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Abstract

We study independent random variables (Zi)i∈I aggregated by integrating
with respect to a nonatomic and finitely additive probability ν over the index
set I. We analyze the behavior of the resulting random average

∫
I
Zidν(i).

We establish that any ν that guarantees the measurability of
∫
I
Zidν(i) satis-

fies the following law of large numbers: for any collection (Zi)i∈I of uniformly
bounded and independent random variables, almost surely the realized av-
erage

∫
I
Zidν(i) equals the average expectation

∫
I
E[Zi]dν(i).

AMS (2000) subject classification. Primary 28A25; Secondary 60F15.
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1 Introduction

In this paper we take an abstract perspective on the classical law of large
numbers. We consider collections (Zi)i∈I of independent random variables
indexed by a countable set I. In place of studying the limiting behavior, as n
goes to infinity and for a given enumeration {i1, i2, . . .} of I, of the empirical
frequency

1

n

n∑

k=1

Zik

we study the random average

∫

I
Zidν(i)

obtained by integrating the random variables with respect to a nonatomic
finitely additive probability ν over I.
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We call a finitely additive probability a map ν : P(I) → [0, 1] defined over
the power set of I that satisfies ν(I) = 1 and ν(a ∪ b) = ν(a) + ν(b) for all
disjoint a, b ⊆ I. It is in addition nonatomic if ν({i}) = 0 for every i ∈ I.
Given a bounded vector ξ ∈ R

I ,
∫
I ξidν(i) denotes the standard Dunford

integral. We call a function defined on a probability space a random variable
if it is measurable.

The next definition plays a central role in the paper:

Definition 1. A finitely additive probability ν satisfies the law of large num-
bers property if for every complete probability space (Ω,F , P ) and every
collection (Zi)i∈I of uniformly bounded and independent random variables,∫
I Zidν(i) satisfies

∫

I
Zidν(i) =

∫

I
E [Zi] dν(i) P -a.s. (1.1)

By the additivity of ν, (1.1) is equivalent to
∫
I(Zi − E[Zi])dν(i) = 0,

P -a.s. The law of large numbers property can be decomposed into two re-
quirements. The first is that the average

∫
I Zidν(i) is measurable for any col-

lection of independent (and bounded) random variables, and irrespectively of
the underlying probability space. The second, and crucial, property is that
almost surely the realized average

∫
I Zidν(i) equals the average expectation∫

I E[Zi]dν(i).
For an example of a finitely additive probability satisfying Definition 1,

let I = N and define ν as

ν(a) = lim
n→U

1

n
|{i ≤ n : i ∈ a}| for every a ⊆ N

where U is a free ultrafilter on N, and for every sequence (ξn) in [0, 1],
limn→U ξn is the limit defined by U .1 (See, for instance, Maharam (1976) &
Paul (1962)). It follows from the standard strong law of large numbers that
ν, so defined, satisfies the law of large numbers property. A proof of this
claim can be found in Al-Najjar (2008).

In this paper we characterize the law of large numbers property in terms
of an elementary notion of measurability for finitely additive probabilities
introduced by Fremlin and Talagrand (1979). As we discuss in the next
section, part of our motivation is to better understand the measurability
properties of finitely additive probabilities. In addition, we provide a rigorous
foundation for the law of large numbers property, which is often heuristically
invoked in economic models. See the discussion in Section 2 below.

1That is, c = limn→U ξn if {n : |ξn − c| < ε} ∈ U for every ε > 0.
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Endow P(I) with the topology having as a subbase the sets {a ⊆ I : i ∈
a} and {a ⊆ I : i /∈ a} for all i ∈ I, and denote by B the corresponding
Borel σ-algebra. The same topology is obtained by identifying P(I) with the
space {0, 1}I endowed with the product topology. In addition, we consider
the (σ-additive) probability measure μ defined over B such that

μ ({a ⊆ I : i ∈ a}) = μ ({a ⊆ I : i /∈ a}) = 1/2 for all i ∈ I

and the events ({a ⊆ I : i ∈ a})i∈I are independent. If P(I) is identified with
{0, 1}I , then μ corresponds to the standard Bernoulli measure.

A finitely additive probability ν is measurable if it is measurable with
respect to the σ-algebra of μ-measurable subsets of P(I).

We call a finitely additive probability product measurable if for every
complete probability space (Ω,F , P ) and every collection (Zi)i∈I of uni-
formly bounded and independent random variables, the map

∫
I Zidν(i) is

F-measurable.
Clearly, ν satisfies the law of large numbers property only if it is product

measurable, hence measurable. We next show that these three properties
are in fact equivalent.

2 Main Result

Theorem 1. The following conditions are equivalent for a finitely additive
probability ν:

(1) ν is measurable and nonatomic;

(2) ν is product measurable and nonatomic;

(3) ν satisfies the law of large numbers property.

In different contexts and under different names, the measurability prop-
erties of finitely additive probabilities have been studied by several authors.
As shown by Christensen in his classic paper (Christensen, 1971), there is no
ν that is nonatomic and such that the map a �→ ν(a), a ∈ P(I), is Borel mea-
surable (with respect to the product topology on P(I)). Christensen (1971,
1974) and Meyer (1973) established, under the Continuum Hypothesis, the
existence of nonatomic and universally measurable additive functionals (i.e.
medial limits).2 In probability, (universally) measurable additive functionals
have been applied to the study of stochastic integration (Fisher, 1987; Nutz
et al., 2012).

2The interested reader is invited to consult (Larson, 2009) for futher references and a
discussion of the recent literature.
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Christensen’s result illustrates why completeness of the probability space
is important for Definition 1. Suppose Ω = {0, 1}I and F is the Borel sigma
algebra on Ω. Let (Zi)i∈I be the process defined on Ω by the coordinate pro-
jections, i.e. Zi(ω) = ωi for every i. Then, Christensen’s theorem shows that∫
I Zidν(i) is not F-measurable whenever the finitely additive probability ν
is nonatomic.

In economics and game theory, some version of the law of large num-
bers property is often applied in the study of large population models. A
fundamental question is whether it can be made rigorous (as discussed, for
example, in Judd 1985 & Uhlig 1996). Over the years, several papers have
provided instances of functionals ν that satisfy this property: Al-Najjar
(2008), Feldman and Gilles (1985), & Gilboa and Matsui (1992), among
others. However, none of these papers provide sufficient and necessary con-
ditions.

Our analysis centers around finitely additive integration. In probabil-
ity and statistics, finitely additive probabilities have been applied to the
study of limit theorem (Berti and Rigo, 2006; Gangopadhyay and Rao,
1999; Karandikar, 1982; Purves and Sudderth, 1983), Bayesian statistics
(Dalal, 1978; Berti and Rigo, 2006), as well as filtering and prediction the-
ory (Kallianpur and Karandikar, 1988) and other issues related to statistical
modeling (Kadane and O’Hagan, 1995).

3 Summary

In this paper we have studied processes of independent random variables
aggregated with respect to a finitely additive probability ν. Theorem 1 pro-
vides sufficient and necessary conditions under which the strong law of large
numbers, expressed in this framework, holds. The resulting condition, mea-
surability of ν, seems unlikely it could be further weakened in applications.

The results establish a tight relationship between the literature on the
measurability of finitely additive probabilities and the study of classical limit
theorems in statistics. A natural question is whether other limit theorems,
such as the central limit theorem, have an equivalent formulation in the
framework of finitely additive aggregation and, if so, under what assumptions
on ν.

4 Proof of Theorem 1

We endow R
I with the product topology. Given a random variable Z

defined over a probability space (Ω,F , P ) its distribution is the Borel prob-
ability measure θ defined as θ(B) = P

(
Z−1 (B)

)
for every Borel B ⊆ R.
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Similarly, given a family (Zi)i∈I , its distribution is the probability measure
defined as θ(B) = P

({
ω : (Zi(ω))i∈I ∈ B

})
for every Borel B ⊆ R

I .
It is immediate to verify that if a finitely additive probability ν satisfies

the law of large numbers property then it must be measurable. To see it
must also be nonatomic, suppose, if possible, that ν({i∗}) > 0. Let (Zi)i∈I
be random variables (defined on some complete probability space) such that
Zi∗ is not a.s. constant while Zi = 0 a.s. for every i �= i∗. Then

∫
I Zidν(i) =

ν({i∗})Zi∗ violates Definition 1.
We now show that measurability implies the law of large numbers prop-

erty. The proof applies some important results from Fremlin and Talagrand
(1979) as well as results from the theory of stochastic orders for processes.

For the remaining of this section we fix a measurable and nonatomic
finitely additive probability ν.

Lemma 1. Consider a complete probability space (Ω,F , P ) and a family
(Zi)i∈I of i.i.d. random variables such that the distribution θ of each Zi is
nonatomic. Then, for every Borel B ⊆ R

ν({i : Zi ∈ B}) = θ(B) P -a.s.

Proof. Let S be the support of θ and fix n. Consider a partition
{B1, ..., B2n} of S in 2n Borel sets that under θ have equal probability.
Given M ⊆ {1, . . . , 2n} let BM =

⋃
m∈M Bm and consider the correspond-

ing indicator function 1BM
: S → {0, 1}.

Consider the case where #M = n. Then θ(BM ) = 1/2, so in this case the
collection of random variables (1BM

(Zi))i∈I has distribution μ. As shown in
Fremlin and Talagrand (1979) (lemma 1B), Kolmogorov’s 0-1 law, together
with the fact that the map a �→ ac, a ⊆ I, is μ-measure preserving, imply
μ({a : ν(a) = 1/2}) = 1.

Define W : Ω → P(I) as W (ω) = {i : Zi ∈ BM}. Then W is measurable
and P (W−1(A)) = μ(A) for every Borel A ⊆ P(I). There exists a Borel set
A ⊆ P(I) such that

A ⊆ {a ⊆ I : ν(a) = 1/2}
and μ(A) = 1. But

W−1(A) ⊆ W−1 ({a ⊆ I : ν(a) = 1/2}) ⊆ {ω : ν({i : Zi(ω) ∈ BM} = 1/2}

and P
(
W−1 (A)

)
= 1. So, {ω : ν({i : Zi(ω) ∈ BM}) = 1/2} is P -measurable

and has probability 1. Hence we can conclude that

P

⎛

⎝
⋂

M :#M=n

{ω : ν({i : Zi(ω) ∈ BM}) = 1/2}

⎞

⎠ = 1.
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Let l,m ∈ {1, ..., 2n}. Fix a subset M ⊆ {1, ..., 2n} such that #M = n − 1
and l,m /∈ M . Then

1/2 = ν({i : Zi ∈ BM∪{l}}) = ν({i : Zi ∈ BM∪{m}}) P -a.s.

By the additivity of ν, for every ω,

ν({i : Zi(ω) ∈ Bl}) + ν({i : Zi(ω) ∈ BM}) = ν({i : Zi(ω) ∈ BM∪{l}})
ν({i : Zi(ω) ∈ Bm}) + ν({i : Zi(ω) ∈ BM}) = ν({i : Zi(ω) ∈ BM∪{m}}).
Hence, a.s.,

ν({i : Zi ∈ Bl}) = ν({i : Zi ∈ Bm}).
From which we conclude that ν({i : Zi ∈ B1}) = ν({i : Zi ∈ Bl}) a.s. for
every l ∈ {1, ..., 2n}. Since S is the support of θ, then, a.s.

1 = ν ({i : Zi ∈ S}) =
2n∑

l=1

ν({i : Zi(ω) ∈ Bl}).

Therefore, ν({i : Zi ∈ Bl}) = 1/(2n) for every l, P -a.s. Finally, this implies,
using the additivity of ν, that for every M ⊆ {1, ..., 2n},

ν({i : Zi ∈ BM}) = #M

2n
P -a.s.

Now let B be any Borel subset of S. Consider first the case where θ(B) =
k/(2n) for some n and k ∈ {1, ..., 2n}. Then, by partitioning B and Bc into,
respectively, k and 2n− k subsets of measure 1/(2n) and then applying the
argument above, we conclude that ν({i : Zi ∈ B}) = θ(B) almost surely.

Consider now the case where θ(B) ∈ (0, 1). For every n let kn be the
largest k ∈ {0, 1, ..., 2n} such that k/(2n) ≤ θ(B). Let N be large enough
such that kn < 2n for every n ≥ N . Since θ is nonatomic, for every n ≥ N
we can find Borel Bn, Cn such that Bn ⊆ B ⊆ Cn and θ(Bn) = kn/(2n) and
θ(Cn) = (kn + 1)/(2n).

To simplify the notation, let

X(ω) = ν ({i : Zi(ω) ∈ B})
Yn(ω) = ν ({i : Zi(ω) ∈ Bn})
Zn(ω) = ν ({i : Zi(ω) ∈ Cn}) .

Notice that Yn(ω) ≤ X(ω) ≤ Zn(ω) for every n and ω. Let Y =
supn≥N Yn and Z = infn≥N Zn. So,

P

⎛

⎝
⋂

n≥N

{ω : Yn(ω) ≤ Y (ω) ≤ X(ω) ≤ Z(ω) ≤ Zn(ω)}

⎞

⎠ = 1.
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In addition, we know that Yn = θ(Bn) and Zn = θ(Cn) almost surely. Since
θ(Bn) ↑ θ(B) and θ(Cn) ↓ θ(B) then we have Y = θ(B) = Z, P -a.s. Thus
X is P -measurable and a.s. equal to θ(B). This concludes the proof.

Given a Borel probability measure μ̃ over P(I) let μ̃i = μ̃({a : i ∈ a}).
With slight abuse of terminology, we refer to μ̃ as a product measure if for
all finite b1, b2 ⊆ I

μ̃({a : b1 ⊆ a ⊆ bc2}) =
∏

i∈b1
μ̃i

∏

i∈b2
(1− μ̃i)

i.e. if μ̃ is a product measure when regarded as a measure over {0, 1}I . We
denote by Π the set of all product measures.

Lemma 2. Let μ̃ ∈ Π and t ∈ [0, 1] be such that μ̃i = t for every i. Then
ν = t, μ̃-a.s.

Proof. Consider the probability space ([0, 1]I ,FI , λ
I), where λ is the

Lebesgue measure, λI is the infinite product
∏

i∈I λ and FI is the domain
of λI . Consider the map φ : [0, 1]I → P(I) defined as

φ(ξ) = {i : ξi ∈ [0, t]} for all ξ ∈ [0, 1]I .

Then φ satisfies λI(φ−1(A)) = μ̃(A) for all Borel A ⊆ P(I). Lemma 1 shows
we can find a Borel set B ⊆ [0, 1]I such that

B ⊆ {ζ ∈ [0, 1]I : ν ({i : ζi ∈ [0, t]}) = t}

and λI(B) = 1. So,

φ(B) ⊆ φ
(
{ζ ∈ [0, 1]I : ν ({i : ζi ∈ [0, t]}) = t}

)

⊆ {a ⊆ I : ν(a) = t}.

Since φ and B are Borel then φ(B) is μ̃-measurable. Hence

μ̃(φ(B)) = λI(φ−1(φ(B))) ≥ λI(B) = 1.

Thus we can conclude that {a ⊆ I : ν(a) = t} is μ̃-measurable and has
probability 1 under μ̃.

For the next lemma we recall a few notions from the theory of stochastic
orders.

A set A ⊆ P(I) is increasing if a ∈ A and a ⊆ b implies b ∈ A. It
is decreasing if its complement is increasing. Equivalently, A is decreasing
if and only if a ∈ A and b ⊆ a imply b ∈ A. Given A ⊆ P(I), we let
A↑ = {b : a ⊆ b for some a ∈ A} and A↓ = {b : b ⊆ a for some a ∈ A}.
Clearly, A↑ is increasing while A↓ is decreasing. It can be verified that for
every compact A ⊆ P(I), both A↑ and A↓ are compact.
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Theorem 2 (Kamae, Krengel and O’Brien). Let μ̃1, μ̃2 ∈ Π. Then μ̃1
i ≥ μ̃2

i

for every i if and only if μ̃1(A) ≥ μ̃2(A) for every increasing Borel A ⊆ P(I).

Proof. The result follows immediately from Theorem 2 in Kamae et al.
(1977).

Lemma 3. For every μ̃ ∈ Π we have

ν =

∫

I
μ̃idν(i) μ̃-a.s.

Proof. Consider first the case where {μ̃i : i ∈ I} is finite. We can
find a partition I1, ..., In of I and t1, ..., tn in R such that μ̃i = tk if and
only if i ∈ ak. Assume, without loss of generality, that ν(ak) > 0 for
every k. Now consider for each k the conditional finitely additive probability
ν(·|ak) : a �→ ν(a∩ ak)/ν(ak). It follows from the discussion in section 1J(c)
in Fremlin and Talagrand (1979) that each ν(·|ak) is measurable. Hence by
Lemma 2 each ν(·|ak) satisfies

μ̃({a : ν(a|ak) = tk}) = 1.

Therefore, ν =
∑

k ν(ak)ν(·|ak) is a sum of μ̃-measurable functions and it is
μ̃-a.s. equal to

∑
k ν(ak)tk =

∫
i μ̃idν(i).

We now consider the general case. By standard arguments, for every n,
we can find two measures λn and κn in Π such that {λn

i : i ∈ I} and {κni :
i ∈ I} are finite and λn

i ≤ μ̃i ≤ κni and κni − λn
i ≤ 1/n for every i. In

particular,
∫
I λ

n
i dν(i) →

∫
I μ̃idν(i) and

∫
I κ

n
i dν(i) →

∫
I μ̃idν(i) as n → ∞.

As established above

λn

({
a : ν(a) =

∫

I
λn
i dν(i)

})
= 1

κn
({

a : ν(a) =

∫

I
κni dν(i)

})
= 1.

Now fix k and consider the set

Ak =

{
a : ν(a) ≥

∫

I
μ̃idν(i)− 1/k

}
.

Because
∫
I λ

n
i dν(i) →

∫
I μ̃idν(i) as n → ∞, we can find Nk such that for

every n ≥ Nk we have
{
a : ν(a) =

∫

I
λn
i dν(i)

}
⊆ Ak.
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Hence, λn satisfies λn(Ak) = 1. Thus there exists a compact set Kn ⊆ Ak

such that λn(Kn) ≥ (n− 1)/n.
Each Kn satisfies Kn ⊆ Ak. The crucial observation is that Ak is in-

creasing. This implies K↑
n ⊆ Ak. Now define K =

⋃
n≥Nk

K↑
n. Then K is

increasing, Borel and included in Ak. For every n, we have

n− 1

n
≤ λn(Kn) ≤ λn(K) ≤ μ̃(K)

where the last inequality is implied by Theorem 2. Hence μ̃(K) = 1. So,
μ̃(Ak) = 1. As k is arbitrary, we obtain

1 = μ̃

⎛

⎝
⋂

k≥1

Ak

⎞

⎠ = μ̃

({
a : ν(a) ≥

∫

I
μ̃idν(i)

})
.

Now consider for each k the set

A′
k =

{
a : ν(a) ≤

∫

I
μ̃idν(i) + 1/k

}
.

As before, we can use the fact that
∫
I κ

n
i dν(i) →

∫
I μ̃idν(i) as n → ∞ to

find, for each n greater than some Nk, a compact set Kn ⊆ A′
k such that

κn(Kn) ≥ (n − 1)/n. Since A′
k is decreasing then K↓

n ⊆ A′
k for every n.

So, K =
⋃

nK
↓
n ⊆ A′

k. Now K is decreasing. Thus, Kc is increasing and
Theorem 2 implies κn(Kc) ≥ μ̃(Kc) for every n. Thus

n− 1

n
≤ κn(K) ≤ μ̃(K)

for every n. Hence μ̃(K) = 1, so μ̃(A′
k) = 1. Therefore

1 = μ̃

⎛

⎝
⋂

k≥1

A′
k

⎞

⎠ = μ̃

({
a : ν(a) ≤

∫

I
μ̃idν(i)

})
.

Thus, we can conclude that ν =
∫
I μ̃idν(i), μ̃-a.s.

We can now complete the proof of Theorem 1. Let (Zi)i∈I be a collec-
tion of independent and uniformly bounded random variables defined over a
probability space (Ω,F , P ). Assume supi |Zi| ≤ t for every i. Given a Borel
set B ⊆ [−t, t] consider the function fB : [−t, t]I → P(I) defined as

fB(ξ) = {i : ξi ∈ B} for all ξ ∈ [−t, t]I
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and let Z : Ω → R
I be defined as Z(ω) = (Zi(ω))i∈I . Now let μ̃(A) =

P (Z−1(f−1
B (A))) for every Borel A ⊆ P(I). It is routine to show that μ̃

belongs to Π. Now Lemma 3 implies there exists a Borel set A such that

A ⊆
{
a : ν(a) =

∫

I
μ̃idν(i)

}

and μ̃(A) = 1. By construction,

Z−1
(
f−1
B (A)

)
⊆ Z−1

(
f−1
B

({
a : ν(a) =

∫

I
μ̃idν(i)

}))

=

{
ω : f(Z(ω)) ∈

{
a : ν(a) =

∫

I
μ̃idν(i)

}}

⊆
{
ω : ν ({i : Zi(ω) ∈ B}) =

∫

I
μ̃idν(i)

}
.

Hence, P
(
Z−1

(
f−1
B (A)

))
= 1 implies that ν ({i : Zi ∈ B}) is P -measurable

and in fact equal, P -a.s., to
∫
I μ̃idν(i) =

∫
I P (Zi ∈ B) dν(i).

Let φn : [−t, t] → [−t, t] be a Borel function with finite range such that
|φn (u)− u| ≤ 1/n for every u. Fix n and let {t1, ..., tr} be the range of φn.

We know that for every k ∈ {1, ..., r}, P -a.s.

ν ({i : φn (Zi) = tk}) =
∫

I
P (φn (Zi) = tk) dν (i) .

So
r∑

k=1

tkν ({i : φn (Zi) = tk}) =
r∑

k=1

tk

∫

I
P (φn (Zi) = tk) dν(i)

almost surely. Thus, by the additivity of ν, almost surely,
∫

I
φn (Zi) dν (i) =

r∑

k=1

tkν ({i : φn (Zi) = tk})

=

∫

I

r∑

k=1

tkP (φn (Zi) = tk) dν (i)

=

∫

I
E [φn (Zi)] dν (i) .

For every i we have |E [φn (Zi)− Zi]| ≤ supu∈[−t,t] |φn (u)− u| ≤ 1/n. Hence
the sequence of functions (i �→ E [φn (Zi)])n converges uniformly to the func-
tion i �→ E [Zi]. So,

∫

I
E [Zi] dν(i) = lim

n→∞

∫

I
E [φn (Zi)] dν(i).
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In addition, for every ω and n we have supi∈I |φn (Zi (ω))− Zi (ω)| ≤ 1/n.
Hence

∫

I
Zi (ω) dν (i) = lim

n→∞

∫

I
φn (Zi (ω)) dν (i) for every ω ∈ Ω.

Thus
∫
I Zidν(i) is P -measurable, and we obtain

P

({
ω :

∫

I
Zi (ω) dν (i) =

∫

I
E [Zi] dν (i)

})

≥ P

( ∞⋂

n=1

{
ω :

∫

I
φn (Zi (ω)) dν (i) =

∫

I
E [φn (Zi)] dν(i)

})
= 1.

This concludes the proof of Theorem 1.
Publisher’s Note. Springer Nature remains neutral with regard to juris-

dictional claims in published maps and institutional affiliations.
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