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Abstract. Given a Shimura datum (G,h) of PEL type, let p be an
odd prime at which G is unramified. In [13], we established a formula
computing the l-adic cohomology of the associated Shimura varieties
(regarded as a representation of the adelic points of G and of the local
Weil group at p) in terms of that of their local models at p (the associated
Rapoport-Zink spaces) and of the corresponding Igusa varieties. In this
paper we extend those results (which are for cohomology with constant
l-adic coefficients) to the general case of coefficients in a lisse étale sheaf
attached to a finite dimensional /-adic representation of the group G.

1 Introduction

To any reductive group G defined over a number field, one can associate a
projective system of differentiable manifolds endowed with an action of G(A™),
the finite adelic points of G. Furthermore, to each algebraic representation p of
G on a finite dimensional complex vector space, one can attach a local system
£, on the corresponding manifolds and consider their complex cohomology spaces
with coefficients in £, as representations of G(A>). These complex cohomology
spaces can then be interpreted in terms of automorphic forms on G. Moreover, for
any cuspidal automorphic representation IT of G(A), satisfying certain “algebraic”
conditions at infinity, there is a suitable choice of a representation p such that I1°°
will appear in the associated cohomology spaces.

For a certain class of G’s, which was isolated by Shimura, these differential
manifolds have a natural algebraic structure defined over a number field E. In
most cases, the algebraic structure is obtained by interpreting the manifolds as
classifying spaces over C for abelian varieties with additional structures. E.g., in
the PEL case, the Shimura varieties arise as moduli spaces of abelian varieties
endowed with polarizations, prescribed endomorphisms and level structures. Fur-
thermore, to each algebraic representation £ of G on a finite dimensional [-adic
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vector space, one can attach a lisse étale [-adic sheaf £¢ on the corresponding vari-
eties and their [-adic étale cohomology groups with coefficients in £; are naturally
representations of G(A*) x I'g, for I'g the absolute Galois group of E. Again, the
finite component of a cuspidal automorphic representation II of G(A), satisfying
certain algebraic conditions at infinity, will appear in some [-adic étale cohomology
group for a suitable choice of £&. A conjecture of Langlands predicts that the Galois
representation associated to an “algebraic” cuspidal automorphic representation IT
of G(A) under the (conjectural) global Langlands correspondences can be detected
by looking at the I1°°-isotypic component Y1 of these cohomology spaces. In view
of the compatibility between global and local Langlands correspondences, one also
expects that, for any prime number p, the restriction of Xy to Wg,, the local Weil
group at a prime v|p, depends only on the p-adic component of II.

This latter prediction is the main motivation for our work, which focus on the
study of the [-adic étale cohomology groups of Shimura varieties of PEL type as
representations of G(A™) x Wg_, for v a prime of E dividing a fixed prime number
p which we assume to be unramified for the group G. More precisely, in this paper
we compute the [-adic étale cohomology groups of the Shimura varieties, with coef-
ficients in L, (for £ an irreducible finite dimensional l-adic representation of G), in
terms of the l-adic étale cohomology groups of their local models, constructed by
Rapoport and Zink, and those of the associated Igusa varieties. The latter are clas-
sifying spaces for abelian varieties in positive characteristic, whose defining moduli
problems are closely related to those of the Shimura varieties. In the resulting for-
mula, both the actions of the p-adic points of G and of the local Weil group are
trivial on the l-adic étale cohomology groups of the Igusa varieties but not on those
of the Rapoport-Zink spaces. Moreover, only the [-adic étale cohomology groups of
the Igusa varieties have coefficients in a local system depending on & (namely, the
pullback of L¢) while those of the Rapoport-Zink spaces have trivial {-adic coeffi-
cients. These two facts make the formula heuristically compatible with Langlands’
conjecture, in the sense explained above, and also with a conjecture of Kottwitz
which predicts that the local Langlands correspondences at p (for the groups G’s
in the class considered in this papers) are realized by the [-adic étale cohomology
of the Rapoport-Zink spaces, with trivial coefficients.

We remark that a special case of this formula, namely the case when £ is the
trivial representation, was previously established in [13]. The goal of this paper
is to generalized those results to any £. In view of the general philosophy, the
case of [-adic étale cohomology with constant coefficients is too restrictive for most
applications.

1.1 Outline. Our strategy closely follows that of [13], where the final formula
(in the case of trivial I-adic coefficients) is deduced by results about the local geom-
etry of the Shimura varieties at the chosen prime v|p. In particular, the formula in
[13] can be regarded as an application of the appropriate Hochschild-Serre spectral
sequence and Kiinneth formula, and reflects a description of (a stratification of) the
Shimura varieties at v as quotients by the action of a group of the products of their
local models and Igusa varieties. Similarly, the formula with non-constant coeffi-
cients proved in this paper (and more precisely, its special case for £ the standard
representation) reflects analogous statements about the local geometry at v of the
universal abelian scheme over the Shimura varieties (and its multi-self-products).
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In particular, we prove that the universal abelian schemes over the Shimura vari-
eties at v and those over the Igusa varieties become isogenous once pull-backed over
the products of the Rapoport-Zink local models and Igusa varieties.

We remark that while it would be possible to reproduce in this new context all
of the constructions of [13], we chose not to. Instead, we preferred to deduce the
new results from those in [13].

In section 2, we recall results and constructions from the theory of integral
models of Shimura varieties of PEL type, following [10] for the cases of good reduc-
tion and [13] for the general cases. In section 3, we state the main theorem of this
paper and outline a strategy for its proof. In section 4, we show that the general
case of this theorem can be deduced from a special case, namely the case of £ the
standard representation. Finally, in section 5, we prove the latter case.

Throughout the paper, our notations follows those in [7] and [13].

1.2 Acknowledgement. I would like to thank R. Taylor, M. Harris and S.W.
Shin for their interest in my work and for stimulating discussions, and the referee
for helpful comments and useful suggestions.

2 Shimura varieties of PEL type

2.1 Integral models at unramified primes. In this section, we recall the
definition of Shimura varieties of PEL type as moduli spaces for abelian varieties
with additional structures. We focus in particular on the cases of good reduction at
a chosen prime p. Our exposition follows [10] (section 5, pp. 389-392) and we refer
to it for details. A warning about notations: in certain cases the moduli spaces here
described are not the canonical models of the corresponding Shimura varieties but
disjoint unions of finitely many copies of them (see [10], Sec. 8, pp. 398-400). In
the following, we will ignore this issue and refer to these moduli spaces as Shimura
varieties.

2.1.1 We fix data of the following type:

B a finite dimensional simple algebra over Q;

% a positive involution on B over Q;

V' a nonzero finitely generated left B-module;

(,) a non degenerate Q-valued *-hermitian alternating pairing on V.

To the above data, we associate an algebraic group G over Q as follows. We
define G as the group of the B-linear automorphisms of V' which preserve the pairing
(,) up to scalar multiple, i.e. for any Q-algebra R

G(R) = {(c,g) € R* x Autpg,r(V ®qgR)|(gv, gw) = c{v,w) for all v,w € V&g R}.

In this paper we are occupied with the class of Shimura varieties associated
with an algebraic group G of this form. These varieties are called of PEL type. We
remark that any group G of this form is equipped with a canonical homomorphism
v: G — G,,, which to a B-linear automorphism of V' preserving the pairing (,) up
to scalar multiple associates the latter, i.e. for any Q-algebra R and any element
(c,9) € G(R) we define v(R)(c, g) = c.

Let (G,h) be a Shimura datum associated with some data (B,*,V,(,)) as
above. As usual, h denotes a conjugacy class of cocharacters uy, : G,, — G¢ satisfy-
ing the appropriate positivity condition. Then, the Shimura field F = E(G,h) C C,
associated with the pair (G, h), is the field of definition of the isomorphism class
of the complex representation Vi of B, where V; is the subspace of V¢ on which
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un(z) acts as z. The Shimura varieties attached to the datum (G, h) have a natural
structure of algebraic varieties defined over E.

More precisely, let A denote the ring of the finite adeles of Q, and K an open
compact subgroup of G(A*). For K sufficiently small, the associated Shimura
variety Shg is a smooth quasi-projective scheme defined over E, and has a moduli
interpretation as a classifying space for abelian varieties. As K varies, the varieties
Shi form a projective system, naturally endowed with an action of G(A).

We refer to [10] for the definition of PEL type moduli problems for abelian
varieties over the reflex field E. Here, we focus on the cases of good reduction at a
chosen prime p, and introduce the corresponding moduli problems over Op, (,, the
localization at p of the ring of integers of E.

2.1.2 Let p be an odd prime. We assume that the PEL data (B,*,V,{(,))
satisfy the following three conditions:

1. there exists a Z,)-order Op in B which is preserved by * and whose p-adic
completion is a maximal order in Bg,;

2. there exists a lattice A in Vg, which is self-dual for (,) and is preserved by
Os;

3. (unramified hypothesis) Bg, is a product of matrix algebras over unramified
extensions of Q.

Under the above conditions, the group G has an hyperspecial maximal compact
subgroup K, of G(Q,), namely the stabilizer of A. In the following, we write
G(Zy) = K0, G(Q,)T = (G(Z,), p) for the subgroup of G(Q,) generated by G(Z,)
and multiplication by p on V, and G(A®)T = G(A®P) x G(Q,)T. We also write
OB% for the p-adic completion of Og. Finally, we choose a basis «aq,...q; for the
free Z(p)—module Op, and let X;,...X; be indeterminates. Then the polynomial
det(Xya1 + - - - + Xiay; V1) is homogeneous of degree dime(V7), with coefficients in
OFr.(p)-

We restrict our attention to open compact subgroups K of G(A) of the form
K = K?K, o, where K? is an open compact subgroup of G(A>?). We remark that
if KP is sufficiently small, then so is K. We assume K? is sufficiently small. Under
the above conditions, the Shimura varieties Shx»x, , admit integral models Sg»
over O (, satisfying the following properties. For all K?, the schemes Sg» are
smooth and quasi-projective over O (,, and as K? varies they form a projective
system endowed with an action of G(A°?). Moreover, there exist canonical iso-
morphisms Shrrk, , = Skr Xspec(Op () Spec(F) which form a compatible system
as the level KP? varies, and are equivariant for the action of G(A*?). The schemes
Skr» have a moduli interpretation as classifying spaces for abelian varieties. We
recall their definition.

To any open compact subgroup K? C G(A*P) we associate a set-valued
contravariant functor Fr» on the category of locally Noetherian O (,y-schemes. It
suffices to define Fg»(S) for S connected, in which case we first define Fgr(S) =
Frr(S,s) for a choice of a geometric point s € S, and then observe that such set
is independent on the choice of s € S. For any pair (.5, s), we define Fg»(S,s) as
the set of equivalence classes of quadruples (A, A, i, 7jP) where:

e A is an abelian scheme over S;

e \: A — AV is a prime-to-p polarization;

e i:Op — End(A)®zZ) is a morphism of Z,)-algebras such that Aoi(b*) =
i(b)V o A, and det(Xja1 + -+ + Xpay; Lie(A)) = det(Xyap + -+ - + Xy V1)



I-Adic Etale Cohomology of PEL Type Shimura Varieties with Non-Trivial Coefficients 5

(the latter is an equality of homogeneous polynomial with coefficients in the
global sections of Og, known as the determinant condition);

o 7P is a w1 (S, s)-invariant KP-orbit of isomorphisms of B ®g A*P-modules
nP : V ®@g AP — VPA, which takes the pairing (,) on V ®g AP to
a (A°P)*-scalar multiple of the A-Weil pairing. (Here, VP A denotes the
Tate space of A, away from p).

Two quadruples (A, X\, i,77) and (A’, N,#, (77)’) are equivalent if there exists
a prime-to-p isogeny 3 : A — A’ which takes \ to a Z(Xp)—multiple of N, i to i and
1 to (77)".

For KP sufficiently small, the functor Fk» on the category of locally Noetherian
Og,(p)-schemes is represented by a smooth quasi-projective Op, (p)-scheme. For
each K7 sufficiently small, the integral model Sgk» is defined as the O, (,)-scheme
representing Frr ([10], Sec. 5, p. 391).

2.1.3 We now focus on the problem of defining integral models for Shg, in
the case when the level K is not maximal at p. We consider exclusively the case of
K of the form K?K, where K” is any sufficiently small open compact subgroup of
G(A>P) and K, is an open compact subgroup of G(Q,), K, C Kj o, of the form

K,=Kpm={9€ Kpolgn =1 mod p™A},

for some integer m > 0. As m varies, the subgroups K, ,, form a fundamental
system of open neighborhoods of the identity in G(Q)), and similarly, as both m
and KP? vary, the subgroups K = KPK,, ,, describe a fundamental system of open
compact subgroups of G(A*). Thus, it is without loss of generality that through
the rest of this paper we assume the open compact subgroups K of G(A>) to be
of this form.

For any such K, K = K?K,, we define the corresponding integral model of Shg
as a Skr-scheme, and denote it by Sk. The key ingredient is Katz and Mazur’s
notion of a full set of sections for finite flat schemes ([9], section 1.8.2, p.33). Details
and proofs of the construction can be found in [13] (section 6, pp. 597-601).

Forany m > 1, and K = K?K,, ,,,, we define Sk as the Sk»-scheme representing
the following functor S,,. Let A denote the universal abelian scheme over Sg». We
write A[p™] for its p™-torsion subgroup, A[p>] for its p-divisible part, and ppm
for the group scheme of the p™-th roots of unity. We recall that the additional
structures on A induce corresponding structures on the Barsotti-Tate group A[p],
namely (in our case) a quasi-polarization (which we denote by ¢) and a compatible
action of OB@p' To any Skr-scheme T, the functor S,, associates the set of pairs
(v, ) where o : p"™Z/Z — ppm (T) and o : p~™A/A — A[p™](T') are two group
homomorphisms satisfying the conditions:

1. {ao(z)|x € p~™Z/Z} is a full set of sections of p,m 7/T;

2. {a(z)|z € p~™A/A} is a full set of sections of A[p™]r/T;

3. ais OBQ,) -equivariant;

4. the following diagram commutes

p=AJA X pmmA A~y pmz7,

M{ l%

Ap™I(T) x Alp™)(T) —— s (1)
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(here, with abuse of notations (,) denotes the pairing on p~™A/A induced
by that on A, and (), is the ¢-Weil pairing on A[p™|(T)).

For any m > 1, the functor S,, is representable. The representing scheme Sk is
finite over Sk», and naturally endowed with an action of G(Z,), trivial on K, ,,,. For
m = 0, we write S = Skr. As K varies, the schemes Sk form a projective system
naturally endowed with an action of G(A®)" = G(A>?) x G(Q,)!. Moreover, for
each K, there is a canonical isomorphism Shyx = Sk X Spec(Op.(py) Spec(FE), such
that, as K varies, they form compatible system which is G(A>)-equivariant with
respect to the natural action of G(A*) on the Shimura varieties.

We point out that in general the action of the whole G(A*°) on the Shimura
varieties does not extend to the above integral models. On the other hand, for a
slightly more general class of integral models, the associated correspondences do
([13], Proposition 17, p. 600).

2.2 Cohomology and vanishing cycle sheaves. Let [ be a prime number,
I # p. Any continuous l-adic representation of G(A°) gives rise to lisse étale I-
adic sheaves Fx over Shy, for all sufficiently small open compact subgroups K of
G(A™) ([10], Section 6, pp. 392-393; or [7], Section II1.2, pp. 94-105). We apply
this construction to £ an algebraic finite dimensional [-adic representation of G.

2.2.1 Let £ be an algebraic representation of G' on a finite dimensional Qf-
vector space W, and denote the corresponding sheaves on the Shimura varieties
by L¢ = L¢ k. As K varies, the sheaves L¢ g form a compatible system, naturally
endowed with an action of G(A*°). More precisely, for each v € G(A*) and
level K, let K, = K NyK~y~Y, f: Shgx, — Shg denote the natural projection
between Shimura varieties corresponding to the inclusion K, C K, and «y : Shg, —
Shy-1g o — Shg the composition of the action of v with the natural projection
between Shimura varieties. Then there is a canonical isomorphism between the
pullbacks v*L¢ x and f*L¢ ¢ over Shi ([10], Section 6, pp. 392-393). It follows
that, for each i > 0, the Q}°-spaces

I{é(Sh7 [:5) = hﬂ)l KHZ(ShK XE EaC,E&K)

have a canonical structure of G(A*) x Gal(E?°/E)-modules. In fact, they are
admissible/continuous G(A*) x Gal(E?°/E)-modules. We write

Ho(Sh,L¢) =Y (~1)"Hi(Sh, L¢) € Groth(G(A™) x Gal(E*/E)).

In this paper we focus on their restriction to G(A*) x Wg,, for Wg, the Weil
group of the completion of E at a prime v dividing p.

2.2.2 Let v be prime of F dividing p. We write E, for the completion of F
at v, Op, for its ring of integers, and k for it residue field, #k = ¢ = p/. We
choose an algebraic closure k2¢ of k, and denote by Ej the fraction field of W (k?°),
the ring of Witt vector of k¢, and by o the ¢g-th power of Frobenius on Ey. The
unramified hypothesis in 2.1.2 implies that v is unramified, i.e. E, C Ey. We fix
an algebraic closure E3° of E,, containing Ej, and an embedding v : £*° — E3°,
extending the identity of E. These data allow us to identify the Weil group of F,
with the decomposition group of @ in Gal(E?¢/E), i.e. Wg, C Gal(E*/E).

For each i > 0, we regard the cohomology spaces H((Sh, L¢) as G(A®) x W, -
modules via restriction. They are admissible/continuous G(A*>) x Wg, -modules
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which can be computed as
H(Sh, L¢) = lim g H(Shg x g E3°, Le k).

In the following, for each level K, we replace the F-scheme Shy by the F,-
scheme Shx Xgpec(r) Spec(E,), which with abuse of notations we still denote by
Shp.

2.2.3 Let K be an open compact subgroup of G(A*) as in section 2.1.3,
and consider the Op,-scheme Sk Xgpec(0p, ) Spec(Og, ), which again with abuse

of notations we still denote by Sg. We write Sk for its reduction in positive
characteristic p, i.e. Sx = Sk XSpec(0p,) Spec(k), and R\IJ;? = R\IQ?K for its
vanishing cycle functor.

For all integers p,q > 0, we define

lim g HE(Sk xi k*, RIS (Le)) = HE(S, RIW) (Le)).

It follows from the above constructions that these [-adic spaces have a natu-
ral structure of G(A>)" x Wg, -modules. In fact, they are admissible/continuous
G(A*>)T x Wg,-modules. We define

Ho(S, RV} (L)) = Y (~1)PTHE(S, R1W; (Le))-

b,q

The main goal of this paper is to study these virtual G(A>)! x W, -modules.

2.24 Let K be of the form K = KPK,,. Then, the above vanishing cycle
sheaves are easy to compute. More precisely, it follows from the construction of the
integral models Sk = Sk» that in this case the lisse étale sheaf £¢ over Shi extends
canonically to a lisse étale sheaf over Si» (which we also denote by L = L¢ k»).
Furthermore, given that the schemes Skr are smooth, the associated vanishing
cycle sheaves Rq\Ifﬁ([,g) over Sk» X Spec(k) Spec(k™®) vanish for all ¢ > 1, and for
g = 0 they are equal to the restriction of sheaf L¢/Sk» to the geometric special
fiber Sg» XSpec(k) Opec(k*).

In the following, we study the sheaves qulng (L¢), when the level K is of the
form K = KPK,, ,,, for an integer m > 1.

2.2.5 We remark that in the case of proper Shimura varieties, the theory of
vanishing cycle sheaves ([4]) enable us to express the cohomology of the Shimura
varieties in terms of the above cohomology spaces. More precisely, we deduce an
equality of virtual admissible/continuous G(A>)" x Wg,-modules

H(Sh, L¢) = H(S, RUS (L)),

where the action of G(A>)" x Wg, on the left hand side is obtained by restriction
from the action of G(A*) x Wg,. Furthermore, in [13] (section 8, p. 607), we
showed that, under the assumption of properness, the action of G(A>®)" x Wg, on
the right hand side canonically extends to the whole group G(A*>) x W, , and that
the above equality holds as an equality of G(A>) x W, -modules. To be precise,
in loc. cit. we prove these results for £ = Qf'° but the same arguments apply to any
&. These results rely on a construction of integral correspondences which model the
action of the whole G(A*°) on the Shimura varieties, as mentioned at the end of
section 2.1.3.
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2.3 Newton stratification. We study the modules H..(S, R¥? (L)) follow-
ing the strategy carried out in [13], in the case of £ = Q¢ the trivial representation.
In this section, we recall the aspects of the general theory of local models for
Shimura varieties of PEL type (following the work of Rapoport and Zink in [18])
and of the constructions in [13] which are relevant to extending the results to the
case of £ any finite dimensional l-adic representation. We refer to [13] (Section 5,
pp. 589-596) for details.

2.3.1 To the global Shimura datum (G,h), we associate the local datum
(Ga,, nose) where Gg, = G ®g Q, and pgse denotes the conjugacy class of cochar-
acters of G, determined by h and our choice of an embedding v : E*¢ — EZ°, i.e.
the class of cocharacters v o yip, for pj, in b (here, Q3¢ = EJ°).

In [11], to a local datum (Gg,,ugse) Kottwitz associates a partially ordered
finite set B(Gq,, ,quc). For Gg, of PEL type (which includes all cases coming from
a global Shimura datum of PEL type), the set B(Gq,, ,quc) is canonically identified
with the set of isogeny classes of Barsotti-Tate groups over k¢ with u@;e—compatible
Gq,-structures. In our cases, these include (and conjecturally are exactly) the Bar-
sotti-Tate groups arising as the p-divisible parts of the abelian varieties over k¢
classified by the Shimura varieties associated with the corresponding global Shimura
datum. Equivalently, B(Gg,, MQ;C) is identified with a subset of the set of Newton
polygons with end-points prescribed by e Under the latter identification, the
partial order on B(Gy,, quc) corresponds to the partial order “lying on or below”
among convex polygons ([17], section 1, pp. 155-164).

2.3.2 Let K be a sufficiently small open compact subgroup of G(A>), and S
the reduction modulo p of the corresponding Shimura variety. For each geometric
point = of Sk, we write A, for the corresponding abelian varieties, and b, for the
isogeny class of the Barsotti-Tate group with additional structure A, [p>°]. To each
b € B(Gq,, ko), we associate the set

Sk (b) = {z € Sk|bs = b}.

The set Sk (b) is a locally closed subspace of Sk, and has a natural structure of
locally closed subscheme defined over k. Furthermore, as b € B (GQP,MQ;C) varies,
the subschemes Sk (b) form a stratification of Sk which is known as the Newton
stratification. (The definition of the Newton stratification is due to Rapoport and
Richartz in [17]. Their work generalizes to the context of Shimura varieties a
classical result of Grothendieck, in [6]). We recall that it is not known in general
whether the strata S (b) are non-empty for all b € B(Gyg,, pgze). In the following,
we only consider elements b € B(Gg,, ,quc) which are associated with non-empty
strata. We remark that this condition is independent of the level K.

It is an easy observation that, for each b € B(Gq,, MQZC), as the level K varies,
the strata Sk (b) form a projective system stable under the action of G(A*)T. It
follows that, for all p,q > 0, the Qj*“-spaces

HZ(S(b), R1W; (Le)) = lim g HE (Sk (b) x5, k*, RV (Le) 5, 1)

have a natural structure of admissible/continuous G(A>)! x W, -modules. For
each b € B(Gq,, tgae ), we define

Ho(S(b), RV (L)) = Y (—~1)P 1 HE(S(b), R1T} (Le)).

b,q
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Then, there is an equality of virtual admissible/continuous G(A>®)" x Wg, -
modules

H.(S,RU;(Le)) = > H(S(b), RY; (L))
bEB(Gyp,1oac)

Furthermore, it follows from the remark in section 2.2.5 that in the case of proper
Shimura varieties the above equality holds as an equality of G(A>) x W, -modules.

2.4 Local models. Given the latter equality, we shift our focus to studying
the modules H,.(S(b), R\Ils(ﬁg)), for b € B(Gq,, Hgae). Our strategy is to establish
a connection between these spaces and the cohomology of the corresponding local
models. In the following, we recall the main aspects of the theory of local models
for Shimura varieties of PEL type. We refer to [18] for a complete discussion of
this theory, and to [12] (Section 7.2, pp. 298-302, and Section 8.2, pp. 317-327)
for details and proof of the results in sections 2.4.2 and 2.4.3.

24.1 Let b € B(Gq,, pgs)- In [18], Rapoport and Zink associate to the data
(Gq,» [ b) a projective system of rigid analytic spaces M i, over Ep, indexed
by the open compact subgroups K, C K, o of G(Q,), and naturally endowed with
an action of G(Q,) and a o-semi-linear automorphism.

For K, = Kp, the rigid analytic space M; k,, is defined as the generic
fiber of the formal W (k*“)-scheme representing the following set-valued functor
M, on the category of formal W (k®°)-schemes. We first define M, = M x as
depending on the choice of a Barsotti-Tate group with additional structure X/k¢
in the isogeny class determined by b. We later observe that the resulting functor is
up to isomorphism independent of such a choice. We remark that it suffices to define
My, x(S) for any W (k*)-scheme S where p is locally nilpotent. Let M} x(.S) be the
set of isomorphism classes of pairs (H,3) where H is a Barsotti-Tate group with
additional structures defined over S, and 3 : Xg — Hg is a quasi-isogeny defined
over the subscheme S = Z(p) of S. (Here, Z(p) denotes the subscheme defined by
the equation p = 0, regarded as a k®°-scheme.) The functor M, x is represented
by a formal W (k?®®)-scheme M, x, which is formally smooth and formally locally
of finite type. The formal scheme M x is naturally endowed with an action of
the group of quasi-self-isogenies of X, by right translations. We denote the group
of quasi-self-isogenies of X by J;(Q,), since it may be canonically identified with
the Q,-points of an algebraic group J;,/Qp, depending only on b € B(GQP,MQ%C).
Furthermore, the scheme M, x is also endowed with a o-semi-linear automorphism,
which is defined by left translation by the inverse of the g-th power of the Frobenius
of X, and which commutes with the previous action of J,(Q,). In the following,
we refer to this automorphism as an (unramified) action of Wg, . Finally, for each
pair of non-negative integers n,d > 0, we define the truncated Rapoport-Zink space
M;gg to be the formal subscheme of M x classifying pairs (H,3) such that the

quasi-isogenies p™3 and p¢~ "3~ are isogenies. For all n,d, the natural inclusions
M?’g — My x are closed embeddings and, as n, d vary, they define a direct system.

Let My k,, denote the generic fiber of the formal W (k*¢)-scheme M x, re-
garded as a rigid analytic Eg-space. For each K, C Ko, we define M, i, as the
space over My g, , parameterizing Kp-level structures on the universal Barsotti-
Tate group H/Mjy i, , (here, by a K-level structure on H we mean the K,-orbit
of a trivialization of the Tate module of H). For each K, C Kp, o, the rigid analytic
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space My, ¢, is a finite étale Galois cover of My k, ,. In particular, it is a smooth
rigid analytic space over Ep, of dimension D, = dim My, k¢, -

2.4.2  As K, varies, the spaces My i, form a projective system naturally en-
dowed with an action of G(Qp) % Jy(Qp) X Wg,. For each i > 0, we define

Hi( My, Qi) = lim g, Ho(My i, X5, E3°, Q7).

Then, they are smooth/continuous G(Q,) x Jp(Q,) X Wg,-modules, but it is not
known whether they are also admissible/continuous. On the other hand, to each
admissible representation p of J,(Q,), we may associated the G(Q),) x Wg,-modules
Ext’ (Qp)(H I( My, Q2°), p). These modules are admissible/continuous and vanish
for almost all p,q > 0.

For each b € B(Gg,, figac), we define a functor

& : Groth(J,(Q,)) — Groth(G(Q,) x Wg,)

which to an admissible virtual representation p of J(Q,) associates

E(p) = S (~1)PHIEX, o | (HI(My, Qi) p) (—Dy).

p,q

In the following we also denote by &, the functor from Groth(J,(Q,) x G(A™?))
to Groth(G(A*) x Wg,) which is obtain by extending the above functor by the
identity on Groth(G(A>?)).

2.4.3 It follows from Berkovich’s theory of vanishing cycles of formal schemes
([3], Corollary 2.5, p. 373), together with the fact that all the irreducible compo-
nents of the reduced scheme associated with M, x are projective k*“-schemes ([18],
Proposition 2.32, p. 63), that the above functor can also be computed in terms of
the cohomology groups of the reduced closed fiber of M x with coefficients in the
appropriate vanishing cycle sheaves.

Indeed, let us restrict our attention to levels K, of the form K, = K, n,
m > 0. Then, similarly to the case of the integral models of Shimura varieties
of PEL type, we can apply Katz and Mazur’s notion of full set of sections for
finite flat group schemes to construct integral models for the Rapoport-Zink spaces.
More precisely, for each K, = K, ,, m > 0, there exists a formal W (k*®)-scheme
My x i, satisfying the following properties. It is finite over My x = My x K, ,, and
its generic fiber is canonically isomorphic to My g,. Furthermore, as K, varies,
the formal schemes M, x i, form a projective system endowed with an action of
J(Qp) x G(Q,)T x Wg,, which is compatible under the above isomorphisms with
the action of J,(Q,) x G(Qp) x Wg, on the rigid analytic Rapoport-Zink spaces
Mb,K,,~

For each K, = K, we write ﬂbyp = ﬂb,X’Kp for the reduced scheme

. . M
associated with My x k», regarded as a k*°-scheme, and denote by R\I/nM = RY;, Kp

its vanishing cycle functor. Then, for each p,q > 0, we define the Qj*°-space

i . - M
HE(My, R (Q)) = lim g, HE (M, k., Ry 7 (Q))).

For all p,q > 0, these are smooth/continuous G(Q,) x Jy(Q,) x Wg, -modules.

Moreover, for each admissible representation p of J,(Q,), the G(Qp)' x Wg,-

modules TorY, q, ) (HE (M, Rq\I/{;’t( 2°)), p) are admissible/continuous and vanish

for almost all 4, p,q > 0.
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Similarly to the case of integral models for Shimura varieties, by consider-
ing a class of integral models for the Rapoport-Zink spaces larger than that in-
troduced here, it is possible to canonically extend the smooth/continuous (resp.
admissible /continuous) action of G(Q,)" x Wg, on the above Q-spaces to a
smooth/continuous (resp. admissible /continuous) action of G(Q,) x Wg,. Fur-
thermore, for each p, there is an equality of virtual G(Q,) x Wg, -modules

Ev(p) = D (~1)*PFaTory, o) (HE (My, RUU(QF)), p)-

4,p,q

2.5 Igusa varieties. In order to establish a connection between the cohomol-
ogy of the Shimura varieties and that of their local models, we introduce a new kind
of moduli spaces for abelian varieties in positive characteristic, the Igusa varieties.
Igusa curves were first introduced by Igusa in the theory of modular curves ([8], or
[9], chapters 12 and 13, pp. 344-450), and later generalized in the context of some
simple Shimura varieties by Harris and Taylor ([7]). Their more general definition
in the context of Shimura varieties of PEL type relies on work of Oort on foliations
in moduli spaces of abelian varieties in positive characteristic ([15]), and on results
of Zink ([19]), and of Oort and Zink ([16]) on the existence of the slope filtration
for p-divisible groups. We refer to [13] (Section 4, pp. 584-589) for details.

2.5.1 Letbe B(Gq,, quc), and fix a level K C G(A°?). We assume Sk» (b)
is not empty, and choose x a closed geometric point of Sk»(b), defined over k.
We write X = A, [p™].

The Barsotti-Tate group X/k®¢ admits a unique slope decomposition, X =
®{X into isoclinic Barsotti-Tate subgroups X?, each endowed with the appropriate
inherited additional structures (i.e. an action of OB%, and isomorphisms ¢ : X¢ =
(X*1=9)V induced by the quasi-polarization ¢ of X). As before, we write J,(Q,)
for the group of quasi-self-isogenies of X. We recall that the associated algebraic
group Jy,/Q, is an inner form of the Levi subgroup of Gg, associated with the slope
decomposition of the isocrystals of X.

2.5.2 We say that a Barsotti-Tate group with additional structures Y defined
over field k' D k®® is geometrically isomorphic to X (we write Y =, X) if there
exists a field extension k” D k' over which the two become isomorphic. We define
C = C, = Cx, the central leaf through x (or equivalently, associated to X), as

Ca = {y € Skr(b)|4,[p™] =, X}.

Then, C, is a closed subspace of Sg»(b) defined over k*, which is a smooth scheme
when endowed with the reduced subscheme structure.

We regard C as a smooth closed k®°-subscheme of Sg»(b). For each KP, we
also write C = Cg» C Sk»(b). Then, as K? varies, the schemes Cg» naturally
form a projective system endowed with an action of G(A>?) C G(A>)T.

2.5.3 Let C' = Cx gr. Without loss of generality, we assume X is completely
slope divisible. We write H/C for the p-divisible part of the restriction of the uni-
versal abelian scheme A/Sk»(b) to C. Then, it follows from the work of Zink
([19]), and of Oort and Zink ([16]), that the Barsotti-Tate group H/C is also
completely slope divisible. More precisely, H admits a canonical slope filtration
0=Hy C HH C ---H; = H, into Barsotti-Tate subgroups with slope divisible
Barsotti-Tate subquotients H* = H;/H; ;. Each H'/C is a Barsotti-Tate group
endowed with appropriate additional structures inherited by those of H. Moreover,



12 ELENA MANTOVAN

it follows from the definition of C' that, for each point y € C, the Barsotti-Tate
groups with additional structures H; are geometrically isomorphic to X?, for all
i. We write H*? = @} H', also regarded as a Barsotti-Tate group with additional
structure (its additional structures controlled by the Levi subgroup of Gg,which
is an inner form of J;,). We observe that, for each y € C, the Barsotti-Tate group
H_? is geometrically isomorphic (via a canonical isomorphism) to H,,. (This follows
from the fact that the slope filtration of a Barsotti-Tate group canonically splits
over an algebraically closed field.)

2.5.4 For each m > 1, we define the Igusa variety of level m as the space
Ig,, = Igx kv m over Cx k» parameterizing isomorphisms of truncated Barsotti-
Tate groups with additional structures j,, : X[p™]c = H*P[p™]. (Here, by an
isomorphism of truncated Barsotti-Tate group with additional structures, we mean
an isomorphism of the underlying finite flat group schemes, which commutes with
the additional structures and which extends étale locally to any truncation of higher
depth m’ > m.)

It follows from the definition that, for each m > 1, the Igusa variety Ig,,, is finite
étale and Galois over C'. Thus, in particular, it is a smooth scheme over £*¢. Ig,, is
naturally endowed with an action of the group of automorphism of X. Further more,
as K? and m vary, the schemes Ig ., ,,, naturally form a projective system endowed
with commuting actions of G(A?) C G(A>)T and the group of automorphism of
X. If we regard the group of automorphism of X as an open compact subgroup of
Jp(Qp), then its action on the projective system of Igusa varieties naturally extends
to a larger subgroup which we denote by J,(Q,)" ([13], Section 4, Lemma 5, pp.
586-587).

2.5.5 Let ¢ be a finite dimensional [-adic representation of G and L. the
associated lisse étale sheaf over the models Sk» as in section 2.2.4. For all KP,m
as above, we write ﬁﬁllgx,xp,m for the pullback of the sheaf L¢/Sk» under the
natural morphism Igx x» ,,, — Cx,x» C Skv» C Sko.

For each ¢ > 0, we define

Hi(lgxa 55) = hi,n K”ﬂnHé(IgX,K",m’ £§ |ng,KP,m)'

These Q-vector spaces have a natural structure of G(A®"?) x J,(Q,)f-modules,
which canonically extends to a structure of G(A*P) x J,(Q,)-modules. Further
more, as G(A™P) x Jp(Q,)-modules they are admissible. We define

H(lgx. Le) = Y (—1)"Hi(lgx, Le) € Groth(G(A™P) x Jy(Qy)).
We remark that the above modules depend only on the isogeny class of X. In the
following, given b € B(Gg,, figac), we sometimes write He(Ig,, L¢) = Hc(Igx, Le),
for any choice of a Barsotti-Tate group X in the isogeny class determined by b.

3 Statement of the main results

We are finally read to state the main theorem of this paper, as well as the
intermediate results necessary to adapt to this more general context the strategy
of [12] and [13].

Theorem 3.1 Maintaining the above notations. Let & be a representation of
G on a finite dimensional Q}°-vector space. For each b € B(GQP,N@ZC), there is an
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equality of virtual G(A*)T x Wg, -modules
Hc(S(b), RV} (L)) = Ev(He(Igy, Le)),

where & is the functor associated with the local models of the Shimura varieties
attached to b.

In the case of proper Shimura varieties, the above equalities can be extended to
the equalities of G(A™) x Wg, -modules, for all b € B(GQp,qua). In particular, we
deduce an equality of G(A>) x Wg,-modules

H(Sh> 'Cf) = Z gb(H(Igbv‘cf))'

beB(Ga,,1ouc)

For £ = Q}° the trivial representation, the above theorem was proven in [13]
(Theorem 22, p. 607).

While the above formula was previously only established for cohomology with
trivial coefficients, many of the constructions and intermediate results in [12] and
[13] were carried out in larger generality. In the following, we recall those construc-
tions and point out the results about the local geometry of the Shimura varieties
and their vanishing cycle sheaves which underlie the formula.

3.1 Strategy. We fix K? a sufficiently small open compact subgroup of G(A>P).
Let b € B(Gg,, 1gse) and assume S(b) = Sk»(b) is not empty. We choose X a
Barsotti-Tate group with additional structures associated with a closed geometric
point of S(b), and write M = M, x (resp. MU= ﬂZ}g‘j, n,d > 0) for the reduced
closed fiber of the local model M, x (resp. M;g). For each m > 0, we also write
Ig,, = Igx kv, for the Igusa variety of level m, associated with our choice of b, X,
and KP.

For all m,n,d > 0, we define

@ : 1g,, x ﬂn’d — Igy and ¢ : Ig,, x ﬂn’d — M,

respectively as the first projection of the product composed with the cover map
Ig,, — Igy, and the second projection of the product composed with the natural
inclusion ﬂnd — M.

Finally, for any level K of the form K = K?K,,, with K, = K, ,, C Ky, we
write Ko = KK o, and denote by fx, : Shx — Shg, and g, : My, — My K, ,
the cover maps between Shimura varieties and Rapoport-Zink spaces corresponding
respectively to the inclusions K C Ky and K, C K, ;.

3.1.1 1In[13] (Proposition 9, p.592) we construct a system of finite k*°-morphisms

TN ) : 18 X M = G (B)gae = S(b) x b,

indexed by quadruples of non-negative integers (N, m, n,d) satisfying certain con-
ditions (namely, we require that m, N are sufficiently large with respect to d). As
m, n, d vary, the morphisms 7y ,,, 5,4y form a system compatible under the natural
projections among Igusa varieties and inclusion of truncated Rapoport-Zink spaces,
and as IV varies, they are compatible up to powers of the relative Frobenius F of
S(b)/k. Moreover, as a system, they are J;,(Q, ) -equivariant, for the natural action

of Jy(Q,)' C J1(Q,) on the system of products Ig,, xﬂn’d, and the trivial action on
S(b). In the following, with abuse of notations we sometime write 7y = TN, m,n,d)-
(We postpone recalling their definition to section 5, proof of proposition 5.2.)
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The special case £ = Q3¢ of theorem 3.1 is proved in [13] by combining together
the following results.

Theorem 1 [[12], Theorem 5.11, p. 287]

Let £ be an abelian torsion étale sheaf over S(b)gac, with torsion orders prime
to p and endowed with an action of Wg,. There exists a Wg, -equivariant spectral
sequence

ED = Hy(Jy(Qp), Mt o aHeo(lg,,, x M 74 L)) = HPFI(S(0) x4 K, L).

Theorem 2 [[12], Theorem 5.13, p. 281]

Let 7 > 1, and £/S(b)jac, G/ M be two étale sheaves of Z/I" Z-modules, which
are endowed with an action of Wg, .

We assume that there exists a system of Wg, -equivariant isomorphisms, in-
dexed by the quadruples (N, m,n,d),

v = g0,

which are compatible under the morphisms induced by the projections among the
Tgusa varieties, the inclusion of truncated Rapoport-Zink spaces and the action of
Jb(@p)T~

Then, there exists a Wg, -equivariant spectral sequence
EP1 = @HS:qTor’}b(Qp)(Hj(m, Go), H:(1g,Z/1"Z)) = HPT1(S(b) x k™, L).

Theorem 3 [[13], Proposition 21, p. 605]

Let K = KPK), be a level as in section 2.1.3, b € B(Gg,, fgae)-

For each r > 1, there exists a system of W, -quasi-isomorphism of complexes,
indexed by the quadruples (N, m,n,d),

TN (RYL Rk, (L)L) [50),0.) = 45 (RY) Ryre, « (Z/1"Z)),

which are compatible under the morphisms induced by the projections among the
Igusa varieties, the inclusion of truncated Rapoport-Zink spaces and the action of
Jb(Qp)T~

Furthermore, they are also compatible with the action of G(QP)T, as the level
K varies.

3.1.2 We state the appropriate analogues of Theorems 2 and 3 in the context
of this paper.

Theorem 3.2 Let r > 1, and L/S(b)ye, G1/1gy and Go/M be some étale
sheaves of Z/1"Z-modules, which are endowed with an action of Wg, .

We assume that there exists a system of Wg, -equivariant isomorphisms, in-
dezed by the quadruples (N, m,n,d),

7L = ¢1G1 @ ¢5Go,

which are compatible under the morphisms induced by the projections among the
Igusa varieties, the inclusion of truncated Rapoport-Zink spaces and the action of
Jb(@p)T'

Then, there exists a Wg, -equivariant spectral sequence

EPY = @y g Tor') o (HE(M,Gy), H.(1g,G1)) = HETI(S(b) xy k™, L).

b (Qp)
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Theorem 3.3 Let & be a representation of G on a finite dimensional Qf°-vector
space, b € B(G@w”@,“f); and K = KPK,, a level as in section 2.1.3.

There exists a system of Wg, -quasi-isomorphism of complezes, indexed by the
quadruples (N, m,n,d),

T (RYY R, « (Le) 500y 00) = @ (Le1g,) © g5 (RY Ry, « (Q7F)),

which are compatible under the morphisms induced by the projections among the
Igusa varieties, the inclusion of truncated Rapoport-Zink spaces and the action of
Jb(QP)T~

Furthermore, they are also compatible with the action of G(QP)T, as the level
K wvaries.

Proof of theorem 3.1 In view of the results discussed in section 2, theorem
3.1 is an immediate consequence of theorems 3.2 and 3.3.

In particular, in the case of proper Shimura varieties, following the discussions
in sections 2.2.5 and 2.4.3, we can deduce the second statement from theorems 3.2
and 3.3, as long as we include in theorem 3.3 the case of the vanishing cycle sheaves
associated with a larger class of integral models. O

Proof of theorem 3.2 The techniques used in [12] to prove Theorem 2 apply
directly to this more general case. (Indeed, Theorem 2 is a special case of theorem
3.2, namely the case of G = Q}°.) More precisely, after applying the Kiinneth
formula for étale cohomology to the products of Igusa varieties and Rapoport-Zink
spaces, the statement follows from Theorem 1. O

The next two sections are dedicated to proving theorem 3.3.

4 Reduction to a special case

In the previous section, we stated our results for £ a finite dimensional [-adic
representation of G. It is an easy observation that in fact it is sufficient to consider
the cases when ¢ is irreducible, since the general case would then follow from those.
In this section, we explain how the special case of ¢ equal to the exterior algebra
of sums of copies of the dual of the representation V' of G implies all the cases of
¢ irreducible and thus the general statement. Further more, we explain how these
cases are related to the study of the local geometry of the multi-self products of
the universal abelian scheme over the Shimura varieties.

4.1 Preliminaries. Let Vj denote the dual of the representation V' @ Q7 of
G. We write Q7°(1) for the l-adic representation of G defined by the character v.
Thus, we have V5 =V @ Q#°(—1).

For any integer s > 1, let A®Vy be the exterior algebra of the sum of s copies
of Vo. (In the following, we also allow s = 0 in which case A®V denotes the
trivial representation Q7°.) These l-adic representations of G play a special role
in the theory, since the associated lisse étale sheaves have a natural geometric
interpretation, as described below.

4.1.1 Let K be a sufficiently small open compact subgroup of G(A*). We
denote by ag : Ax — Shg the universal abelian scheme over Shg, and by aj :
A5, — Shy its s-fold self-product over Shg, for all s > 1. (In the following, we also
allow s = 0 in which case by A% we simply mean Shx. We also sometime omit the
index K from the notations.)
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We define £ = L = R'ak.Q. Then, L is a lisse étale sheaf over Shy, and
more precisely it is the lisse étale sheaf associated with the representation V. More
generally, for any integers s,t > 0, the sheaf Ly = Lg; x = R'as, Q3¢ over Shi
is the lisse étale sheaf associated with the representation AV,

4.1.2 For any integer s > 0, let E,; be the Q}°-algebra End(A®*Vy'). We recall
that an element u € Ej is said to be homogeneous of degree t if its image is contained
in A'VE C AV

Weyl’s theorem on complete reducibility implies that every finite dimensional
representation of G' over Q¢ is completely reducible. Furthermore, in our context,
every irreducible representation of G appears in an exterior algebra of a sum of
copies of Vy. ([5], Section 15.3, Proposition 15.15 for type A,_1; Section 17.3,
Theorems 17.11, 17.21 for type C,; Section 19.5, Theorems 19.19, 19.22 for type
D,,. In loc. cit., these results are stated for isometry groups but can be adapted to
similitude groups.)

More precisely, for any irreducible representation £ of G on a finite dimensional

#-vector space We, there exist two integers s = s¢ > 0, ¢ = t¢ > 0 and an
idempotent € = ¢ € F such that € is homogeneous of degree ¢, and

Wg = G(A.%s).

For each &, the idempotent e lies in the subalgebra of E,, s = s¢, generated by
End(Vy) and certain endomorphisms of A*VjS associated with the bilinear form on
V, regarded as an element in A2VZ(1).

4.1.3 We deduce that, for each irreducible finite dimensional representation &
of GG, there exists a natural isomorphism of lisse étale sheaves over Shy

Le =~ eg(Rai*Qp°),

and moreover eg(R'a;*Q3¢) = 0 for all ¢ # t¢.

Furthermore, for each irreducible representation &, the action of the associated
idempotent e € Eg on the sheaves R'afQ3c, for ¢ > 0, s = s¢, has a natural
geometric interpretation. It can be defined using the endomorphism structure,
polarizations, permutations and multiplication by scalars on the s-fold self-product
of the universal abelian scheme. This observation justifies what follows in sections
4.2 and 4.3 where these idempotents are used in both the generic and special fibers.

Proposition 4.1 Maintaining the above notations. For each ¢ > 0, there exists
a canonical Galois equivariant isomorphism of Q{“-spaces

Hi(Shg xp E*, L¢) ~ ecHe *(Aj xp B*,Q°),
and an equality of virtual admissible/continuous G(A*) x Gal(E?°/E)-modules
H,(Sh, Le) = (—1)"ecHo (A%, Q)
where Ho(A%,Qp) = 37,(=1)"lim g Hi (AR xp B>, Qu(te)).

Proof The proposition is an immediate consequence of the aforementioned
properties of the idempotents €¢ and the properness of ax : Ax — Shik. O

4.2 Cohomology groups with coefficients in L¢. In the following, we
proceed to adapt the previous observations to the context of the modules associated
with the cohomology groups of the reduction of the Shimura varieties, of their
Newton strata and of the Igusa varieties.
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4.2.1 Let K be an open compact subgroup of G(A*) as in section 2.1.3.
For each s > 0, we write Aj for the s-fold self product of the universal abelian
scheme over Sk, regarded as a scheme over O, . We denote by ZZ its reduction in
positive characteristic p, i.e. Z; = A% XSpec(0p,) Spec(k), and by R‘I';‘ = R\I/ﬁ{
its vanishing cycle functor. For all p,q > 0, the spaces

HE (A" xp, b, RO Q) = lim x HP (Aj xx k*, RIVH(Q)))

are admissible/continuous G(A>)" x W, -modules, and we define

Ho(A" xp b, RO Q) = > (—1)PTIHP (A" i k*, YW (QF°)).
pa
Proposition 4.2 Let ¢ be an irreducible finite dimensional /-adic representa-
tion of G. For each level K, there is an equality of virtual continuous Wg, -modules

H(Sk %k k*°, RUS (L)) = (1) Ho(AR x4, k2, RU2(Q))).

Further more, there is an equality of virtual admissible/continuous G(A>)T x
Wg,-modules

Ho(S x5 b, RUS (Le)) = (—1)"ecHo(A™ x5 k*°, RU(Q})).

Proof In order to deduce the latter equalities from the above constructions, it
suffices to recall that the vanishing cycle functor and the derived pushforward by
a proper morphism commute ([4], Section 2.1.7, p. 20). We deduce that, for all
integers s > 0, there is a canonical quasi-isomorphism of derived functors

S S\~ ~s A®
RV, o R(ay)« =~ R(a%). 0o RV,

s
n

and special fibers of Op, (here, a® = idg). O

where af and a® denote respectively the restrictions of a® : A* — S to the generic

4.2.2 Let b € B(Gq,, pugse). For all levels K and integers s > 0, we write
A (b) for the restriction of Ay /Sk to the Newton stratum Sg (b), and with defini-
tion analogous to those above, introduce the Wp, -module H, (A} (b) x k<, RY2(Q<))
and the admissible/continuous G(A™)t x Wg -module Ho (A" (b) x k<, R\IJ;;‘( 7).
They are endowed with a natural action of the idempotents e, for all £ with s = s¢.

Proposition 4.3 Let b € B(Gq,,pgs), and & an irreducible finite dimen-
sional [-adic representation of G. For each level K, there is an equality of virtual
continuous Wg, -modules

He(Skc(b) > b, R (Le)) = (1) ecHo(AR (b) > K, RU(Q)).

Further more, there is an equality of virtual admissible/continuous G(A%)" x
Wg,-modules

Ho(S(b) x5, k™, RUS(Le)) = (—1)"Sec Ho(A™ (b) xx b, RUL(QF°)).

Proof This is an immediate consequence of the definition of the idempotents
€¢, proposition 4.2 and the Proper Base Change Theorem. O



18 ELENA MANTOVAN

4.2.3 Let K be of the form K = K?K), ;. We assume that the Newton stratum
?}D{(b) is not empty, and let X be a Barsotti-Tate group with additional structures
associated with a closed geometric point of Sg»(b). For each m > 1, we write
Igx gvm for the associated Igusa variety of level m over Sk»(b), and Ay e =
A% kv for the pullback of the s-fold self-product of universal abelian scheme
Agr(b)/Skr(b) over Iggp ,,, for all s > 0.

For all « > 0, the spaces

Hy (A3, Q) = lim o m He (A% ger my Q1)

are admissible/continuous G(A>P) x J,(Qp)-modules, and we define

Ho(43, Q) = S (—1) HE(A3, Q).
i
Proposition 4.4 Let b € B(Gg,, fgac) be an element associated with a non-
empty Newton stratum, and £ an irreducible finite dimensional [-adic representation
of G. There is an equality of virtual admissible/continuous G(A>P) x Jy(Q,)-
modules

HC(Igba'Cf) = (_1)t56§HC(A257 ?C)‘

Proof This is also a consequence of the definition of the idempotents €¢, propo-
sition 4.2 and of the Proper Base Change Theorem. O

4.3 Cohomology of the universal abelian scheme. In view of the obser-
vation of section 4.2, we now restate theorems 3.1 and 3.3 in the special case of
the representations A®*Vy', s > 0, as results about the cohomology of the multi-self-
products of the universal abelian scheme over the Shimura varieties.

Theorem 4.5 Let s > 0. For each b € B(Gg,, pgs) (associated with a non-
empty Newton stratum), there is an equality of virtual G(A>)T x Wg, x S,-modules

H.(A°(b) %1 k™, RUM(Q)) = E(He(A;, Q0)),

where &, is the functor associated with the local models of the Shimura varieties
attached to b.

In the case of proper Shimura varieties, the above equalities can be extended to
the equalities of G(A>) x W, x Ss-modules, for allb € B(Gq,, pigse). In particular,
we deduce an equality of G(A*®) x Wg, x Ss-modules

Ho(A% Q)= > &(H(A4,Q)).

beB(Gay, »kaue)

Theorem 4.6 Let s > 0, b € B(Gq,,pox) (associated with a non-empty
Newton stratum), and K = KPK,, a level of the form K, = K, ,n,, for m > 0.

There exists a system of Wg, x Ss-quasi-isomorphism of complexes, indexed by
the quadruples (N, m,n,d),

T (RS R, (R (QF)) 50y ,0) = 01 (Retien (QF) 10, 205 (RY3 Ry, (Qf)),

which are compatible under the morphisms induced by the projections among the
Igusa varieties, the inclusion of truncated Rapoport-Zink spaces and the action of
Jb(Qp)T~

Furthermore, they are also compatible with the action of G(A®)T, as the level
K wvaries.
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Proof of theorem 4.5 It follows from the discussion in section 3.1 that this
statement is implied by theorem 4.6 together with theorem 3.2. Again, in the case
of proper varieties, the second equality follows from a version of theorem 4.6 which
includes the case of the vanishing cycle sheaves associated with a larger class of
integral models. O

Proof of theorem 3.3 It is an immediate consequence of the properties of
the idempotents €¢ that theorem 4.6 implies theorem 3.3. O

4.3.1 We point that, in view of propositions 4.1, 4.2, 4.3 and 4.4, the latter
argument also proves that theorem 3.1 follows directly from theorem 4.5. Indeed, it
suffices to observe that the action of the idempotent e on the modules H (A3, Q),
for all s,&, commutes with the functor &, and this follows from the fact that the
actions of G(Q;) and J,(Q,) commute.

5 Proof of theorem 4.6

5.1 Preliminaries. Let s > 0, K C G(A*?), b € B(Gq,, ugs) and X a
Barsotti-Tate group associated with b be all as above. We write

& = agr : Ay (b) — Sgv(b)

for the multi-self-product of the universal abelian scheme over the Newton stratum
associated with b, and

B =Brr: Ap kv — 18 kro = 18x Kkv0

for the pullback of Z;p (b) — Sk (b) over the corresponding Igusa variety of level 0,
under the natural inclusion Ig;, scp ¢ C Sk (b). (For simplicity, we are here omitting
the upper index s in the notation of the structure morphisms, differently than in
section 4.)

5.1.1 Let m,n,d, N be non-negative integers as in section 3.1.1. We write

—n,d
Iy ko m = 18x kv m» and ./\/IZ’ for the reduced closed fiber of the truncated
Rapoport-Zink space Mg’g. We introduce two distinct abelian schemes defined

over the product Igy, rp ,p, X ﬂ:’d. The first one is the pullback of the abelian

. . —n,d
scheme Aj o, — gy kv o under the projection g1 : Igy gp m X My, o — 184 kv 0
we denote it by

—mn,d —n,d
Y=y =B X1 A} o = AL g = Ay ko X My = I8y ko g X M

The second one is the pullback of Zi{p (b) — Sg»(b) under the map my = TT(N,m,n,d)
introduced in section 3.1.1, we write

e —n.d
0 =0rr»N: Bg,KP,N = WNA;(P(b) — Igy krm X M: .
In the following, with abuse of notation, we also denote by 7y the corresponding
morphism By p y — Asen (D).
We remark that, given the moduli interpretation of the scheme Sg»(b), the

—n,d
datum of the abelian scheme By gr n over Ig, g, X ./\/lg’ is equivalent to the
datum of the corresponding morphism 7. We will recall the explicit definition of
the schemes By, k» v in the proof of proposition 5.2.
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5.1.2 To extend the previous definitions to the cases of general levels K, of
the form K = KPK), as in section 2.1.3, we consider the morphisms 1 X g,

——n,d ——n,d ——n.,d ——n.,d
Igy ko m X MZ,KP — Igp o m X M,, where gK, ° M;Kp — M, denote the
natural projections associated with the change of level. (For each n,d, we denote

by M’Z’f{p the pullback over ﬂZ’d of the cover My, ¢, — M,.) For each level K,
we define

T Y —“—n,d i)
Vi Ay k= Ap ke X Mb,Kp — Igy go m X Mb,Kp
and
— . S i
Ok = 0k,N : By — 18y gp m X Mb,Kp

respectively as the pullbacks of vx» and dx» x under the map 1 x gx,. With abuse
of notations, we denote the natural projections Aj ,» — A} x, and By o — By g,
also by g,

We recall that, for all level K, ag : Ay (b) — Sg(b) denotes the pullback of
& = agr under the map fx, : Sk(b) — Skr(b). In the following, we also write
[k, for the associated projection A (b) — Ager (D).

5.1.3 We observe that, for all levels K, the schemes Z;(b) arise as the special
fiber of integral abelian schemes, namely (the restriction of) the corresponding
multi-self-products of the universal abelian schemes over the integral models of
the Shimura varieties. The same does not hold for the abelian schemes A7 , and
Ba x, which are defined only in positive characteristic. In particular, while over

A (b) it is only natural to consider the vanishing cycle sheaves associated with
the corresponding integral abelian schemes in characteristic zero, the analogous
construction is not available over Aj ;- and By ;. Instead, we consider the pullbacks
over Aj - and Bj j of the vanishing cycle sheaves associated with the Rapoport-
Zink space of the same level. To explain such a choice, we observe that if appropriate
integral abelian schemes existed (and indeed, Serre-Tate theorem implies that the
datum of the universal Barsotti-Tate group over Mj x formally locally defines
such lifts), then the associated vanishing cycle sheaves over Ab x and By ;- would
tautologically agree with pullbacks of those associated with the Rapoport Zink
spaces.

5.2 Proof. We deduce theorem 4.6 from the following two results.

Proposition 5.1 Maintaining the above notations. There is a system of Wg, x
Ss-quasi-isomorphisms of complexes

T (RY) R, «(Rar «(QF°)) 5,00 ) = RON <05 (05 RV} Ry, «(Q))),

indexed by quadruples (N, m,n,d), such that, as (N, m,n,d) varies, they are com-
patible under the pullback by the projections among the Igusa varieties, the inclu-
sion among the truncated Rapoport-Zink spaces, and the action of Jb(Qp)T. They
are also compatible under pullback by the action of G(Q,)', as the level K varies.

Proposition 5.2 Maintaining the above notations. There is a system of Wg, x
Ss-quasi-isomorphisms of complexes

RN Ox (g3 RY) Ry, +(Q)€)) = g (Rakr «(Q))1g,) ® g5 (RY) Ry, «(Q}°)),
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indexed by quadruples (N, m,n,d), such that, as (N, m, n,d) varies, they are com-
patible under the pullback by the projections among the Igusa varieties, the inclu-
sion among the truncated Rapoport-Zink spaces, and the action of J,(Q,)f. They
are also compatible under pullback by the action of G(Q,)T, as the level K varies.

Proof of theorem 4.6 The system of quasi-isomorphisms in the statement is
the composition of those appearing in propositions 5.1 and 5.2. O

Proof of proposition 5.1 It follows from the fact that the vanishing cycle
functor commutes with derived pushforward ([1], Corollary 4.2, p.548; [2], Corollary
2.3, p. 373) that

T (RYS Rfw, «(Rak «(Qf)) = 7x(RY) Raks.(Rfxk, - (Q))))
= my(Rarr RV, (Rfk, «(Q))),
and from the Proper Base Change Theorem ([14], Corollary 2.3, pp. 223-224) that
T (R RV (Rfi, «(QF°))) = ROn v (TN RV (R [k, +(QF))).

(Here above, and through out the rest of the proof, for £ a sheaf defined over
Skr X k¥, we write 7% L to mean TN (L5 (b) e )» Where S(b)gac = Sg»(b) x k2 C
?Kp X kac.)

Let qu‘I/{‘]/‘ (Rgk, «(Q}°)) = W}‘VR\Ilﬁ(RfKP «(Q7°)) denote the compatible sys-
tem of Wg, -quasi-isomorphisms in Theorem 3 ([13], Proposition 21, p. 605). It
yields a system of quasi-isomorphisms

Réy 0y (45 RV Ryxc, «(Q)) = Ron 105 (i RV (RS, +(Q)))-
On the other hand, the equality 7y o 5y = & o T implies
Ron 05 (i RV (R, « (QF))) = Ron «(mh e, RV (Rfrc, «(Q)°))-
Thus, in order to conclude, it suffices to prove
RV, (Rfk,(Q)) = aj, RV} (RfK, «(Q}))).

We recall that given a morphism of W (k?¢)-formal schemes which are locally
of finite type, if the morphism is smooth then the associated map between the
vanishing cycles of the trivial I-adic sheaf is a quasi-isomorphism ([12], Proposition
2.26, p. 235; [7], Lemma I1.5.6, p.47). We apply this result to the (smooth) Og, -
morphisms ax : A} — Sk, for all levels K (not just K = KPK), (). By combining
this with the pertinent instances of the Proper Base Change Theorem and the fact
that the vanishing cycle functor commutes with derived pushforward, we obtain
the following chain of quasi-isomorphisms

RUNRfKk,+(Q) = Rfxk,(RU)<(Q)) = Rfx, .(aj RT<(Qf))
Afer Rfxc, «(RUSS(QF)) = afer RS (RS, «(Q])).

Finally, it is an immediate consequence of the functoriality of the above con-
structions and of the compatibility among the quasi-isomorphisms in Theorem 3
that the resulting system of quasi-isomorphisms, as N, m,n,d and K vary, has the
required properties.

We remark that given the general statement of Theorem 3 ([13], Proposition
21, p. 605), this proof holds also for the vanishing cycle sheaves associated with
the larger class of integral models considered in [13]. O

I
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Proof of proposition 5.2 We deduce from the Kiinneth formula, applied to
the morphism v =  x 1, that

ai (Rakr «(Q)°)j1g,) © 63 (RY) Ryxc,, « (Qf°)) =

¢ (RBir +(Q}°)) ® g5 (RV2 Ry, (Q}°))
Ry «Vien (45 (Q) ® g3 (RY Ry, +(Q)))
Ryko «Yieo (g3 (R Ry, + (Q)))).

Thus, it suffices to establish that, for any compatible system of lisse étale -

1%

. ——n,d .
adic sheaves F = F, , 4, defined over the products Igx fp ,p, ¥ M: , there exists
a compatible system of quasi-isomorphisms

indexed by quadruples (N, m, n,d). Indeed, the existence of such a system of quasi-
isomorphisms applied to the sheaves F = ¢} (R\I/j]\’l Rgk, «(Q}°)), for each level K,
implies the statement. (We remark that this holds also for the vanishing cycle
sheaves associated with the larger class of integral models considered in [13].)

We recall that for any KP,m,n,d, N (with m, N sufficiently large with respect
tod), v : A° — Igkp,, X M and On By — Iggem X M"? are abelian
schemes constructed via two different pullbacks from the universal abelian scheme
over the reduction of the corresponding Shimura variety. We remark that while A*
depends only on the indexes K?,m,n,d, the scheme BY; depends also on a choice
of a sufficiently large integer N. In fact, BY is defined via pullback under the
morphism 7y = T(n,mn,d). Furthermore, as we already remarked, the datum of

— nd _
the morphism m(x m.n.d) * 18xe m X MY = Sk (b) is equivalent to that of the

abelian scheme By over Igg, ,, X ﬂn’d.

We recall the definition of By, for any quintuple (K?,m,n,d, N). Let g denote
the cardinality of the residue field k of E, and F : A — A the (log,, g)-th power of
the Frobenius morphism on A. Let 3 : X — H denote (the pullback of) the universal
quasi-isogeny over the Rapoport-Zink space M, and j,,, : X[p™] — H*P[p™] denote
(the pullback of) the universal Igusa structure of level m on the Barsotti-Tate
group H = A[p>®]/Cx. Tt follows from the definition of the truncated Rapoport-
Zink spaces that the restriction of 3 to Mn’d satisfies the conditions that p™( is
an isogeny and ker(p"3) C X[p?]. Further more, in [13] (Lemma 8, p. 591-592)
we proved that, given NN sufficiently large with respect to d and m > d, the Igusa
structure j,, induces an isomorphisms of truncated Barsotti-Tate groups

(g . ~ ITS ~ N
G = FN 0 G xppey : X[pT = HP[p) = H@ ) p?].
We define By = 73 A as the quotient of A@) by the finite flat group scheme
(o n N
G5 (ker(pB)) € A [p]
([13], Proposition 9, p. 592). It follows from the definition that By comes equipped
with a p-power isogeny ¥y : AW By. We remark that it is an immediate
consequence of the construction that, as the indexes K?,m, d vary, the correspond-
ing pairs (B, ®¥n) agree under pullback by the projections among Igusa varieties

and the inclusions among truncated Rapoport-Zink spaces. As n varies, the pairs
(Bn,¥n) agree under pullback only after composing ¢y with the appropriate power



I-Adic Etale Cohomology of PEL Type Shimura Varieties with Non-Trivial Coefficients 23

of p, i.e. after replacing ¥y by the quasi-isogeny p~ " y. Finally, as N vary, the
data (By, v n) agree under pullback by the appropriate power of Frobenius, i.e. for
each N there is a canonical identification between (By41,%n+1) and (BE\?), ](\?)).

For any s > 1, we define ¢y = ¢ o FN A5 — Bj;. It is an easy observation
. . . . —“—n.d
that the morphisms ¢ are p-power isogenies of abelian schemes over Ig ., , xM" ,

for all indexes KP,m,n,d, N, and that they are obviously Ss-equivariant.

Let 7 = Fpyn,q be a compatible system of lisse étale [-adic sheaves over the

—n,d . . .
products Igx gp ,, X ./\/IZ . Then, for each set of indexes, the isogeny ¢y induces a

morphism of complexes
ON« : Ryy™F — RIN ONF,

which are quasi-isomorphisms since ¢y are p-power isogenies and [ # p. More-
over, it follows from the above discussion that after composing each ¢y . with
o~ Nlog,ap=n e obtain a compatible system of quasi-isomorphisms Ry, y*F =
RO 63 F with the required properties (here, o denotes the natural action of Frobe-
nius of k on the complexes). O

5.3 Remark. We conclude this paper with a brief remark aimed to clarify the
proof of theorem 4.6 and its relation to the results in [13] (namely, to Theorem 3).
To do so, we explain our approach from a different point of view.

Let us consider a proof of theorem 4.6 which deals with the special case of
levels K which are maximal compact at p, i.e. K = KPK,, ¢, and the general case,
ie. K = KPK, for K,, C K, , separately. This new approach is not essentially
different from our previous one. Indeed, in the case of levels K = KP K, ¢, theorem
4.6 simply states the existence of a compatible system of W, -quasi-isomorphism
of complexes

TN (R «(QF)) (56 e = 01 (ROKr «(Q1%)1g,) © ¢2(Q7°).-

This amounts to comparing the étale cohomology with constant [-adic coefficients
of two abelian schemes in positive characteristic. The statement follows directly
from the corresponding special case of proposition 5.2 and from the first half of
the proof of proposition 5.1. In particular, for these levels, the pertinent vanishing
cycle sheaves are trivial and the results do not rely on Theorem 3. Subsequently,
given theorem 4.6 in the special case, in order to extend that result to the general
case, we need to establish the general statements of propositions 5.1 and 5.2. In the
case of proposition 5.2, the general statement follows immediately from its special
case via Proper Base Change. The same it is not true for proposition 5.1, and in
the second half of the proof of proposition 5.1 we rely on the theory of vanishing
cycles to deduce the general statement of proposition 5.1 from Theorem 3.

In particular, the more general version of theorem 4.6 which is required to de-
duce the second statement in theorem 4.5 (under the assumption that the Shimura
varieties are proper) follows directly from the corresponding version of Theorem 3
([13], Proposition 21, p. 605).
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