own utility function. However, even in this
setting, regret based dynamics can be effectively employed
under the condition that each player can evaluate congestion
levels on alternative routes. On the other hand, if a player
is only aware of the congestion experienced, then one would
need to examine the applicability of payoff based algorithms
[18].

6. CONCLUSIONS

In this paper we analyzed the applicability of regret based
algorithms on multi-agent systems. We demonstrated that
a point of no-regret may not necessarily be a desirable oper-
ating condition. Furthermore, the existing results on regret
based algorithms do not preclude these inferior operating
points. Therefore, we introduced a modification of the tradi-
tional no-regret algorithms that (i) exponentially discounts
the memory and (ii) brings in a notion of inertia in players’
decision process. We showed how these modifications can
lead to an entire class of regret based algorithms that pro-
vide convergence to a pure Nash equilibrium in any weakly
acyclic game. The authors believe that similar results hold
for no-regret algorithms without fading memory and inertia
but thus far the proofs have been elusive.
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1. y(ko) is a strict Nash equilibrium, and

2. RY*0 (ko) > 0 for all P; € P, and
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3. y(ko) =y(ko +1) = ... = y(ko + N — 1).

Then, y(k) = y(ko), for all k > ko.
PRrROOF. For any P; € P and any y; € Y;, we have
RU(ko+N) = (1— )Y R (ko)
+(1 =1 =p)") (Uilyi, y-i(ko))
—Ui(yi(ko),y-i(ko))).

Since y(ko) is a strict Nash equilibrium, for any P; € P and
any y; € Yi, yi # yi(ko), we have

Us(yi, y—i(ko)) = Us(yi(ko), y—i(ko)) < —6.
Therefore, for any P; € P and any y; € Y;, yi # yi(ko),
Ri(ko+N) < (1= p)Y(My—m) = (1= (1= p)")s
< —=4/2<0.
We also know that, for all P; € P,
RV (ko + N) = (1= p)V RV (ko) > 0.
This proves the claim. []

Craim A.3. Fix ko > 1. Assume

1. y(ko) is not a Nash equilibrium, and
2. y(ko) = y(ko +1) = ... = y(ko + N — 1)

Let y* = (y;,y—i(ko)) be such that
Ui(yi, y—i(ko)) > Ui(yi(ko), y—i(ko)),

for some P; € P and some y; € Y;. Then, Ri": (ko + N) >
0/2, and y* will be chosen at step ko + N with at least prob-
ability v == (1 — )" ef.
PROOF. We have
Rl (ko+N) > —(1—p)"(My—mu)+ (1= (1-p)")s
> §/2.

Therefore, the probability of player P; choosing y; at step
ko + N is at least €f. Because of players’ inertia, all other
players will repeat their actions at step ko + N with proba-
bility at least (1 —€)"~'. This means that the action profile

y* will be chosen at step ko + N with probability at least
(1-9"lef. O

CLAIM A4 Fiz ko > 1. We have R¥® (k) > 0 for all
k > ko + 2Nn and for all P; € P with probability at least

1
Y3l

71—

—-

i=1

ProOF. Let 4° := y(ko). Suppose R;*'? (ko) < 0. Further-
more, suppose that y° is repeated N consecutive times, i.e.
y(ko) = ... = y(ko + N — 1) = ¢°, which occurs with at least
probability at least (1 — &)™V =1,

If there exists a y* (yz,yoi) such that Us;(y*) > Us(y°),
then, by Claim A.3, Rf’ (ko+N) > /2 and y* will be chosen

at step ko + N with at least probability 7. Conditioned on
this, we know from Claim A.1 that RY'*)(k) > 0 for all
k> ko+ N.

If there does not exist such an action y*, then R;J’(ko +
N) < 0 for all y; € Y;. An action profile (y*,y%;) with
Ui (y¥,y%;) < Ui(y°) will be chosen at step ko + N with at
least probability |71‘(1 -t If y(ko + N) = (v, 9%),
and if furthermore (y;”, y ;) is repeated N consecutive times,
y(ko + N) = ... y(ko + 2N — 1), which happens
With probability at least (1 =&)Y=V then, by Claim A.3,
~ 0
RY" (ko +2N) > §/2 and the action profile y° will be chosen
at step (ko + 2N) with at least probability v. Conditioned

on this, we know from Claim A.1 that Rf’<k>(k) > 0 for all
k> ko + 2N.

In summary, BY*® (k) > 0 for all k > ko + 2N with at least
probability
1
i’
We can repeat this argument for each player to show that

Rf"<k)(k) > 0 for all times k > ko + 2Nn and for all P; € P
with probability at least

Il

21—

2N7L

FINAL STEP: Establishing convergence to a strict Nash
equilibrium:

Fix ko > 1. Define ki := ko + 2Nn. Let yl,yQ,...,yl’ be
a finite sequence of action profiles satisfying the conditions
given in Subsection 2.4 with y' := y(k1).

Suppose Ry‘(k)( k) > 0 for all k > ki and for all P; € P,
which, by Claim A.4, occurs with probability at least

Il

Suppose further that y(k1) = ... = y(ki1 + N — 1) = y* which
occurs with at least probability (1 —&)"® =Y, According
to Claim A.3 the action profile y? will be played at step
ko := ki1 + N with at least probability . Suppose now
y(k2) = ... = y(ka + N — 1) = y?, which occurs with at
least probability (1—€)"™ =1, According to Claim A.3, the
action profile ® will be played at step k3 := k2 + N with at
least probability ~.

2Nn

‘We can repeat the above arguments until we reach the strict
Nash equilibrium y* at step k1 (recursively defined as above)
and stay at y” for N consecutive steps. From Claim 2, this
would mean that the action profile would stay at y* for all
k>kr.

Therefore, given ko > 1, there exists constants € > 0 and
T > 0, both of which are independent of ko, and a strict
Nash equilibrium y*, such that the following event happens
with at least probability & y(k) = y* for all k > ko + T
This proves Theorem 4.1. [J
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