A COMPACTIFICATION OF IGUSA VARIETIES

ELENA MANTOVAN

ABSTRACT. We investigate the notion of Igusa level structure for a one-dimen-
sional Barsotti-Tate group over a scheme X of positive characteristic and com-
pare it to Drinfeld’s notion of level structure. In particular, we show how the
geometry of the Igusa covers of X is useful for studying the geometry of its
Drinfeld covers (e.g. connected and smooth components, singularities).

Our results apply in particular to the study of the Shimura varieties consid-
ered in [3]. In this context, they are higher dimensional analogues of the clas-
sical work of Igusa for modular curves and of the work of Carayol for Shimura
curves. In the case when the Barsotti-Tate group has constant p-rank, this
approach was carried-out by Harris and Taylor in [3].
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1. INTRODUCTION

In the theory of modular curves, an important role is played by Igusa curves
([4]). These are moduli spaces of elliptic curves in positive characteristic p which
can be identified with the smooth components of the reduction modulo p of modular
curves. As schemes, they naturally arise as smooth compactifications of finite étale
Galois covers of the ordinary loci of the reduction of modular curves of level prime
to p.
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This classical approach was extended by Carayol ([1]) to study the bad reduction
of Shimura curves, and later by Harris and Taylor ([3]) to the context of some
simple Shimura varieties of (PEL)-type. (PEL)-type Shimura varieties arise as
moduli spaces of polarized abelian varieties endowed with additional structures.
In [3], Harris and Taylor isolate some simple Shimura varieties whose reduction
modulo a chosen prime w of positive characteristic could successfully be studied
via higher-dimensional analogues of Igusa curves. Their key assumption is that the
deformation theory of the abelian varieties classified by the Shimura varieties is
controlled by one-dimensional Barsotti-Tate groups. As the additional structures
on the abelian varieties induce additional structures on the associated Barsotti-
Tate groups, these are endowed with a compatible action of the ring of integers
Ok of a local field K/Q, (and are accordingly called compatible Barsotti-Tate
Ox-modules).

In this higher-dimensional context, the classical stratification of the reduction
of modular curves into ordinary locus and supersingular points is replaced by the
p-rank stratification of the reduction of Shimura varieties, whose strata are defined
as the locally closed reduced subschemes where the p-rank of the p-divisible part
of the abelian varieties is constant. Following classical Igusa theory, Harris and
Taylor formulate some new Igusa moduli problems in terms of level structure on
the étale part of the pertinent Barsotti-Tate Og-modules . These are representable
when restricted to the p-rank strata of the reduction of a Shimura variety of level
prime to w , and moreover finite étale and Galois (thus, in particular, also smooth).
Further more, each p-rank stratum of a Shimura variety with bad reduction at w
is the disjoint union of some distinguished smooth subvarieties (not necessarily
connected), each isomorphic (up to a inseparable map) to the Igusa variety of the
same level over the corresponding p-rank stratum of a certain Shimura variety with
good reduction. The explanation of how these smooth subvarieties piece together
inside the bad reduction of the Shimura variety remains unaddressed.

In this paper we provide an answer to this question, by introducing a notion
of Igusa level structure which does not require constant p-rank. This allows us
to extend the Igusa covers over the ordinary stratum (i.e. the maximal p-rank
stratum) to the whole Shimura variety. We prove that these compactified Igusa
covers are finite flat smooth covers over the underlying Shimura variety with good
reduction. Further more, in the cases of bad reduction, we show that each smooth
component of the Shimura varieties is isomorphic (up to an inseparable map) to the
corresponding Igusa variety. An explicit description of the intersections in terms of
the local coordinates at each point shows that these intersections are in general not
transversal, not even reduced. These results give an immediate understanding of the
number of geometrically connected components of the Shimura varieties in positive
characteristic. In the last section, we extend our analysis to the geometrically
connected components of the Shimura varieties in characteristic zero. In particular,
we show that the number of geometrically connected components of (the generic
fibers of) the Shimura varieties is independent of the level at w.

In an attempt to maintain notations and exposition as simple and self-contained
as possible, we take an “axiomatic approach” to the above questions and reformulate
them in a general context, for a scheme X of characteristic p and a one-dimensional
compatible Barsotti-Tate Og-module G over X. In this context, we introduce
the classical notion of Drinfeld covers and a generalization of Harris’ and Taylor’s
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notion of Igusa covers, and explain how the Igusa covers can be used to describe
the geometry of the Drinfeld covers. The connection with the Shimura varieties
studied in [3] is made explicit in the last section.

The author is very grateful to Richard Taylor and Brian Conrad for their help
with all the phases of this project, and to Ben Moonen for his useful comments on
an early version of this paper.

2. PRELIMINARIES

We provide a short overview of the theory of one-dimensional Barsotti-Tate Q-
modules , for Ok the ring of integers of a p-adic local field K, following [7],[2]. We
exclusively focus on those aspects of the theory which are relevant for this paper.

2.1. Barsotti-Tate Og-modules. Let K be a finite extension of Q,. We denote
by Ok the ring of integers of K, by Py its prime ideal and by m € Pk a uniformizer
of Ok. We write F = Ok /Py for the residue field of O, ¢ = pf for the cardinality
of F. Finally, let K™ be the maximal unramified extension of K , Ofnr its ring
of integers and k its residue field. In the following, for any F-scheme Y, we write
F=Fy:Y —Y forits ¢g-Frobenius.

Given an integer m > 1, a finite flat O /Pj?-module over a scheme S is a finite
flat group scheme G/S, endowed with a faithful action of Ok /PP. A Barsotti-
Tate Ok-module over a scheme S is a Barsotti-Tate group H/S, together with an
embedding Ok < End (H). In the following, all the Barsotti-Tate Ox-modules
are assumed compatible and one-dimensional (see [3], p. 59 for a definition).

2.1.1. By combining the classical theory of Barsotti-Tate groups ([7]) with Drin-
feld’s theory of elliptic modules ([2], by an elliptic modules we mean a formal
one-dimensional Barsotti-Tate Ox-module ), one obtains the following classifica-
tion.

Proposition 1. (1) For any g > 1 there is a unique one-dimensional com-
patible formal Barsotti-Tate O -module X g 4 over k of height g.
(2) Every one-dimensional compatible Barsotti-Tate Oy -module over k is of
the form i 4 x (K/Og)", for some g and h (the integer h is called the
p-rank of the Barsotti-Tate O -module ).

2.1.2. Let H/S be a Barsotti-Tate Ok-module over a locally noetherian O k-scheme
S where p is locally nilpotent. We regard the p-rank of H as a function on the closed
points of S. It is a result of Messing ([7]) that the p-rank is a lower semicontinuous
function. In particular, there exists a stratification of the reduced fiber of S, by
closed reduced subschemes,

OCS[()]C"'CS[h]C"'CSred

(which is called the p-rank stratification of S, associated with H) such that over each
open stratum S = S — Slh=1] the Barsotti-Tate Ox-module H has constant
p-rank equal to h. Further more, over each S*) there exists an exact sequence of
Barsotti-Tate O g-modules

0— H - H - H® >0

where H? is formal and H® is ind-étale of height h (see [3], Lemma II.1.1, pp.
60-62, and Corollary 11.1.2, p. 62).
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2.1.3. Let Ho/k be a Barsotti-Tate Og-module . By a deformation of Hy to a local
ring A, with residue field k, we mean a pair (H, j) where H/Spec A is a compatible
Barsotti-Tate Ox-module and j : Hy — H X 4 k an isomorphism of Barsotti-Tate
Og-modules. By the deformation functor of Hy we mean the set-valued functor
from artinian local Og-algebras with residue field k, which sends an algebra A to
the set of isomorphism classes of deformations of Hy over A,

It is a result of Drinfeld that the deformation functor of ¥ 4 is pro-represented
by a complete noetherian local ring R, = Rk 4 with residue field k,

RK,g ~ OR’HTHTh ey Tg—l]]

([2], Proposition 4.2, pp. 570-572). We write (X 4, 7)) for the universal deforma-
tion of Xk 4) over R 4. Then, the deformation functor of H, j, = Xk 4 ¥ (K/OK)h
is represented by the formal Ry 4-scheme Hom (THg’h,fJ K.,g), Which is formally
smooth of dimension h over Ry 4 (by THy , we denote the Tate module of Hy j)
(see [2], Proposition 4.5, p. 547, and [3], p. 64). We write R, ;, for the Rk 4-algebra
pro-representing the above functor and (Hg’h,i) for the universal deformation of
Hy ), over Ry p.

2.2. Drinfeld level structure. In [2] Drinfeld introduces a notion of level struc-
ture for elliptic modules; in [3], Harris and Taylor extend this notion to the context
of Barsotti-Tate Ox-modules . Their definition is based on Katz’s and Mazur’s
notion of a full set of sections for a finite flat commutative group-scheme. A proof
of the equivalence between Drinfeld’s original definition and Katz’s and Mazur’s
one can be found in [3], Corollary I1.2.3, pp. 79-80.

2.2.1. Let S be a scheme and Z a finite flat S-scheme of finite presentation and
rank N > 1. By definition, a full set of sections of Z/S is a set of N points (not
necessarily distinct) Py, ... Py € Z(S) such that for every affine S-scheme Spec R
and for every f € B = H(Zg,0), det (T — f) = [~ (T — f(P))) € R[T] (]9],
section 1.8.2, p.33). In the case when Z is a S-group scheme, for A a finite abelian
abstract group of order equal to the rank of Z, Katz and Mazur also define the
notion of an A-generator of Z/S, as the datum of a group morphism ¢ : A — Z(S)
such that the set of points {¢(a) | @ € A} is a full set of sections of Z/S (][9], section
1.10.5, p. 44).

Definition 2. Let G be a finite flat Ok /PR -module, of rank ¢™", over a scheme
S. A Drinfeld structure of G/S is a morphism of Ok /PF-modules

a: (P /Ok)" — G(5)

such that o is a (P™/Ok)"™-generator of G/S.

Let H/S be a compatible Barsotti-Tate Oy -module of constant height n over
a scheme S. A Drinfeld structure of level m on H/S is a Drinfeld structure on
H[PR1/S (see [3], Section 1.2, p. 73.)

In the following, we also regard a Drinfeld structure on G/S as a morphism of
S-groups schemes « : (Pf;m/OK)g — G.

It follows from Proposition 1.9.1 in [9] (p. 38) that the set-valued functor on
S-schemes, which maps a scheme T'/S to the sets of Drinfeld structures of G/S is
represented by a finite S-scheme. We call the representing S-scheme the Drinfeld
cover of S associated with G. For G = H[P}] and H/S a Barsotti-Tate Og-module

, we call it the Drinfeld cover of level m of S associated with H/S.
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Proposition 3. Let G/S be a finite flat Ok /PR -module, of rank ¢™", over a
connected scheme S, and suppose given a short eract sequence

0—-G—>G—=Gy2—0

of finite flat O /PP -modules over S, with Ga finite étale.
Then, a morphism of Ok /PR -modules

a: (Pg"/Ok)" — G(S)
is a Drinfeld structure on G if and only if there exists a direct O /PR -summand
M C (P™/Ok)"™ such that:
(1) ajpr : M — G1(S) is a Drinfeld structure on G;

(2) « induces an isomorphism of S-group schemes
Q9 (’P;(m/OK)n/MS — GQ.

Further more, if we fiz a choice of a complement of M in (Px™/Ok)", then
when G/S admits a Drinfeld structure there exists a canonical splitting over S

G~ Gi x Gs.

On the other hand, given such a splitting over S, the data of Drinfeld structures
on G1 and Ga, as in conditions (1) and (2) above, give rise to a unique Drinfeld
structure on G/S which restricts to the given ones on G1 and Gs.

Proof. The first part of the statement follows from Proposition 1.11.2 and Lemma
1.8.3in [9]. We consider the second part of the statement. A choice of a complement
of M is equivalently to a choice of a section of the natural projection

st (Px™/Or)" /M — (P™/Ok)"™.

With abuse of notations, we denote the corresponding morphism of étale S-group
scheme also by s. To s we associate the group-theoretic section 0 = a0 soay 1
G2 — G which gives rise to the splitting in the statement.

On the other hand, given s and ¢ as above, we define

a=(x0o)o(ag xag)o(ixs)t:(P™/Ok)" — G(9),

for ¢ (resp. i) the natural inclusions of Gy (resp. M) in G (resp. (Px"/Or)"). It
follows from Proposition 1.11.3 in [9] that, when aq, a9 are Drinfeld structures on
(1, G5 respectively, « is a Drinfeld structure on G. O

The above result applies in particular to Drinfeld structures on a Barsotti-Tate
Ok-module H/S together with a short-exact sequence of Barsotti-Tate Og-mod-
ules0 — H; — H — Hs — 0 with Hj ind-étale (e.g. on a Barsotti-Tate Ox-module
of constant p-rank and its formal-étale short exact sequence, as in Parts (4) and
(5) of Lemma I1.2.1 in [3], pp. 73-75).

2.2.2. Tt follows from the proposition 3, that in the case when S is not connected,
the datum of a Drinfeld structure of level m of a Barsotti-Tate Ox-module H/S,
fitting in an exact sequence 0 — H; — H — Hs — 0 with Hs ind-étale, defines
a canonical decomposition of S as disjoint union of closed subschemes (not all
necessarily non-empty), indexed by the direct summands of (P;™/Ok)™, which
are free of rank equal to the height of Hy over Ok /P}. In the following, we write
S for the closed (and open) subscheme of S associated with a direct summand
M.
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2.2.3. In [2] Drinfeld studies the notion of level structure on deformations of the
Barsotti-Tate Og-module H 1. For any integer m > 1, he considers the set-valued
functor from artinian local Ok-algebras with residue field k, which sends an algebra
A to the set of isomorphism classes of deformations of Hy j; over A together with
a structure of level m, and proves that it is pro-represented by a regular complete
noetherian local ring Ry 4.m with residue field k, which is finite flat over Ry .
Moreover, Rg p.m is formally smooth of dimension h over Ry g.m = Rg,0.m (see [2],
Proposition 4.3, p. 572, and Proposition 4.5, p. 574).
In the case of the formal Barsotti-Tate Ox-module Yk 4 , let

Q: (7’Z<m/01<)g - iK,Q(RK,Q,M)

ém), e™

denote the universal structure of level m on Y 4/Rk g.m, and {e 1 €g1
the canonical basis of the O /PZ-module (P;™/Ok)9. We fix a parameter X of
Yk,4/RK,qg, and denote by fr the power series corresponding to multiplication by

the uniformizer 7 € Og on X 4. Then the elements Hgm) = X(d(egm))) € RK,g,m»
0 <i<g—1, form a system of local parameters of Rx g .m-

2.2.4. As an application of Drinfeld’s result in deformation theory one can deduce
the following two results regarding the geometry of Drinfeld covers.

Proposition 4. Let X be a noetherian Og-scheme and G a one-dimensional
compatible Barsotti-Tate Ok -module over X, of constant height n.

(1) Suppose X satisfies “the versality condition”: at each closed point x € X
the natural map from the formal completion of X at x to the formal space
of deformations of G(x) is an isomorphism. Then the Drinfeld covers X,,
of X are regular and flat, for all m > 1.

(2) Suppose X is a reduced k-scheme and G/X has constant p-rank equal to h.
For any direct summand M of (Pz™/Ok)™, of rankn—h, let X,,, amr be the
associated closed (and open) subscheme of X,,, defined in section 2.2.2, with
respect to the formal-étale short exact sequence of G/X. Then, the scheme
X s finite flat over X, of degree #Pn(Ok/PR)/#GLy—n(Ok /P)
(where Py (O /PR) denotes the parabolic subgroup of GL,(Ok /PR) at-
tached to M ).

Proof. The statement is a reformulation of some results in [3] (Lemma III.4.1, part
(4), p.112; Lemma I1.2.4, p.82; Lemma II1.4.6, p.116). We sketch a proof.

For the first part, both regularity and flatness can be detected on the formal
completion at closed points. Moreover, after replacing X by a faithfully flat exten-
sion, we may assume it is the spectrum of a complete local ring with algebraically
closed residue field. Then the statement is an immediate consequence of Drinfeld’s
result in deformation theory.

For the second part, again it suffices to check the statement for the formal com-
pletions at closed points, and moreover, without loss of generality, we may assume
the versality condition of part (1), since the general case would then follow from
this special case. Thus, finiteness and flatness follow respectively from Proposition
1.9.1in [9] (p. 38) and part (1), and it is enough to verify that the degree is indeed
the one in the statement (which is done in [3] Lemma II1.4.6, p.116). O
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2.3. Igusa level structure. In [3] (Section IV.1, p. 121), Harris and Taylor intro-
duce the notion of Igusa varieties in the context of certain simple Shimura varieties.
In this section, we recall their definition and results but we reformulate them away
from the context in which they arise. We remark that their work apply exclusively
to Barsotti-Tate Ox-modules of constant p-rank. Also, in [3] there are two kinds
of Igusa varieties; in this paper we refer only to the first kind.

2.3.1. Let S be a k-scheme and H a one-dimensional compatible Barsotti-Tate O -
module over S, of constant height n and constant p-rank h. Then, H fits in a short
exact sequence of Barsotti-Tate O g-modules

0—H" - H— H" -0
where HO is formal of height n — h and H is ind-étale of height h.
Definition 5. For any positive integer m, we call an isomorphism of Ok -modules
. —m h hpm e m
J: (PE™[OK)" = (K/Ox)"[PR] — H[PY]

an Igusa structure of level m on H/S.

For any integer m > 1, we call the Igusa cover of level m of S the S-scheme
I,,, which represents the set-valued functor on S-schemes mapping a scheme T'/S
to the sets of Igusa structures of level m on H/S (and write j,, for the universal
isomorphism over I,,). The S-scheme I,,, is a finite étale GL, (O /P})-torsor (see
[9], Proposition 1.10.13, Part (2), p. 47).

2.3.2. The notion of Igusa covers is useful to study the geometry of Drinfeld covers.
We maintain the above notations and assumptions. Let .S, be the Drinfeld cover
of level m of S. Then, S, decomposes as Sy, = [[,; Sm,p where M ranges among
the direct Og-summands of (P™/Ok)™, of rank n — h (see section 2.2.2).
For any such M, write Py (O /P3) for the parabolic subgroup of GL,, (O /P)
corresponding to M, and we choose an epimorphism of kernel M

par s (P /OK)" = (P Ok)".
Proposition 6. Assume S is reduced. Then the map jpr = F=M"™ 0§ opyy
Jar s (PE™JOk)" — (PR [0r)" = (K Ox) [P™) — H[P™] — H(@

defines a morphism ji; : I, — Sm m, which is an isomorphism and fits in the
following commutative diagram.

(n—h,)m,)[Pm}

7(h) ﬂ> vaM
S F(nfh)m S

Proof. This statement is a reformulation of a result in [3] (Section IV.1, p. 124).
We sketch a proof. The assumption that S is reduced implies that I,,, is reduced,
thus the natural projection H — H®¢ gives rise to an isomorphism

H(q(n—h)M)[Pm](Im) ~ Het (q [Pm](Im).
Composing its inverse with the map jj; in the statement, we obtain a morphism

a: (PR™/Ok)" — H @™ pm)(1,) ~ H [P™](Ln)-

(n—hym

(n—hym
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Proposition 3 implies that « is a Drinfeld structure of level m on H (q(n_h)m), which
moreover vanishes on M by construction. It follows that it defines a morphism
Jir ¢ Im — Sm,m which makes the above diagram commute. It is an easy obser-
vation that j}; is a monomorphism. Finally, both schemes are finite flat over the
scheme S in the bottom right corner of the diagram, thus to conclude that j3, is
an isomorphism it suffices to check that they have the same degree. [

Corollary 7. Maintaining the above notations. Assume S is smooth.
Then, both the Igusa and Drinfeld covers of S are smooth of the same dimension.

3. COMPACTIFIED IGUSA COVERS

In [3] Harris and Taylor define the Igusa covers in the case when the p-rank
of the Barsotti-Tate Og-module is constant over the base. In this section, we
investigate the possibility of defining Igusa covers over a general base in positive
characteristic, i.e. when the p-rank is not necessarily constant. Since for any
connected k-scheme X and any Barsotti-Tate Ox-module G over X, the locus
where the p-rank of G is maximal is a dense open, we regard this question as the
problem of extending the Igusa covers defined over such open to the whole X,
which is why we refer to the generalized Igusa covers as compactified (or proper)
Igusa covers. We also investigate how the Igusa covers can be used to describe the
geometry of the corresponding Drinfeld covers in general, extending the results of
proposition 6.

3.1. Deformations with bounded p-rank. Before considering the question of
defining Igusa covers in general, we address a question in deformation theory of
Barsotti-Tate Og-modules in positive characteristic.

It follows from the definition that the p-rank h of a Barsotti-Tate Og-module is
always bounded by its height, more precisely h < n — 1 if n is the height. On the
other hand, we also know that it increases under deformation (see section 2.1.2).
In the following, we study the deformation theory of Barsotti-Tate Og-modules in
equal characteristic, when a (strict) bound on the p-rank is imposed.

For any g,h, we write R, (resp. Ry ,) for the rings Ryn ®o,,, k (resp.
'RK’g Ro . k‘)

g
Proposition 8. Let n,h,h’ be positive integers, 0 < h < h' < n — 1, and write
g=n—h>g =n—-"n.

(1) n = g: the set-valued functor from reduced complete noetherian local k-

algebras, with residue field k, which sends an algebra A to the set of defor-
mations of Xk 4 over A of p-rank less than or equal to ', is represented

by a reduced complete noetherian local k-algebra R*}J;g, formally smooth
of dimension h' = g — ¢'. Rg;’g naturally arises as a quotient of Rk g
and the isomorphism Ry, ~ k[[Ti,...,Tg—1]] induces an isomorphism
REIJ(,g ~ k[[Tg/, . ,Tg_l]].
We write i%g for the universal deformation of X 4 over R%g.
(2) n # g: the set-valued functor from reduced complete noetherian local k-

algebras, with residue field k, which sends an algebra A to the set of defor-
mations of Hyp, = Xg.g X (K/Ok)" over A of p-rank less than or equal to
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h', is represented by the formal Rg{/’g—scheme Hom(THyg p, i%’g), which is
formally smooth of dimension h over R‘}(’g.
We write Rg,h for the R%,g—algebm representing the above functor and

’
Hg,h for the universal deformation of Hgyp over it.

Proof. We start by considering the case of a formal Barsotti-Tate Og-module (i.e.
h =0, n = g). It follows from section 2.1 that for any A’ the above functor is
represented by a reduced quotient of Rx 4. Moreover, for i’ =n—1 (¢’ = 1) we
have Ry . = R 4, and also for h' = h (¢’ = g) R} , = k.

Let us consider the case of a general h’. Bounding the p-rank of a Barsotti-Tate
Ok-module from above is equivalent to bounding the height of its formal part from
below. Then, R‘I]; g 18 the unique reduced complete local quotient of Rg 4 ®o ., k
with the following universal property:

e for any (reduced) complete noetherian local ring R and k-morphism ¢ :
Rk 4 ®o,, k — R (not necessarily local), the Barsotti-Tate Ox-module
g% = qb*(iK,g)O has height greater than or equal to ¢’ = n — A’ if and only
if the morphism ¢ factors through the quotient Rk , ®o, k — R?(/’g.

We recall that the height of the formal part of a Barsotti-Tate Og-module can
be read off the power series representing the multiplication by a uniformizer of Ok,
namely as the g-logarithm of the exponent of the lowest non-vanishing monomial
of the power series.

We fix a parameter X of Y, and an isomorphism Ry, ~ k[[T},..., T, 1]].
Then, over Ry 4, the power series fr representing the multiplication by the uni-
formizer 7 € O on & K,g satisfies the congruence relation

Fr= DX+ ToXT 4 4+ Ty X9 mod X9 (Ty ..., Ty_1)?

(see [2], Section 4, Part (A), p. 570-572). Therefore, for any k-morphism ¢ :
E[[T1,...,Ty—1]] — R, the multiplication by 7 on ¢*(Xk 4) is defined by the power
series ¢*(f,) satisfying the congruence relation

O (fr) = H(T)XT + H(T2) XY + - + ¢(Ty—1) X1

modulo the ideal X% (¢(T1)...,¢(Ty—1))>.
We deduce that in the reduced quotient R?; 9 the parameters 11, ...,Ty_1 nec-
essarily all vanish. On the other hand, the quotient k[[T4,...,Ty—1]]/(Th,... Tgr—1)

is a reduced complete local ring and moreover the restriction of 2%7 , to such quo-
tient has height equal to g at the generic point. Thus, the isomorphism Rg 4 ~

g—1

E[[T1,...,Ty—1]] induces an isomorphism R%)g ~k[[Ty,...,Ty—1]]-

Finally, it is an easy consequence of the result of section 2.1.3 that the case
of a general Barsotti-Tate Ox-module follows directly from the case of a formal
Barsotti-Tate Og-module .

|

3.2. Drinfeld covers. We establish some notations and results for Drinfeld covers
over a general base. Let X be a reduced k-scheme and G a one-dimensional com-
patible Barsotti-Tate Og-module over X, of constant height n and maximal p-rank
h. (We remark that an upper bound on the p-rank always exists).
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For any m > 0, let X,,, be the Drinfeld cover of X of level m, and write
a: (P /Ok)" — G[PR(Xm).

for the universal Drinfeld structure of level m on G/X,,.

Let M be a direct summand of (Pg™/Ok)", of rank n — h over O /P™. We
consider the set-valued functor on X-scheme which sends a X-scheme T to the set
of Drinfeld structures

ar : (Pg™/Ok)" — GIPEI(T)

which vanish on M. The lemma below proves that this functor is represented by a
closed subscheme X, pr of X,,.

Lemma 9. Let S be a scheme, G and H two finite, flat, commutative group
schemes over S, and f : G — H a morphism of S-group schemes. Then, there
exists a closed, finitely presented subscheme W in S such that, for any S-scheme
T, the base change morphism fr : Gp — Hr wvanishes if and only if the morphism
T — S factors asT — W — §.

Proof. We prove the lemma by arguments as in Chapter 1 of [9]. Since the question
is Zariski local on S, we may assume S = Spec(R), G = Spec(A) and H =
Spec (B), where A and B are two R-algebras which as R-modules are free, of finite
rank N and N’ respectively. We choose {b1,...by} (resp. {a1,...,an}) an R-basis
on B (resp. A), such that the group identity on H/S corresponds to the morphism
B — R which sends by to 1 and b; to 0 for all ¢ > 1.

Let f* : B — A be the morphism between the affine algebras induced by f.
Then, f* corresponds to a matrix C' = (¢;;) € My/xn(R), and the subscheme W
is the closed subscheme of S' cut by the ideal (¢;; | 7 > 1). O

Let X denote the open subscheme of X where the p-rank of G is maximal,
and write XgL) for its Drinfeld cover of level m. Since the p-rank of G on x®)
is constant, Xfﬂ},L) decomposes as the disjoint union of closed subschemes Xy(:) )M

indexed by the direct summands of (P"™/Ok)", of rank n — h over Ok /PR

Remark 10. Maintaining the above notations.
(1) Xoar N X5 = X0
(2) (Xm)TEd = UJVI Xm,]\/[-

The first remark is a simple consequence of the definition. As for the second, for
any closed point = of X,,, let us consider the map

a(z) : (P™/Ok)" — Gul PR (k(2)) ~ G [PR] (k(x)).

Since the height of G¢* is less than or equal to h, it follows that ker a(x) is a direct
summand of (P;™/Ok )™ of rank at least n—h. Therefore, for any « there exists at
least one (and exactly one if = € x )) direct summand M of rank n — h contained
in ker a(x).

Proposition 11. For all m and M as above. The morphism X,, p»r — X is finite
flat of degree #Prn(Ok /PR)/#GLy—1, (O /PR).

Proof. The above properties can be detected on the formal completions at closed
points. Moreover, we already know that the result holds over the open X of X
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(see proposition 4). Thus, it suffices to study the formal completion of X,, as at all
geometric closed points x of X,, such that h(z) < h.

Let z be a geometric closed point of X, s, such that h(z) = A’ < h, and
denote by Z its image in X. We fix an isomorphism G°(z) = G%(Z) ~ Sk o
(¢’ = n—h'). Then, the natural map from the formal completion of X at Z to the
formal deformation space of G(x) gives rise to a morphism of k-algebras

Ox) : RSy = k(X1 X Ty Tyal] = O% s

which allows us to identify the Barsotti-Tate Ox-module G, = G/O% , with the
pushforward under ¢(z) of the universal Barsotti-Tate Ox-module H = Hy, ,,

0—%% , —H—Gi—0.

Without loss of generality we may assume that ¢(z) is an isomorphism (the
general case would then follow from this special case).

By definition, the complete local ring of X, as at x is the unique finite local ring
over O% , where G, is endowed with a universal Drinfeld level structure a which
lifts ae(x) and vanishes on M. We choose an epimorphism

p: (P™/Ok)" = (PE™/Ox)"

which vanishes on the submodule M, together with a splitting s of p. Then, it
follows from proposition 3 that the datum of a Drinfeld structure « of level m on
G over O% . is equivalent to the following data:

(1) a structure of level m on G¢¢
o (P™ /Ox)" — G [P™(OX,, ,, 2);
(2) a structure of level m on i%wg, of the form

a’ :kerp — 2%79, [P™](O%

m,M@)’

which vanishes on M;
(3) a splitting of the short exact sequence

0— % [P = Gu[P™] — G P™] — 0.

Moreover, the condition that the level structure a on G, reduces, modulo the
maximal ideal of O% | ., to a(x) uniquely determines the datum (1). With this
in mind, we proceed to explicitly compute Oé\fm,M,x as a finite extension of (93}@.

First we construct the finite extension B of O% , over which the Barsotti-Tate
Ok-module f]g(, g is endowed with the universal level structure of the kind as in da-
tum (2). Then, we define the extension B’ of B over which the group scheme G,.[P™]
splits as G¢H[P™] x 5}5}(79, [P™]. The above considerations imply B’ = O%

We choose an isomorphism kerp ~ (P"/ (’)K)gl such that the epimorphism
kerp — (Pr™/Ok)? =9 which maps e¢; + 0 for 0 < i < g—1 and ¢; €y
g<i<g —1(foreg,...,eq—1 and e, ... ,e'g_g the canonical basis of the modules
(P™/OK)9 and (P™/Ok )9 ~9 respectively) vanishes on M.

Then Drinfeld’s result reviewed in section 2.2.3 implies that

B =K[[X1,... X565, ... 00" ]

g/

m,M,T"
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and is finite and flat over O% ; ~ k[[X1,... X}; Ty, ... Ty —1]]. We claim
B = k[[y™, .y, SN6e™ . 050 0] D B = K[[Xy, ... X 0™, ... 050 ],
where the parameters Yi(m) (0 < i < W) satisfy the recursive equations:
fﬂ_(Y—i(m)) _ Y;(m_l), Y—i(O) _ Xz Vi

In fact, let us consider the following diagram

Ext!(g¢!, %) —— Ext!(G¢, £) —> Ext! (G [P, S[Pp])

| |

Hom(7n~™T, ¥) s Hom(T, f])

where the first row is exact and the two vertical maps are isomorphisms (we write
T=TG: and £ =% ).

We deduce that the existence of a splitting as in condition (4) is equivalent to

the existence of a morphism

BT =%
whose restriction § = ﬁl’T : T — ¥ corresponds, under the above identifications, to
G, regarded as an extension of G¢ by ».

Let vy, ... vp be the basis of the Og-module T', corresponding to the parameters
X of O% ; (ie. X = X(B(v;)), for X the chosen parameter on ¥). The existence
of a morphism /' which restricts to § (and thus, of a splitting isomorphism as in
condition (4)) is equivalent to the existence of solutions Yi(m) to the equations

Fam (V) = X,

In fact, for a set of solutions {Yl(m), .. .,Yh(,m)}, the morphism (3’ defined by the
conditions X (f' (7 ~"v;)) = K(m), for all i, obviously satisfies the condition 5/, = f3.
We remark that the ring B’ = Ogﬁ( . is indeed regular, finite and flat over B,

m, M »T
and thus over O% ,. O

The above proof also implies the following proposition.

Proposition 12. Maintaining the above notations. Suppose that G/X satisfies
“the versality condition”:

e at each point x € X the natural map from the formal completion of X at
x to the formal space of deformations in equal characteristic of G(x) with
p-rank bounded by h is an isomorphism (thus, in particular X is smooth).

Then, the scheme X,, v s a smooth k-scheme.

3.3. Igusa covers. We extend Harris’ and Taylor’s notion of Igusa structure to
the case when the p-rank of the Barsotti-Tate Og-module is not constant.

Let X be a reduced k-scheme and G a one-dimensional compatible Barsotti-Tate
Og-module over X, of height n and maximal p-rank h.

We denote by F : G — G(9) the ¢-th power of Frobenius morphism of G (¢ = #F).
Then F is an endomorphism of Barsotti-Tate Ox-modules and not just of the
underlying Barsotti-Tate groups. For any integer r > 0, we write G[F"] for the
kernel of the isogeny F”. For r = (n — h)m, G[F("~""™] c G[P®] and the quotient
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G[P2])/G[F™="™] is a finite flat group scheme over X, of order ¢"™, with inherits
a structure of Og-module.

Definition 13. For any integer m > 1, we call an Igusa structure of level m on
G/X the datum of a Drinfeld structure on G[PR]/G[F™=Mm].

We define the Igusa cover of level m of X, I,/ X, to be the reduced subscheme
underlying the Drinfeld cover of X associated with G[P]/G[F(—hm].

3.3.1. It is a simple remark that in the case of constant p-rank equal to h the newly
defined Igusa covers of X agree with the previous ones. Indeed, in this case, the
Barsotti-Tate Og-module G fits in a formal-étale exact sequence

O—>g0—>g—>get—>0,

By restricting the above sequence to the corresponding Pz-torsion subgroups, we
obtain a short exact sequence of finite flat O /PP-modules

0 — G°[PR] — G[PR] — G“'[PR] — 0

where GO[P2] = G[F("~M™] since G° is one-dimensional formal of constant height
n — h (see [3], Lemma I1.2.1, Part (2), p. 74). In particular, the above sequence
gives rise to a canonical isomorphism of finite étale O /Pp-modules

GIPR/GIF—M™] ~ G PR,
The existence of this canonical isomorphism implies that the two definitions agree.
It follows, in particular, that the pullback of the (compactified) Igusa cover I,,,/ X
over the open X (where the p-rank of G is maximal) can be identified with the
(open) Igusa cover of I,/ X" defined by Harris and Taylor.

Proposition 14. Maintaining the notations as above. Let m be a positive integer.
The Igusa cover of level m is finite flat over X, of degree #G Ly (Ok /PR).

Proof. Since I, restricted to X can be identified with the "old” Igusa cover,
it is, in particular, finite étale of the correct degree over X (") (see section 2.3.1).
Therefore, it suffices to study the restriction of I,,, over X — X",

Let = be a geometric closed point in I,,,, such that the height of G(x) is A’ =
h(z) < h. We denote by Z its image in X, and by «a(z) the corresponding level
structure on G(z)[PR]/G(x)[F™9]. We also write (G, ;) for the restriction of G
over O together with its Igusa structure. We fix an isomorphism G(x) ~ Hy ps
(¢ = n—"h'). The natural map from the formal completion of X at Z to the formal
deformation space of Hy p/ gives rise to a morphism of k-algebras

o) R 4y = O
Without loss of generality we may assume ¢(x) is an isomorphism, and identify
(’)}\w with the finite Rg,’ n-algebra By, representing the set-valued functor from
reduced complete noetherian local k-algebras, with residue field k, which sends an
algebra A to the set of deformations over A of Hgy j/, of p-rank less than or equal
to h, together with an Igusa structure of level m.

We claim that the By, is finite and flat over R, ,,, of degree #G Ly,(Ox /PR).

Let H = Hg,h/ be the universal Barsotti-Tate Ox-module defined over Rg,ﬁ,.
For simplicity, we also write R = RZ’,h’ and ¥ = i% s+ The group scheme
H[PR|/H[F™9] fits in the short exact sequence

(%) 0 — B[PR]/S[F™] — H[PR]/HIF™] — H*[PR] — 0.
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We consider the standard splitting (P™/Ox )" = (P™/Ok )9 9 ® (Pr™ Ok )" .
Then the datum of a level structure on H[P™]/H[F™9] over a local R-algebra A is
equivalent to the following data (see proposition 3):

(1) a splitting isomorphism

HIPRI/HIF™) = S[PR]/SIF™] x H[PR];
(2) a level structure

o 5 (PR /0k)7 ™9 — (SIPRI/SIF™]) (4)

We denote by & the universal Igusa structure defined over B,, and by &° its
local component (defined as in condition (2) above).

We explicitly compute B,,/R as follows. We first construct the extension B/R
over which the group scheme X[P]/%[F™9] is endowed with the universal Drinfeld
structure, as in condition (2). Then, we define a finite extension B’/B over which
the short exact sequence () splits, as in condition (1). The above data give rise to
a morphism of R-algebras B,, — B’, which is by construction an isomorphism.

We choose a parameter X on H and identify R ~ k[[X1,... Xpn; Ty, ... Ty—1]]-

Claim (1): The universal Drinfeld level structure @° on S[P]/S[F™9] is defined
over the finite extension

B =k[[X1,... Xu; 0™, ..U 1] D R= k[ X1, ... Xp3 Ty, ... Ty,
(m)

Let X be a parameter on ¥ and f, the power series corresponding to the mul-

tiplication by 7 on X. There exists a unique power series ¢, € R[[X]] such that

fx(X) = ¢ (XT7).
Furthermore, for any m > 1, the power series ¢.m = ¢ satisfies the condition
QJ)Tr""(Xq )= fwm(X)
(m)

Foreg ”,... e(gT,";)l the canonical basis for (73;(’”/(91()9'*9, we define the param-
(m)

where the parameters ¢; ’ are defined as follows.

mg

mg

eters ¢, as the solutions to the following recursive equations:
e form=1: hr(cpgl)) = 0 where
(X
o(x) = o)

[leen, (X —a())

and M,_; = <e§1)7“.7€£1_)1> (9<r<g -1y
e for any m > 1: ¢,r(<p§m)) = @Emfl) (g<i<g —1).

To prove our claim we consider the following exact sequence over R
- - S[pm
Y[Fm9)
Then %[F™9] = Spec R[[X]]/(X9"") and S[Pp] = Spec R[[X]]/(frm (X)).
Thus, the previous short exact sequence gives rise to the identification
S[PR
= = Spec R[[X =m (X)),
o = SPeC RIX (90 (X))
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where the projection [ : X[P2] — X[P]/S[F™9] corresponds to the morphism of
Hopf R-algebras
1" : R[[X]]/(¢nm (X)) — R[[X]]/(fzm (X))

mg

mapping X to X1
To conclude that B = Kk[[X1, ... Xnioi™, .. cp(m) ]]/R has the required univer-

sal properties, as well as being regular, finite and flat, we argue as in [2] (Lemma
following Proposition 4.3, pp. 572-573). In order to apply those arguments to our
case, it suffices to remark that the power series h,(X) satisfy the congruences

h(X) =T, mod (X, T,,...T._1),

for all g <r < g—1, and that the above construction lies uniquely over the subring
E[Ty,...Ty—1]] C R.

Claim (2): The finite extension B’/B defined by the existence of a splitting of
the short exact sequence (x) is

B =k[[Z{™,...Z e, U] D B = kX1, Xy o™, 00 ),

g
where the new parameters ZZ-(m) (0 < i < W) satisfy the recursive equations:
de(Z2M) =2V 720 = x; v

We consider the following diagram

Exct! (W [PR], SPR]) —— = Bxt! (M [Py, SEK))

S[F?]
lFmg /

Ext? (Het (¢™) [P, $(a™) [PE])

where the morphism I, (resp. t.) is induced by the projection [ : X[PR] —
S[PE]/E[F™9] (resp. by inclusion ¢ : S[PR]/S[F™] — B [PR]) via push-
forward on extensions, and FY9 maps to an extension its mg-th g-Frobenius twist.

We observe that the map i, is injective. In fact, the inclusion ¢ fits in the exact
sequence

S m < (g™ m mg
?[7?71(] N [P M 7
E{Fs) Z[Pp
thus the corresponding morphism i, fits in the long exact sequence
e S[rmE™I e m S[pm Lx
Hom (K [PR]. * ) Ext' (H*[PR], 5iper)

Ext! (Ko (") [P, S [PR)).
On the other hand, multiplication by 7™ on f)[me ™9] induces an isomorphism

B[] g ema)
PRI

It follows that the group scheme @ is connected and Hom (H*[P%], Q) = 0, which
implies that the morphism ¢, is injective. From the injectiveness of the map i,

Q=
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we deduce that the existence of a splitting of (x) is equivalent to the existence of
splitting of the short exact sequence
0 — i(qmg)[p}?] _ H(qmg)[p}?] _ Het(q'"")['p?] 0.
We move our focus from H to H(4""), and regard H(?"") as a deformation of the
mg

Barsotti-Tate Og-module H;?,h/ )/k. We denote by k[[X],..., X5 Ty,..., Ty 4]l
the universal deformation ring for Hé‘,}, b ) /k, where the parameters X} and 7} are
defined in the usual way. Then H("") corresponds to the morphism

(Fmg)* : ]{,‘H)({7 .. ?X}/L’;Tg/’ ce ’Tg;’fl]] — k‘HXl, ce ’Xh';rq“ .. ,Tglf]_]]

which maps X} X;Img and T} — Tiqmg. Arguing as we did for proposition 11, we
deduce that defining a splitting isomorphism of the extension structure underlying
H@") [P, corresponds to defining an extension

KIYY, . YT T )] D R[XT, .o X T0, . T ]l

where the new parameters Y satisfy the equations f}.(Y}) = X}, for f] the power

series of the multiplication by 7 on H(4™).
Therefore, we deduce that constructing a splitting as in condition (1) over

E[[X1,...,Xn;Ty,...,Ty—1]] is equivalent to constructing the unique extension B”
of k[[X1,...,Xn;Ty,...,Te—1]] which completes the following cartesian diagram.
B kj[[Xl,...,Xhl;Tg,...7TqI,1]]

T -

k[[Y{,,Y’:,T/ T_(;’—l]] %k[[X{,,,,’X;L,;Tg7,,,7Tg/71]]

) g’ )

Equivalently, B” = k[[Z1, ..., Zn; Ty, ..., Tg_1]], where the new parameters Z;
are defined by the equations

(E™9)* frm (Z5) = X]qmg for all j.

mg

Since (F™9)* frm = (¢rm)? , we deduce that the parameters of B” satisfy the

equations

mg mg

(F™) (fam (Z5) = X] = (¢am (Z;) — X;)T =0,
forall j =1,...,h.
Finally, since the ring B” is assumed reduced, this implies that ¢.=(Z;) = X;
(for all 7), and thus B” is regular, finite and flat over k[[X1,..., Xp; Ty, ..., Ty —1]].

It follows that B’ = B,, = k[[Z1, .. .,Zh/;gog(}m), . gos,n_)l]] is regular, finite and
flat over R ~ k[[X1,... X}; Ty, ... Ty —1]]. O

The above proof also implies the following proposition.
Proposition 15. Maintaining the above notations. Suppose that G/ X satisfy “the

versality condition”:

e at each point x € X the natural map from the formal completion of X at
x to the formal space of deformations in equal characteristic of G(x) with
p-rank bounded by h is an isomorphism (thus, in particular X is smooth).

Then, the Igusa cover I, is a smooth k-scheme.
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3.3.2. We compare Igusa and Drinfeld covers over X. The following proposition
extends the result of Harris and Taylor in the case of constant p-rank (see propo-
sition 6) to the general case.

Let X be a reduced k-scheme and G a one-dimensional compatible Barsotti-Tate
Og-module over X, of constant height n and maximal p-rank h. We denote by
X ™) the open subscheme of X where the p-rank is equal to h.

For any m > 1, we consider the Igusa and Drinfeld covers of level m of X, which
we denote respectively by I,,, and X,,, and the closed subschemes X, pr C Xy,
associated with the direct summands M of (P;™ /Ok )™, of rank n—h over Ok /P

Proposition 16. Let M be a direct summand of (P™/Ok)™, of rank n—h. We
choose an epimorphism of kernel M

pu (P /OK)" — (PE™/Ok)".

Then, associated with pyr, there exists an isomorphism jy; @ I — X, m which
makes the following diagram commute.

M
L, —— Xm.Mm

| |

X—X

Proof. We define the morphism j3, in a manner which generalizes the construction

of proposition 6. By definition, a morphism 53, which makes the above diagram

commute is equivalent to the datum of a Drinfeld structure on the group scheme

g<f1m‘"’”)>[73;’g] defined over I,,, vanishing on the submodule M C (Pz™/Ok)™.
Let (8 be the morphism:

n pMm

—-m —m o GPy L m(n—
(PR™/OR )" —= (P™ /O )" Sy (Im) G " [P (1)

where « is the universal Igusa structure defined over I,,,, and ¢ the natural inclusion
induced by the (m(n—h))-th power of the ¢g-Frobenius. We claim that [ is a Drinfeld
structure.

To check this statement it suffices to prove that g induces a Drinfeld structure
over the completions of I,, at a point x, for all geometric closed points = € I,,.
For all point z of I,, which lies above a point # € X" < X, this follows from
proposition 6, thus it suffices to consider the points x of p-rank h(z) < h.

Let « be a geometric closed point of I,, with h(z) = h’ < h, and denote by
T its image in X. We choose an isomorphism G°(z) ~ X ,, where ¢/ = n — h'.
and consider the natural map ¢(x) from the completion of X at Z to the space of
deformation in equal characteristic of G(Z) with p-rank bounded by h. Then, it
suffices to prove our statement in the case when ¢(z) is an isomorphism, in which
case, after choosing a parameter X on G, = Q/Ofm,x, we can identify

O o = KllZ1, ., Zns ™, 0]

where the parameters Z;’s and gogm)’

G, as the universal extension of g;f by Y= iﬁ(’g,.

s are defined as in proposition 14, and regard
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We consider the following commutative diagram (we write N = P™/Ok)

a G. [P P mey
N e (CT G PRI0) L)

(f1,f2) \LS(OIAM,@) (O, )

(LO Let)

NhH N —— (SEEL x gt [Pp)) (0f, ) = (B9 < G5t) [PRIOY, L)

where:
e (f1, f2) is the canonical splitting of N,
e s is the splitting isomorphism induced by the datum of a level structure on
Go[w™] /Gy [F™9] (see proposition 3),
e o is the splitting isomorphism on Q;q g)[wm] induced by s (see the proof
of proposition 14).
We remark that, in particular, all the vertical maps are isomorphisms.
We denote by (a, a®!) the morphism in the diagram

NI N — (SIPRI/E[E™] x G5 [PR(OF, ),

and write (3°, %) = o 0 3,.

Proposition 3 implies that in order to check that G, is a level structure it suffices
to check that both 8% and B¢ are level structures. Since 8¢ clearly is a level
structure, we are left to consider the morphism

B s kerp — £(¢™)[PRI(O}, )

I,

where p = foopy : N* — N¥ (and thus kerp D M).

We choose a basis {eq,...,eq_1} of kerp such that M = (eg,...,eg4—1). Then,
the morphism 3° maps the vectors e; to 0 for 0 < i< g—1,andfor g <i<g —1
to v; = 1(a(e;)), where X (v;) = (Fmg)*(cpz(-m)) for X the chosen parameter on X.

In order to conclude it suffices to prove that, for all i, (Fmg)*(cpgm)) = 9;(7”)
(where we use the ' to extend the notations established in section 2.2.3 for the
Barsotti-Tate @x-module ¥ to its Frobenius twist i(qmg)). Equivalently, we need
to verify that the (F™9 )*(%(m)) satisfy the following equations defining the local
parameters Hg(m) (see [2], p. 572-574)

1 (X 1 1
9 (01) = 0, for g/ (X) = B Gy and Myt = (e o)

for m =1 and all r;
. f;r(ﬁg(m)) = Gg(m_l) for m > 1 and all 3.
By definition (see claim (1) in the proof of proposition 14), the parameters %(m)
satisfy the equations
o hT(tpgl)) =0form=1andall r,
o dr(0™) =™V for m > 1 and all 4,
where (F™9)*(¢,) = fL and (F™9)*(h,.) = g..), for all r.
Thus, 3° is a level structure on 2@, In fact, more precisely, it is the universal
level structure on it. This not only proves that the morphism jj, is well defined,

but also that it is an isomorphism since it induces an isomorphism on complete
local rings. (I
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3.4. The branched locus of a Drinfeld cover. So far, we have described how the
Drinfeld covers X,, of X decompose as unions of proper subschemes X,, ys, each
of them isomorphic, up to an inseparable morphism, to the corresponding Igusa
cover. We conclude this section by shedding some light on how the subschemes
X, intersect. In the case when the Barsotti-Tate Ox-module G/X satisfies
the appropriate “versality condition”, this question amounts to investigating the
intersection of the smooth components of the singular fiber of the Drinfeld covers.
(The following results are the analogue in this context of Section 13.2 in [9].)

3.4.1. Let X be a reduced k-scheme and G a one-dimensional compatible Barsotti-
Tate Ox-module over X, of height n and maximal p-rank h. Let X ") denote the
open subscheme of X where the p-rank is maximal. We already established that
the subschemes X, »s are disjoint when restricted over the open X (M) ¢ X, thus
we focus on their restrictions over the proper closed subscheme X1 = X — x (1),

It is an easy consequence of the definitions that for any positive integer m and
any M direct summand of (Pr™/Ok)™, of rank n — h, we have

d
(XmM |r§( h— U Xm M’
M'DM

where M’ varies among the direct summands of (P /Ok)", of rank n — h + 1,
containing M. Thus, for any two direct summand M, M5 of (P™/Ok)™, of rank
n — h, we have

red
(X77L,M1 me,JMg) - m,L>

where L is the minimal direct summand of (Pr"™/Ok)", containing M; + M. By
definition the closed subscheme X, j, of X,,,/X is supported only over X el c X,
for hj, the corank of L.

In the cases when X satisfies the “versality condition”, using the explicit com-
putations of local parameters as they appear in the proof of proposition 11, it is
possible to describe the complete local ring of the intersection X, ar, N Xy ar, at
a point x in terms of the linear equations describing the transition matrix between
two basis of M; and M, inside (P /Ok)".

It is an easy observation that these intersections are in general non transversal,
not even reduced. On the other hand, they are reduced (resp. transversal) when the
module M + My is a direct summand (resp. direct summand of rank 2n—hy — hs).
In fact, if we assume L = M; + My, then we can choose a base of (P /Ok)™ of
the form {e,u,v,t} such that M; = (e,u), My = (e,v) and L = {(e,u,v). Let us
choose local parameters 6’s as in proposition 11 corresponding to the above basis,
Le. such that Oy  ~ ~ k[[Y,0,,0,]] and Op x =~ k[[Y,0,,0,]. Then, the

y Lyr L s Lur L

complete local ring at a point x € Xy, ar, N X, a1, C Xm is

o) ~ k{[Y,0,.0,]1/(9,) = k[Y0,,0,01/(0,).

T, Xom, My N X, My » 2y L ) 2wy

We give an example in the case when M; + M5 is not a direct summand, for n = 2
and h = 1. Let e, f denote the canonical basis of (Px™ /O )?, we consider M; = (e)
and My = (e + 7f). Then X,,, pr, N X, 1, 1S zero dimensional non-reduced. For a
point = of this intersection we have

O% Xpnat, X ary = KON/ (£ (65)) = K[[0£]]/(6F).



20 ELENA MANTOVAN

4. ON THE NUMBER OF CONNECTED COMPONENTS

We conclude this paper with an application of the above description of the ge-
ometry in positive characteristic to counting number of connected components of
Drinfeld covers. Our results will apply in particular to the class of Shimura varieties
studied by Harris and Taylor in [3].

4.1. On Drinfeld covers. Let X be a reduced k-scheme and G/X be a one dimen-
sional compatible Barsotti-Tate Og-module , of height n. We assume that G/X
satisfies the “versality condition”:
e at each point x the map from the formal completion of X at z to the formal
space of deformation in equal characteristic of G(z) is an isomorphism.
Thus X is smooth of pure dimension n — 1.
Then, the results in the previous section imply the following remark.

Remark 17. For any m > 1, the Drinfeld cover X,, of X decomposes as a
union of q(m’l)("’l)(q"*1 +q" 2+ ¢> +q+1) smooth closed subvarieties of pure
dimension n — 1.

Indeed, X, = U,y Xm,,, Where each X, as is a smooth closed subvariety of pure
dimension n — 1, and M varies among the direct summands of (P /Ok)™ which
are free of rank 1. Thus it suffices to check that there are exactly ¢(m—1(—1) (" 1+
2 +---¢>+q+1) such M’s.

For m = 1, the number of all direct summands of (Pg'/Ok)", of rank 1, is
simply the number of all k-subspaces of k™ of dimension 1, i.e.

#P N k(w) =¢" ' +¢" P+ g+ L

For m > 2, we count the number of direct summands of (P?/Ox )" by grouping
them accordingly to their reduction modulo Pg. Given My = (vo) C (Pr'/Ok)",
there are ¢™~1" possible lifts of the vector vy in (Px™/Ox)", and any two of
them span the same submodule if and only if they are multiple of each other by
a 1-unit. Thus, for any My, there are exactly ¢~ D=1 direct summands which
reduce to My modulo Pg.

4.1.1. Let us further assume that the locus X% € X is not empty, i.e. that there
exists a point € X such that G(z) has p-rank equal to 0 (such a point is called

supersingular). Then
(1) for any m > 1, the Drinfeld cover X, is the union of smooth closed subva-
rieties crossing at all supersingular points x € X,[g];
(2) the map X,,, — X is totally ramified at all supersingular points x € X’,[S].

These two remarks together directly imply the following proposition.
Proposition 18. Let X be a connected k-scheme and G/X a one dimensional
Barsotti-Tate O -module of height n. Suppose

(1) G/X satisfy the versality condition given above;
(2) X has at least one supersingular point.

Then Xy, is connected and the subschemes Xy, v are its irreducible components.

Further more, the above proposition extends to the analogous result in charac-
teristic zero.
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Proposition 19. Let X be a connected smooth Op.,.,.-scheme and G/X a one
dimensional Barsotti-Tate O -module of height n.
Suppose

(1) G/X satisfy the “versality condition” at each point x € X xo,, k the
natural morphism from the formal completion of X at x to the formal space
of deformations of G(x) is an isomorphism;

(2) X xo.,, k has at least one supersingular point.

Then, for any m > 1, the generic fiber of Drinfeld cover X,, of X of level m is
irreducible.

Proof. Under the above assumptions we know that the scheme X, is regular, its
generic fiber smooth and its special fiber connected. In fact, more precisely, the
special fiber X, Xo ., k consists of smooth irreducible components crossing at the
supersingular points. The regularity of &}, at the supersingular points implies that
the generic fiber A}, is also connected and thus irreducible since smooth. O

4.2. On some simple Shimura varieties. We conclude by applying the above
results to the Shimura varieties studied in [3]. We refer to [3] (I.7 and III.1) for the
technical definition of this class of Shimura varieties, and limit ourself to outline
how they fit in the context of this paper.

The Shimura varieties in [3] belong to a certain subclass of the class of PEL-type
Shimura varieties. In particular, these Shimura varieties arise as moduli spaces of
abelian varieties together with certain additional structures (namely, a polarization,
the action of a simple division algebra B/Q and a level structure). In some cases,
when the Hasse principle fails, these PEL-type moduli spaces give the Shimura vari-
eties only after passing to connected components. In the following, we temporarily
ignore this problem and refer to these moduli spaces as “Shimura varieties”, post-
poning the discussion of this issue to the very end. In particular, we shall see that
even in those cases, our result on the number of the connected components of the
moduli spaces implies the analogous result for the Shimura varieties.

4.2.1. Let F be the ground field. We assume F' = E.F'*", for E a quadratic imagi-
nary extension of Q where p splits completely and F'* a totaly real field. Then F
is a CM-field with maximal totally real subfield F'*. Let u be a place of E above p
and w = wy, ..., w, the places of F above u. The completion F,, of F' at our chosen
prime w|p plays the role of the local field K in this context. In the following, we
write Op, for the ring of integers of F,,, and k,, for its residue field. We also choose
FJ}T the completion of a maximal unramified extension of Fy,, and write O, for
its ring of integers and k for its residue field.

4.2.2. Let G/Q be the algebraic groups associated with one of these Shimura vari-

eties and B the central division algebra over F' appearing in the moduli data. We
write B°P for the opposite algebra of B. Under the hypotheses in [3], we have

G(Qy) =Q; x [[ B
=1

Fori=1,...,7, let OF be a maximal ideal of BgP. We assume B is split at w,

and choose an isomorphism OF = M, (OF,).
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4.2.3. Let U be alevel, i.e. a sufficiently small open compact subgroup U of G(Ay),
where A; denotes the finite adeles of Q. We always assume U has the form

U= UP(m) = U7 x 2 x [[rer(OF, ) = (OF, f0i"))

i=1
inside G(Ay) = G(A}) x Qy x [[;—, B (where A’ denotes the finite adeles away
from p), for some positive integers my, ..., m,.

We call the integer m = m; the level at w and we say that w does not divide
the level (resp. p does not divide the level) if mqy = 0 (resp. if my =mg =--- =
m, = 0). Further more, for any given level U = UP(my,ma...,m,), we define
Uy = UP(0,ma,...m,) and Uy = UP(0,0,...,0). Thus U C U; C Up.

4.2.4. Let Xy denote the Shimura variety of level U associated with G. It is a
smooth projective scheme defined over F'. Moreover, it admits a integral model Xy
over O, with the following properties ([3], Lemma I11.4.1, p.111-112):

(1) Ay is regular and flat over O, (for any U);

(2) if w does not divide U (my = 0), then Xy /Op, is smooth and the natural
morphism Xy — Ay, is finite étale and Galois;

(3) if w divides U (my # 0), then Xy — Ay, is finite flat.

These results are based on the following important observation ([3], II1.4 p. 108).

Remark 20. Let V C G(Ay) be a level not divisible by w, X = Xy the associated
integral Shimura variety over Op,_ and A the universal abelian scheme over X.

w

There ezists a canonical compatible one-dimensional Barsotti-Tate Op, -module
G C A[p™>] such that

o Vx € X X0, k: the natural morphism from the completion of X X0, O pur
at x to the formal space of deformations of G(x) is an isomorphism.

Moreover, for a general level U, the scheme Xy — Xy, is the Drinfeld cover of
level m = mq associated with G.

The above remark is the key for translating the results of section 3 into the
context of the Shimura varieties studied in [3]. In particular, the following result
can be obtained as corollary to Proposition 19.

Corollary 21. The number of connected components of the Shimura varieties is
independent of the level at w.

Proof. In order to deduce this corollary, we need to show that all the connected
components of the reduction of the Shimura varieties, of level not divisible by w,
contain at least one supersingular point. In fact, it suffices to check this for levels
Up not divisible by p, since the general case of levels U; not divisible by w will then
follow using the fact that the morphism Xy, — Ay, is finite étale and Galois.

In [3] (Lemma II1.4.3, p. 114) Harris and Taylor prove the existence of at least
one supersingular point. In the lemma below we prove that, for any level U not
divisible by p, the group of automorphisms of the integral model X, preserving the
p-rank stratification (associated with G) of the special fiber X of X and thus map-
ping supersingular points to supersingular points, acts transitively on the connected
components. These two results combined allow us to conclude. ([
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In the following lemma, we consider the Shimura varieties Xy as varieties over
the complex numbers C, via an embedding of the CM-field F' in C which extends a
fixed embedding 7 : F* < R characterized by the conditions G(F;) 2 U(1,n—1),
and G(F;7) 2 U(0,n) for all other real places o of F'™ (see Lemma 1.7.1 pp.52-55).

Lemma 22. Maintaining the above notations. Let Zi,Zs be any two connected
components of the Shimura variety Xy /C, for any level U not divisible by p.
Then, there exists an automorphism of its integral model Xy /Spec Op,, such that:

e its restriction to the generic fiber maps Z1 isomorphically to Zs;
e its restriction to the special fiber preserves the p-rank stratification.

Proof. In [6] (Section 8, pp. 398-400) Kottwitz describes the generic fiber Xy of
the integral models Xy as

Xo(© =]]s7,  Vi:S) =GQ\G(A)/U x G(R)/Us,
iel
for Uy a subgroup of G(R) determined by the data defining the moduli problems of
the Shimura varieties ([6], p. 386) and I the (finite) set of locally trivial elements in
H'(Q, Q) (see [6], section 7, p. 393 and ff., where I = ker' (Q, G)). The definitions
of Uy, and I play no role in our proof. Using this decomposition, we deduce the
statement of the lemma from three known facts.

(1) For each i € I, there exists an automorphism o; of the integral model
Xu /Spec Of, which restricted to the generic fiber Xy maps Sl(]l) isomor-

phically to SI(]i)7 and which restricted to the special fiber X, preserves the
p-rank stratification (see [6], p. 400).
(2) The action of G(A%}) on Ay /Spec OF, when restricted to the generic fiber

Xy stabilizes each S,(}) and induces a transitive action on G(Q)\G(Ay)/U.
Moreover, when restricted to the special fiber Xy it preserves the p-rank
stratification (see [3], Section III.4, pp. 109-110).
(3) the space G(R)/Us is connected (in fact, U(1,n — 1) - G(R)/Us and
U(1,n — 1) is connected).
O

4.2.5. Finally, let us consider the cases when the PEL moduli spaces Xy give the
Shimura varieties only after passing to connected components. More precisely, the
PEL moduli spaces Xy /C decompose as Xy (C) = [[;¢; S((]Z), where each S((]Z) is a
canonical model for the Shimura variety of level U associated with G, and #I # 1
when the Hasse principle for H'(Q,G) fails. On the other hand, since the set [
is independent of the level U, our result on the number of connected components
of the moduli spaces Xy implies the analogous result for the canonical models Sy
even in cases when #1 # 1. Thus, corollary 21 still holds.
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