DOUBLE HILBERT TRANSFORM ALONG REAL-ANALYTIC
SURFACES IN R¢+2

MALABIKA PRAMANIK AND CHAN WOO YANG

ABSTRACT. We give a necessary and sufficient condition for the double Hilbert
transform on R%2 to be bounded on L?, 1 < p < co. This generalizes a result
of Carbery, Wainger and Wright [1] for d = 1.

1. INTRODUCTION

The purpose of this paper is to establish a necessary and sufficient condition for
L"-boundedness (1 < r < oo) of the double Hilbert transform along real-analytic
surfaces in R%2. The double Hilbert transform is given by

(1.1) H[Pf(z,y,2) = /s|§c flz—s,y—t z—P(s,t)) dsjt7

s
[t|<c

where 7,y € R, z = (21,--+ ,24) € R?, and P(s,t) = (Py,--- , Py)(s,t) is a vector-
valued real-analytic function in s and ¢, defined on an open set containing {(s,?) :
Is], |t| < ¢} for some small positive number c¢. Without loss of generality we assume
P(0,0) = 0, and VP(0,0) = 0. When the underlying collection of functions P
is unambiguous, we sometimes drop the argument and denote the double Hilbert
transform simply by H.

When P;-s are monomials, P;(s,t) = s™it", 1 < ¢ < d, Ricci and Stein [6]
proved that H is bounded on L” for 1 < r < oo if (m;,n;) # (m;,n,) for i # j and
m;n; is even for every i. The case when d = 1 and P, is a polynomial has been
considered by Carbery, Wainger and Wright (in fact, their proof goes through with
minor modifications even when P is real-analytic). In [1], they showed that H is
bounded on L" for 1 < r < oo if and only if for each corner point (m,n) of the
Newton diagram of Py, mn is even. Let us recall that for a real-analytic function Py
given by Pj(s,t) = Zp,qZO ap ¢sPt?, the Newton polygon of Pi, denoted by N (P),
is defined as the convex hull of the set

U {@y :2>p y>q}.
p,q=0
ap,q#0
The boundary of the Newton polygon is called the Newton diagram, and is denoted
by ON(Py). If Py =0, both N(P1) and ON(Py) are taken to be the empty set. A
point (m,n) € ON(Py) is said to be a corner point if there exist two line segments
of the Newton diagram with distinct slopes that contain (m,n).
In this paper we extend the result in [1] to d > 2. We begin with a few definitions,
needed to state our main result.
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Definition 1.1. A scalar-valued real-analytic function Q is said to be even if Q =0
or for every corner point (m,n) in the Newton diagram of @Q, mn is even.

Definition 1.2. A vector-valued real-analytic function P = (Py,--- , Py) is even if
P; is even for 1 <i<d.

Definition 1.3. A vector-valued real-analytic P is said to be even in GL(d) if for
every invertible d x d matriz A, PA? is even.

We observe that P(s,t) = (s%t?, s%t? + s3t3) is even but not even in GL(2), since

1 0 s2t? _[s%2
—1 1| [s2t2 + 33| T |33

On the other hand, if P is even, and the Newton diagrams of P; and P; are disjoint
for i # j, then P is even in GL(d).
The main result in this paper is the following :

Theorem 1.4. Let P be a vector-valued real-analytic function defined in a neigh-
borhood of the origin in R?%. The double Hilbert transform H[P] is bounded on L"
for 1 < r < oo if and only if P is even in GL(d).

1.1. Remarks. (1) In fact, our proof will show that there exists a finite family of
matrices A C GL(d), explicitly computable in terms of P, such that H is bounded
on L™, 1 <r < oo if and only if PA? is even for every A € A.

(2) The assumption of real-analyticity is crucial here. The result fails for P in
C®, even if P is of finite type. It has been pointed out by Carbery, Wainger and
Wright [2] ! that for P(s,t) = s*t + v(s), the double Hilbert transform H[P] is
unbounded on L? if sv/(s) — v(s) fails to be doubling.

(3) A maximal operator that arises naturally in this context is the following :

(12)  MPfyz) = swp [ (i sy -t Pls0)] dsdt

r1,r2>0 7172 [s|<r1

[t|<r2

and it is natural to ask whether M[P] is bounded on L", 1 < r < co. This has been
proved in Ricci-Stein [6] when P has monomial entries (not necessarily even). More
generally, when P is any vector-valued polynomial (not necessarily even in GL(d)),
Cho, Hong, Kim and Yang [3] have shown M[P] to be bounded on L". Their
proof goes through with minor modifications for real-analytic P as well. A stronger
result for d = 1 is due to Patel [5], who has proved that for a scalar-valued real
polynomial P, M[P] is weak-type L. The point to be emphasized about Theorem
1.4 is therefore the condition that P is even in GL(d), which can be viewed as
the correct “cancellation” condition on the kernel under which the singular integral
operator H[P] is L"-bounded.

(4) Tt is important to note that H[P] is not invariant under reparametrizations;
therefore Theorem 1.4 need not be true for other representations of the real-analytic
surface. In particular, if the surface is parametrized as P(s, t), where P is a (d+2)-
dimensional vector with real-analytic entries, then our proof shows that even-ness
of P is sufficient for boundedness of the corresponding double Hilbert transform.
However, it is not difficult to see that this condition is no longer necessary. Under-
standing the right cancellation condition in this general case is more complicated,
and we hope to return to this issue in a future paper.

LWe are grateful to the referee for bringing this paper to our attention.
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1.2. Motivation of proof. The proof of Theorem 1.4 depends largely on the ar-
guments in [1]. In particular, we first decompose H into operators supported in
the regions |s| ~ 277, |t| ~ 279 (throughout this paper, A ~ B implies that there
exists a constant C' > 0 depending only on the Pj-s such that C~1 < A/B < C).
Then following [1], we use the Newton diagrams of P; to divide the (p, ¢)-plane
into a finite number of cones, each with vertex at the origin. These cones have the
property that on each of them, P can be replaced “essentially” by a unique d-tuple
of monomials. The double Hilbert transform corresponding to monomial surfaces
can then be treated by Ricci and Stein. Of course, since P; may not exactly be
a monomial, a significant part of the proof is devoted to showing that the error
operator is bounded on L".

However, there are certain aspects of the higher dimensional problem that are
absent for d = 1. For instance, one is naturally led to consider a finite family
of linear transformations in GL(d), one for each cone mentioned above. These
transformations ensure that the monomials “representing” P have distinct sets of
exponents, so that Ricci and Stein can be invoked. Another facet of this is that a
naive generalization of [1], namely the condition that P is even is not sufficient for
L" boundedness of H. We clarify this by a few examples.

Suppose first that P(s,t) = (s*t?,s?t?), which is even in GL(2). Then the
multiplier mp of H[P] is given by

mp(§) =mp(&1,82,83 + &),

where P(s,t) = s2t>. We know that H[P] is bounded on L", 1 < roo by [1]. Tt is
not difficult to conclude from this that H[P] is also bounded on L". To see this,
we set u = (x,y, 21, 22) = (u1,uz2,uz,us) and write

HIP)f(u) = F~* (mpf) (u)
= [ Iy (6, 0.6+ 60 dE F0)dy
= / e (W D p (¢ eaam i) f(y) dy d€’ dey
:/#%“”mﬂﬁﬂmm—w+mwd%

:/Kﬁ(u'—y’)f(y',w—u?)wg) dy'.

Here at the penultimate step, we have made use of the oscillatory integral represen-
tation of the Dirac delta distribution, and K at the last step denotes the kernel of
the transform H[P]. The notation u/ and ¢’ stand for the three-dimensional vectors
consisting of the first three components of u and y respectively. Now,

|H[PIf|] = / / K — ') (o s — s + o) dyf | dudus

<c [| [ iror a|au = 5.
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Suppose on the other hand that P(s,t) = (s%t2,s%? + s3t%). We have shown
earlier in this section that P is not even in GL(2). The multiplier mp of H[P] is
given by

mp(§) = mp(&r, &2, &3 + &, €a)s
where P(s,t) = (s2t?,5%t%). We prove in section 3 that mp is unbounded, which
means that H[P] is not bounded on L?.

1.3. Notation. We now develop the notation that will be needed in the proof of
the theorem.
e For z € R, |z| = (Jz1],- -+, |24]), and ||2]| = \/]z1]2 + -+ -|z4|?. For any scalar
c>0,c* = (c, -, c%).
e (' and o denote positive constants that may vary from one line to the next.
e Given a d x d matrix B, let fB(z,y,2) := f(x,y,2B").
Remark : If B is invertible, we ask the reader to verify that

@) 1F51 = [1£1l-/| det(B)[/7,

(2) (H[P)f)P(x,y,2) = (H[P(B~)))fP(z,y,2), and

3) |H[PB||r—r- = |[H|[Lr— L
e Given B € GL(d), and a d-dimensional vector P of real-analytic functions, the
k-th entry of PB? will be denoted by

(PBt)k (s,t) := Z o (B, k)s™ ™.
m,n>0

e Given a scalar-valued real-analytic function Q, let {(m;(Q),n;(Q)) : j > 1}
denote the set of corner points of the Newton diagram of @, indexed so that
m;(Q) <m;1(Q).

o We denote by A;(Q) the absolute value of the slope of the line segments joining
two consecutive corner points of the Newton diagram of @ :

n;(Q) —nj1(Q)
2 (Q) = —Z J .
Q) mj+1(Q) —m;(Q)
For fixed @, the A\;(Q)-s form a decreasing sequence, i.e., A;(Q) > X;j11(Q). The
set of all A;(Q) for a fixed @ is denoted by A(Q).

e We compile all slopes described in the previous item for each entry of P and
under all transformations in GL(d), and call the resulting set A :

(1.3) A= | A(PAY),
AEGL(d)
1<k<d

We prove in Lemma 2.1 that A is a finite set. Let ;-s be the elements of A arranged
in decreasing order of magnitude :

Kg=00>K1 > >kKkp=0.

e We decompose the (p, g)-plane into M cones whose edges have slopes reciprocal
to the numbers in A :

R; ={(p,q) : kj_1g>p>~Kjq}, 1<j<T.

e Given Rj, A € GL(d) and an index k, 1 < k < d, there exists a unique ¢ =
i(j, A, k) such that

(1.4) Rj € {(p,a) : dima (PAY) ) g > p 2 X ((PA),) 0 -
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2. PROOF OF THEOREM 1.4 — SUFFICIENCY

In this section, we prove that if P is even in GL(d), then H is bounded on L",
1 < r < co. The layout of the proof is as follows. In subsection 2.1, we prove a
lemma that allows us to write H as a finite sum of operators, each corresponding
to a cone R;. Lemma 2.2 and Lemma 2.3 of subsection 2.2 contain the mono-
mialization argument, whereby each summand is replaced by a (localized) double
Hilbert transform associated to a monomial surface satisfying the hypothesis of
Ricci and Stein [6]. Subsection 2.3 deals with the estimation of the error incurred
by such a replacement. The endpoint cases j = 1 and j = T give rise to additional
technicalities, and these are addressed in subsection 2.4.

2.1. Preliminaries.

Lemma 2.1. For a vector-valued real-analytic function P, the set A defined in
(1.8) is a finite set.

Proof. Since the number of line segments with distinct slopes in a single Newton
diagram is always finite, it suffices to show that the collection of Newton diagrams
obtained by all possible linear transformations of P is finite, i.e.,

(2.1) [{ON(b-P):beR}| < co.
Let us define M to be the convex hull of

d
U {Ip.00) x [a.00) = 3 lay(1.0)] > 0},
p,q>0 i=1

where I denotes the dx d identity matrix. Let (my,ny) and (mg, ng) be the endpoints
of the horizontal and vertical segments respectively of OM, i.e.

ny =min{n : (m,n) € M},
my; = min{m : (m,ny) € IM},
and msy, no are defined similarly. Since

U M(PAY) S M,
AeGL(d)
1<k<d
the g-coordinate of the horizontal edge of ON (PA");) for any k must be > ny. The
number my has a similar property.

The statement (2.1) is proved by induction on d. Suppose d = 2. With-
out loss of generality we can take b of the form b = (1,a), @ € R. If a #
—Gm;n; (L,1)/am; n; (I,2) for any ¢ = 1,2, then (my,n1) and (mg,ny) both lie in
ON(P; + aP,), and in fact, the horizontal and vertical segments of ON (P + aPy)
are the same as those of OM. By convexity, the number of Newton diagrams with
these two specified segments are at most finite in number. For the other a-s, one
gets at most two new Newton diagrams.

For d > 3, one can choose b of the form b = (1,as,--- ,aq). Then for all a; not
satisfying
d
(2.2) tmyony (1, 1) + D i, (1,4) = 0

=2
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for any j = 1,2, ON(b- P) has the same horizontal and vertical line segments as
OM. The total number of new Newton diagrams obtained this way is at most
finite. Suppose then that the a;-s satisfy (2.2) for j = 1. Clearly we cannot have
Gmy my (I,7) = 0 for all 4, 2 <4 < d. Without loss of generality let am, n, (I,d) # 0.
Then

d—1

Amyny (1,17)
ag=DB1+» Bja;, where B;=-——"2""-
1 12:; Amy g (Iv d)
and qa, - ,a4—1 are arbitrary. We therefore have a (d — 2) parameter family of

analytic functions

S8
=

d
Pi+Y aiP;=(Pi+BiPy)+ Y ai(Pi+ BiPy)
1=2

||
N

2

indexed by aa, - - - , ag—1, for which the induction hypothesis gives the desired result.
O

The proof of sufficiency of Theorem 1.4 is by induction on d. Suppose that P
is even in GL(d). The case when d = 1 has been proved by Carbery, Wainger
and Wright [1]. We assume that Hg is bounded on L” if @ is a dyp-dimensional
vector-valued polynomial, dy < d and @ is even in GL(dp).

Without loss of generality, we may assume that (PA?), # 0 for any A € GL(d)
and 1 < k < d. If not, then there exists A € GL(d) and dy < d such that (PA"), =0
for k > dy. The induction hypothesis then implies that H is bounded on L" :

1 AT
Hf|Il=———||(H
71 = sy |10 ||
“1 dsdt|" dxdydz
_ A _ _ _ gt
—/‘/f (x — s,y —t,z— PA"(s,1)) o dct(A)]
:/[/‘/f“‘l (x—s,y—t,2' — (PA'(s,t)),2") dsstdt
dz//
! P —
xdxdydz] (et (A)]
_1 r dZH
< A 1o ’
_c/[/\f (29,2, ") dxdydz] et A]
< ClIAII7-

Here at the third step, we have written z = (2/,2”), with 2/ € R% and 2" € R4,
We have also used the identities (1) and (2) from subsection 1.3.

Now let ¢ be a smooth, odd function on R such that ¢(s) > 0if s > 0, supp(¢) C
{seR:1/2<[s| <2}, and 3, 2P¢(2Ps) = 1/s. Following [1], we localize H to
dyadic rectangles in (s,t), and denote the localized operators by Hp 4 :

(2.3) HpqlP)f(z,y,2) = 2p+q/f(:c —s,y—t,z— P(s,t))qﬁ(&) qﬁ(ﬁ) ds dt,

C Cc

where ¢ is the small constant in (1.1) whose exact value will be prescribed in the
sequel (in Lemma 2.7). Then H = ¢! > (payezz Hpq[P]. It suffices to consider the
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operator Ho = Ho[P]:=}_ -, Hpq[P], which we write as a finite sum :

Hy=Y D,[P], with D;[P]:= Y H,,[P

(P,9)ER;
p,q=0

where R; has been described in subsection 1.3. We will show that for each j, D;
is bounded on L™, 1 < r < o0.

2.2. Reduction to monomials.

Lemma 2.2. Given R;, a d x d matrix A and an index k, 1 < k < d, let i =
i(j, A, k). Then the following conclusions hold :
(a) For any (u,v) in the Newton polygon of (PA")y and (p,q) € R;,

(2.4) 9—(pu+qu) < 9—(pmitqni)
(b) For s, t such that 2P|s|,21|t| < ¢,
|(PAY)i(s,t)| < C27Pmimani,

Proof. The proof of (a) is identical to that of Lemma 2 of [1] and we do not repro-
duce it here. For (b), we set s = 27Ps’ and t = 27%’. Then

[(PAY)i(s,t)| = Zapq A, k)sPt?

Py

< 27PN Cay o (A K)| |87
P,

< ggpmi—an

where at the last step we have used the fact that (s’,¢') lies in [—c, c|?, which is
contained in the domain of convergence of P. ([

In view of Lemma 2.2, Gy, (I, k)s™t"™ in the dominant term in Py for |s| ~ 277,
[t| ~ 279 and (p,q) € R; if (m,n) = (m;,n;), i =i(j,1,k). Our next lemma proves
that after a suitable linear transformation, the dominant terms of the entries of P
can be chosen to be monomials with distinct exponent vectors.
Lemma 2.3. Given R;, there exists a matriz A € GL(d) such that

(mi(j’Avk)7 ni(ij’k)) # (mi(j)Avk/)’ ni(j)Avk/))
fork#k,1<kk <d.

Proof. We do this inductively. Let us set (M1, N1) = (m(j 1,1y, Mi(j,1,1)), and define

a d x d lower triangular matrix Cy = ((cq(}v))) as follows :

7aM1,N1(IvT)/aM1,N1(Ivl) lf’U:LQSUSd,
=11 ifu=v, 1<u<d,
0 otherwise.

Then the term sM1¢™M has a nonzero coefficient in (PC?); if and only if [ = 1.
In general at the k-th step, 2 < k < d, we set

Bk = Ck—l s CQCl.
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From the previous induction step, as, n,(Bg,[)sMt™ is the dominant term in
(PBY), for 1 <1 <k — 1. Furthermore (M;, N;) # (My,Np) for 1 1/, 1 < 1,I' <
k — 1. We now define

(2.5) My, = M(j,B k) > Ny = "i(§,B,k) -

Since by construction none of the monomials sM1¢™t are represented in (PB}); for
I <k-—1and ! > k, we must have (M, Ni) # (M;,N;) for | < k— 1. We now
define a lower triangular matrix Cj, = ((cq(ﬁ,))) as follows :
—aMkyNk_(Bk,r)/aMk_’Nk(Bk,k) 1fv:k,k:+1§u§d,
cfjf}): 1 fu=wv,1<u<d,

0 otherwise.

Let us set By = CyxBy. Then (PB}); = (PBj_ ) for I <k, so that i(j, By,l) =

i(j, Bg+1,1) for all I < k. Thus the dominant terms in the previous steps of the

induction remain unchanged. Moreover, for [ > k the coefficient of sM*tNt in
(PB}, 1)1 is nonzero if and only if [ = k.

The process concludes in d steps and we finally choose A = By = Cy_1 -+ - C5C}.

[

2.3. Error Estimation. In the rest of the paper, for fixed j, we work with A as
given by the lemma above. Let W := Wy(A?)~!, where Wy(s, t) is the d-dimensional
vector whose k-th entry is the monomial ays, n, (A, k)s™ Ve with

(Mp, Ni) = (M35, 4,k) i, A,k))-

Note that this is consistent with (2.5), and that M? + N2 # 0 for each k, since
P(0,0) = 0. The operator Hy[Wp] is bounded on L", 1 < r < oo by Ricci-Stein [6],
and therefore so is Ho[W], by item (3) in the remark on page 4. In this subsection,
we will show that for each 1 < j < T and r € (1,00), D;[PA"] — D;[W,] is bounded
on L". (The cases j = 1 and j = T need a little extra work, and will be dealt
with separately in the next subsection). In order to achieve the L" bound, we need
further decompositions of the region R; and the corresponding operator D;, which
we now describe.

Let us choose numbers v; > 0, 1 < j < T, satisfying x; < v; < K;_1, and
decompose each cone R; into a lower and an upper part :

(2.6) RI ={(p.9) €R; : p>v;q}
(2.7) R; ={(p.q9) €R; : p <vjq}.
The error operator therefore splits as D;[PA*| — D;[Wy] = E;r + E;, where

+
By = Z [an[PAt] - prq[WO]] :
(P.a)ERT
We prove that £ is bounded on L, the treatment of E;r being similar. Let us
write k; = p;/q; where p;,q; are non-negative integers that are relatively prime

and g; > 0. The region RJ_ can then be realized as the disjoint union of lines RJL
that are parallel to the upper edge of the cone R; :

Ry ={(p,a) €R; : pa; —pja=Lg;}, L >0, Lg; € L.
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Thus E; = 3,5, £y, where

E]L = Z [Hp,q[PAt] - Hp,q[WO]] :
(p,9)ER}

To show that £, is bounded on L", it suffices to establish the following estimate :
(2.8) ||EjL||LrﬁLr <27 for some ¢ > 0.

In order to prove (2.8), we further split the operator EJL , following the anisotropic
Littlewood-Paley decomposition in [1]. We choose the dilation that preserves
the support of the kernel of Z(p Q)ERE H, ,[Wy]. More specifically, let d, be the

v j

anisotropic dilation

5e(&,m,7) = (27714, 27720, 27T y),

where 01 = Kj, 00 = 1, T = (11, ,74) = k;M + N, and 27 7%y denotes the
Hadamard vector product, whose k-th entry is 2~ 7‘~,. The invariance of the
support of the kernel under these dilations follows from the relations gx; + L = p
and ¢7 + LM = Mp + Nq. Further, let By, be the dilation

Br(&,n,7) = (27F¢,n,27ME),
so that
(29) 6qBL (57 m, ’7) = (2_1)57 2—q,'77 Q_Mp_ﬁq’y)'

Let us choose ¢ € C§° (R9*+2) which is supported in an annulus centered at the
origin and satisfies D, , 1(0¢(-)) = 1. We set ¢y(-) = ¥ (6,BL(-)) and use these to
decompose the identity operator into Littlewood-Paley pieces Uy :

(2.10) Uef () = o) F()-

This yields the following decomposition : EJL =2 ez Ef, where

(2.11) & = &(j, L) = Vi[PA'| =V [Wo], with  Vi[F]:= Y Hpg[F] Ugpe.
(p.a)ERY

The main result of this subsection is the next proposition, from which (2.8)
follows using standard interpolation and duality arguments.

Proposition 2.4. For 1 < j < T and & = &i(j, L) as above, the following esti-
mates hold.

(2.12) 1€ 22 < C27°L,
(2.13) €| L2p2 < €271,
(2.14) |Eellr—rr <C(J]+ L), 1<r=<2

The proof of Proposition 2.4, specifically that of (2.12), requires a more precise
version of the estimate in (2.4) and a careful analysis of the multipliers correspond-
ing to H, 4. We carry this out in the following sequence of lemmas. Let u, , denote
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the multiplier for the operator Hy, ,[PA"] — H, ,[Ws]. Then

(2.15)  ppq(&m,7) = /exp (i€2’ps+in2’qt)¢<2)¢(f)

c
x [exp(iy - PA*(27Ps,279)) — exp(iy - Wo(27Ps,279))] dsdt,

where ¢, € R, v € R%. We deduce estimates for y,, , analogous to Lemma 3 in [1].

Lemma 2.5. Given j, 1 < j < T and k, 1 < k < d, let i = i(j, A, k) and
(p,q) € RJL Then there exists o > 0 (depending only on P and the choice of the
vj-s) such that for (u,v) in the Newton polygon of (PA"), (u,v) # (m;,n;),
—pu—qu
27 < 9oL
2—pm;—qn;

Proof. The index k is fixed in this lemma, so for notational simplicity let us denote
Xi = XNi((PAY)g). From (1.4) it follows that A\; < k; < kj_1 < A\;_1. We treat three
subcases : u > m;, u < m; and u = m;. First suppose that u > m;. Since the
polygon is convex and contains (u,v), therefore (n; —v)/(u—m;) < A;. This gives
I g p(umi) ga(ni—v)

9—pmi—qn;
—p(u—mi)9qr;(u—m;)

(2.16) <2 2
< 9(=p+gr;)(u—m;)

< 2—L/qj — 2—0’L.

Next suppose u < m;. By convexity of the Newton polygon, we have (v —
n;)/(m; —u) > A;_1. We need to find o > 0 such that

q(v—n;) —p(m; —u) > oL.
Now oL = o(pg; — p;jq) < opg; < oqujq;. On the other hand,

m; —u
> (mi —u)(ghi—1 — D)

>q <>w'1 - p)
q

> q(Ai—1 —vy).

Choosing 0 < o < (A\;—1 — v;)/(v;¢q;) completes the proof in this case.

If u = my, then v > n;. We want to show that g(v — n;) > o(pg; — p;q).
The left hand side is > ¢. On the other hand, the right side of the inequality
< opg; < oqujq;. Choosing 0 < o < 1/(g;v;) therefore suffices. O

o0 = m) = plms =) = (mi = 0) [ g2

(2.17)

Corollary 2.6. Given A as in Lemma 2.3, let M, N be the vectors in Z* whose
k-th entries are My = my; a k) and Ni = n;; ar) respectively. Then there erist
constants C and o > 0 such that for (p,q) € RJL,

(2.18) |p,q(&m, )| < C277F|y| - 27PM 7N,
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Proof. We estimate the integral in (2.15) by the mean value theorem. Using Lemma
2.5, the desired bound follows from the estimate

d
[y - [PA" = Wo] (2775, 2710)] = |3y #Me o
k=1
27pmman myn
Y el AR g o]
(m,n)#(Mp,Nk)

d
< C27TE Y g2 Y (A, Bl

k=1 m,n
S 02—0L|,y| . 2—pﬁ—qﬁ.
|

Lemma 2.7. Fiz j and let M and N be as in Corollary 2.6. Then there exist
constants 0 < ¢,09 < 1 and C > 1 (depending only on P) such that for all (p,q) €
RE and (€,1,7) € R,

go

(219)  ltpg(€&m | < CllllZa [Ig1277 + [nf277 + |y - 27—
The number ¢ occurs in the definition of pp 4 (see (2.15)).

Proof. We first specify ¢ and two auxiliary constants Cy (large) and ¢; (small). The
constant C' in (2.19) will depend on Cy and ¢;. Given a multi-index o = (a1, a2)
with nonnegative integer entries, let 'y, be the integer-valued polynomial in (m,n)
given by

Cy(m,n) = 8a(smt”)‘szt:1.
Of course ', # 0 if and only if m > a7 and n > as. Let us fix two constants K
and p as follows,

d
K=Y (Mg+Ny), and ¢=min(or,02 03), where
k=1
__ 1 — mi (A, k)| > 0, and
T I Qz—lglklgdlamk,zvk ,k)[ >0, an
. apn,. N (A,k) /
2.20 = MR >k (Ak)£0b.
@20) g min {| 22T - aaty v (AK) 7

If the set in (2.20) is empty, then g3 is taken to be +00. We now choose ¢, ¢ and
Cy satisfying ¢; = (o/(2d))4,

(2.21) sup Z @ (A, k)| (m,n)em el < ¢,
la|<K+1
1<k<d

(2.22) sup Z . (A, k)|Do(m,n)em 1ol < ¢ (Cy — 1), and
lo|<K+1,.7
1<k<d

m+n>|al

To prove (2.19), we make use of a multi-variate version of Van der Corput’s lemma,
which we quote below (see Proposition 5 on page 342 of [8] for a proof):  Let
¢ be a smooth function supported on [—c,c] for some small constant ¢, and let R
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be a smooth real-valued function on R? satisfying |[0°R| > 1 on [—c,c]? for some
multi-index 3, |3| > 0. Then

(2.23) // ei)‘R(S’t)d)(s)qﬁ(t) < ¢s(R) ||¢||é1 \—U/181

The constant cg(R) is independent of A and ¢, and remains bounded as long as the
C181+Y norm of R remains bounded.
We apply this result twice, by choosing

A =277l + 27| + 7] - 27PN,
ﬁk = Z 'Yk’aMk,Nk(Aykl); 1 S k S d, and
k' <k
R(s,t) = \"H(€27Ps + 027 % + - Ro(27Ps,27)),
where Ry = PA! and W) respectively. The estimate (2.19) will follow from (2.23)
(with C specified in terms of Cy, ¢; and p) if we show that
(i) there exists a multi-index 3, |8] < K such that

|0°R(s,t)| > 90 for |s|, |t| < c,

(ii) the C1P1** norm of R on [—¢,c]? is uniformly bounded by Cp, and

(ii)) A > er(27P¢] + 27| + 7] - 27PN,

Let us assume (iii) for the moment. It then suffices to prove (i) and (ii) above for
Ry = PA?, the proof for Wy being similar, and in fact easier. For fixed p, q,&, 7,7,
we choose an index kg such that

~ A
(2.24) [Fk |27PM k0 =aNko > 112 and set 8= (My,, Ni,)-
(The proof when 27P|¢| and 279|n| is larger than a fraction of A is simpler and is

left to the reader). We will show that (2.19) holds with g = 1/(Mp, + Ny,)-
The proof of (ii) is clear. For |s|, |t| < ¢ and any « with |o| < |8] + 1,

d
\8aR(s, t>| =21 52_1)804(8) + 772_q8a(t) + Z’yk Z am,n(Aa k’)2_pm_qnaa(8mt")

k=1 m,n
d
<\ll2p 271 mon (A, k)| 27Pm a9 (s
< l €]+ |n|+;|’m|;la (A4, K)| (s )S_t_cl
d
<1421t Z "YHQiPMk*quCl(CO —1)
k=1

ST+l 2PN e (G - 1)
<1+ 01_161(00 — 1) = Cy,
where the third step follows from (2.22) and (2.4), and the last step from (iii).
To prove (i), we recall from Lemma 2.3 that (My,, Ni,) € N ((PA")x) for k > ko.

Therefore we can write °R as the sum of a dominant term 2l and an error term
B, and estimate

09 R(s, )] > [21] - |B]
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where

A = A~127PMro—alNko I's3(8) Z VkG My, N, (A, k), and
k<ko
B =21 nykﬁﬁ[ Z U (A, k)27PmTamgmym |
k (m.n)#B

Then from (2.24) we find || = A\~127PMro=4Nro |5, | > 109; > 10g0. On the other
hand,

" N (A R)S" = > ama(A KOs,

(m,n)#3 m+n>|s|

so it follows from (2.21), (2.4) and (iii) that

B <A D bl Do Jama(A K270 (57

k m+n>|8| s=t=e
SATY T 27PN g < e pAT ] - 27PN <
k

Thus [0°R(s,t)| > 90, which completes the proof of (i).

It therefore remains to prove (iii). Without loss of generality, let v # 0. We
use a stopping-time argument to show that there exist indices ¢o and k(io), with
1<y <dand 1< k() <dsuch that

(2.25) 2—(p’4)'a(bo)|§k(m)| > (%) 0 Il - 9-pM—qN > ey - 2—pﬁ—qﬁ7

where a(1) = (My(,), Ni)). Let k(1) be an index for which the maximum of
{27PMk=aNk |y apr N, (A, k)| 2 1 < k < d} is attained. Then

d

—(p.q)a 1 —pMj—
(2.26) 27Dy yanay (4, k(1)) > EZQ ML= [y ang, v, (A, F))|
. k=1

> &|,y| .9—pM—qN > g|’y| .9—pPM—qN
d d
If [vk(1) o) (A B (1)] = 2] 24 ci(1) Th@a(1) (A, k)|, then it follows from (2.26) that

2 oW, | = 2000|3500 (4,
k<k(1)

| R
52 (p,q)-a(1) |’yk(1)aa(1)(A7k.(]‘))|

v

v

L) 27N 2 gy 2 A,

and (2.25) is proved for vg = 1. If |vk1)aa() (A, k(1)) < 2| X4 cp1) Te@a(n) (4, K],
we proceed to step 2.
In general, at the end of step ¢ we have

L

. o
a2 P,

(2.27) 27y sany (A, k()| >
and are forced to continue to step (¢ + 1) if

(2.28) ’yk(b)aa(b)(A,k:(L))‘ < 2‘ Z 'Ykaa(b)(Aak) .
k<k(c)
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In this case, we pick an index k(¢ + 1) < k(¢) that maximizes {|yxaq(,)(4, k)] : 1 <
k < k(v)}. It follows from (2.28) that

1
(2:29) 1) 8t (A kG + D) = 22 i @ac (4, £0)|

which in particular implies that v (,41) # 0 and aq(,) (A, k(t+1)) # 0. Using (2.20),
(2.4), (2.29) and (2.27) we obtain

270Dy (A K+ 1))

Ao(i41) (A, k‘(L + 1))
(OND) (A, k(L —+ 1))

= 2~ PayeltD) "Yk(wrl)aa(b)(Aa k(e + 1))’

> @2*(1041)&0)

V() Qa(e) (Aa k(b)) ‘

2d
ot N
> .9=pM—qN
2 J2dy o]
We stop at step (¢ + 1) if
(230) ’7k(¢+1)aa(b+1)(Aa k(L + 1))’ > 2’ Z ’Ykaoz(H-l)(Av k) )
k<k(i+1)

in which case

2,(p’q).a(b+1)|;7ku+1)| — 2*(P’Q)'Q(L+1)’ Z VeGa(i+1) (4, k)’
k<k(t+1)

Y

1
52_(p’Q)'a(L+1) "Yk(bﬂ)aa(bﬂ)(Aa k(e + 1))’
+1 — — .
= (ﬁ) Y] - 27PN > |y |- 27PN,
2d
and (2.25) holds with ¢y = ¢+ 1. The process stops in a finite number of steps since

k(¢) is a strictly decreasing sequence bounded below by 1, and (2.30) always holds
for k(1 +1) = 1. O

Proof of Proposition 2.4. The estimate (2.12) is obtained by combining (2.19)
and (2.18). For (2.13), we observe that

186+ BL(&,m, )|l ~ 1 on supp(e4),
so it follows from (2.9) that there exist 0,0’ > 0 such that

270 < 27P|€| 4 279|p| + |y| - 27PN < 29 for j £ T.

Combining (2.19) with the above, we have (2.13). It remains to prove (2.14). We
do this by estimating V;[F] with F' = PA" and Wy. Since V;[F] is a convolution
operator, (2.14) follows from the Hérmander condition

/ |Ke(x +u,y+v,24+w) — Ke(x,y,2)| dedydz < C(|¢] + L),
p(z,y,2)>Cp(u,v,w)
where K, is the kernel of V;[F] and p(x,y,2) = |z|Y/0 + |y|V/72 + 320, |z |/,
The arguments for proving the above inequality are the same as those in [1], p507-

509, so we omit the details here. We would like to point out that on page 508 of
[1], estimate (13) holds if 29p(u,v,w) > 1. In other words, § = 1 in the notation
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of [1] B = 1. We need this to ensure that summing the estimates in (11), (12) and
(13) yields C(|¢| + L).

Remark : We would like to point out that (2.14) can alternatively be proved
using techniques from a paper of Duoandikoetexea and Rubio de Francia [4] on
maximal and singular integral operators. We will show an application of these
techniques in our analysis of the endpoint case j = T in subsection 2.4, and we ask
the reader to verify that the same approach works in this case as well. (I

2.4. The Endpoints j = 1 and j = T. In this subsection, we describe the case
7 = T. The case j = 1 is similar and is left to the reader. We choose as in
subsection 2.3 a number vy, 0 < vp < Kkp_1, and decompose Rr into a lower
and an upper part, following (2.6) and (2.7). We leave the reader to verify that
E; can be treated exactly as before. However, since k7 = 0, the left edge of the
cone Rp is vertical, and R can be realized as a disjoint union of vertical lines
RE ={(L,q); L < vrq}. The analysis of subsection 2.3 therefore fails for E., since
the bound on p, 4 obtained in (2.18) is no longer summable in ¢ with an uniform
bound if an entry of N is zero.

We circumvent this as follows. Let dy := #{k : N, = 0} < d. Without loss of
generality, by renaming the entries of ~ if necessary, we may assume that Ny = 0
if and only if 1 < k < d;. Let Wy be as in subsection 2.3, and let Wy be the
d-dimensional vector whose k-th entry is given by

N . '
(Wo) (87(‘,) — (PA )k: (570) if 1 < k < dl,
' anon (A k)s N if dy < k< d,

Since Dy [Wp] is bounded on L™, 1 < r < oo by Ricci-Stein [6], the L"-boundedness
of Dyp[PA!] follows from the next two propositions.

Proposition 2.8. Dy[PA!] — Dy[W] is bounded on L", 1 < r < co.
Proposition 2.9. DT[WO} — Dp[Wy] is bounded on L™, 1 < r < co.

The proof of Proposition 2.8 is a slight variation of our earlier arguments with
suitable modifications of the dilations d; and By, and we address this first. Since
there is no dilation in the direction of the first variable £, we introduce the anisotropic
dilation in the last (d + 1) variables only. Let

Se(n,7) = (27, 27N%),  Br(n,v) = (1,27 MEy),

and let ¢ denote a Cg° function defined on an annulus in R4 so that 32, ¥(d,(-)) =
1. We now define v, Uy, and V4 in the same way as their analogues in (2.10) and
(2.11) without the superscript~ Then

Ef =Y &=> &(T,L),
‘ ‘

where &(T, L) is defined as in (2.11), but with V; replaced by V,. Proposition 2.8
then follows from the next proposition, using standard interpolation and duality
arguments.

Proposition 2.10. The estimates (2.12), (2.13), and (2.14) in Proposition 2.4
continue to hold with j =T.
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The proof of the above proposition, in particular that of (2.12), requires a re-
finement of Lemma 2.5, which we furnish below. Let ji, 4 denote the multiplier for
the operator H, 4[PA"| — H, ,[Wq]. Let us also henceforth write any d-dimensional
vector z as z = (2/,2"), where 2’ = (21, -+ ,24,) and 2" = (24,41, , 2d)-

Lemma 2.11. Given k, 1 < k < d, leti = i(T, A, k) and (p,q) € R%. Then for
k < di, there exists 0 > 0 (depending only on P and the choice of the vj-s) such
that for (u,v) in the Newton polygon of (PAY), v # 0,

9—pu—qu

2 < 9-algtl)
2—pmi —

(2.31)

For k > dy, the conclusion of Lemma 2.5 holds, namely for (u,v) in the Newton

polygon of (PAY)k, (u,v) # (m;,n;),
27 —oL

pmi—qm =2

Proof. We skip the proof of (2.32), as it is identical to that of Lemma 2.5. For
(2.31), let us observe that since v > 1, therefore u < m;. If u = m;, then

(2.32)

2mpumq g _ L
—— =271 <271 <2722 v,

2—pm; - -
If u < m;, then following the computation in (2.17), we obtain

q(v —n;) —p(m; —u) > g(Ai—1 — vr).

This gives
it < 9=Nic1—vr)g « 9—0o(g+l)
2—pmi - ’
for some o with 0 < o0 < (X\i—1 — vr) min(1,1/v7). O

Corollary 2.12. Let j =T, and let A, M, N be as in Corollary 2.6. Then there
exist constants C and o > 0 such that for (p,q) € R%,

(2.33) g (&,m,7) < C [277@HD |y =PM | g=oL 0| .9~ (pPM"+4N")

Proof. The proof follows from the mean value theorem and the definition of Wo, as
in the proof of Corollary 2.6. O

We also use the following lemma due to Duoandikoetexea and Rubio de Francia
[4]. We provide the proof for the sake of completeness.

Lemma 2.13 ([4], p544). Let {a, : ¢ € Z} denote any sequence of finite Borel
measures on R2 such that sup, ||ag|| < oo, and for some ry > 1,

(2.34) [0 (N)ry < Collflr,

where a* is the maximal operator : a*(f) = sup, |[ay| * f[. Then for ro satisfying

(2r))~1 = 271 —ryt|, and arbitrary functions {g,}, the following vector-valued
inequality holds :

(3 lag = g4) %], < Cosp lagl1 (3 l94%) %],
q

q
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Proof. Without loss of generality let sup, [|a,|| = 1. Tt suffices to consider the case
ro > 2, so that (rg/2)’ = r1. Then there exists h € L™ of unit norm such that

(S lag #) 211, = 15l 0l = [l » 0y
q q q
Setting ﬁ(x) = h(—=z), applying Holder’s inequality and using the hypothesis (2.34),
we obtain
1 fag = gaf®)? io<2/|aq|*|gq (@)h(z)da
q
<Z/ 94| (y |aq‘*h)( y)dy
Zlgq ||a (M),
< Gol[( Z|gq o

O

Proof of Proposition 2.10. We ask the reader to verify that (2.19) continues to
hold with p, 4 replaced by [, 4, with the same proof. The estimate (2.12) therefore
follows by combining (2.33) with (2.19), and (2.13) from (2.19) and the definition

of 1;. We also prove for r > 1 and F = PA* and Wy the following inequality which
is a stronger version of (2.14):

Z Hpvq[F]UQ‘f’ZHLT_)LT < Cra

a>p/vr

where C;. may depend on F' but is independent of p and £. For this, let ¥ be a
smooth function of compact support which is = 1 on the support of ¥, and for
which

CH <D " (0e(n,y) <O, (n,7) € RTTI\{0}.
4

Then the convolution operator Uy given by Uy f(-) = $(8,(-)) F(-) satisfies U, U, =

U,. Note also that the maximal operator sup,, , |Hy 4[F]| is bounded pointwise by

a multiple of M[F] defined as in (1.2), and hence is bounded on L™ for all r; > 1.

Therefore using standard facts from Littlewood-Paley theory and Lemma 2.13 with
= [ip,q We obtain for all ro > 1,

Z Hp,q[F]UquHm = || Z Uﬁme[F]UquHm

q>p/vr q>p/vr

< CH(Z|Hp,q[F]0q+@f|2)%||ro

< O[S 1Tasef )2, < Cllllno-
q
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In the remainder of this subsection, we prove Proposition 2.9. As in our ear-
lier arguments, we make a decomposition of Dy[Wy] — Dp[Wp] using anisotropic
Littlewood-Paley dilations that preserve the support of the kernel. Notice that
now there is no scaling in the direction of the variables £ and 7/, so the appropriate
dilations to use are

0 _ N 0 v
50mA") = @2 27N ") and  BY (n,4") = (n,27M Ey").

Choosing 9(?) € Cg° defined on an annulus in RE—4D+ with 3,40 (5,(-)) =
(away from the origin), we define w U@o) and V( ) as their analogues in (2.10
and (2.11) without the superscript (0). Then

DT [Wo} DT WO Z Z (‘:(O where

1
)

&0 =&, L) = v W] - V()[WO] with VO [F] = Y H, [FIUY),.

In order to prove Proposition 2.9, it therefore suffices to prove the following.

Proposition 2.14. There exists o > 0 such that for 5}0) as above the following
estimates hold :

(2.35) 1€ |22 < C2oH+D)
(2.36) NEN e <COO+ L), 1<r<2.

Proof of Proposition 2.14. The proof of (2.36) is similar to its analog for &(T, L),
so we concentrate only on (2.35). Let /L( ) denote the multiplier for the operator

Hp,q[WO] — H, ,[Wp]. By Corollary 2.6 and Lemma 2.7, we have the apriori esti-
mates

‘N(O) (&, 7)‘

2.37
0 27| 270 (U Jel2P o+ nf27 o+ | - 27V )]
but once again this by itself is not sufficient to guarantee that the sum in ¢ of
M,()()I is uniformly bounded by 2-7(¢+L) " Also, since the entries (Wg)k and (Wy)g,
1 < k < dy are independent of ¢, the argument leading to Corollary 2.12 does not
apply any longer. However, using certain cancellation conditions, one can obtain
a stronger estimate of ul(ﬂ)l that ensures summability. We now describe the new
estimate in greater detail.

Let us recall two important facts :

(i) Since ¢ is an odd function, and Ny = 0 if and only if 1 < k < dy, therefore
Mp q(f 0,7,0)=0.

(ii) The proof of Lemma 2.7 does not use the fact that ¢ is odd, therefore the
functions 2q8u /877 and 2PMk+aNe 8u(0)/87k, 1 < k < d (which are of the
same form as ,ug,,,)], except possibly for the oddness of the cutoff function)
continue to satisfy the estimate (2.19).
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Using (i), we compute ,ul(, as follows :

u0(&my) = (&, ) — 1) (€,0,9',0)

1
d
=/O - — O (&, un, ', uy")du

9 M(O) d u(o)
= / e Z 2| (&un, ' wy") du,
0

k=di+

therefore by (ii),

’M(O)‘ < O(2 g + 277 N ) x

—0

1 —
(2.38) / (14 Jel2? + unf20 + 2777 iy o))
0

< C@ |+ 27N ) (1 el 4 27 y))
Combining (2.37) and (2.38), we will show that
S 160 & m, )] < €27 UED for (5,4") € supp(e),)-

q>vr L

Without loss of generality let us assume that 2P —(a+ON \'y”| <27@0 || ~ 1.
If ¢ <0, then we obtain from (2.37) and (2.38) that

Svid —0
“M“”7W<Cmmk°ﬂv|2Mfzﬂm(vm2wM) ]

1
— . 1 —\ —0\ 2(c+1)
sc@"ﬂvwawﬁ“*“@qmv<(w-2mﬁ )

o2 1
< 27wl (27|

Summing over the range of g-s where 279|n| < 2¢, we obtain > |,u \ <279 Lot/2 —
2-"(IEI+L) If £ > 0, then we only use (2.37) to deduce

2
N\ %5 e N5\ T
<o (o) (o) (712 )
< C2” o+2 (*q|77|)72+”

Summing over g-s with 279|n| > 2¢, we again obtain PO |u | < 2= (lE+1), O

3. PROOF OF THEOREM 1.4 — NECESSITY

In this section we adapt the argument in [1] to prove that if P is not even in
GL(d), then H is not bounded on L?. Without loss of generality (by replacing P
by PA! if necessary), we may assume that there exists a corner point (m*,n*) of
ON(Py) such that m*n* is odd and @y~ (I, k) = 015 (the Kronecker delta). The
idea of the proof is as follows. The double Hilbert transform H[P] is a convolution
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operator with respect to a tempered distribution Z(P,¢), whose action on a test
function ¢ is given by

_ . dsdt
(EPe), ) = lim [ [ olst Pl t))——.
to—0 to<|t|<c

Using Z(P, ¢) and suitable scaling, we construct a family of distributions {E.(P,¢)}
satisfying two properties :
(i) The convolution operators H.[P] given by H[P]f = f * Z.(P,c) share the
same L? operator norm as H[P].
(ii) As e — 0, Ec(P, ¢) converges in distribution to E(P*, c0), where
(3.1) P*(s,t) = (s™ "0, ,0).

If we assume that H|[P] is bounded on L2, (i) and (ii) would imply that the operator
f f*ZE(P*, 00) is also bounded on L?, which is known to be false from [6].

3.1. Scalings of = and the main result. We now describe the dilations of Z(P, ¢)
in greater detail. Since (m*,n*) is a corner point of N (Py), there exist positive
numbers A and B such that
(3.2) Am* + Bn* < Am + Bn for every (m,n) € N(P1), (m,n)# (m*,n*).
Given 0 < € < 1, we define two dilation operators A, : R? — R? and O, : R? — R?
as follows :

A6(87 t) = (6_A87 E_Bt)7 @6(11,1, e 7ud) = (G_AWL*_Bn*uh Uy~ -+ ,Ud)-

This generates a one-parameter family of distributions Z¢ (P, ¢), and a corresponding
family of convolution operators H.[P] :

<Ee(Pa C),(p> = <E(Pa C)’(P6>> where gpe(s,t,u) = ‘p(AE(S7t)7@6(u))>
and H.[P]f = Epe * f. We leave to the reader to verify that ||H([P]||r2—r2 =

||H[P]||r2—r2. The main result of this section is therefore the following proposition,
which is proved in subsection 3.3 below.

Proposition 3.1. As e — 0, E(P,¢) — Z(P*,00) in the sense of distribution,
where P* is as in (3.1).

3.2. Some technical lemmas. The computation of Z.(P, c) — E(P*, c0) involves
some technical estimates that are contained in the two lemmas below. Given a
Schwartz function ¥ on R%*2 and a scalar-valued real-analytic function F(s,t) =
Y mn bm,ns™t" defined on D = {(s,1) : |s], [t| < c}, we consider an integral J.(F, 1))
that turns out to be a main ingredient in the proof of Proposition 3.1:

1 S
(3.3) T.(F, ) = / /D F(cts, Bt) (s, t,uls, 1) B0

where u = u(s,t,7) := (rO.PA-L + (1 — r)P*)(s,t), and D, = AZ1D = {(s,1) :
le4s|, |ePt| < c}. The main estimates for (3.3) are given in Lemma 3.3.

dr,

Lemma 3.2. Let A, B,m*,n* be as in (3.2). Then there exists a polynomial P,
(independent of €) such that for (s,t) € D,

RN) -
B Am”—Bn a—tl(eAs,eBt) < Py(|s], |t]).

Similar statements hold for Py /ds and 9> Py /(Ds0t).
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Proof. Let (po,qo) and (p1,¢1) be the corner points of the vertical and horizontal
segments in ON(P)) respectively. The number of non-negative integer points in
N (P1) not in UL_o{p > pi,q > ¢;} is at most finite. Let (p;,q;), 2 < j < T be the
elements of {(p,q) : ap4(I,1) # 03\ UL {p > pi,q¢ > ¢;}. Then Py can be written
as a finite sum of real-analytic functions, P = E?;O G, where

(3.4) Go(s,t) = ) amna(l,1)s™t",

m2>po
m>qo

(3.5) Gy(s,t) = E o (I, 1)8™E",
m2>pi
q1<n<qo

(3.6) Gj(5,t) = ap, q,(1,1)sP719, 2<j<T.
We observe that for 0 < j < Ty, G;(s,t)/(sP71%) is real-analytic on [—c,c]?, and
so is G; = s Pit~ 419G, /Ot . Therefore for (s,t) € D, we have

T
s | OP; e 0G,
€B€ Am*—Bn o (EAS,GBt) :GB Am™—Bn Z at] (GAS,EBt)
7=0
Ty N
< 6B—A'm —Bn Z (EAS)pj (EBt)qj_lGj( AS7EBt)

7=0
T

<O s,
7=0

where the last step follows from (3.2). O

Lemma 3.3. For J.(F,v) given by (3.3), the following conclusions hold.
(i) If F(0,0) =0, then J.(F,¢) — 0 as e — 0.
(i) If F(0,0) # 0, there exists a constant C > 0 (depending on F and ¢ but
independent of €) such that | J.(F,%)| < C(In(1/e€))?.

Proof. (i) We split the function F as F = Fy + F5 + F3, where
Fi(s,t) = Y buns™", Fa(s) =Y bmos™, Fi(t) =Y bont"
mn#0 m>1 n>1

Then Fy(s,t) = Fi(s,t)/(st), Fo(s) = Fa(s)/s and F3(t) = F3(t)/t are real-analytic
on D, and J.(F,¢) = 37_; J.(Fj, ). Now,

| (Fy, )| < eA+B /

D x[0,1
< Ce?™B S 0ase— 0.

‘ﬁl (e4s, eBt)’ U(s,t,u)dsdtdr
]

The integrals J.(F»,v) and J.(F3,1) are treated identically, and we work with
the former. Using the cancellation of the principal value integral, we have

je(F27w) = LFQ(GAS)w(Sat7U) det

dr
st

1
€’ lim /r:O /Dm{t|>to}[¢(8,t,u(s,t,r)) 1/)(5,07u(5,07r))]

to—0
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~ dt
X Fy(ets) - dsdr
1
~ d dt
— eA/ Fy(ets) [/ —— (s, 't u(s,'t,T)) dr'} —dsdr
D, x[0,1] o dr 3

I o ou
_ A AL [0V u / /
=¢ /D o Fy(e s){at (v) + Vb (v) 5 (s,rt,r)] ds dt dr dr
= Jl +J27
where

v=uv(s,t,r,r") = (s,r't,u(s,r't,r)),

Jl = EA/ ﬁ2(€AS)87w
D.x[0,1]2 ot

JzzeA/ Fy(e*s)V 0 (v) - (s r't,r)dsdtdrdr'.
D, x[0,1]2

(v)dsdtdrdr,

From the analyticity of F, on D and decay of v it follows that

B 1
1] SCeA/ / +/ 99 () ar' ds dt dr
Dex[0,1] | Jr'=0 r'=eB ot
dsdt dsdt dr’
< OA B/ / / ]
= |:€ D, 1+| | B -‘,—‘ ‘ +‘T/t‘)2

< Ce(1+1n(1/€)) — 0 as € — 0.

We now concentrate on Jo, which upon simplification yields

‘J2| é CGA/
D, x[0,1]2

< C(J21 + J22) where

*

VUw('U) |:6 r0Q, aﬁA +(1— )8P

! !/
T T } (s,rt)‘ ds dt drdr

d 81/)
J21 = / B (eAs,eBr't)‘ dsdtdrdr’, and
0 1]2 — 5u1
Joo = eA/ i v)‘
D.x[0,1]2 | OU1

* * ap * *
X (eBAm R S s, €8r't) + (1 —r)n™s™ (r't)" 1)‘ ds dt dr dr’.

ot (

Each summand in Jg; is estimated exactly as in Jq, using the boundedness of
OP;/0t on D and the fast decay of 0¢/0u; in s and ¢. This gives the bound
Jo1 < Ce*tBIn(1/e), which — 0 as € — 0. For Ja5 we make use of Lemma 3.2,
by which the integrand can be bounded above by another Schwartz function in v
(independent of €) and the integral is then estimated in the same way as J;. Thus
Jaz < etln(1/e) — 0.

(ii) For the second part of the lemma, we apply the result of (i) to F'(s,¢)—F (0, 0).
It therefore suffices to estimate

/ 0, tuls, £, ) 2 g = / (s, £, ) — (s, 0, u(s, 0,7))]
D x[0,1] D x[0,1]

dsdt
st

dr
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= A ou ,
_/DXM - [&()wuw() O t,r)

d
:J3+ZJ3+i, where

i=1
J3:/ % % drarar,
D

- x[0,1]2 ot S

1O A 8 ol - “_
J :/ s =" (v [eBe Am”—Bn” s, Br't) + (1 — r)n*s™ (r't)" 1},
¢ PP ) 4 (1= s (1)

J2
Js34i Z/ €B7‘1/Jui(v)8 L (s, ePr ')d dtdrdr’, i>2.
D, x[0,1]2 ot

All the integrals above are estimated the same way, using the cancellation of the
principal value integral. For example,

[Js| <

/ [Ve(s, 7't uls, 7't, 1)) — e (0,7't,u(0,7't, 7)) ds dt dr dr’
D x[0,1]2 s

<

/ [Vst (W) + Yue(w) - us(r”s, r't,r)] dsdtdrdr’ dr'|,
D.x[0,1]3

where w = (s, 7't,u(r"s,r't,r)). We now follow the same line of proof needed
for estimating J;1 and J3 to conclude that |J3| < C(In(1/€))?. The details are left
to the interested reader. d

3.3. Proof of Proposition 3.1.

Proof. Let us fix a test function ¢. For € sufficiently small, we compute
- = N dsdt
EdPp) - EP o)+ [[ | elst P (st)

R2\D
= // [o(s,t,0.PAT (s,t)) — (s, t, P*(s,1))]
-/ B[ oot 00PAT + (1 =P )] dr
r
:// det/ Vup(s,t,u) - (0.PATY — P*) (s,t) dr
De
=7+ Z Je (Pi 6—@) where
i=2 " Ou/

. dsdt
7= // —AMT =BT p (¢As Bty — g™ ) a—@(s,t,u) S .
D, ouq st

dsdt

It is easy to check (using the fast decay of ¢ and the cancellation property of the
principal value integral) that

lim// o(s,t, P*(s,t ))det 0.
=0/ Jr2\p,
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By part (i) of Lemma 3.3, we have J.(P;,d¢/0u;) — 0 as ¢ — 0 for i > 2. The
only term in (E.(P,¢),¢) — (E(P*, 00),¢) that remains to be estimated is Z. For
this, we write

efAm"an*P1 (GAS, EBt) - sm* tn* _ efAm*an* Z am,n(I; 1)(€A5)m(eBt)n
(m,n)#(m*,n*)

T
= Am B Z Qﬁj(eAs, eBt)
3=0
T
_ E—Am*_Bn* Z EApj-f-quspjtqj@j( AS7 6Bt)7

=0

where @j = 5 Pit7%&;, and the &;-s are defined in the same way as the Gj-s
using (3.4), (3.5) and (3.6), but with the extra condition that the sums in (m,n)

exclude the point (m*,n*). Then, &; is real-analytic, &,(0,0) # 0, and
T — Z €AP1+Bq1—Am*—Bn* je(gj; wj))

0<5<Ty
(ps,q5)#(m",n")
with 1;(s,t) = sPit% dp/0uq (s, t,u). It follows from (3.2) and part (ii) of Lemma
3.3 that there exists co > 0 such that |Z]| < e (In(1/€))? — 0. This completes the
proof. O
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