CORRELATIONS OF THE VON MANGOLDT AND HIGHER
DIVISOR FUNCTIONS I. LONG SHIFT RANGES
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ABSTRACT. We study asymptotics for the sums >y, o A(n)A(n+h), >, cox de(n)di(n+
h), > xen<ax AMn)dp(n+h), and > A(n)A(N —n), where A is the von Man-
goldt function, dj is the k*" divisor function, and N, X are large. Our main
result is that the expected asymptotic for the first three sums holds for al-
most all h € [—H, H|, provided that X°*¢ < H < X'=¢ for some ¢ > 0,
where o = % = 0.2424 .... This improves upon results of Mikawa and Baier-
Browning-Marasingha-Zhao, who obtained analogous results with ¢ replaced by
%. We obtain an analogous result for the fourth sum for most NV in an interval of
the form [X, X + H] with X°*¢ < H < X'~¢. Our method is based on an argu-
ment of Zhan, using the circle method and some oscillatory integral estimates to
reduce matters to establishing some mean-value estimates for certain Dirichlet
polynomials associated to “Type d3” and “Type d4” sums (as well as some other
sums that are easier to treat). After applying Holder’s inequality to the Type
ds sum, one is left with two expressions, one of which we can control using a
short interval mean value theorem of Jutila, and the other we can control using
exponential sum estimates of Robert and Sargos. The Type d4 sum is treated
similarly using the classical L? mean value theorem and the classical van der
Corput exponential sum estimates.

In a sequel to this paper we will obtain some weaker results of this nature for
smaller values of H.

1. INTRODUCTION

This paper (as well as the sequel [55]) will be concerned with the asymptotic
estimation of correlations of the form

> fm)g(n+h) (1)

X<n<2X

for various functions f,¢g: Z — C and large X, and for “most” integers h in the
range |h| < H for some H = H(X) growing in X at a moderate rate (in this

paper we will mostly be concerned with the regime where H = X? for some fixed
1
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0 < 6 < 1). We will focus our attention on the particularly well studied correlations

Y AmAn+h) 2)

> di(n)dy(n+ h) (3)
> An)di(n+h) (4)

> A)AX —n) (5)

for fixed k,l > 2, where A is the von Mangoldt function and

dp(n) = Z 1

ni..ng=n

is the k'™ divisor function, adopting the convention that A(n) = di(n) = 0 for
n < 0. Of course, to interpret (5) properly one needs to take X to be an integer,
and then one can split this expression by symmetry into what is essentially twice
a sum of the form (1) with X replaced by X/2, f(n) = A(n), g(n) = A(—n), and
h = —X. One can also work with the range 1 < n < X rather than X <n <2X
for (2), (3), (4) with only minor changes to the arguments below. As is well
known, the von Mangoldt function A behaves similarly in many ways to the divisor
functions dj, for k moderately large, with identities such as the Linnik identity [48]
and the Heath-Brown identity [31] providing an explicit connection between the
two functions. Because of this, we will be able to treat both A and dj in a largely
unified fashion.

In the regime when h is fixed and non-zero, and X goes to infinity, we have well
established conjectures for the asymptotic values of each of the above expressions:

Conjecture 1.1. Let h be a fized non-zero integer, and let k,1 > 2 be fixed natural
numbers.

(i) (Hardy-Littlewood prime tuples conjecture [28]) We have*
> Am)A(n+h) = S(h)X + O(X />0y (6)

X<n<2X

as X — oo, where the singular series &(h) vanishes if h is odd, and is
equal to

-1
S(h) = 211, H b—- (7)
when h is even, where Il == [ _,(1 — ﬁ) is the twin prime constant.

ISee Section 2 for the asymptotic notation used in this paper.
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(ii) (Divisor correlation conjecture [78], [37], [10, Conjecture 3]) We have?

> di(n)dy(n+ h) = Pyyp(log X)X + O(X/2+e0)) (8)

X<n<2X

as X — 00, for some polynomial Py, of degree k + 1 — 2.
(iii) (Higher order Titchmarsh divisor problem) We have

> Am)di(n+ h) = Qrallog X)X + O(X'/>+W) (9)

X<n<2X

as X — oo, for some polynomial Q. of degree k — 1.
(iv) (Quantitative Goldbach conjecture, see e.g. [41, Ch. 19]) We have

D> AMAX —n) = S(X)X + O(X /o) (10)

as X — oo, where &(X) was defined in (7) and X is restricted to be
nteger.

Remark 1.2. The polynomials Py, are in principle computable (see [10] for an
explicit formula), but they become quite messy in their lower order terms. For in-
stance, a classical result of Ingham [36] shows that the leading term in the quadratic
polynomial Py p(t) is (7% de é)tQ, but the lower order terms of this polynomial,
computed in [17] (with the sum Y _, .oy Teplaced with the closely related sum
Y onex), are significantly more complicated. A similar situation occurs for Qrh;
see for instance [19] for an explicit formula for Q2. The top degree terms of
Py n, Qrn are however easy to predict from standard probablistic heuristics: one

should have

tk*l

Pein(t) = = l — ) (H Srip(h ) + Opp (FT73) (11)

and

Qrn(t) = h (H Gk,p(h)> + Opp(t*2)

2In [78] it is conjectured (in the k& = [ case) that the error term is only bounded by
O(x'~1/F+e() "and in [37] it is in fact conjectured that the error term is not better than this;
see also [39] for further discussion. Interestingly, in the function field case (replacing Z by Fy[t])
the error term was bounded by O(g~'/?) times the main term in the large ¢ limit in [1], but
this only gives square root cancellation in the degree 1 case n = 1 and so does not seem to give
strong guidance as to the size of the error term in the large n limit.
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where the local factors Sy ,(h), Sy p(h) are defined by the formulae®
. Edkm(n)dl,p(n + h)

6k,l,p(h) = Edk,p(n)Ele’(n)
and
Spp(h) = Edyp(n)Ap(n + h)
k,p T Edk’p(n>EAp(n>

where n is a random variable drawn from the profinite integers 7. with uniform
Haar probability measure, dy,(n) = (”P(r;)jlkfl) 1s the local component of dy at p
(with the p-valuation v,(n) being the supremum of all j such that p’ divides n),
and A,(n) = ﬁlpfn is the local component of A. See for instance [69, §4] for an
explanation of these heuristics and a verification of the asymptotic (11) in the case
k=1, as well as an explicit formula for the local factor Sy ,(h). For comparison,
it 1s easy to see that
&(h) = EA,(n)A,(n+ h)
EAp(n)EA,(n)

for all non-zero integers h, and similarly

EA,(n)EA,(n)

for all non-zero integers X.

Conjecture 1.1 is considered to be quite difficult, particularly when &k and [ are
large, even if one allows the error term to be larger than X /2+°() (but still smaller
than the main term). The objective of this paper is to obtain a weaker version
of this conjecture in which the error terms are weaker, and one is content with
obtaining the asymptotics for most h in a given range [hg — H, hy + H|, rather
than for all h. This is in analogy with our recent work on Chowla and Elliott type
conjectures for bounded multiplicative functions [54], although our methods here
are somewhat different?. Our ranges of h will be shorter than those in previous
literature on Conjecture 1.1, although they cannot be made arbitrarily slowly
growing with X as was the case for bounded multiplicative functions in [54]. In
particular, our methods will certainly be unable to unconditionally handle intervals
of length X'/6=¢ or shorter for any ¢ > 0, since it is not even known® currently if the

30me can simplify these formulae slightly by observing that Ed; p(n) = (1 — %)I*k and
EA,(n) =1.

4n particular, the arguments in [54] rely heavily on multiplicativity in small primes, which
is absent in the case of the von Mangoldt function, and in the case of the divisor functions dy
would not be strong enough to give error terms of size O A(log_A x) times the main term. In any
event, the arguments in this paper certainly cannot work for H slower than log X even if one
assumes conjectures such as GLH, GRH, or EH, as the A = 0 term would dominate all of the
averages considered here.

5See [82] for the best known result in this direction.
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prime number theorem is valid in most intervals of the form [X, X + X'/67¢] and
such a result would easily follow from an averaging argument (using a well-known
calculation of Gallagher [25]) if we knew the prime tuples conjecture (6) for most
h = O(X'/5=¢). However, one can do much better than this if one assumes powerful
conjectures such as the Generalized Lindelof Hypothesis (GLH), the Generalized
Riemann Hypothesis (GRH), or the Elliott-Halberstam conjecture (EH); also, in
the case of the divisor correlation conjecture (8), one can obtain much shorter
values of H (but with a much weaker error term) by modifying the methods in
[52], [54]. We will address these issues in a sequel [55] to this paper.

1.1. Prior results. We now discuss some partial progress on each of the four parts
to Conjecture 1.1, starting with the prime tuples conjecture (6). The conjecture
(6) is trivial for odd h, so we now restrict attention to even h. In this case, even
the weaker estimate

> A(m)A(n+h) =&)X + o(X) (12)

X<n<2X

is not known to hold for any single choice of h; for instance, the case h = 2 would
imply the twin prime conjecture, which remains open. One can of course use sieve
theoretic methods (see e.g. [62, Corollary 3.14]) to obtain the upper bound

> Am)A(n+h) < &)X (13)

X<n<2X

uniformly for |h| < X (say).

There are a number of results [4], [80], [59], [44] that show that (6) holds for
“most” h with |h| < H, as long as H grows moderately quickly with X. The best
known result in the literature (with respect to the range of H) is by Mikawa [59],
who showed (in our notation) that if X/3+¢ < H < X'=¢ for some® fixed £ > 0,
then the estimate (12) holds for all but O .(H log™ X)) values of h with |h| < H,
for any fixed A; in fact the o(X) error term in (12) can also be taken to be of the
form O, (X log™* X).

Now we turn to the divisor correlation conjecture (8). These correlations have
been studied by many authors [35], [36], [17], [48], [30], [64], [65], [66], [67], [45],
(13), [14], [77], [23], [37], [38], [10], [39], (58], [7], [15, [69]. When k = 2, the

conjecture is known to be true with a somewhat worse error term; the current

60ne can also handle the range X'!7¢ < H < X by the same methods; see [59]. However,
we restrict H to be slightly smaller than X here in order to avoid some minor technicalities
arising from the fact that n 4+ h might have a slightly different magnitude than n, which becomes
relevant when dealing with the d; functions, whose average value depends on the magnitude on
the argument.
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records are

> da(n)da(n+ h) = Prap(log X)X + O(X?/3W)

X<n<2X

Z dg d3 7’L + h) P2737h(10g X)X + O(X1_6+0(1))
X<n<2X

> day(n)di(n+ h) = Payy(log X)X + Oy X exp(—ciy/log X))
X<n<2X

as X — oo and [ > 3, for some 0 > 0 and ¢ > 0; these results are due to
Deshouillers and Iwaniec [14], Deshouillers [13] and Topacogullari [77], and Fouvry
and Tenenbaum [23] respectively, with such tools used as the Linnik dispersion
method and estimates on Kloosterman sums. In the final case [ > 3, a power
savings
3" do(n)di(n + h) = Pogp(log X)X + O(X! 0t
X<n<2X

is known assuming GRH or GLH [7], [15]. See [15], [69] for further references and
surveys of the problem. Finally, we remark that a function field analogue of (8) has
been established in [1], but with an error term that is only bounded by Oy, (g~'/?)
times the main term (so the result pertains to the “large ¢ limit” rather than the
“large n limit”).

Of course, one has similar results when one has [ = 2 instead of £ = 2. When
k,l > 3, no unconditional proof of even the weaker asymptotic

Z dk dl n + h) Pk’hh(log X)X + O(X 1ng+l_2 X)

X<n<2X

is known. However, upper and lower bounds of the correct order of magnitude
are known [69] (one can also use the pseudorandom majorants constructed by
Matthiesen [56, 57] or the estimates of Henriot [33], [34] for upper bounds).

In the case k = | = 3, the analogue of Mikawa’s results (now with a power
savings in error terms) were recently established by Baier, Browning, Marasingha,
and Zhao [3], who were able to obtain the asymptotic

Y ds(n)ds(n+ h) = Ps5,(log X)X + O(X' ™)

X<n<2X

for all but O.(H X %) choices of h with |h| < H, provided that X1/3+¢ < H < X1-¢
for some fixed £ > 0, and § > 0 is a small exponent depending only on .

Next, we turn to the (higher order) Titchmarsh divisor problem (9). This prob-
lem is often expressed in terms of computing an asymptotic for Zp< v di(p+h)
rather than Y y_ o A(n)di(n + h), but the two sums can be related to each
other via summation by parts up to negligible error terms, so it is fairly easy to
translate results about one sum to the other. The k = 2 case with qualitative error



CORRELATIONS OF VON MANGOLDT AND DIVISOR FUNCTIONS 7

term was established by Linnik [48]. This result was improved by Fouvry [21] and
Bombieri-Friedlander-Iwaniec [5], who in our notation showed that

Z A(n)da(n + h) = Qan(log X)X + Oa(X log™ X)

X<n<2X

for any A > 0. Recently, Drappeau [15] showed that the error term could be
improved to O(X exp(—cy/log X)) for some ¢ > 0 provided that one added a
correction term in the case of a Siegel zero; under the assumption of GRH, the
error term could be improved further to O(X'~?) for some absolute constant ¢ > 0.
Fiorilli [19] also established some uniformity of the error term in the parameter h.
A function field analog of (9) was proven (for arbitrary k) in [1], but with an error
term that is Oy (¢~'/?) times the main term.
When k > 3 even the weaker estimate

S A(m)di(n+ h) = Quallog X)X + o(X log** X)

X<n<2X

remains open; sieve theoretic methods would only give this asymptotic assuming a
level of distribution of A that is greater than 1 —1/k, which would follow from EH
but is not known unconditionally for any k£ > 3, even after the recent breakthrough
of Zhang [84] (see also [8]).

In analogy with the results of Baier, Browning, Marasingha, and Zhao [3], it is
likely that the method of Mikawa [59] can be extended to give an asymptotic of
the form

> Am)ds(n+h) = Qsn(log X)X + Oac(Xlog™* X)

X<n<2X

for all but O 4 .(H log™ X) values of h with |h| < H, for any fixed A, if X/3+¢ <
H < X'7¢ for some fixed € > 0, however to our knowledge this result has not been
explicitly proven in the literature.

Finally, we discuss some known results on the Goldbach conjecture (10). As with
the prime tuples conjecture, standard sieve methods (e.g. [62, Theorem 3.13]) will
give the upper bound

> AMAX —n) < S(X)X

uniformly in X. There are a number of results [76], [11], [18], [63], [9], [47], [49]
establishing that the left-hand side of (10) is positive for “most” large even integers
X; for instance, in [49] it was shown that this was the case for all but O(X57)
of even integers X < Xy, for any large X. There are analogous results in shorter
intervals [70], [50], [81], [42], [29], [51], for instance in [51] it was shown that for
any 1/5 < 6 < 1 the left-hand side of (10) is positive for all but O(X§~?) even
integers X € [Xo, Xo + X{], for some § > 0 depending on 6, while in [29, Chapter

10] it is shown that for & < 6 < 1 and A > 0, the left-hand side of (10) is
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positive for all but O4(Xolog ™ X;) even integers X € [Xo, Xo + XJ]. On the
other hand, if one wants the left-hand side of (10) to not just be positive, but
be close to the main term &(X)X on the right-hand side, the state of the art
requires larger intervals. For instance, in [41, Proposition 19.5] it is shown that
(10) holds (with O(X, log™* Xp) error term) for all but O4(Xy log™* Xp) even
integers X in [1, Xo]. Using the methods of Mikawa [59] it is likely that one can

1
achieve analogous results for shorter intervals such as [Xo, Xo + X03+E] for any
e > 0, though to our knowledge this does not appear explicitly in the literature.

1.2. New results. Our main result is as follows: for all four correlations (i)-(iv) in
Conjecture 1.1, we can improve upon the results of Mikawa and Baier, Browning,
Marasingha, and Zhao by improving the exponent % to the quantity

8
= —=0.2424.. 14
o= , (14
for future reference we observe that o lies in the range
1 11 25 7 1
=< — < — - 1
5548108 30 7 1 (15)

More precisely, we have

Theorem 1.3 (Averaged correlations). Let A >0, 0 < e < 1/2 and k,l > 2 be
fized, and suppose that X°+t¢ < H < X'~¢ for some X > 2, where o is defined by
(14). Let 0 < hy < X7,

(i) (Averaged Hardy-Littlewood conjecture) One has
> AMAn+h) =&)X + 0a(Xlog " X)

X<n<2X

for all but OA@(Hlog*A X) values of h with |h — ho| < H.
(ii) (Averaged divisor correlation conjecture) One has

Z dy, (n)dl(n + h) = Pk,l,h(log X)X + OA,s,k,l<X log*A X)
X<n<2X
for all but O .y (Hlog™ X) walues of h with |h — he| < H.
(i) (Averaged higher order Titchmarsh divisor problem) One has
Z A(n)di(n + h) = Qn(log X)X + Oacp(X log™ X)
X<n<2X
for all but O, x(Hlog™* X) values of h with |h — ho| < H.
(iv) (Averaged Goldbach conjecture) One has

D AM)A(N = n) = S(N)N + Oa(X log " X)

for all but O .(Hlog™* X) integers N in the interval [X, X + H].
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As mentioned previously, the cases H > X 3¢ of the above theorem are essen-
tially in the literature, either being contained in the papers of Mikawa [59] and
Baier et al. [3], or following from a modification of their methods. We give a
slightly different proof of these cases in this paper, in which direct reliance on
Kloosterman sum estimates are replaced by fourth moment estimates for the zeta
function and Dirichlet L-functions (but note that these estimates are proven in
turn using Kloosterman sum estimates, so ultimately the same inputs are being
used in both proofs). For part (iii) of this theorem it is likely that one can in fact
obtain power savings in the error terms (as in [3]); see Remark 1.4.

We now briefly summarize the arguments used to prove Theorem 1.3. To follow
the many changes of variable of summation (or integration) in the argument, it is
convenient to refer to the following diagram:

Additive frequency « Multiplicative frequency t
) i
Position n < Logarithmic position u

Initially, the correlations studied in Theorem 1.3 are expressed in terms of the
position variable n (an integer comparable to X), which we have placed in the
bottom left of the above diagram. The first step in analyzing these correlations,
which is standard, is to apply the Hardy-Littlewood circle method (i.e., the Fourier
transform), which expresses correlations such as (1) as an integral

/Sf(a)Sg(a)e(ah) dov
T
over the unit circle T := R/Z, where Sy, S, are the exponential sums

Sia)= 3 f(n)e(na)

X<n<2X

Sy(a) = Z g(n)e(na).

X<n<2X

The additive frequency «, which is the Fourier-analytic dual to the position vari-
able n, is depicted on the top left of the above diagram. In our applications, f will
be of the form Al(x2x] or dil(x2x), and similarly for g. We then divide T into

the major arcs, in which |a — %| < % for some ¢ < log? X, and the minor
arcs, which consist of all other «. Here B’ > B > 0 are suitable large constants
(depending on the parameters A, k,1).

The major arcs contribute the main terms &(h)X, Py 5(log X)X, Q. n(log X)X,
S(N)N to Theorem 1.3, and the estimation of their contribution is standard; we
do this in Section 4. The main novelty in our arguments lies in the treatment of the
minor arc contribution, which we wish to show is negligible on the average. After
an application of the Cauchy-Schwarz inequality, the main task becomes that of
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B+1/H
| Issa)l da (16

B-1/H

estimating the integral

for various “minor arc” 5. To do this, we follow a strategy of Zhan [83] and
estimate this type of integral in terms of the Dirichlet series

D[ Zn2+zt

for various “multiplicative frequencies” ¢t. Actually for technical reasons we will
have to twist these Dirichlet series by a Dirichlet character x, but we ignore this
complication for this informal discussion. The variable ¢ is depicted on the top
right of the above diagram, and so we will have to return to the position variable n
and then go through the logarithmic position variable u, which we will introduce
shortly.

Applying the Fourier transform (as was done in Gallagher [24]), we can control
the expression (16) in terms of an expression of the form

[ X sweon)r an

z<n<z+H

Actually, it is convenient to smooth the summation appearing here, but we ignore
this technicality for this informal discussion. This returns one to the bottom
left of the above diagram. Next, one makes the logarithmic change of variables
u = logn — log X, or equivalently n = Xe". This transforms the main variable of
interest to a bounded real number u = O(1), and the phase e(fn) that appears in
the above expression now takes the form e(fXe").

Finally, one takes the Fourier transform to convert the expression involving u to
an expression involving ¢, which (up to a harmless factor of 27, as well as a phase
modulation) is the Fourier dual of u. Because the u derivative of the phase S Xe" is
comparable in magnitude to | 5| X, one would expect the main contributions in the
integration over ¢ to come from the region where ¢ is comparable to |3|X. This
intuition can be made rigorous using Fourier-analytic tools such as Littlewood-
Paley projections and the method of stationary phase. By doing so, our task
essentially reduces to that of obtaining a certain mean value theorem on Dirichlet
series. A precise statement of the estimates needed can be found in Proposition
5.4; a model problem would be to obtain an upper bound on the quantity

t+A\H 2
[0 o
[t=AX \Jt—2H

for % < XA < log™? X that improves (by a large power of log X) upon the trivial
bound of OR(A2H2X log®™M) X) that one can obtain from the Cauchy-Schwarz

i)t

.t/
2—|—z )
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inequality

([, g i)

Fubini’s theorem, and the standard L? mean value theorem for Dirichlet poly-
nomials. The most difficult case occurs when X is large (e.g. A = log™ % X);

2

t+\H 1
< /\H/ ID[f](5 +it')|* dt,
t—A\H 2

in particular, the case A < X ~57¢ of small \ is analogous to the prime number

theorem in most short intervals of the form [X, X + X5%], and (following [29])
can be treated by such methods as the Huxley large values estimate and mean
value theorems for Dirichlet polynomials. This is done in Appendix A. (In the
case f = d3l(x,2x], these bounds are essentially contained (in somewhat disguised
form) in [3, Theorem 1.1].)

For sake of argument let us focus now on the case f = Al(x2x). We proceed
via the usual technique of decomposing A using the Heath-Brown identity [31] and
further dyadic decompositions. Because o lies in the range (15), this leaves us
with “Type II” sums where f is replaced by a Dirichlet convolution « * § with
a supported on [Xag, X‘EZH], as well as “Type d,”, “Type dy”, “Type d3”, and
“Type d4” sums where (roughly speaking) f is replaced by a Dirichlet convolution
that resembles one of the first four divisor functions d;, ds, d3, dy respectively. (See
Proposition 6.1 for a precise statement of the estimates needed.)

The contribution of the Type II sums can be easily handled by an application
of the Cauchy-Schwarz inequality and L? mean value theorems for Dirichlet poly-
nomials. The Type d; and Type d, sums can be treated by L* moment theorems
[71], [2] for the Riemann zeta function and Dirichlet L-functions, which are ulti-
mately proven via estimates on Kloosterman sums. These arguments are already
enough to recover the results in [59], [3], which treated the case H > X'/3*¢; our
methods are slightly different from those in [59], [3] due to our heavier reliance on
Dirichlet polynomials, but the key nontrivial input, namely Kloosterman sum esti-
mates, is ultimately the same. To break the X/? barrier we need to control Type
ds sums, and to go below X/* one must also consider Type ds sums. The stan-
dard unconditional moment estimates on the Riemann zeta function and Dirichlet
L-functions are inadequate for treating the d3 sums. Instead, after applying the
Cauchy-Schwarz inequality and subdividing the range {t : t < AX} into intervals
of length v/ AX, the problem reduces to obtaining two bounds on Dirichlet polyno-
mials in “typical” short or medium intervals. A model for these problems would
be to establish the bounds

tj-‘r\/ﬁ 1 4 )
/ D[l(X1/3,2X1/3]] (— + Zf) dt <. X*vVAX (17)
tj—\/)\iX 2
and
tj+H 1 2 )
/ D[l(X1/3,2X1/3]] (5 + it) dt <. X* H (18)
tj—H
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for “typical” j = 1,...,r, where t;,...,t, is a maximal VA X-separated subset of
[AX,2AX]. (These are oversimplifications; see Proposition 6.5 and Proposition 6.6
for more precise statements of the bounds needed.)

The first estimate (17) turns out to follow readily from a fourth moment estimate
of Jutila [43] for Dirichlet L-functions in medium-sized intervals on average. As for
(18), one can use the Fourier transform to bound the left-hand side by something
that is roughly of the form

H
<A 2

(=0(X1/3/H)

3 (2; lothi) . (19)

mx=X1/3

The diagonal term ¢ = 0 is easy to treat, so we focus on the non-zero values of /.

By Taylor expansion, the phase ~log 5 m“ is approximately equal to the monomial

ir £ If one were to actually replace e( =L log ) by e(t L), then it turns out that

one can obtain a very favorable estlmate by using the fourth moment bounds of
Robert and Sargos [73] for exponential sums with monomial phases. Unfortunately,
the Taylor expansion does contain an additional lower order term of ?f_jw% which
complicates the analysis, but it turns out that (at the cost of some inefficiency) one
can still apply the bounds of Robert and Sargos to obtain a satisfactory estimate
for the indicated value (14) of o.

In the range (15) one must also treat the Type dy sums. Here we use a cruder
version of the Type d3 analysis. The analogue of Jutila’s estimate (which would
now require control of sixth moments) is not known unconditionally, so we use
the classical L? mean value theorem in its place. The estimates of Robert and
Sargos are now unfavorable, so we instead estimate the analogue of (19) using the
classical van der Corput exponent pair (1/14,2/7), which turns out to work for o
as small as 7/30 (see (15)). Hence dy sums turn out to be easier than ds in our
range of H.

Remark 1.4. As usual, the results involving A will have the implied constant
depend in an ineffective fashion on the parameter A, due to our reliance on Siegel’s
theorem. It may be possible to eliminate this ineffectivity (possibly after excluding
some “bad” scales X =< Xo) by introducing a separate argument (in the spirit of
[32]) to handle the case of a Siegel zero, but we do not pursue this matter here. In
the proof of Theorem 1.3(ii), we do not need to invoke Siegel’s theorem, and it is
likely that ( as in [3]) we can improve the logarithmic savings log™* X to a power
savings X~ =2 for some absolute constant ¢ > 0 (and with effective constants) by
a refinement of the argument. However, we do not do this here in order to be able
to treat all four estimates in a unified fashion.
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2. NOTATION AND PRELIMINARIES

All sums and products will be over integers unless otherwise specified, with the
exception of sums and products over the variable p (or py, po, p/, etc.) which will
be over primes. To accommodate this convention, we adopt the further convention
that all functions on the natural numbers are automatically extended by zero to
the rest of the integers, e.g. A(n) =0 for n < 0.

We use A = O(B), A < B, or B > A to denote the bound |A] < CB for
some constant C'. If we permit C' to depend on additional parameters then we will
indicate this by subscripts, thus for instance A = Oy .(B) or A <, . B denotes the
bound |A| < Cy B for some Cj . depending on k,e. If A, B both depend on some
large parameter X, we say that A = o(B) as X — oo if one has |A| < ¢(X)B
for some function ¢(X) of X (as well as further “fixed” parameters not depending
on X), which goes to zero as X — oo (holding all “fixed” parameters constant).
We also write A < B for A < B < A, with the same subscripting conventions as
before.

We use T := R/Z to denote the unit circle, and e : T — C to denote the
fundamental character

e(z) = e*™*.

We use 1z to denote the indicator of a set E, thus 1g(n) = 1 when n € E and
1g(n) = 0 otherwise. Similarly, if S is a statement, we let 1g denote the number
1 when S is true and 0 when S is false, thus for instance 1g(n) = l,cp. If Fis a
finite set, we use #F to denote its cardinality.

We use (a,b) and |[a, b] for the greatest common divisor and least common mul-
tiple of natural numbers a, b respectively, and write alb if a divides b. We also
write a = b (q) if a and b have the same residue modulo q.

Given a sequence f : X — C on a set X, we define the ¢¥ norm ||f|| of f for
any 1 <p < oo as

1/p
[fller = (Z |f(n)|”)

neX

and similarly define the £*° norm

[[f[le := sup | f(n)].
neXx
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Given two arithmetic functions f,g : N — C, the Dirichlet convolution f x g is

defined by
frgn) =" fldyg (%)

dln

2.1. Summation by parts and exponential sums. If one has an asymp-

totic of the form )y ., .vng(n) = f;(” h(z) dz for all X < X" < X', then
one can use summation by parts to then obtain approximations of the form
Y x<nex f(n)g(n) = [ ))(( f(x)h(zx) dx for sufficiently “slowly varying” amplitude
functions f : [X, X’] — C. The following lemma formalizes this intuition:

Lemma 2.1 (Summation by parts). Let X < X', and let f : [X,X'] — C be

a smooth function. Then for any function g : N — C and absolutely integrable
h:[X,X'] — C, we have

Y. fmgln) = [ f@)h(x) de < |F(X)|E(X) +/ [F(XT)EXT") dX”

X<n<X' X X
where f' is the derivative of f and E(X") is the quantity

Xl/

Z g(n) —/ h(z) dx|.

X<n<X" X

E(X") =

Proof. From the fundamental theorem of calculus we have

Y. Sy =f(X) Y g(n)—/ ( > g(n)) F1XT) dX™(20)

X<n<X' X<n<X! X \x<n<x”

and similarly

" F@he) de = F(x) / " h) de - / i (

X X X

/XH h(x) da:) (X" dX".

X

Subtracting the two identities and applying the triangle inequality and Minkowski’s
integral inequality, we obtain the claim. (I

The following variant of Lemma 2.1 will also be useful. Following Robert and
Sargos [73], define the maximal sum |}y, _x, g(n)[* to be the expression

> 9 S g

X<n<X' X1<n<Xs

Lemma 2.2 (Summation by parts, II). Let X < X', let f : [X,X'] — C be
smooth, and let g : N — C be a sequence. Then

Y. fmg(n) > 9

X<n<X/! X<n<X’

*

= sup
X<X1 <X <X/

(21)

*

<

(5w @+ (X X) swp [£)]).

X<z<X’ X<z<X'’
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Proof. Our task is to show that

> gln)

X<n<X'

*

<

(5w 1@+ (=20 s |0)]).

X<z<X' X<z<X'

Y. )

X1<n<X>s

for all X < X; < X3 < X', The claim then follows from (20) (replacing X, X’ by
X1, X3) and the triangle inequality and Minkowski’s integral inequality. ([l

To estimate maximal exponential sums, we will use the following estimates,
contained in the work of Robert and Sargos [73]:
Lemma 2.3. Let M > 2 be a natural number, and let X > 2 be a real number.

(1) Let o(1),...,0(M) be real numbers, let ay,...,apn be complex numbers of
modulus at most one, and let 2 <Y < X. Then

/0 (Zame(tgp(m))) dt<<$/o (Ze(tgp(m))‘) dt.

(ii) Let 6 # 0,1 be a real number, let € > 0, and let ayy, . .., asn be complex
numbers of modulus at most one. Then

X
J
(iii) Suppose that M < X < M?. Let ¢ : R — R be a smooth function obeying

the derivative estimates oY) (x)| < X/M? for j = 1,2,3,4 and x < M.

2M

> e (t (%)9)

m=

s\ 4
) dt <po (X + M)F(M* + M*X).

Then
2M * *
ge(w(m)) <52 ;6(90*(5)) + M2

for some L < 2% where ¢*(t) == p(u(t)) — tu(t) is the (negative) Legendre
transform of @, u is the inverse of the function ¢, and e = £1 denotes the

sign of ¢'(x) in the range x < M.

Proof. Part (i) follows from the p = 2 case of [73, Lemma 3]. Part (ii) follows from
[73, Lemma 7] when X < M? and the remaining case X > M? then follows from
part (i). Finally, part (iii) follows from applying the van der Corput B-process
(and Lemma 2.2), see e.g. [27, Lemma 3.6] or [41, Lemma 8.16], replacing ¢ with
—¢ if necessary to normalize the second derivative ¢” to be positive. 0

2.2. Dirichlet polynomials. Given any function f : N — C supported on a
finite set, we may form the Dirichlet polynomial

Difl(s) = 3 1

(22)
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for any complex s; if f has infinite support but is bounded, we can still define D|f]
in the region Res > 1. We will use a normalization in which we mostly evaluate
Dirichlet polynomials on the critical line {% +it : t € R}, but one could easily run
the argument using other normalizations, for instance by evaluating all Dirichlet
polynomials on the line {1 + it : ¢t € R} instead.

We have the following standard estimate:

Lemma 2.4 (Truncated Perron formula). Let f: N — C be a bounded sequence,
let T, X >2, and let1 <z < X.

(i) If f is k-divisor-bounded for some k > 0, then for any 0 < o < 1, One has

1 /T 1 L0+ g Fit X1 10g%W(TX
Z—f(n)_g_ / D] (1 it) 1 dt+Ox, )
ne ™

7 log X 1—a+logx+zt T

n<x

(i) If in addition f: N — C is supported on [X/C,CX] for C > 1, then

. X
27/ Dif —i—zt dt+Oc<Z\f ]mm(l,m)>.

n<a}
(23)
In particular, if we estimate f(n) pointwise by || flle=, we have
Hit Xlog(2+T
/ Dif —Ht 1 dt + O¢ <||f||ng) . (24)
n<x T or 5 it T

Proof. For (i), apply [62, Corollary 5.3] with a,, = fT(LZ) and 0g =1 —0 + @,
as well as (25). For (ii), apply [62, Corollary 5.3] isntead with a, = f(n) and

Op ‘= % ]

As one technical consequence of this lemma, we can estimate the effect of trun-
cating an arithmetic function f on its Dirichlet series:

Corollary 2.5 (Truncating a Dirichlet series). Suppose that f : N — C is sup-
ported on [X/C,CX] for some X > 1 and C > 1. Let T > 1. Then for any
interval [ X1, Xo] and any t € R, we have the pointwise bound

r 1 du X12log(2 +T)

1
DUl +i8) < [ DG + it + i) o + 1l ™

Because the weight 1+|  integrates to O(log(2 + T)) on [—T,T], this corollary
is morally asserting that the Dirichlet polynomial of f1;x, x,) is controlled by that
of f up to logarithmic factors. As such factors will be harmless in our applica-
tions, this corollary effectively allows one to dispose of truncations such as 1x, x,

appearing in a Dirichlet polynomial whenever desired.
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Proof. Applying Lemma 2.4(ii) with f replaced by n s f(n)/n', we have for any
x that

Z@-%/_TD[f](%nLitJriu)x

it 1
n 2

Iiiu

" du+ Oc (HfHeoo

+

Xlog(2+1T)
=)

n<x

and hence by the triangle inequality

T 1 d Xlog(2+ T
S I oo [ ol it il + e,

n<x

The claim now follows from Lemma 2.1 (with A = 0, g(n) replaced by f(n)/n",
and f(z) replaced by z7/2). O

2.3. Divisor-bounded arithmetic functions with good cancellation. Let
us call an arithmetic function o : N — C k-divisor-bounded for some k > 0 if one
has the pointwise bound
a(n) < di(n) logh(2 + )
for all n. From the elementary mean value estimate
> di(n)* <y rlog" M2+ x), (25)
1<n<zx

valid for any £ > 0, [ > 2, and x > 1, we see that a k-divisor-bounded function
obeys the 2 bounds
> a(n)? < 2log?M (2 + x) (26)
n<z
for any > 1. Applying (26) with « replaced by a large power of «, we conclude
in particular the £°° bound

sup a(n) < x° (27)
n<x
for any € > 0.
From (26) and Cauchy-Schwarz, we see that
Z a1(n> <, £ 1og% W g (28)
n§+’bt

n<zin=a (q)

forany t € R, ¢ > 1, and a € Z. We will say that a k-divisor-bounded function «
has good cancellation if one has the improved bound

a(n

Z f—) <k,A,B,B' 2 log™ x (29)
n§+lt
n<zin=a (q)

forany A,B,B' >0, 2>2, q¢<log’x, a€Z, and t € R with log® z < t] < 2P,
provided that B’ is sufficiently large depending on A, B, k.
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It is clear that if « is a k-divisor-bounded function with good cancellation, then
so is its restriction alpy, x,) to any interval [Xi, X5]. The property of being &-
divisor-bounded with good cancellation is also basically preserved under Dirichlet
convolution:

Lemma 2.6. Let o, 8 be k-divisor-bounded functions. Then a x [ is a (2k + 1)-
divisor-bounded function. Furthemore, if o and B both have good cancellation, then
so does a x [3.

If, furthermore, there is an N for which o is supported on [N? +oo| and 3 is
supported on [1, N|, then one can omit the hypothesis that § has good cancellation
in the above claim.

Proof. Using the elementary inequality dgl * dSQ < d§1+k2+1, we see o * 318 2k + 1-
divisor-bounded. Next, suppose that a and [ have good cancellation, and let
AB,B >0,z>2 ¢g<log?X, aeZ andt € R with log?¥ z < it < 2%
with B’ is sufficiently large depending on A, B, k. To show that a x 8 has good
cancellation, it suffices by dyadic decomposition to show that

Y Y s a0 (30)

5+t
2
r<n<2z:n=a (q) n

By decomposing « into aly 7 and al( z 4, and similarly for 3, we may assume
from the triangle inequality that at least one of «, 3 is supported on (y/z,4+00);
by symmetry we may assume that « is so supported. The left-hand side of (30)
may thus be written as

> ¥ D D )

b=ac (q) m<ky/z:m=c (q) m z/m<n<2z/m:m=a (q) n

Let A’ > 0 be a quantity depending on A, B, k to be chosen later. As a has good
cancellation, we may bound this (for B’ sufficiently large depending on k, A, B)
using the triangle inequality by

“wne ¥ 3 B sy 2 104 (o m

b=ac (¢) m<y/z:m=c (q)

as f3 is k-divisor-bounded and ¢ < log” , we may apply (25) and bound this by

—A'+B+04(1)

<<k,A’,B,B’ l’lOg xT.

Choosing A’ sufficiently large depending on A, B, k, we obtain (30). The final
claim of the lemma is proven similarly, noting that the left-hand side of (30)
vanishes unless x > N?, and hence from the support of 3 we may already restrict
a to the region (cy/x,+00) for some absolute constant ¢ > 0 without invoking
symimetry. 0

We have three basic examples of functions with good cancellation:
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Lemma 2.7. The constant function 1, the logarithm function L : n +— logn and
the Mobius function p are 1-divisor-bounded with good cancellation.

From this lemma and Lemma 2.6, we also see that A and d; have good cancel-
lation for any fixed k.

Proof. For the functions 1, L this follows from standard van der Corput exponential
sum estimates for | Y5 _ e(—5-log(qn+a))|* (e.g. [41, Lemma 8.10]) and Lemma
2.2, normalizing a to be in the range 0 < a < q. Now we consider the function .
By using multiplicativity (and increasing A as necessary) we may assume that a
is coprime to ¢. By decomposition into Dirichlet characters (and again increasing
A as necessary) it suffices to show that

Z M <<k:,A,B,B’ ,171/2 log_A x (3]_)

Lyt
n<zx nz

for any Dirichlet character x of period q.
The Vinogradov-Korobov zero-free region [61, §9.5] implies that L(s, x) has no
zeroes in the region

. CB,B’
oit 0< || < |t| +22o>1— ’ }
{ <l log*? || (log log || )1/3

for some cp g > 0 depending only on B, B’. Applying the estimates in [12, §16],
and shrinking cp pr if necessary, we obtain the crude upper bounds
L'(s,x)
L(s,x)

in this region, which upon integrating also gives the upper bound

<p,p log’ |z|

log | L(s, x)| <p,p log” |z].

Applying Perron’s formula as in [53, Lemma 2| (see also [29, Lemma 1.5]), one
then has the bound

> Am)x(mn " <app ylog ™

n<y

for any A’ > 0 and any y with exp(log®* ) <y < 22 (in fact one may replace 3/4

here by any constant larger than 2/3). To pass from A to u we use a variant of
the arguments used to prove Lemma 2.6. We begin with the trivial bound

> pn)xn)n™" <y (32)
n<y
for any y > 0. Writing (n) log(n)x(n)n~" as the Dirichlet convolution of A(n)x(n)n=%
and —p(n)x(n)n® and using the Dirichlet hyperbola method, we conclude that

> p(n)lognx(n)n™" <p p ylog**

n<y
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14o(1

for any y =z ), which by Lemma 2.2 implies that

Y un)x(mn™" <ppylog™

n<y
for y = x'+°(1) Applying the Dirichlet hyperbola method again (using the above

bound to replace the trivial bound (32) for y = z'*°(")) we conclude that

> pn)x(n)n " <p prylog ™z

n<y

for y = 2't°(M)_ Iterating this argument O(A) times, we eventually conclude that

Z p(n)x(n)n™" <app ylog™x

n<y

for y = '7°Mand the claim (31) then follows from Lemma 2.2. O

2.4. Mean value theorems. In view of Lemma 2.4, it becomes natural to seek
upper bounds on the quantity |D[f](3 + it)| for various functions f supported on
[X/C,CX]. We will primarily be interested in functions f which are k-divisor-
bounded for some bounded k. In such a case, we see from (26) that

1£17 < X log*® X

The heuristic of square root cancellation then suggests that the quantity |D[f](3 +
it)| should be of size O(X°™M) for all values of ¢ that are of interest (except possibly
for the case t = O(1) in which there might not be sufficient oscillation). Such
square root cancellation is not obtainable unconditionally with current techniques;
for instance, square root cancellation for f = 1(x2x] is equivalent to the Lindelof
hypothesis, while square root cancellation for f = Al x2x] is equivalent to the
Riemann hypothesis. However, we will be able to use a number of results that
obtain something resembling square root cancellation on the average. The most
basic instance of these results is the classical L? mean value theorem:

Lemma 2.8 (Mean value theorem). Suppose that f: N — C is supported on
[X/2,4X] for some X > 2. Then one has
2 T+X

To+T
dt < 117
/. Wi

for all T > 0 and Ty € R. In particular (from (26)), if f is k-divisor-bounded,
L
DIf(5 +1t)

then
To+T
L e

Proof. See [41, Theorem 9.1]. O

DIf)(5 + it

2
dt <, (T + X)log? W X.
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We will need to twist Dirichlet series by Dirichlet characters. With f as above,
and any Dirichlet character x: Z — C, we can define

and more generally
n)
Piflis xa) = 31 i

for any complex s and any natural number qo- These Dirichlet series naturally ap-
pear when estimating Dirichlet series with a Fourier weight e <%> , as the following

simple lemma shows:

Lemma 2.9 (Expansion into Dirichlet characters). Let f: N — C be a function
supported on a finite set, let g be a natural number, and let a be coprime to q. Let

e (%) denote the function n — e <%> Then we have the pointwise bound

‘D{fe<%>](s)) ﬂ S > [yl m) (33)

4=q0491 x

for all complex numbers s with Re(s) = %, where in this paper the sum Ex (@)

denotes a summation over all characters x (including the principal character) of
period q1, and qy, 1 are understood to be natural numbers.

Proof. Let s be such that Re(s) = 3. By definition we have

Pl (0] =25 ()

We now decompose the n summation in terms of the greatest common divisor
qo = (n,q) of n and ¢, obtaining (after writing q = qoq1 and n = gynq)

ool Th 5, ()

1
q= qoq1 nl l] ?

and thus by the triangle inequality

ol @)l 5 5]z (2]

9=q0q1 n1:(n1,q1)=1 1 «
Next, we perform the usual Dirichlet expansion

any

; (_) - = =5 O Malx(m)7(0) (34)

q1
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where 7() is the Gauss sum

=Y ()@ (3)

=1
As is well known, we have
70| < Var
(as can be seen for instance from making the substitution ! — al to (35) for
(a,q) = 1 and then applying the Parseval identity in a). Using the crude bound

1 1 1 d2(q1)\/a§dz(q)

N NG

and the triangle inequality, we obtain (33). O

It thus becomes of interest to have upper bounds, on average at least, on the
quantity |D| f](% + it, X, q0)|. We first recall a variant of Lemma 2.8, which can
save a factor of ¢; or so compared to that lemma when summing over characters
X:

Lemma 2.10 (Mean value theorem with characters). Suppose that f: N — C is
supported on [X/2,4X] for some X > 2. Then one has

To+T 1 . T—|—X
Z /TO Dif, x| <§+@t> ol T2

X
x (q1)
for all T > 2, Ty € R, and natural numbers q,, where x is summed over all

Dirichlet characters of period q,. In particular, if f is k-divisor-bounded, then
(from (26)) we have

/TO +T
To

D[f, x] (% + it)
x (q1)

Proof. This is a special case of [41, Theorem 9.12]. O

2
< 1£17: log*(n T X))

2
< (T + X) log? W (¢, TX)

In the case when f is an indicator function f = 1j; x] we have a fourth moment
estimate:

Lemma 2.11 (Fourth moment estimate). Let X > 2, ¢ > 1, andT > 1. Let S be
a finite set of pairs (x,t) with x a character of period q, and t € [=T,T]. Suppose
that S is 1-separated in the sense that for any two distinct pairs (x,t), (xX',t') € S,
one either has x # X' or [t —t'| > 1. Then one has

> Dlpx) (% —H’t,x)

4 @ X2
< ¢ T1og?M X +|S|log® X (—1 + —)
(x;t)es

2 T

+ X7 S (L)

(.t es
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where 9, 1s equal to 1 when x is principal, and equal to zero otherwise.

Proof. See [2, Lemma 9]. We remark that this estimate is proven using fourth
moment estimates [71] for Dirichlet L-functions, which are in turn proven using
Kloosterman sum estimates. UJ

It will be more convenient to use a (slightly weaker) integral form of this esti-
mate:

Corollary 2.12 (Fourth moment estimate, integral form). Let X > 2, ¢; > 1,
and T > 1. Then

2 /T/zsug

x (q1)

4 q2 X2
dt < T (1 + L4 —) log®M X, (36)

.
D[l[LX]](_ +Zt7X) T2 T4

2

Similarly with 1 x) replaced by L1 x).

Proof. For each x, we cover the region 7/2 < [t| < T by unit intervals I, and
for each such I we find a point ¢ € I that maximizes |D[1p xj|(5 + it, x)|, then
add (x,t) to S. Then |S| < ¢T}; it is not necessarily 1-separated, but one can
easily separate it into O(1) 1-separated sets. Applying Lemma 2.11 (bounding
Oy (14 [t))~* by O(1/T*)), we obtain (36). Finally, to handle L1}; xj, one can use
the integration by parts identity

dx’
X/

X
L1[1,X]<y) = log Xl[l,X]<y) - / 1[1,X'] (y) (37>
1

and the triangle inequality (cf. Lemmas 2.1, 2.2). O

We will also need the following variant of the fourth moment estimate due to
Jutila [43].

Proposition 2.13 (Jutila). Let ¢, T > 1 and ¢ > 0. Let TV/*** < Ty < T?/3 and
T<ty<...<t,<2T with t;y 1 —t; > Ty. Then we have

r ti+To
D / L + it ) 'dt <. q(rTy + (°T)*5) (7).
X (q) =1 7%

Here L(s, x) is the Dirichlet L-function associated to x.

Proof. See [43, Theorem 3]. This estimate is a variant of Iwaniec’s result [40] on
the fourth moment of ¢ in short intervals; it is however proven using a completely
different and more elementary method. O

Using a variant of Corollary 2.5 we may truncate the Dirichlet L-function to
conclude
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Corollary 2.14. Let the hypotheses be as in Proposition 2.13. Then for any
1 < X < T? and any Dirichlet character x of period q, one has

r ti+To
Z/ D[1p,x] (5 + it, )| *dt < 7D (rTy + (rT)**)Te.
1Vt

Similarly with 1 x) replaced by L1 x).

One can be more efficient here with respect to the dependence of the right-hand
side on ¢, but we will not need to do so in our application as ¢ will be quite small.

Proof. In view of (37) and the triangle inequality, followed by dyadic decomposi-
tion, it suffices to show that

r ti+To
> / ID[1xox)) (3 + it, x)|'dt <. ¢°D(rTy + (rT)**)T=.
i=1 Yt
From the fundamental theorem of calculus we have
1 2X dX/

Dllpxax|(5 +it,x) = Wp[l[x,zx]](it%) . D[l[x,x']](itx)m

so by the triangle inequality again, it suffices to show that

r ti+To
> / ID[Lpx)(it, x)|*dt <. ¢°DX2(rTy + (rT)*3)Te. (38)
1Vt

1=

Let ¢ lie in the range [T, 3T]. From Lemma 2.4(i) with f(n), o, T replaced by XTEZ),
0, T3 respectively, we see that

T3 1 I g +it!
L1+ +i(t+t'), — dt'|+
/_T3 ( log X ( ) X> 1+ long + it

where L(s, x) is the Dirichlet L-function. Shifting the contour and using the crude
convexity bound L(o +it, x) < ¢°W(1+t)Y2for 1/2 < o < 2and |o+it—1| > 1,
and also noting that the residue of L(s,x) at 1 (if it exists) is O(1), we obtain the
estimate

Xlog®MT
T3

D[l[l,X]] (Zta X) <

1 g7
§+zt

T3
1
D1 it x) < ¢°W / L{=+it+1),
[Tx](it, x) < ¢ Ay i(t+t), x i

dt’

X

(say). Since X < T2, we can absorb the & factor into the X'/? factor. We have
the crude L? mean value estimate

T 1
/ L <— + it X)
v 2

2
dt/ < qO(I)T/].OgO(l)(2+T/)
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for any 7" > 0 (which can be established for instance from Lemma 2.8 and the ap-
proximate functional equation, or from Proposition 2.13 and Hélder’s inequality).
From this, Cauchy-Schwarz, and dyadic decomposition, we see that

T/2 |, l+it—|—t' X
D[l x](it, x) < ¢°P X2 (1+/ / LG5 1J(r|t/|) )| g
-T/2

By Holder’s inequality, we then have

L (L it + 1), x)|
|D[1[1,xﬂ(it,x)|4<<q0(1)X2 1+/ ’ (2 i : )X)‘ ar |
~T/2 1+ |t

From shifting the ¢; by ¢’ (and adjusting 7 slightly if necessary), we see from
Proposition 2.13 that

r ti+To
Z/ IL(E +i(t+ 1), x)["dt <. q(rTo + (rT)**)(qT)".
i=1 Yt

whenever —T'/2 < ¢’ < T/2. The claim now follows from Fubini’s theorem. O

2.5. Combinatorial decompositions. We will treat the functions Al x,x] and
di1(x2x] in a unified fashion, decomposing both of these functions as certain (trun-
cated) Dirichlet convolutions of various types, which we will call “Type d; sums”
for some small j = 1,2,... and “Type Il sums” respectively. More precisely, we
have

Lemma 2.15 (Combinatorial decomposition). Let k,m > 1 and 0 < € < % be

fixed. Let X > 2, and let Hy be such that Xmte < Hy < X. Let f: N — C be
either the function f = Al(xox) or f = dil(x2x]. Then one can decompose f
as the sum of ijmjg(logo’“mvg(l) X) components f, each of which is of one of the
following types:

(Type d;) A function of the form

F=(ax*Bix*B)lxax (39)

for some arithmetic functions o, B1,...,5;: N = C, where 1 < j < m,

a 18 Ok mc(1)-divisor-bounded and supported on [N,2N], and each [;, i =

1,...,J 1s either equal to 1(ng, o0y o7 Llag 20 for some N, My, ..., M;
obeying the bounds

1 << N <<k7m75 XE, (40)

NMl...Mj Xk’mﬁX (41)

and
Hy< M, < - < M; < X.
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(Type 11 sum) A function of the form

f= (04 * 5)1(X,2X]

for some Oy o (1)-divisor-bounded arithmetic functions a,f: N — C of
good cancellation supported on [N,2N]| and [M,2M] respectively, for some
N, M obeying the bounds

X© <<k,m,€ N <<k:,m,e HO (42)

and
NM =g me X. (43)

As the name suggests, Type d; sums behave similarly to the 5 divisor function
d; (but with all factors in the Dirichlet convolution constrained to be supported
on moderately large natural numbers). In our applications we will take m to be
at most 5, so that the only sums that appear are Type d;, Type ds, Type ds,
Type dy4, and Type II sums, and the dependence in the above asymptotic notation
on m can be ignored. The contributions of Type d;, Type dy, and Type II sums
were essentially treated by previous literature; our main innovations lie in our
estimation of the contributions of the Type d3 and Type d4 sums.

Proof. We first claim a preliminary decomposition: f can be expressed as a linear
combination (with coefficients of size O (1)) of Opme(log?mM X) terms f
that are each of the form

f=(n %) lixex (44)
for some r = Oy m (1), where each 7;: N — C is supported on [N;,2N;] for some
Ni,..., N, > 1 and are 1-divisor-bounded with good cancellation. Furthermore,

for each 4, one either has v; = 1(n, 2n,), 7 = L1(n, 2w, or Ny < X°.
We first perform this decomposition in the case f = diy1(x2x]. On the interval
(X, 2X], we clearly have

dy = Tpoxy * - % Ipax
where the term 11 ox7 appears k times. We can dyadically decompose 1; 2x] as the

sum of O(log X) terms, each of which is of the form 1y on; for some 1 < N < X.
This decomposes dj1(x2x] as the sum of Ok(loglC X) terms of the form

(Lve gy * -+ L v 2 Lxex

and this is clearly of the required form (44) thanks to Lemma 2.7.

Now suppose that f = Al(x2x]. Here we use the well-known Heath-Brown
identity [31, Lemma 1]. Let K be the first natural number such that K > %, %,
thus K = O,,.(1). The Heath-Brown identity then gives

K
A= Z(—l)ﬂ+1 (j >L 5 1970 s (pdpy gonyrmy) ™ (45)
j=1
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on the interval (X, 2X], where f* denotes the Dirichlet convolution of j copies of f.
Clearly we may replace L and 1 by L1 2x] and 1j; 2x) respectively without affecting
this identity on (X, 2X]. As before, we can decompose 1j; 2x] into O(log X)) terms
of the form 12y for some 1 < N < X; one similarly decomposes Ll 2x)
into O(log X) terms of the form 1yon) for 1 < N < X, and ply oxy1/x) into
O(log X) terms of the form pulyaon for 1 < N < (2X)YK <« X°. Inserting
all these decompositions into (45) and using Lemma 2.7, we obtain the desired
expansion of f into Oj < (log? ™) X) terms of the form (44).

In view of the above decomposition, it suffices to show that each individual term
of the form (44) can be expressed as the sum of Oy, (1) terms, each of which
are either a Type d; sum for some 1 < j < m or as a Type II sum (note that the
coefficients of the linear combination can be absorbed into the « factor for both
the Type d; and the Type II sums). First note that we may assume that

Ny Ny Zpme X (46)

otherwise the expression in (44) vanishes. By symmetry we may also assume that
Ny < --- < N,. We may also assume that X is sufficiently large depending on
k,m, e as the claim is trivial otherwise (every arithmetic function of interest would
be a Type II sum, for instance, setting a to be the Kronecker delta function at
one).

Let 0 < s < r denote the largest integer for which

Ni...N, < X°. (47)

From (46) we have s < r (if X is large enough). We divide into two cases,
depending on whether Ny ... N;.; < 2H, or not. First suppose that Ny ... Ngyq <
2H,, then by construction we have

X® < Nj...Ngp1 < Hy.
One can then almost express (44) as a Type I sum by setting

Q=K ek Yeq
and

B = Yok kY,
and using Lemma 2.6. The only difficulty is that « is not quite supported on an in-
terval of the form [N, 2], instead being supported on [Ny ... Ngy1, 257Ny ... Ny,
and similarly for 5; but this is easily rectified by decomposing both o and 5 dyad-
ically into Oy m (1) pieces, each of which are supported in an interval of the form
[N,2N].

Finally we consider the case when Ny ... Ng,.1 > 2H,. Since Hy > X%“, we

conclude from (47) that

N, > > Nypo > Noyp > 2Xm > (2X) .
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In particular, if r—s > m, then Ngyq ... N, > 2X and (44) vanishes. Thus we may
assume that s = r — j for some 1 < j < m. Also, as N,, ..., Ny, are significantly
larger than X¢, the «y; for j = s+1,...,7 must be of the form L, 2n;) or L1y, anj-
One can then almost express (44) as a Type d; sum by setting

a::'yl*"'*"}/j

and

Bi = Vs+i
fori=1,...,7 and using Lemma 2.6. The support of « is again slightly too large,
but this can be rectified as before by a dyadic decomposition. O

For technical reasons (arising from the terms in Lemma 2.9 when ¢o > 1), we
will need a more complicated variant of this proposition, in which one decomposes
the function n +— f(gyn) rather than f itself. This introduces some additional
“small” sums which are not Dirichlet convolutions, but which are quite small in
¢? norm and so can be easily managed using crude estimates such as Lemma 2.8.

Lemma 2.16 (Combinatorial decomposition, II). Let k,m, B > 1 and 0 < € <

% be fized. Let X > 2, and let Hy be such that Xmte < Hy < X. Let q

be a natural number with gy < log? X. Let f: N — C be either the function

[ = Al(xax) or f = dyl(x2x). Then one can decompose the function f(qo) :

n + f(qn) as a linear combination (with coefficients of size Oy(da(qo)*M)) of

Okme(logo’“m*s(l) X) components f, each of which is of one of the following types:
(Type d; sum) A function of the form

f = (Oé * 51 koooee 3k Bj)l(X/qo,QX/qo] (48)

for some arithmetic functions o, Bi,...,3;: N = C, where 1 < j < m,

a 18 O me(1)-divisor-bounded and supported on [N,2N], and each f;, i =

1,...,J s either of the form (3; = L, om,) or Bi = Ll 2m,) for some
N, M, ..., M; obeying the bounds (40),

NMl ce M_y =k,m,e X/C]O (49)

and
Hy< My < - < M; < X/qo.
(Type 1T sum) A function of the form

f=(a*B)1(x/g0,2X/q0)

for some Oy, o (1)-divisor-bounded arithmetic functions a, f: N — C with
good cancellation supported on [N,2N| and [M,2M| respectively, for some
N, M obeying the bounds (42) and

NM = X/qo. (50)



CORRELATIONS OF VON MANGOLDT AND DIVISOR FUNCTIONS 29

The good cancellation bounds (29) are permitted to depend on the parameter
B in this lemma (in particular, B' can be assumed to be large depending
on this parameter).

(Small sum) A function f supported on (X/qo,2X/qo] obeying the bound

1717 <hmem X%

Proof. It g9 = 1 then the claim follows from Lemma 2.15, so suppose ¢y > 1. We
first dispose of the case when f = Al(x2x). From the support of the von Mangoldt
function we see that the function f(qo-) : n — f(qon) is only supported on the
multiplicative semigroup G generated by the primes dividing go. We thus have

£ ()7 < 1xax(gon) Algon)?
neg

<Y lucoxyg log? X

neg

< (X/a0)"? Zg % log® X
= (X/q0)"/? H O(1)log” X

plgo
< dy(q0)° M (X /q0)? log® X
<<E,B les/S

by the divisor bound (27) and the hypothesis gy < log? X. Thus f(qq-) is already
a small sum, and we are done in this case.

It remains to consider the case when f = dpl(x2x). Let di(qgo-) denote the
function n — di(gon). The function di(qo-)/dr(qo) is multiplicative, hence by
Mobius inversion we may factor

di(qo*) = di(qo)dr. * g
where ¢ is the multiplicative function

1 *k
9= 7 dr(qo") * pt
di(qo) 2
and p** is the Dirichlet convolution of k copies of . From multiplicativity we see
that g is supported on the semigroup G, and is O(1)-divisor-bounded. We split

g = g1 + g2, where g1(n) = g(n)l,<x2 and ga(n) = g(n)1,. x/2, thus
f(qo-) = di(qo)(dr * 91)1(x/q0.2x/q0] + Ai(20) (i * 92)1(X/g0,2X /0]

The term (dj * 91)1(x/g0,2x/q0] Can be decomposed into terms of the form (44)
(but with X replaced by X/qo), exactly as in the proof of Lemma 2.15 (with
the additional factor g; simply being an additional term =;), so by repeating the
previous arguments (with X replaced by X/qy as appropriate), we obtain the
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required decomposition of this term as a linear combination (with coefficients of
size O(dy(q0)) = O(d2(q0)*™M)) of Type d; and Type II sums, using the second
part of Lemma 2.6 to ensure that convolution by ¢g; does not destroy the good
cancellation property.

It remains to handle the (di * g2)1(x/g0,2x/g) term, which we will show to be
small. Indeed, we expand

(di % 92) L xpqoaxsanllle = D ldi * g2(qon)|*.

n: X <gon<2X

We can expand out the square and bound this by

< ¥ amae Y a(S)a(r). 6

mi,ma2 X<n<2X:m1,ma,qo|n
where my, my range over the natural numbers. We crudely drop the constraint go|n.
From (25) (factoring n = [my, me]n’ and noting that dy ( ) < dy(mg) M dy(n/) Ok (W)

and similarly for d, < >) we have

Xd Or(1) g Ok(1) |ogO% (1) x°
Z dy, (i) dy, (i) <5 2(m1) 2(ms) og
mq mo

X <n<2X:mq,maln [ma, my]

and also crudely bounding [ 575, we can bound (51) by
my My

<
mmz]—

2
Ok (1)
o (S G o x
m

which on bounding gy(m) < X~/8g(m)m!/* becomes

2
Or(1
e X—</8x (Z g(m)dy(m) kl )> logOk(l) X

mi/4

From Euler products and the support and bounds on g we have

0u(1)
g(m
Z 1/4 < da(go)

and so by using (27), we conclude that (d*g2)1(x/g,2x/) 1s small as required. [J

3. APPLYING THE CIRCLE METHOD

Let f,g: Z — C be functions supported on a finite set, and let h be an integer.
Following the Hardy-Littlewood circle method, we can express the correlation (1)
as an integral

Zf g(n+h) ASf(a)me(ah) da
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where S¢, Sy: T — C are the exponential sums

= Z f(n)e(an
= 3" glm)efan

If we then designate some (measurable) portion 9t of the unit circle T to be the
“major arcs”, we thus have

Z f(n)g(n +h) — MTon, = / Si()S,(a)e(ah) da (52)
where MTyy 5, is the main term

MTopn p, = /me(oz)me(ah) do (53)

and m = T\9 denotes the complementary minor arcs.

We will choose the major arcs so that the main term can be computed for any
given h by classical techniques (basically, the Siegel-Walfisz theorem, together with
the analogous asymptotics for the divisor functions dj). To control the minor arcs,
we take advantage of the ability to average in h to control this contribution by
certain short L? integrals of the exponential sum Sy(«) (the factor S,(a) will be
treated by a trivial bound). The key estimate is

Proposition 3.1 (Circle method). Let H > 1, and let f, g, M, m,Sf, Sy, MTon p,
be as above. Then for any integer hy, we have

> 1> fn)gn+h) — MTay, 2

|h—ho|<H n

<<H/ [Sr(a)[[Se(@)] 157 (B)]194(B)| dBda

mN[a—1/2H,a+1/2H]

(54)

Proof. From (52), the left-hand side of (54) may be written as

Z / St(@)Sy(a)e(ah) da

|h—ho|<H

Next, we introduce an even non-negative Schwartz function <I> R —> R+ with
®(x) > 1forall z € [-1,1], such that the Fourier transform & (& = [p ®(x)e(—xf) dx
is supported in [—1/2,1/2]. (Such a function may be constructed by startlng with
the inverse Fourier transform of an even test function supported on a small neigh-
bourhood of the origin, and then squaring.) Then we may bound the preceding

expression by
2
h — hg
) )

/Sf Je(ah) da
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Expanding out the square, rearranging, and using the triangle inequality, we may
bound this expression by

h—h
[iss@lsyll [ Isr@N1s,@)1| X et - sme ()
m m h
From the Poisson summation formula we have

}:dm—ﬁmm(%):HE:@H@—B+m)

h

dBda.

where @, 3 are any lifts of o, 8 from T to R. In particular, this expression is of size
O(H), and vanishes unless 8 lies in the interval [a — 1/2H, « + 1/2H] for some
absolute constant C' (depending on the support of ®). Shifting h by hg, the claim

follows. O
From the Plancherel identities

/T 1Sp(@)Pda = |I£1% (55)

/T 15, (a)Pda = g% (56)

and Cauchy-Schwarz, we have

/ 1Sp(@)|[Sg(@)] da < [| f[le]lg]le>
m
so we can bound the right-hand side of (54) by

1 llellgllex sup |55 (B)154(B)] dp.

acm \/mﬁ[oc—l/QH,a—i—l/QH]

By (56) and Cauchy-Schwarz, we may bound this expression in turn by

1/2
Il talisup ( [ S ds) (57)
acm mN[a—1/2H,a+1/2H]
Note that from (55) we have the trivial upper bound

/ 15,(@) da < |f|1% (58)
mN[a—1/2H,a+1/2H]

and so the right-hand side of (54) may be crudely upper bounded by H || f||%||g]/Z.
which is essentially the trivial bound on (54) that one obtains from the Cauchy-
Schwarz inequality. Thus, any significant improvement (e.g. by a large power of
log X) over (58) for minor arc o will lead to an approximation of the form

Zf n+h MTM,h

for most h € [hg — H,hg + H ] We formalize this argument as follows:
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Corollary 3.2. Let H > 1 and n, F,G, X > 0. Let f,g: Z — C be functions
supported on a finite set, let M be a measurable subset of T, and let m := T\IN.
For each h, let MT}, be a complex number. Let hy be an integer. Assume the
following azxioms:

(i) (Size bounds) One has ||f||7z < F?X and ||g|7. < G*X.
(ii) (Major arc estimate) For all but O(nH) integers h with |h — ho| < H, one
has

/ St(a)Sy(a)e(ah) doo = MT), +O(nFGX).
m
(iii) (Minor arc estimate) For each o € m, one has
/ 15,(0)|? da < 1P F2X. (59)
mna—1/2H,a+1/2H]
Then for all but O(nH) integers h with |h — ho| < H, one has

Z f(n)g(n+h) = MT, +O(nFGX). (60)

In our applications, F' and G will behave like a fixed power of log X, and n will
be set log™ X for some large A. By symmetry one can replace f, F in (59) with
g, G if desired, but note that we only need a minor arc estimate for one of the two
functions f, g.

Proof. From Proposition 3.1, the upper bound (57), and axioms (i), (iii) we have
2

> D fm)gln+h) = MTan,| < 0’ F°G*HX?

|lh—ho|<H | n

and hence by Chebyshev’s inequality we have
Z f(n)g(n+ h) = MTagny = O(FGX)

for all but O(nH) integers h with |h — ho| < H. Applying axiom (ii), (53) and the
triangle inequality, we obtain the claim. O

In view of the above corollary, Theorem 1.3 will be an easy consequence of the
following major and minor arc estimates. Given parameters () > 1 and 6 > 0,
define the major arcs

Mos = U U {——(5——1—(5}
1<¢<Q a:(a,q)=
where we identify intervals such as [E —0, ¢+ d] with subsets of the unit circle T in

the usual fashion. We will take Q := log? X and § := X! logB/ X for some large
B’ > B > 1. To handle the major arcs, we use the following estimate:
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Proposition 3.3 (Major arc estimate). Let A > 0, 0 <& < 1/2 and k,l > 2 be
fized, and suppose that X > 2, and that B > 2A and B' > 2B + A. Let h be an
integer with 0 < |h| < X17¢.

(i) (Magjor arcs for Hardy-Littlewood conjecture) We have

|SA1(X,2X] (a)|2e(ah) do = ®(h)X

mlogB X, X~ 11ogB’ x (61)
o) A
+ Oc a,B,p(da(h)7 X'log™ X).

(ii) (Magor arcs for divisor correlation conjecture) We have

Sdkl(X,QX] (a>sd11(x,zx] (a)e(ah) da = Pk,l,h(log X)X

SmlogB’ X, x—110gB’ X

02 1.5, (Ao (1) X logh+ =274 X).
(iii) (Major arcs for higher order Titchmarsh problem) We have

SAl(X,QX] (a>sdk1(x,zx] (a)e(ah) do = Qk,h<10gX)X

Em1ogB X, x—110gB’ x

FOus 021 X g1 ).
(iv) (Magor arcs for Goldbach conjecture) If X is an integer, then

SAl(X,zX](05>SA1[1,X)<O‘>6(ah) do = ®(h)X

mlogB X, x—110gB’ x

+OE,A,B,B’ (d2 (X)O(l)X log*A X)

These bounds are quite standard and will be established in Section 4. It is likely
that one can remove the factors of da(h), dy(X) from the error terms with a little
more effort, but we will not need to do so here. In case (ii), it is also likely that
we can improve the error term to a power saving in X if one enlarges the major
arcs accordingly, but we will again not do so here.

To handle the minor arcs, we use the following exponential sum estimate:

Proposition 3.4 (Minor arc estimate). Let ¢ > 0 be a sufficiently small absolute
constant, and let A, B, B’ > 0. Let k > 2 be fized, let X > 2, and set Q = log® X.
Assume that B is sufficiently large depending on A, k, and that B’ is sufficiently
large depending on A, B, k.
Let 1 < q < Q, let a be coprime to q. Let f: N — C be either the function
f(n) = An)lx2x) or f(n) = dp(n)l(x2x]-
(i) One has
2
Sf (g + 9) do Lke,A,B,B XlOgiAX (62)

/XllogB’ X<|0|<X—1/6-¢
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(ii) One has, for o > 8/33, the bound

/ S <9 4 0)
|0—pBl<X o< q

for any real number B with X~1/57¢ < |B| < é-

2
df <peap Xlog X (63)

Note from (26) and (55) that one already has the bound

[l Geo)

so the bounds (62), (63) only gain a logarithmic savings over the trivial bound. We
also remark that the o > 1/3 case of Proposition 3.4(ii) can be established from
the estimates in [59] (in the case f = Al(x2x)) or [3] (in the case f = d3l(x2x])-

Proposition 3.4 will be proven in Sections 5-7. Assuming it for now, let us see
why it (and Proposition 3.3) imply Theorem 1.3. We begin with Theorem 1.3(i).
By subdividing the interval [hg — H, ho + H]| if necessary, we may assume that
H = X7 with € small. Let A > 0, let B > 0 be sufficiently large depending on
A, and let B’ > 0 be sufficiently large depending on A, B. We apply Corollary 3.2
with f=¢g=A, n=1log"* 2 X, and M := zmlogB X.X~11og® X- From crude bounds
we can verify the hypothesis in Corollary 3.2(i) with F,G = X log X. From the
estimates in [46], we know that

2
df <. X 1og? W X,

> da(h) < Hlog® X

hi|h—ho|<H

and hence by the Markov inequality we have dy(h) < log®4™® X for all but O(nH)
values of h € [hg — H,ho + H]. This fact and Proposition 3.3(i) then give the
hypothesis in Corollary 3.2(ii). It remains to verify the hypothesis in Corollary
3.2(iii) for any o ¢ Dﬁlogg XX~ 1ogP' X+ By the Dirichlet approximation theorem,
we can write a = a/q+ 3 for some 1 < ¢ < log® X, (a,q) = 1, and |f] < é. Since
a & M5 x x-1107 x> We also have 16| > X og? X. If B < X57¢, the claim
then follows from Proposition 3.4(ii), while for 5 > X ~5¢ the claim follows from
Proposition 3.4(i). Theorem 1.3(ii)-(iv) follow similarly.

Remark 3.5. The bound (63) is being used here to establish Theorem 1.5. In the
converse direction, it is possible to use Theorem 1.8 to establish (63); we sketch
the argument as follows. The left-hand side of (63) may be bounded by

/R|Sf (O)[*n <X"+€ (0 — g - 5)) do
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for some rapidly decreasing 1 with compactly supported Fourier transform,and this
can be rewritten as

g () () S

h

The inner sum can be controlled for most h using Theorem 1.3, and contribution
of the exceptional values of h can be controlled by upper bound sieves. We leave
the details to the interested reader.

4. MAJOR ARC ESTIMATES

In this section we prove Proposition 3.3. To do this we need some estimates on
S\ (x.0x (@) and Sg,1 ¢, (@) for major arc a. The former is standard:

Proposition 4.1. Let A, B,B" >0, X > 2, and let a = rias B for some 1 < q <
B logB’ X
log” X, (a,q) =1, and || < 2=. Then we have

X
SAl[l,X] (Oé) = %/1 €(ﬁx) dx + OA,B,B’(X lOg_A X)

and hence also

s _ g [ A
Al(x 2x] (a) = N €(ﬁZL‘) dz + OA,B,B’(X log X)

v(a) Jx
Proof. See [68, Lemma 8.3]. We remark that this estimate requires Siegel’s theorem
and so the bounds are ineffective. UJ

For the d;. exponential sum, we have
Proposition 4.2. Let A,B,B' >0, k> 2, X > 2, and let « = g + B for some
B logB’ X
1<q<log” X, (a,q) =1, and |3| < =Ex=. Then we have

2X

Sdkl(X,QX] () = / Prg(x)e(fx) dx + Opapp (X log_A X)
X

where

Prglz) = > ) ( x )

©(q1)q0 qo

9=q091

d xstquﬂIl (8)

Pk,qo,q1 (:C> = %Resszl S

d(gon)
Fk:‘]o,fh (8) = Z :
n>1:(n,q1

nS
)=1
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Using Euler products we see that Fy 4 4 has a pole of order k at s = 1, and
SO Pkgo.qn (and hence py ,) will be a polynomial of degree at most k£ — 1 in log .
One could improve the error term X log™ X here to a power savings X'~¢/* for
some absolute constant ¢ > 0, and also allow ¢ and X|f3| to similarly be as large
as X% but we will not exploit such improved estimates here.

Proof. This is a variant of the computations in [3, §6]. Using Lemma 2.1 (and
increasing A as necessary), it suffices to show that

Xl
Z dy(n)e(an/q) = / Prg(@) dz + Opa5(X log™ X)
n<X’ 0

for all X’ < X. As in the proof of Lemma 2.9, we can expand the left-hand side

Z Z di(gon1)e(ant /q1)

q=q0q1 n1<X'/qo:(n1,q1)=1

o (again by enlarging A as necessary) it will suffice to show that

plg) (X 4
> di(gona )e(ani/q:) = / Phgo.q () 24O a,5(X log™" X)
0

n1<X’/qo:(n1,q1)=1 o(q1)
(64)
for each factorization ¢ = qoq1. By (34), the left-hand side of (64) expands as

Z X (n1)di(qon1)

n1<X’/qo

where the Gauss sum 7(Y) is defined by (35). For non-principal y, a routine
application of the Dirichlet hyperbola method shows that

Z x(n1)d(qon1) <kap Xlog™* X

n1<X’/qo:(n1,q1)=1

for any A > 0 (in fact one can easily extract a power savings of order X /% log@ra8t) X
from this argument). Thus it suffices to handle the contribution of the principal
character. Here, the Gauss sum (35) is just p(q1), so we reduce to showing that

X'/aq0
Z dr(qony) = / Phgo.qr () dx + Op 4 (X log™ X).
0

n1<X’/qo:(n1,q1)=1

By the fundamental theorem of calculus one has

X'/q0 5 -
/ Pk,q0.q1 (ZE) dr = ResS:1< /QO) k.q0,q1 (5>
0

S
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Meanwhile, by Lemma 2.4(i), we can write the left-hand side as

1 [oHX (X 0o R
_/ (X'/q0)" Fr.go.q: (5) ds + Op.ape(X log™ X)

211 Jo_ixe S

where 0 =1+ o X and ¢ > 0 is arbitrary. On the other hand, by modifying the

arguments in [3, Lemma 4.3] (and using the standard convexity bound for the ¢
function) we have the bounds

Frgo (5) <pope XOE)

when Re(s) > 1 — ¢, |Im(s)| < X¢, and |s — 1| > ¢. Shifting the contour to the
rectangular path connecting o — iX¢, (1 —¢) —iX¢, (1 —¢) +iX®, and o 4+ iX°®
and using the residue theorem, we obtain the claim. 0

Now we establish Proposition 3.3(i). From Proposition 4.1 and the crude bound
SA1(x.0x (@) < X coming from the prime number theorem, we have

2

e(Bz) dz| + Ox pp(X*log ™ X)

2 _ 12(q)
|SA1(X,2X](a>| - 4,02(Q)

for any A’ > 0 and major arc « as in that proposition. On the other hand, the
set M5y x-1105 x DaS measure O(X ~110g??*P" X). Thus (on increasing A’ as

q

DY /ﬁ MZ(Q) /2Xe(6m) e

-1 B’
q<log® X (a,q)=1 [<X~1log” X ¥ (Q) X

= &(h)X + O..4.p.p(da(h)°P X log™ X).

2

By the Fourier inversion formula we have
2X
/ / e(fx) dx
R

b
so from the elementary bound f « €(Bx) dr < 1/|| one has

2X
/ / e(fr) dx
1B]<X~1logP’ X

X
If B > 2B + A, it thus suffices to show that

Z Z M (ah)_é(h)—i_OaAB((b(h) Dlog™ X).

q<logP X (a,q)=

2

e(Bh) dp = /R Lixax)(#)x2x) (@ + h) da
— (1+0(X )X

e(Bh) df = (1+ O-p(log™® X)X, (65)
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Introducing the Ramanujan sum
cqy(a) = Z e <%b> : (66)
1<b<q:(b,q)=1
the left-hand side simplifies to
Z N
q<logB X

Recall that, for fixed h, ¢,(h) is multiplicative in ¢ and that c,(h) = —1if p{h
and ¢,(h) = ¢(h) if p | h. Hence by Euler products one has

> “2<<H(1+0(3/2>)><I£O
< dQ(h)
and hence
3 K@l 1100 182 x

g>logB X
Since B > 2A, it thus suffices to establish the identity

S e

but this follows from a standard Euler product calculation.
The proof of Theorem 3.3(iv) is similar to that of Theorem 3.3(i) and is left to
the reader. We now turn to Theorem 3.3(ii). From (25) one has

St xax (@) <k Xlogh ' X

and similarly
Sdll(x,zx] () <1 X log ™t X.
Write

SialB) = /X Pral(@)e(zf) da

and similarly for S, ,(5). Then from Proposition 4.2 we have (on increasing A as
necessary) that

Sdkl(x,zx] <a)Sdl1(X,2X] (a) = Sk,CI(ﬁ)Sl,q(B) + Ok,l,A’,B,B’(X log_A/ X)
for any A" > 0. It thus suffices to show that

£ 5 o S (341)1)

q<log® X (a,q)=

= Peyn(log X)X 4 Ociap.p (da(h)2 W X log™ X).
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Using Euler products one can obtain the crude bounds

d2<q)0k(1)

Prg(x) <5 logh ' X (67)

for x < X; indeed, the coefficients of py, (viewed as a polynomial in log X') are of

d O (1)
( 2(q)q’c )

size Oy . By repeating the proof of (65), we can then conclude that

/ - Ska(B)Siq(B)e(Bh) dB
IBI<X—1logB X

X q
Since log(z + h) = logz + O.(X ) for |h| < X'7¢ and z < X, we have

2X 2X
/ Phg(2)Prg(x+h) do = / Phg(2)Pig(x) dx+Oy 5 <d2(q)ok,l(1)Xlogk‘-i-l—Q—B/ X) .
X X

Using (25) to control the error terms, using (66), and recalling that B" > 2B + A,
it therefore suffices to establish the bound

2X
Z Cq(h)/ pk‘,q(x)]T,q(x) d!L‘ = Pk,l,h(log X)X—f—oajk’l’A’B (dg(h)ok’l(l)Xlogk—H_Q_A X) .
X

q<log? X

2X Ori(1)
— d k,l )
- / Prq(2)Pig(® + h) dx + Oy pr <% X loght-2-5 X) |

Using the bounds (67), we can argue as before to show that
e

2
Z ql/QCq(h)/ g ()Pig(2) do <poy do(R)H DX logh 2 X
X
q
and so for B > 2A it suffices to show that

2X

S (h) / Do (2)PIa(x) dz = X Py (log X).
X

q

But as py 4, p1,4 are polynomials in log X of degree at most k — 1,1 — 1 respectively,
this follows from direct calculation (using (67) to justify the convergence of the
summation). An explicit formula for the polynomial Py;j, may be computed by
using the calculations in [10], but we will not do so here.

To prove Theorem 3.3(iii), we repeat the arguments used to establish Theorem
3.3(ii) (replacing one of the invocations of Proposition 4.2 with Proposition 4.1)
and eventually reduce to showing that

X wlq) ,
gcq(m /X rale) 58 d = XQuy (108 X).

but this is again clear since py () is a polynomial in log X of degree at most k—1.
Again, the polynomial @)y is explicitly computable, but we will not write down
such an explicit formula here.
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5. REDUCTION TO A DIRICHLET SERIES MEAN VALUE ESTIMATE

We begin the proof of Proposition 3.4. As discussed in the introduction, we will
estimate the expressions (63), (62), which currently involve the additive frequency
variable «, by expressions involving the multiplicative frequency ¢, by performing
a sequence of Fourier-analytic transformations and changes of variable.

The starting point will be the following treatment of the ¢ = 1 case:

Proposition 5.1 (Bounding exponential sums by Dirichlet series mean values).
Let 1 < H < X, and let f: N — C be a function supported on (X,2X]. Let 5,7
be real numbers with |f| < n < 1, and let I denote the region

I:= {teR:ﬂﬂXﬁlﬂS%} (68)

(i) We have

B+1/H ) 1 t+|B1H 1 2
S (6 d9<<—/ / D(fl(= +t")| dt' | dt
[ 150 < s [ [ UG i)

2 (69)
o) [( = ) @
H2 R r<n<x+H
(ii) If B = 1/H, then we have the variant
I
[ s w < [ouig+inp a
B<16]1<28 I
? (70)
(n+ %) / ( :
t Y. )] de
H2 R r<n<z+H
Observe from the Cauchy-Schwarz inequality that
b [ o (i) ar Cae [ o (L)
_ D —+it) dt dt<</ D <—+Z't) dt
BPH? J; \ Jijpm 2 218X/ 2

and so from the L? mean value estimate (Lemma 2.8) we see that (69) trivially
implies the bound

B+1/H
/ 15, (6)]? df < X log®D X,
B—1/H
Note that this bound also follows from the “trivial” bounds (55) and (25). Thus,
ignoring powers of log X, (69) is efficient in the sense that trivial estimation of the
right-hand side recovers the trivial bound on the left-hand side. In particular, any
significant improvement (such as a power savings) over the trivial bound on the
right-hand side will lead to a corresponding non-trivial estimate on the left-hand
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side, of the type needed for Proposition 3.4. Similarly for (70) (which roughly
corresponds to the endpoint |5] < il H‘ of (69)).

Proof. For brevity we adopt the notation

F(t) = DIf](=

1t).
2+z)

We first prove (69). It will be convenient for Fourier-analytic computations to
Work with smoothed sums. Let p: R — R be a smooth even function supported

[ 1 1] equal to one on [—1/10,1/10], and whose Fourier transform ¢(6) :=
fR ©(y)e(—0y) dy obeys the bound |p(#)| > 1 for § € [—1,1]. Then we have

B+1/H

/ SHO) db < / 1S, (O)PIG(H(6 — B))I db
B—-1/H R

2

Je(BHy)e(0(n — Hy)) dy| db

S / / > 1t (”;) o(B(n — )e(b) d
:H—2/R§n:f(n)¢( ) (n — )

ZHQ/RZf(n)@( =) efn
Enjf ( )<6n>

where we have made the change of variables x = n— Hy, followed by the Plancherel
identity, and then used the support of f and ¢. (This can be viewed as a smoothed
version of a lemma of Gallagher [24, Lemma 1]).)

By the triangle inequality, we can bound the previous expression by

<o [( 3

which is acceptable if || H < 1. Thus we may assume henceforth that |5 > 1/H.

2
de

dx

dx.

If(n)|> dz,

r—H<n<z+H
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By duality, it thus suffices to establish the bound

/ > s (") etmigte) ao < o [ ( /LH DU +it) dt’>2 i

+("+ﬁ> /R( > If(n)|>2dl’

z<n<z+H
(71)

1/2

1/2

whenever g: R — C is a measurable function supported on [X/2,4X] with the
normalization

1ot ar=1. (72)

Using the change of variables u = logn — log X (or equivalently n = Xe"), as
discussed in the introduction, we can write the left-hand side of (71) as

f(n)
g i G(logn — log X) (73)
where G: R — R is the function

G(u) = Xl/Qe“/ze(ﬁXe“)/

¢ (?) 9(x) dz.

From the support of g and ¢, we see that G is supported on the interval [—10, 10]

(say).
At this stage we could use the Fourier inversion formula

G(u) = % /RG (—%) e~ gt (74)

to rewrite (73) in terms of the Dirichlet series D[f](5 +it) = Y, nfg)t However,
the main term in the right-hand side of (69) only involves “medium” values of the
frequency variable ¢, in the sense that |t| is constrained to lie between nSX and
BX/n. Fortunately, the phase e(SXe") of G(u) oscillates at frequencies comparable
to X in the support [—10,10] of G, so the contribution of “high frequencies”
[t] > X /n and “low frequencies” |t| < nSX will both be acceptable, in the sense
that they will be controllable using the error term in (69).

To make this precise we will use the harmonic analysis technique of Littlewood-
Paley decomposition. Namely, we split the sum (73) into three subsums

> %Gi(logn —log X) (75)



44 KAISA MATOMAKI, MAKSYM RADZIWILL, AND TERENCE TAO

for i = 1,2, 3, where Gy, G, G3 are Littlewood-Paley projections of G,

G (u) = /RG (u - 10727%() H(v) dv

e = & (u= T ) #0000~ [ (o e ) 00 0

Gs(u) = G(u) — /R G (u - fg@?) H(v) dv

and estimate each subsum separately.

Remark 5.2. Ezpanding out p as a Fourier integral and performing some change
of vartables, one can compute that

1 ~ t t —itu
B 1 N _i n_t o # —itu
Galu) =5 RG( 2w) (“J <|5|X> 7 (mner)) o
Galu) = o ¢ (‘%) (1 B (%» o

Comparing this with (74), we see that G, Go, Gs arise from G by smoothly trun-
cating the frequency variable t to “low frequencies” |t| < n|B|X, “medium frequen-
cies” n|BIX < |t] < |B8|X/n, and “high frequencies” |t| > |5|X/n respectively.
It will be the medium frequency term Gy that will be the main term; the low fre-
quency term Gy and high frequency term Gs can be shown to be small by using the
oscillation properties of the phase e(8Xe").

7

We first consider the contribution of (75) in the “high frequency” case i = 3.
Since [ ¢(v) dv = 1, we can use the fundamental theorem of calculus to write

2mn , _ 2mnu\ .
(u) |5\X/ /vG <u a|5|X) o(v) duda. (76)

For z € [X/2,4X], the function u — X'/2e"/?e(8Xe")¢p (£72) is only non-zero
when x = Xe* + O(H), and has a derivative of O(|3|X3/?). As a consequence, we
have the derivative bound

G/ (u) < pXP2 / l9(x)| dx

r=Xe*+O(H)

for any u, and hence by the triangle inequality

1
G3(u) <<77X1/2/ // 2w lg(x)||v]|p(v)| dedvda.
0 JRJz=Xe 1BIXeuiO(H)
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The expression (75) when ¢ = 3 may thus be bounded by

<<77X1/2/// > ’fﬁ/j‘m( )0l[¢(0)] dedvda

n:z=n+O(H

2mnv
where we abbreviate \ == e X . From the support of f and g we see that the

inner integral vanishes unless A < 1. By the rapid decrease of ¢, we may then
bound the previous expression by

f(n
<<77X1/28up/ Z | (1/2)||g(x)|dm
n:z=An+O(H)

Since f is supported on [X,2X], we see from (72) and Cauchy-Schwarz that this
quantity is bounded by

2 1/2
<msw| [ X Ifo]] @
A=1 R n:x=An+O(H)

Rescaling x by A and using the triangle inequality, we can bound this by

1/2
<n (/( S ) dx)

z<n<z+H

which is acceptable.
Now we consider the contribution of (75) in the “low frequency” case i = 1. We

first make the change of variables w = u — 10727|L,61’}\X to write
—10 X 10 X
61w = = [ Gt (M - 0 )

-t | ([ etoxer)eatv) aw) g(o) o

where v, ,,: R — C is the amplitude function

aulw) = el (AR - ) o (FT)). ()

The function v, , is supported on the region w = log £ + O(% in particular,
w = O(1)); from the rapid decrease of ¢ and the hypothesm |B| > 1/H we also
have the bound

Yau(w) < (14 n|BIX|w —u])~*
(say). Differentiating (77) in w, we conclude the bounds

X
Voulw) < (81 + 5 ) (L alBlxTo — )
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Meanwhile, the phase fXe® has all w-derivatives comparable to |3|X in magni-
tude. Integrating by parts, we conclude the bound

1
[ etoxe i) o< (w+ ) [ (14 31X )2 do
R 1BIH ) Juwtog = yoct
and hence (75) for ¢ = 1 may be bounded by

| f( g(z)
< dwdzx.
( ]5][—[) nlBIxX // Clog 2102 Z n1/2 (1+7n|B|X|w —logn + log X|)? war

Making the change of variables z == w — logn + log X, this becomes

<<( ww)”’ﬁ’ s ‘{»(173’<1+$(;|)X|z|>2 ez

n:z=log £ +O( )

The sum vanishes unless z = O(1), in which case the condition z = log £ + O(%)
can be rewritten as n = e *x + O(H). Since [, n|B|X(14n|3|X]|z|)7% dz < 1, we
can thus bound the previous expression by

<o) 5

n=e~?z+O(H)

Arguing as in the high frequency case i = 3 (with e~* now playing the role of \),
we can bound this by

(Hﬁ) /( ) |f<n>|>2da:

r<n<z+H

1/2

which is acceptable.
Finally we consider the main term, which is (75) in the “medium frequency”
case ¢ = 2. For any T > 0, the quantity

2mv\
Z i / (logn —log X — T) o(v) dv

can be expanded using the change of variables t .= Ty, w := logn —log X — 27”’ as

2mv
/E nl/g <logn—logX—T) e(—vy)p(y) dvdy
o A ¢
—1t jitw yrut
/E n1/2 yn""e™ X gp(f) dwdt

- = RF(t) /R Glw)e™ Xt (%) duwdt
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(compare with Remark 5.2). Applying identity for 7" := BT and T = 10n|8|X
and subtracting, we may thus write (75) for i =2 as

o) [ e (o (%) = (o)) 2ot

\ﬂIX) @(W) is bounded by O(1) and vanishes unless t € I.
Thus by the triangle inequality, we may bound the previous expression by

<</I|F(t)| AG(w)eitw dw

Expanding out GG and using the triangle inequality again, we may bound this by

<XW4AHWLWMMﬁm

where J,(t) is the oscillatory integral

Xe" —
Jo(t) = / e (BXew + tﬂ) ev/2p <u) dw.
R 2 H

For z € [X/2,4X], the integrand here is only non-vanishing when w = log ¢ +
O(£), and the amplitude e*/?p(£<=2) is bounded in magnitude by O(1), and the
™ derivative is of size O;((H/X)?) for any j. Also, the phase w — SXe® + £ has
a second derivative comparable to |5|X, and similarly for all higher derivatives.
From van der Corput estimates (see e.g. [41, Lemma 8.10]) we thus have the
pointwise bound

The function <p(

dt. (78)

Ta(t) < (181X)7"2
for any t. Furthermore, on the support of the amplitude e®/ 2g0(%), the first
derivative of the phase will have magnitude < | £+ fz|, unless o=+ fz = O(|5|H).
By two integration by parts we thus have the additional bound

-2
t H
(1 5 -
Jolt) < |5+ B %
unless 5= + S = O(|8|H). Noting that
H

(I81H) < < (161H)~ 1/2 < (18]1X)"12

we thus have the combined bound

|%+B$|)2 ~1/2
J.(t) < (1+ BIH (18]1X)

that is valid for all . Thus we may bound the medium frequency case i = 2 of

(75) )
<@WWAL(HWM§U F()llg()] did.
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Subdividing into intervals 5= + Sz € [k|S|H, (k + 1)|3|H] and using the triangle

inequality, we may bound this by

<18 A k) /|g (

keZ /te[ﬂ[27rk|5|H27r,8x,27r(k+1)|,3H27rﬁz]

IF ()] dt>2 dx

which by Cauchy-Schwarz may be bounded by

2
<t S f (| POl ) ds
R teln2nk|B|H—27fz,2mw(k+1)|8|H—27[x]

kEZ

1/2

by Cauchy-Schwarz. Making the change of variables ¢’ = 27k|5|H — 27 [z, this

becomes
) 1/2
(1+ [K]) /(/ Ftdt) )
|5|kezz e (R teIm[t’,t/+2ﬂlﬁlH]| )

which is acceptable from the absolute convergence of », (1 + |k|)~. This con-
cludes the proof of (69).
Now we prove (70). Again, we use duality. It suffices to show that

45%@“@&%<([W@Wd0ua+niﬁf(4(

whenever g: R — C is a measurable function supported on {6 : 5 < |0 < 24}

with the normalization
/ OV df = 1. (79)
R

The expression [, S§(0)g(0) df can be rearranged as

1/2
|f(n)])? dm)

r<n<z+H

Z ];(172) G(logn — log X)

where
G(u) = ¢(u/10) X122 / g(0)e(Xe"0) db, (80)
R

noting that the cutoff p(u/10) will equal 1 for n € [X,2X]. We again split this
sum as the sum of three subsums (75) with i = 1,2, 3, where G1, G, G3 are defined
as before.

We first control the sum (75) in the “high frequency” case i = 3. By (76), the
triangle inequality, and the rapid decay of ¢, we may bound this sum by

|f(n 2mnu
|5|Xsupzn: 1/2 logn—logX—a|ﬁ|X
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Because of the cutoff ¢(u/10) in (80), the sum vanishes unless afgg? = 0(1), so

we may bound the preceding expression by

|5|X Z |fl/2|]G’(logn log X')|

for some X’ < X. Computing the derivative of (G, we may bound this in turn by

|B|X2|f < (0)e (%m) o) + /Rxeg(e)e (%nﬁ) de).

We shall just treat the second term here, as the first term is estimated analogously
(with significantly better bounds). We write this contribution as

<<n2|f |'/ﬁ (—n0> do| .

By partitioning the support [ X, 2X] of f into intervals of length H, and selecting on
each such interval a number n that maximizes the quantity | [, X%g(@)e(%n&) de|,
we may bound this by

<nX {5 1) | [ Gowre (o) o

Jj=1 \|n—n; |<H

for some H-separated subset nq,...,n; of [X,2X]. By (79), the support of g
(which in particular makes the factor % bounded), the choice 5 = 1/H and the
large sieve inequality (e.g. the dual of [60, Corollary 3]), we have

| o ()

2
<p

2

and so by Cauchy—Schwarz, one can bound the preceding expression by
2\ 1/2

J

< (D1 DD 1fm)]

j=1 \|n—nj|<H

But one has

2
> 1f) <<— ( If(n)|> da
lz—n;|<2H z<n<z+H

\n—nj|§H

for each j, and so as § = 1/H and the n; are H-separated, we can bound the high
frequency case i = 3 of (75) by

1/2
<<%</R< > |f<n>|>2dx)

z<n<z+H
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which is acceptable.
Now we control the “low frequency” case i = 1 of (75). Using the change of

variables h := —2_ we can write this as
10m|6] X’

10n|8|1X logn —log X — h 10n|8| X h
772'5 | /R/Rzn: fin)e < = 1(2)g ) e "2g(0)e(ne"0)p <%) dbdh.

The integrand vanishes unless h = O(1). Writing
-1 d

" 2mine—" %6(

and then integrating by parts in the h variable, we can write this expression as

107|8|1X /R /R 3 f(n)g(Giz(ne‘hQ)iRnﬁ(h) dodh

e(ne™"0 ne="9)

472 dh
where R, p(h) is the quantity

Ry o(h) = e"?p <

logn —log X —h\ . (10n|8|Xh
10 A\ )

By the Leibniz rule, we see that LR, o(h) is supported on the region h = O(1)
d

with
AR

Thus we may bound the preceding expression using the triangle inequality and
pigeonhole principle by

Ro(h)| dh < 1.

<o SNl [ Gaorete's)

for some h = O(1). But by the same large sieve inequality arguments used to
control the high frequency case i = 3 (with e" now playing the role of %), we
see that this contribution is acceptable. This concludes the treatment of the low
frequency case i = 1.

Finally we consider the main term, which is the “medium frequency” case i = 2
of (75). As in the proof of (69), we may bound this expression by (78). By
Cauchy-Schwarz and the Plancherel identity, one may bound this by

< ([1Fwp o) " ([ 16w av) "

By (80) and the change of variables y := Xe", we have

[16P dw< [ ][ a)eiwe) as

and by (79) and the Plancherel identity again, the right-hand side is equal to 1.
The claim (70) follows. O

2

dy,
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We can now use Lemma 2.9 to obtain an estimate for general g¢:

Corollary 5.3 (Stationary phase estimate, minor arc case). Let 1 < H < X, and
let f: N — C be a function supported on (X,2X]|. Let ¢ > 1, let a be coprime to
q, and let B,n be real numbers with |5| < n < 1. Let I denote the region in (68).
Then we have

B+1/H a
/ Sf (— + 9)
B—-1/H q
d 4 t+|B|H
s (2
4 g=qoq1 J 1 x (q0) Vt1BIH

+@/< ) \f<n>r>2dx-

r<n<z+H

2
do <

If B=1/H, one has the variant

2

d 4 1
/ Sy <9+9) d@«ﬂ Sup/ > ’D[f] <—+it,x,q0> dt
8<|6|<28 q ¢ a=wnJr \ T 2

2
(n+ ) ( :
+—/ >t de
H2 R z<n<z+H

The factor da(q)* might be improvable, but is already negligible in our analysis,
so we do not attempt to optimize it. The presence of the gy variable is technical;
the most important case is when ¢y = 1 and ¢; = ¢, so the reader may wish to
restrict to this case for a first reading. It will be important that there are no
q factors in the error terms on the right-hand side; this is possible because we
estimate the left-hand side in terms of Dirichlet series at moderate values of ¢
before decomposing into Dirichlet characters.

Proof. We just prove the first estimate, as the second is similar. By applying
Proposition 5.1 with f replaced by fe(a - /q), we obtain the bound
2
dt’) dt

B+1/H ) 1 t+|8|H
Sela/q+ 0)|]°do <« / /
/,31/1{ 1Ss(af ) BIPH? Jr \Jimipim

+@/( 3 |f<n>|)2dx

r<n<z+H

Dife(a- /q) (% N t)
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From Lemma 2.9 we have

/;HH Difela- /o) (3 +i

and hence by Cauchy-Schwarz

(“;H Dlyeta- /ol (5 +it ) dt/)z

Sdz(Q)g Z Z /HWH

q a=q0q1 \x (q1) —IB1H

d t+|5\H
dt' < 2( /
t

< + it 3 X5 qo)‘

9= qoq1 x ( |B1H

2

D[.ﬂ (% + Z‘t/a X5 QO) ‘

Inserting this bound and bounding the summands in the ¢ = ¢pq; summation by
their supremum yields the claim. 0

If the function f in the above corollary is k-divisor-bounded, then by Cauchy-
Schwarz and (25) we have

%/( 2 \f(n)) s

r<n<zx+H x<n<x+H
< Z |f(n)]* dz
n

<5 X 1og?W x|

Applying the above corollary with n = Q=2 = log=®/2 X, Proposition 3.4 is

now an immediate consequence of the following mean value estimates for Dirichlet
series.

Proposition 5.4 (Mean value estimate). Lete > 0 be a sufficiently small constant,
and let A > 0. Let k > 2 be fixed, let B > 0 be sufficiently large depending on
k,A, and let X > 2. Set

H:= X" (81)
and
Q =log? X. (82)

Let 1 < q < Q, and suppose that ¢ = qoq1. Let \ be a positive quantity such that

, 1
XV < N —. 83
) (83)
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Let f: N — C be either the function f = Al(xa2x) or [ = dpl(x2x). Then we
have

t+AH
/Ql/Q)\X<<|t<<Q1/2/\X X%) /tAH
(84)

Proposition 5.5. Let ¢ > 0 be a sufficiently small constant, and let A, B > 0. Let
k > 2 be fized, let X > 2, and suppose that qo, q1 are natural numbers with qg, g1 <
logBX. Let f: N — C be either the function f = Al(x2x) or f = dplix2x]. Let
B’ be sufficiently large depending on k, A, B. Then one has

2
r
> ‘D[f] (5 + Zt,aX:QO)
x (q1)

2

dt' | dt <peap gV H*Xlog ™ X.

D[f] (% + it/a X qO)

dt/ <<k‘,€,A,B,B’ qX log_A X.

A)gB/ X<|t|«X5/6—¢
(85)

Proposition 5.5 is comparable” in strength to the prime number theorem (in
arithmetic progressions) in almost all intervals of the form [z, z + 2'/5%¢]. A pop-
ular approach to proving such theorems is via zero density estimates (see e.g. [41,
§10.5]); this works well in the case f = Al x2xj, but is not as suitable for treating
the case f = dipl(x2x]. We will instead adapt a slightly different approach from
[29] using combinatorial decompositions and mean value theorems and large value
theorems for Dirichlet polynomials; the details of the argument will be given in
Appendix A. In the case f = d3l(x2x], an estimate closely related to Proposi-
tion 5.5 was established in [3, Theorem 1.1], relying primarily on sixth moment
estimates for the Riemann zeta function.

It remains to prove Proposition 5.4. This will be done in the remaining sections
of the paper.

6. COMBINATORIAL DECOMPOSITIONS

Let e,k A, B, H, X,Q, q,q1,q, \, f be as in Proposition 5.4. We may assume
without loss of generality that € is small, say £ < 1/100; we may also assume that
X is sufficiently large depending on £, ¢.

To Proposition 5.4, we first invoke Lemma 2.16 with m = 5, and with € and H,
replaced by €2 and X a: respectively; this choice of m is available thanks to (15).
We conclude that the function (¢, x) — D[f](5 +it, X, go) can be decomposed as a

linear combination (with coefficients of size Oy .(da(go)?%<(™)) of Oy - (log?=M) X)

functions of the form (¢,x) ~— D[f] (3 +it,x), where f: N — C is one of the
following forms:

"See [29, Lemma 9.3] for a precise connection between L? mean value theorems such as (114)
and estimates for sums of fy on short intervals.
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(Type dy, dg, d3, dy sums) A function of the form

F=(axBi**B)(x/q02X/0) (86)

for some arithmetic functions o, 81, ..., 3;: N = C, where j = 1,2,3,4, o is
O -(1)-divisor-bounded and supported on [N, 2N]|, and each f;, i = 1,...,j
is either of the form B3; = 1(a, 2ar) OF i = L1(as, 201, for some N, My, ..., M;
obeying the bounds

1< N <. X7
NMl .. .Mj xk,& X/Q[),
and
X H< M<K <M< X/q
(Type II sum) A function of the form

f = (ax B)l(X/QO,QX/qo]

for some Oy (1)-divisor-bounded arithmetic functions o, 5: N — C sup-
ported on [N,2N] and [M,2M] respectively, for some N, M obeying the
bounds

X<« N< X <H
and

NM ka X/qO
(Small sum) A function f supported on (X/qo,2X/qo] obeying the bound

1fl1% < X178, (87)

We have omitted the conclusion of good cancellation in the Type II case as it is
not required in the regime A > X!/~ under consideration.

By the triangle inequality, it thus suffices to show that for f being a sum of one
of the above forms, that we have the bound

2
/H-)\H
t—AH

(1
D[f] (| = + it dt' | dt
X (@) / (QH X>' (88)

Lk, AB d2((]1)0’“(l)qlx\QXH2 log_A X

/Q—l/Q>\X<<t|<<Q1/2)\X

(noting from (27) that the factors of dy(q;)?*") can be easily absorbed into the
log™ X factor after increasing A slightly).
We can easily dispose of the small case. From Cauchy-Schwarz one has

t+AH t+AH (1
> /. D T (R

X (q1) x (q1)

2

= (1
D[f] (5 +it’,x)‘ dt' | < @ \H

2

dt’
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and hence after interchanging the integrals, the left-hand side of (88) can be

bounded by
- (1

X/qo + Q1Q1/2)\X
X/Qo

Crudely bounding g, q1, Q, A < log® X, the claim (88) then follows in this case
from (87).

It remains to consider f that are of Type dy, Type dz, Type d3, Type dy, or Type
II. In all cases we can write f = f'1(x/q4,2x/q], Where f’is a Dirichlet convolution
of the form a * 3y - - * §; (in the Type d; cases) or of the form a * 8 (in the Type
IT case). It is now convenient to remove the 1ix/q2x/q truncation. Applying
Corollary 2.5 with 7' == AX'</1 and f replaced by fy, and using the divisor
bound (27) to control the supremum norm, we see that

2
dt.

< q1>\2H2 /
Z [t|<Q/2AX

x (q1)

Using Lemma 2.10 we can bound this by

Lo g\ H? ||f||?2 log® X.

y 1 du X—1/2+8/5
Df(—+it,x) <<E/ F(t+u +
[ ] 2 |u|<AX1—</10 | ( )| 1+ ‘U| A

where
F(t) = D[f] <% + z't,X) |

We can thus bound the left-hand side of (88) by

t+u+AH du
<ok / / > / \F(t)] dt’ dt
Q12X <t Q20X ful<axt=e/10 S Jttu—AH 1+ |ul

(q1)
X—1/2+e/5)2

+(QPAX) (uAH)? ( S

The second term can be written as

QP X H

X2£/5
AX

since A > X157 and ¢; < Q < (log X)®, we see that this contribution to (88) is
acceptable.
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Meanwhile, as ﬁ has an integral of O(log X) on the region |u| < AX'~¢/10,

we see from the Minkowski integral inequality in L? and on shifting ¢ by u that

2
/621/2>\X<<|t<<Q1/2)\X /u|<)\X15/10 Z

t+u+AH d
/ Py dr—2 |
x (q1)

S / X /_
|’LL|<)\ 1—e/10 Q 1/2AX<<|t|<<Q1/2)\X

2 1/2

t+u+AH
/ P at' | dt du
t

X (q1) +U*/\H 1 _I_ |u|

2

t+\H
/ P d|
t

< log” X /
QTIEAXIH<QI2AX |\ "y Ji-AH

where we allow the implied constants in the region {\X < [t| < Q2AX} to vary
from line to line. Putting all this together, we now see that Proposition 5.4 will
be a consequence of the following estimates.

Proposition 6.1 (Estimates for Type dy, ds,ds, ds,I1 sums). Let € > 0 be suffi-
ciently small. Let k > 2 and A > 0 be fized, and let B > 0 be sufficiently large
depending on A, k. Let X > 2, and set H = Xt Set Q = log® X, and let
1 <q <Q. Let X be a quantity such that X V072 < \ « ﬁ. Let f: N — C be
a function of one of the following forms:
(Type dy,ds, d3, dy sums) One has
f=axBy*x-xf; (89)
for some Oy -(1)-divisor-bounded arithmetic functions «,By,...,03;: N —
C, where j =1,2,3,4, « is supported on [N,2N]|, and each p;, i =1,...,j
is supported on [M;,2M;] for some N, My, ..., M; obeying the bounds

1< N < X7
X/Q < NMy ... M; < X,
and ,
XTH< M<K <M< X.

Furthermore, each B; is either of the form B; = 1, 20, 07 Bi = L1, 20,
(Type I sum) One has

f=axp
for some Oy .(1)-divisor-bounded arithmetic functions a,3: N — C sup-

ported on [N,2N| and [M,2M] respectively, for some N, M obeying the
bounds

X< N< X =H (90)
and
X/Q < NM <. X. (91)
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Then

/ Z /H/\H
Q1 2AXK|t|<QI/2AX t—A\H

x (q1)

2

1
DIf] (5 + it x) ‘ dt' | dt <peap @M\ H?*Xlog™* X,

(92)

It remains to prove Proposition 6.1. We can deal with the Type d;, Type ds,
Type d4, and Type II cases here; the Type d3 case is trickier and we will only make
a partial reduction in this section.

We begin with the Type II case. Since f = a * 5, we may factor

DIf] (% + it’,x) = D|a] (% + it/ X) D[4 (% + it’, X)

and hence by Cauchy-Schwarz we have

/t+)\H
t—AH

2

D[f] (é +it',x>' dt'

x (q1)
t+AH 1 2
<> / Dlo] <§+it’,x) dt’
X (@) VM
X Z /MH D[A] (1+it’ ) : dt’
i X

x (a1)

for any ¢t. From Lemma 2.10 we have

> /:;H D] (%—I—it',x)

x (q1)
while from Fubini’s theorem and Lemma 2.10 we have

t+\H 1 2
/ > [ o (5+ir)
Q12X |t <«Q/2AX X t—\H 2

dt Lke /\H(qul/Q)\XJ[_M) logok,s(l) X
(q1)

and so we can bound the left-hand side of (92) by
Cpe (@AH + N) (@QPAX + M) AH log%+) X.

We rewrite this expression using (91) as

2N 1 1

12,0 4 9 — + —— | N H?X 1og?=W X.

Lke Q1 (Q QA+ i + N+q1/\H> og

Using the hypotheses (83), (90), (81), (82), we obtain (92) in the Type II case as

required.

2
dt/ <<k‘,€ (Ch)\H + N) logok,s(l) X
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Now we handle the Type d; and ds cases. Actually we may unify the d; case
into the dy case by adding a dummy factor (55, so that in both cases we have

J=axBx b

where « is supported on [N,2N] and is Oy p(1)-divisor-bounded, and each f; is
either 1(as, 20r,) Or L1(ag, 201,), Where

1< N< X (93)

and
X/Q < NM M, <« X.

We may factor
1 -,/ 1 Y3 1 1} 1 =g/
DI/f] 5 Hithx = Dlo] 5 Hithx D[] 5 Hithx D|[B.] 5 tithx ).
By Cauchy-Schwarz we have

t+AH
/t—)\H

x (q1)

t+\H 1
< E D — 't/,
/t—)\H [a] (2 o X)
x (q1)

t+AH
>< \/
t—\H

x (q1)

2

2

DIf] (1 —l—it’,x)‘ dt’

2
dt’

2 2

dt’

D[] (% + it’, x)

D[pa] (% + it’,x)

From Lemma 2.8 we have

> /:;H D[a] (% —l—it’,x)

x (q1)
so from Fubini’s theorem we can bound the left-hand side of (92) by

Le (ql)\H + N))\H logOk,a(l) X

DIA] (% it X)

2
dt' <po (AH + N)logP=M X

2 2

X dt.

DIB] (% it X)

/)\X t /20X
¥ (an) TANEIQ

By the pigeonhole principle, we can thus bound the left-hand side of (92) by
Lke (Q1)\H + N))\H logokﬁa(l) X

r .
- Z /T/2<|t<T DlA <§ +Zt7X>

x (q1)

2 2

dt

D[] (% + it,X>
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for some T with

Q'AX < T < Q'2\X. (94)
By Corollary 2.12 and the triangle inequality, we have
4 g
Z / D[] ( + it X) dt < 1T <1 + _12 4 4) IOgO(l) X;
x (q) Y T/2S1I<T T2 T
since
1/2

X
T>>)\X>>E>>X1/2>>U

2 /T/zsug W( £ X>

x (q1)
Similarly with 3; replaced by 5. By Cauchy-Schwarz, we thus have

>/ o pigi] (5 + it )| P18 (5 +it)

x (q1)
and so we can bound the left-hand side of (92) by

Lpe (@AH + N)AH(pTlogOk,s(l) X
Using (94), we can bound this by

we thus have
4

dt < ¢;T1og®V X.

2 2

dt < 1T 1og®V X

NQ'?
ke Q1 (q1Q1/2A+ g ))\QHQXlogO’” DX,

Using (83), (93), (81), (82), we obtain (92) as desired.

Remark 6.2. The above arguments recover the results of Mikawa [59] and Baier,
Browning, Marasingha, and Zhao [3], in which o is now set equal to %, and the

3’
Type ds and Type dy sums do not appear.

Now we turn to the Type d; cases for j = 3,4. Here we have

NM, ... M; < X (95)
and
X7€2H<<M1<<"'<<Mj (96)
which implies that
M, < X3, (97)

We now factor f = B * g where g :== v x By * - -- x 3;, so that

Dif] (5 + it ) =Dl (5 +it.x) Dl (5 +itx).
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The function g is supported in the range {n : n < NM;...M;} and is Oy (1)-
divisor bounded. By Cauchy-Schwarz, the left-hand side of (92) may be bounded
by

2

dt’

/t+)\H
t—\H

x (q1)

Dlg] (% + it’,x)

2

de" | dt.

/Q—1/2,\X<<t|<<Q1/2,\X

/t+)\H
t—AH

x (q1)

D[] (% +it", X)

Using Fubini’s theorem to perform the ¢ integral first, we can estimate this by

2

Dly] (% + Z’t’,x)

2
dt’ | dt'.

<y |
x (q1) QTN <QI2AX

t'+2\H
/t’—Z)\H

x (q1)

D[] G + it”,X)

We fix a smooth Schwartz function n: R — R, positive on [—2,2] and whose
Fourier transform 7(u) == [ n(t)e(—tu) du is supported on [—1,1] with 7(0) = 1.
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Since A < we can bound

el
[51]( +it” X)

t'+2\H
Z /t’—2>\H
2
t” _ t/
> ﬁl ( + Zt”,X) n (( H)Ql@) dt”
x (q1)

x (q1)
(t" =t Q Bi(m1) B m2) (ml)Y(mﬁ
- [ (—H Yy A

x (gq1) m1,me

2

dt//

2

(t// — t/)(hQ "
—ota [ n (= > ]
1<a<q:(

<q:(a,q1)=1 |m=a (q1)
2

(" — Y0 Bilm) |
< q / n (T Z Z ml/2+it" dt
R 1<a<2q1 |m=a (2q1)

H 3 B1(m1)Bi(ma) ( H m1)

. . log —
1/24it"  1/2—it’ 2
mi=ms (2q1) 1 My T Q

_ H Z Br(m 4+ q10)Br(m — ¢if) . H o m+ ql
Q 2= (m+ )25 (m — )2 T\ 22 Q S m— gl

where we have used the balanced change of variables (my, mg) = (m+qf, m—q0)
to obtain some cancellation in a Taylor expansion that will be performed in the
next section. Observe that the ¢ = 0 contribution to the above expression is O(g);
also, the quantity SB;(m + ¢1£)51(m — ¢:£)7) is only non-vanishing when m =< M;
and log :ZJFZ% < ‘“Q < Q , which implies that ¢;¢ < % By symmetry and the
triangle 1nequahty (and crudely summing over ¢,/ instead of over ¢) we have

> [ e (5

x (q1)
where Y (') denotes the quantity

Y=g L | i (g m“)‘.

Q2M1 m + £)Y/2H (m — @1/2_#, 7 21q1Q o8 m— L
1<t =71

2

H
dt" < Y(t') + 0

m

¢ —0) - : .
(ﬁiﬁ;;/gfgfz)l /)277(27:;{1 g log ) is supported on the interval

[My + 0,2M; — (], is of size O.(X°) /M) on this interval, and has derivative of
size O.(X9*) /M2). Thus by Lemma 2.2, one has Y (t') <. XCE)Y ('), where

The function m




62 KAISA MATOMAKI, MAKSYM RADZIWILL, AND TERENCE TAO

Y (t') denotes the quantity

t/ m+ 0\|
Ze(%logm_€)| : (98)

mel

We may thus bound the left-hand side of (92) by O(Z; + Z5), where

1 2
Zy = \H / Dly] (— —H’t',x) Y(t') dt’
X (1) AX L |<QY/2AX 2
and
AH? 1 2
Zy = / Dlg] (— + it’,x) dt'.
Q AX K| |<Q/2AX 2

x (q1)

From Lemma 2.10 we have

ik 1/2 O (1)

Zoy Lk
From (95), (96) we have
X 2 X
NM,... M, e K< XF =
) i he 3 <X
and hence by (82), (81) and (83)
NM,...M; < QV*)\X.
We thus have
Zy <pe Q7PN H2X log? ™) X;

by (82), this contribution is acceptable for B large enough.

Now we turn to Z;. At this point we will begin conceding factors of X O in
particular we can essentially ignore the role of the parameters ¢; and () thanks to
(82).

We begin with the easier case j = 4 of Type d4 sums. To deal with D[g] in this
case, we simply invoke Lemma 2.10 to obtain the bound

> Dlg] (% + it’,x)

x (q1)
To show the contribution of Z; is acceptable in the j = 4 case, it thus suffices to
show the following lemma.

2
dt’ <. XOEI\X.

/;_1/2>\X<<|t’|<<Q1/2)\X

Lemma 6.3. Let the notation be as above with j = 4. Then for any Q~'?\X <«
[t'| < QYV2\X, one has

Y (') <. X =0 H,
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Proof. From (98) and the triangle inequality it suffices to show that

<. X—c5+O(€2) H

for 1 < ¢ < Q*M;/H. The phase m — £ log L has j™ derivative x; A';;'ﬁ for

1
all 7 > 1. Using the classical van der Corput exponent pair (1/14,2/7) (see [41,

§8.4]) we have
m+ L
Z <% log £>

mel

(noting from (83), (97) that |¢'|¢ > |¢'| > M?). Using (97), (82), the right-hand
side is

* |t/|£> 2+l
< XO ( M2
£ M2 1

1_ 1

<o XOE 0/ H) (e,
From (15),(81) we have H > X307, and the claim then follows after some arith-
metic. O

Remark 6.4. If one uses the recent improvements of Robert [72] to the clas-
sz’cal (1/14,2/7) exponent pair, one can establish Lemma 6.3 for o as small as
108 = 0.2314 ... check this - I don’t have access to the Robert paper,
improving slzghtly upon the exponent % = 0.2333 ... provided by the classical pair.
Unfortunately, due to the need to also treat the ds sums, this does not improve the
final exponent (14) in Theorem 1.3.

Now we turn to estimating Z; in the 7 = 3 case of Type d3 sums. To deal with
D|g] in this case, we apply Jutila’s estimate (Corollary 2.14) to conclude

Proposition 6.5. Let the notation and assumptions be as above. Cover the region
{t': Q7'VPAX < || < QY2AX} by a collection J of disjoint half-open intervals
J of length XV/AX fori=1,...,r. Then

( +Zt X>
Jej X (q1)

Proof. For each R > 0, let Jr denote the set of those intervals J € J such that

R<Z/ ( +zt’x>2

x (q1)
Applying Corollary 2.14 with 7 := QY2)\X and T} = XV AX (and ¢ replaced
by ), together with the triangle inequality and conjugation symmetry, we have

) Z / DB +it,x)[* dt <op XOO (#TR)VAX + (#Tr)AX)?)

JeITr x (

3
2

dt' | <pen XOEI(AX)2,

dt' < 2R.
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for j = 2,3, where we recall that #Jr denotes the cardinality of Jg. Note that
the hypothesis M; < T? required for Corollary 2.14 will follow from (95) and (83).
From Cauchy-Schwarz and the crude estimate

Dla](L +it, x) <pe XOE)

we thus have

Z Z/m (L +it, x) | dt <pep XO(HTR)VAX + (#TR)AX)Y?).

JE€TR x (9)

By definition of Jg, we conclude that
R#Tn nep XOO(#TRVAX + (#Tr)AX)?)

and thus either R <. XO(‘E IWVAX or # Tk <pep XOE)(AX)?/R®. Using the
trivial bound #Jr < V' AX in the former case, we thus have

2
4Tk <pen XOC) min ((AX) MAX)

RS

for all R > 0. The claim then follows from dyadic decomposition (noting that Jr
is only non-empty when R < X°W). 0

In the next section, we will establish a discrete fourth moment estimate for the
Y (t):

Proposition 6.6. Let the notation and assumptions be as above. Lett; < --- < t,
be elements of {t' : Q7YV2AX < |[t/| < QY2AX} such that [t — t;] > VAX for
all1 < j <r. Then

ZY/( <<k€BX e+0(e H4 /
=1

Assume this proposition for the moment. Cover the set {t' : Q7'/2\X < |t/| <
Q'?AX} by a family J of disjoint half-open intervals J of length X VX for
t=1,...,7. On each such J, let t; be a point in J that maximizes the quantity
Y (t;). One can partition the t; into O(1) subsequences that are v/ AX-separated
in the sense of Proposition 6.6. From the triangle inequality, we thus have

D V(ts)! Kpep X TTOEHIWVAX
JeJg

and hence by Hélder’s inequality and the cardinality bound |.7| <. p X°)vV/AX

D V() <pep XHBEXOEHEVAX,
JeJ
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On the other hand, we can bound

Zy<AHY Y(ty) ) /
) J

Jeg x (¢1

2

dt’

1
and hence by Holder’s inequality and Proposition 6.5 we have
7 Lo AH(X735/8+O(52)H3/2M)2/3((AX)2>1/3
which simplifies to
Zl <<k,€,B )\2H2X75/4+O(€2)X

which is an acceptable contribution to (92) for € small enough. This completes the
proof of (92).

Thus it remains only to establish Proposition 6.6. This will be the objective of
the next section.

7. AVERAGED EXPONENTIAL SUM ESTIMATES

We now prove Proposition 6.6. We will now freely lose factors of X°©) in our
analysis, for instance we see from the hypothesis Q < log? X that

1<q <Q<pe X7 (99)

By partitioning the ¢; based on their sign, and applying a conjugation if necessary,
we may assume that the ¢; are all positive. By covering the positive portion of
{AX < |t] < AXQ'?} into dyadic intervals [T, 2T (and giving up an acceptable
loss of O(log X)), we may assume that there exists

Q7 V2AX <« T < AXQY?
such that t1,...,t. € [T, 2T]; from (99) we see in particular that

T = XOEI\X. (100)
From (83) and the bound A < 1/¢@ we also note that
X672 « T < X, (101)
Since the t1,...,t, are vV AX-separated, we have
r <. XOEVAX. (102)
Finally, from (97) we have
M, < X'V3, (103)

Now we need to control the maximal exponential sums Y (¢;) defined in (98). If
one uses exponent pairs such as (1/6,1/6) here as in Lemma 6.3 to obtain uniform
control on the Y'(¢;), one obtains inferior results (indeed, the use of (1/6,1/6) only
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gives Theorem 1.3 for o = % = 0.2857...). Instead, we will exploit the averaging
in j. We first use Holder’s inequality to note that

*\ 4
~ 2 H t: m—I—E
Yt‘4 6){'0(6)_ _]1
()" < M, Z Z © 2 Ogm—f

1§z<<% M;<m<2M;
Next, we observe that log 20 = log i% ™ has the Taylor expansion
m+l o= 2 7\ %+
log Tt Z : (_)
m—/{ o 2] +1\m
¢ 20 2/

= E—Fg%‘l—g%—i-

Note how the use of the balanced change of variables eliminated the terms in the
Taylor expansion with even powers of % Thus we can write

t;  m+/ Lt;0 1 40

2 Jog ——— | = et A T .

e ( og ) e <7r - + Y- e(Rj(m))
where for m € [My, 2M,], the remainder R, (m) is of size

5
Qle/H> <. X*iJrO(EQ)

Rﬂ(m) <T ( Ml

and has derivative estimates

1 (Q*M/H\’ 1 1o
! (= i +0(e%)
Lo(m) < 7 ( M < M1X 1

Thus by Lemma 2.2 again, we have
x\ 4
- H Lt;0 1 t;08
V(1)) <. x0 L e(_ﬂ_+_ﬂ_) |

(t3) M, Z M1<;2M1 Tm  3mm?

2
1<ec M

We write this bound as

) H 0 t3\"
V)t <. X0 Lt s
;)" < M, ZQ / M, M}
1<t
f(a, B) denotes the maximal exponential sum
aM, B M|
e St U N 104
Z ‘ (7r m * 3 m3 (104)

M1 <m<2M;

fla,p) =

By a further application of Lemma 2.2, we see that

flatu,f+v) = fa,p) (105)
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whenever «, 3, u, v are real numbers with u,v = O(1). Thus

o )H t;0/M1+1 62 4
Y e X t dt.
x0T ()

J0/M;
2
1<ec M

As the t; are vV AX-separated and lie in [T, 277, and by (83), (103) we have
()\X)l/Q > X5/1276/2 > X1/3 > Mh

we see that for fixed ¢, the intervals [t;¢/M;, t;¢/M; + 1] are disjoint and lie in the
region {t :t =< T¢/M;}. Thus we have

r 2 4
DOV (t) <. X0 — 1 > / ( ! 215) dt.
= M, \t[=T¢/M, " M;

2
<o

By the pigeonhole principle, we thus have
o H 52 4
Y (t)* <. X0 — / f (t, —t) dt
jzl ! M, Z |t|=<TL/M; M7

Q*M,
H

for some

2y My
X0 L 106
< I (106)

To obtain the best bounds, it becomes convenient to reduce the range of inte-
gration of . Let S be a parameter in the range

1< LK —

TL>
M,
to be chosen later. By Lemma 2.3(i), we then have

U HTL 2 o\
Y (t;)! <. XOE) / f (a, —a) dov
2V 57 2= Jyones '\ 08

Applying (105), we then have

~ HTL
SVt x g [ [ s dsdo
j=1 0<ak$S 0<6<<1+L

where the multiplicity p(«, ) is defined as the number of ¢/ < L such that
£2

f——a
’ M;

Clearly we have the trivial bound u(«, ) < L. On the other hand, for fixed «,

the numbers Wo‘ are =< %—separated, so for > 1 we also have the bound

M, < S < min <M12, (107)

<1

2

M
1+ L.
wla, B) < + T
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We thus have

U HTL
D Y ()" <o XOEO (W + Wa + W)
: SM;
where
W, = L/ / dﬁda
0<a<S 0<B<<1
Wy = / L_ f( :5)4 dBdo
o<axs & 1<<ﬂ<<L o

W3 / / ) dﬂda
0<a<S <<ﬂ<<L“

From (105) and Lemma 2.3(ii) (with 6 := —1) we have
Wy <. X L(ME+ M2S) < XOE) L

thanks to (107). Now we treat Wy. We may assume that o > M?/L? since the
inner integral vanishes otherwise. By the pigeonhole principle, we thus have

M?2log X
W, < Og / ) dBda
a=A B<< LQA

W= w

B8 M
=)

for some AL/I—Z}Q < A < S. Applying Lemma 2.3(ii) again (now treating the e(
term in (104) as a bounded coefficient a,,) we have

fla,p) da <. )(0(52)(]\4{1 + M2A) < XO(€2)Mf
ax<A

and hence

Wy < X0 LM
Finally we turn to W3. The contribution of the region o0 < MT% is O(W3). Thus
by the pigeonhole principle we have

Wg < W2 + IOgX / dﬂda (108)
a=A 6<<L2A

for some MTf < A« S. In particular (from (106), (107)) one has
M, < A< M. (109)

One could estimate the integral here using Lemma 2.3(ii) once again, but this turns
out to lead to an inferior estimate if used immediately, given that the length M,
of the exponential sum and the dominant frequency scale A lie in the range (109);
indeed, this only lets one establish Theorem 1.3 for o = 1/4. Instead, we will first
apply the van der Corput B-process (Lemma 2.3(iii)), which morally speaking will
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shorten the length from M; to A/M;, at the cost of applying a Legendre transform
to the phase in the exponential sum.
We turn to the details. For a fixed «, 8 with
L?A
= A, — 110
(so in particular f is much smaller in magnitude than «, thanks to (106)), let
OéMl i 5 M13
T T 3m a3
denote the phase appearing in (104), then the first derivative is given by

pl(r) =

This maps the region {x : x =< M;} diffeomorphically to a region of the form
{t:—t= Mil} Denoting the inverse map by u, we thus have

f—_a M 5 M
 ormu(t)? mu(t)t

A

for —t < i

One can solve explicitly for u(t) using the quadratic formula as

1 [ aly aM\? M3
2=~ [ &2 4
W =5 7 +\/(wm) T

M 1/2
_ (& 1 1+ 1_,_%% )
m|t] ) 2 a o«

A routine Taylor expansion then gives the asymptotic

o 1/2 3 o 1/2
t)=M; | ——— — M, | —— R, 5(t
ult) = M (wle) ot (7r|t]M1) + Ras(l)

where the remainder term R, g(t) obeys the estimates

62 52 M2
Rap(t) < ﬁMlé np(t) < @71

for —t < £-. The (negative) Legendre transform ¢*(t) :== ¢(u(t)) — tu(t) can then
be similarly expanded as

2av o -1/2 15} Q —3/2
(t) == - = Eoplt
() T (W\ﬂMl) 3 (7?|t\M1) + Bas(?)
where the error term E, g obeys the estimates
ﬁ2

52
. !
A B t) < 5.

Eaﬁ (t) <
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From (110), (106), (109) we have
2 s 1
A< WA < M} <1

where the last bound follows from (15) since H = X?*¢ and M; < X'/3. Applying
Lemma 2.3(iii) followed by Lemma 2.2, we conclude that

M
floB) < i 59(AVal 2, A0 ) 4 a2

where ¢ is the maximal exponential sum

*

gla.B)=| > <:—7 <A|/i\|4>/_%(14|/€\|4)/>

—fXA/Ml

Inserting this back into (108) and performing a change of variables, we conclude
that

M4
W3 < Wy + log X(L?A* + —1/ / g(a, B)* dBda).
A? Joza Jpct2a
ME
On the other hand, by applying Lemma 2.3(ii) as before we have
/ gla, B)* da <. XOC((A/M)" + (A/Mi)°A) < XOEI(A/M,)*A
axA

for any 3, where the last inequality follows from (109). We thus arrive at the
bound
W <. Wy + XOED 1242,
Since A < S, we thus have
Wy <. W, + XOEI 252,
Combining all the above bounds for Wy, Wy, W3, we have

SVt <. xoe L
j=1

LM* + [25?). 111
o LM+ L25%) (111)

To optimize this bound we select
M? TL
S = min (—1 —) .

It is easy to see (using (83), (106), and (103)) that S obeys the bounds (107).
From (111) we have

"L HTI?M? HTIL?S
SR < oo (HTEME HTLS)
j=1

S E

<. XOHLM? + HTLY?).
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Applying (106), (100) we thus have
S V() < XOO M+ HPAX M)
j=1

and hence by (103)

T

Z?(tj)‘l <, Xo(sz)(X4/3+H,3/2)\Xll/6)
j=1

From (81), (15) we have H > X %<, which implies after some arithmetic and (83)
that the X*/? term here gives an acceptable contribution to Proposition 6.6. The
H=3/2)\ X"/ term is similarly acceptable thanks to (83), (81), and (14).

APPENDIX A. MEAN VALUE ESTIMATE

In this section we prove Proposition 5.5. This estimate is fairly standard, for
instance following from the methods in [29, Chapter 9]; for the convenience of the
reader we sketch a full proof here.

Let e, A, B, X, qo, q1, f, B’ be as in Proposition 5.5. We first invoke Lemma 2.16
with m = 3, and with ¢ and H replaced by /10 and X'/3+¢/10 respectively. We
conclude that the function (x,t) — D[f](53 + it, x,q0) can be decomposed as a
linear combination (with coefficients of size Oy . (da(go)?*<™M)) of O - (log?(M) X)
functions of the form (x,t) — D[f](% + it,x), where f: N — C is one of the
following forms:

(Type dy, dy sum) A function of the form

f: (a*ﬁl*"'*ﬂj)l(X/qo,QX/qO] (112)
for some arithmetic functions o, y,...,8;: N = C, where j = 1,2, «a is
O -(1)-divisor-bounded and supported on [N, 2N, and each f;, i = 1,...,j
is either of the form ; = 1, 2n,) OF B; = L1, 20,) for some N, My, ..., M;
obeying the bounds

1< N <<k,s X€/107
NM1 .. M] Xk,s X/q07
and
X3+ « M < - My < X g
(Type I sum) A function of the form
= (a * ﬁ)l(X/QOVQX/QO]
for some O .(1)-divisor-bounded arithmetic functions o, f: N — C with

good cancellation supported on [N, 2N] and [M, 2M] respectively, for some
N, M obeying the bounds

Xs/l() < N« X1/3+€/10
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and
NM =y X/qo.

The good cancellation bounds (29) are permitted to depend on the param-
eter B appearing in the bound ¢o < log? X.
(Small sum) A function f supported on (X/qo,2X/qo] obeying the bound

1F17: <he X755, (113)

By the triangle inequality in L” (and enlarging A as necessary), it thus suffices
to establish the bound
2

dt' <peapp Xlog™? X, (114)

D[f] (% + itla X5 QO)

/logB’ X<|t|«X5/6—¢

for each individual character x and f one of the above forms.
We first dispose of the small sum case. From Lemma 2.8 and (113) we have

/|1;|<X5/65

which gives (114) (with a power savings).

In the remaining Type di, Type da, and Type II cases, f is of the form f =
' L(x/q0,2x/q0), Where f’is of the form o * 31, o * By * 2, or a* 3 in the Type d;,
Type do, and Type II cases respectively. From Corollary 2.5 one has

2
dt < X175/ 10g%W) X

DIfI(5 + it )

DAG+EI< [ DG it + i)
fu <X5/6-

du Y
2 2 T+ Jul

Meanwhile, from Lemma 2.8 we have

/t’lélogB' X/2

and hence by Cauchy-Schwarz

/It’ISlogB/ X/2

We conclude that

2
dt' <o X log@=M) X

DI +it' )

1 /
D[f](§ + z’t’,X)‘ dt’ <poe X2 1ogOkeWFB'/2

L
DIfl(5+it.x) <<,€,€/
logB’ X/2<|t|<2X5/6—¢

for log?" X < |t| < X%/6~¢; by Cauchy-Schwarz, one thus has

1 dt’ X1/2 logOk,5(1)+B//2 X
DIf'|(z +at’ 1
16 +it 0|

/ X 10g0k,e(1)+3’

1 2 1 d
D[fl(z +it,x)| <, / DIf(=+it', x) | ——— log X +1+
\[KQ | [ PGP =
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Integrating in ¢, we can bound the left-hand side of (114) for f by

2
<<k,s /
logB’ X/2<|t|<2X5/6—¢

1 !
Df(= +it,x)| dtlog? X + X logPr<W=F" x_
so (by taking B’ large enough) it suffices to establish the bounds

2

2

1
DIf)(5 +it.X)| dt <peapp Xlogt X (115)

/10gB’ X/2<|t|<2X5/6-¢

in the Type dy, Type ds, and Type II cases.
We first treat the Type dy case. By dyadic decomposition it suffices to show
that

/T/2<|t<T

for all logB/ X < T <« X% From Corollary 2.12 we have

4
/T/2§t|§2T

for j =1,2; also from (28) we have the crude bound

2

1 . —onr
D[f,]<§ + Zt, X) dt <<k,€,A,B,B’ dg(ql)ok(l)X IOgOk’g’B(l) 2B X

2

M
dt < T (1 + —3> log?2®M) X

1
DIGI(; +it,X) =

1
D[a](§ +it, X) pe N2 1og0k(M)

Thus by Cauchy-Schwarz we may bound

2
M M-
/ dt Lke NT (1 + _1) (1 4 _2) logok’E*B(l) X
T/2<|t|<T

T2 T2
We can bound

M, M, M, My
(1+ﬁ) (1+ﬁ) <1+ —5

and use NM; M, < X to conclude

1 X
/ DU + it )2 dt <pogy (NT + ) log@hen® X
T/2<H<T 2 T

DIf)(5 + i)

which is acceptable since log? X < T < X5/6=¢ and N <« X</10,

The Type d; case can be treated similarly to the Type dy case (with the role of
Po(n) now played by the Kronecker delta function d,—;). It thus remains to handle
the Type II case. Here we factor

DIf)(; +it,x) = Dlal(5 + it )DIBI( + it, ).

and hence

DI +it,x)? = DIBI( + it PIBI( + it )Pl (5 + it )
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At this point it is convenient to invoke an estimate of Harman (which in turn is
largely a consequence of Huxley’s large values estimate and standard mean value
theorems for Dirichlet polynomials), translated into the notation of this paper:

Lemma A.1. Let X > 2 and e > 0, and let M, N, R > 1 be such that M = X2,
N = X222 qgnd MNR =< X for some oy, s > 0 obeying the bounds

1
|Oél—042|<6+€

and

a1 +oag > = — €.
3

Let a,b,c: N — C be Oy (1)-divisor-bounded arithmetic functions supported on
[M/2,2M], [N/2,2N], [R/2,2R] respectively obeying the bounds

a(n),b(n), c(n) Kg.e d2(n)0k,s(1) logQkeM) X

for all n. Suppose we also that c is of good cancellation. Then we have

1 1 1
/ DL DB + DI + i) dt <penp Xlog A X
logB® X <Jt|<X67¢
whenever A > 0 and B is sufficiently large depending on A.

2 2 2

Proof. Apply [29, Lemma 7.3] with z := X2 and 0 := % + 5 (so that the quantity
7(#) defined in [29, Lemma 7.3] is at least as large as 3 + 2¢). Strictly speaking,
the hypotheses in [29, Lemma 7.3] restricted |t| to be at least exp(log"/® X) rather
than log? X, but one can check that the argument is easily modified to adapt to

this new lower bound on |¢|. O

If we apply this lemma with a == By, b = Bx, ¢ = (a* a)x (with a; = ay >

% — 5t 0(1)) using Lemma 2.6 to preserve the good cancellation property, we
conclude that
1 2
/) _ IDIf)(5 +it)| dt <peas Xlog* X
logB X<|t|<X6~* 2

giving (115) in the Type II case.
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