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Abstract—When heterogeneous congestion control protocols B. Summary

that react to different pricing signals share the same network, .
the resulting equilibrium may no longer be interpreted as a A congestion control protocol generally takes the form

solution to the standard utility maximization problem. We prove

the existence of equilibrium in general multi-protocol networks . _
under mild assumptions. For almost all networks, the equilibria b= g 4 Z ' (1), () @)
are locally unique, and finite and odd in number. They cannot Jj:eL(j)

all be locally stable unless there is a globally unique equilibrium.
Finally, we show that if the price mapping functions, which j

ma‘:)l I}llnk ;()aricses0 to tef?éctivfe ?)rige(s:eobszpr)\?edgbyuthcet 0sosulrces,care 1 | %50, Z m{ (pu(2)) (2)
sufficiently similar, then global uniqueness is guaranteed. leL(y)

Here, L(j) denotes the set of links used by sourgeand

g1(-) models a queue management algorithm that updates the
pricep;(t) at link /, often implicitly, based on its current value

A. Motivation and the sum of source rates(¢) that traverse linkl. The

Congestion control protocols have been modelled as d fices may represent loss probabilities, queueing delays, or

. . . L uantities explicitly calculated by the links and fed back to
tributed algorithms for network utility maximization, e.g., [10]‘?he sources pTheyfunctiom“« modyels a TCP algorithm that
[11], [13], [14], [22], [34]. With the exception of a few adjusts the :[ransmission rjaig(t) of sourcej based on its
limited analysis on very simple topologies [8], [12], [13] ) J ve

R ‘current value and the sum of “effective pricesi] (p;(¢)) in
[21], existing literature generally assumes that all sources aie th. The effecti . J (o (1 funct ¢ th
homogeneous in that, even though they may control their ra % path. The effective pricesy; (p(¢)) are functions of the

using different algorithms, they all adapt to the same type ?Sk pr|c§3pl(t), and the functionsn] in general can depend
congestion signals, e.g., all react to loss probabilities, as9A the links and sources. . . L

TCP Reno, or all to queueing delay, as in TCP Vegas or FASTWhen all algorithms use the ;ame pricing ;lgnal, ne{.,:.

[9]. When sources wittheterogeneougprotocols that react " are the same for all sourcgs t_he equilibrium properties
to different congestion signals share the same network, tﬂfe(l_)__(z) turn out to be very__sw_nple. Indeed, ‘”?der mild
current duality framework is no longer applicable. With morgond'.tlons ong an_d fﬂ the eqU|I|brl|um .Of .(1)_(2) eX|s_t_s "’?”d
congestion control protocols being proposed and ideas of usl dJn|que [1_3]' This IS proved .by |dent|fy|n.g_ the eqwhbngm
congestion signals other than packet losses, including expll% t(l)_(z) W".[h thg unique solytlon of the utility maximization
feedbacks, being developed in the networking community, oblem defm_e_d n [lO]_and its Lagrange dual problem [14].
need a mathematically rigorous framework to understand t &re. the equilibrium priceg, play the role of Lagrange mul-

behavior of large-scale networks with heterogeneous protocmﬂ}g!'ers’ one at each link. This utility maximization problem

This paper proposes and develops such a framework us provides a simple and complete characterization of the

Our emphasis is on general networks with multiple sourcggu'l.'b“um. of a smgle—protocol _network and also leads to a
IJatlvely simple dynamic behavior.

and links that use a large class of algorithms to adapt thEf . . -
rates and congestion prices. Often, interesting and countery\/hen heterogeneous algorithms that use different pricing

intuitive behaviors arise only in a network setting wher ignals share the same network, i.ey are different for

. . Lo i t sourceg, the situation is much more complicated.
sources interact through shared links in intricate and surprisi greren
ways, e.g., [28]. Such behaviors are absent in single-l é'r instance, when TCP Reno and TCP Vegas or FAST share

the same network, neither loss probability nor queueing delay

models and are usually hard to discover or explain without the L ltinli t the link. and (1)—(2
fundamental understanding of the underlying structure. Giv&fin SErve as the Lagrange muiliplier at the fink, an (1)-(2)
n no longer be interpreted as solving the standard network

the scale and heterogeneity of the Internet, it is conceivalfig" 2 ) .
ity maximization problem. Basic questions, such as the

that such behaviors are more common than we realize, X L .
remain difficult to measure due to the complexity of thgxstence and uniqueness of equilibrium, its local and global
stability, need to be re-examined.

infrastructure and our inability to monitor it closely. A math- We f i thi r on the existen nd uniquen
ematical framework thus becomes indispensable in exploring ¢ .lc.)gl’.'s Wi S pape thot e'l'eb Ste C(t;’\.”a . ::J qu% ess
structures, clarifying ideas, and suggesting directions. Sofie&quiiibrium. Yve prove that equilibnium stil exists, under

of the theoretical pr?diCtionS iln this paper have already been 1Delay is omitted to simplify the whole system. Note that this paper focus
demonstrated experimentally in [31]. on equilibrium properties that don’t depend on delay.

Lj

I. INTRODUCTION




mild conditions, despite the lack of an underlying conveand hence there are considerably similarities in terms of the
optimization problem (Section IllI). In contrast to the singleeharacterizations and the mathematical tools to derive them.
protocol case, even when the routing matrix has full rowhe main mathematical tools used in this paper are the Nash
rank, there can be uncountably many equilibria (Exampletheorem in game theory [2], [23], which is an application
in Section V) and the set of bottleneck links can be nomf Kakutani's generalized fixed point theorem, and results
unique (Example 2 in Section 1V). However, we prove thd&tom differential topology, especially the Poincare-Hopf Index
almost all networks have finitely many equilibria and thefheorem [20]. They are used to prove existence and study
are necessarily locally unique (Section 1V). The number ainiqueness of network equilibrium, respectively.
equilibria is always odd, though can be more than one (SectiortHowever, there are several important differences. First, the
IV). Moreover, these equilibria cannot all be locally stableffective prices to different sources (consumers) are generally
unless the equilibrium is globally unique (Section 1V). Finallydifferent in our model, whereas the prices in the economic
we provide two sufficient conditions for global uniqueness ahodel are independent of consumers. Differential pricing is
network equilibrium (Sections V and VI). The first conditionvhat makes networks with heterogeneous protocols much
implies that if the price mapping functions that map linknore difficult. Second, in the economic model, there is a con-
prices to effective prices observed by the sources do not diff@pt of initial endowment that defines both the demand-supply
too much (“degree of heterogeneity” is sufficiently small)yelation and a consumer’s consumption possibility through
then global uniqueness is guaranteed. The second conditibe wealth constraint. In our model, the wealth constraint is
generalizes the full-rank condition on routing matrix for globaleplaced by the link capacity constraint. Third, in the economic
uniqueness from single-protocol networks to multi-protocehodel, consumers maximize their utilities whereas in our
networks. Throughout the paper, we provide numerical emiodel, sources maximize their utilities minus bandwidth costs.
amples to illustrate equilibrium properties or how a theorefinally, in our model, every source consumes exactly the same
can be applied. In [31], we demonstrate experimentally tlaenount of bandwidth at each link in its path;(= z;, for
phenomenon of multiple equilibria using TCP Reno and TC&lI [ € L(4)), whereas, in the economic model, consumers can
Vegas/FAST in ns-2 simulator and Dummynet testbed. Moo®nsume different goods at different amounts. This guarantees
properties of heterogeneous congestion control, including dphat the demand for every good is exactly balanced by its
timality, fairness and methods to achieve them, have recerslypply in a pure exchange economy, yet in networks, the set
been obtained in [32]. of bottleneck links where demand for and supply of bandwidth
is balanced can be non-unique and a strict subset of all links.
C. Related work The .pr.opertyx.il = x; is the key strugture that.alloyvs us to
o o obtain interesting results on global uniqueness in fairly general
~ Our formulation is close to the general equilibrium theoryettings. In contrast, global uniqueness in general equilibrium
in economics from which we borrow ideas and techniquegalysis usually requires very strong conditions and most

[18]. See [3], [4], [5], [6], [7], [24], [25], [33] and [1], [17] jiterature focuses on local uniqueness [1], [3], [5].
for a fairly complete treatment of related works in economics

literature. A typical model of the pure exchange economy 0

consists ofL. commodities andV consumers. Each consumer ) - MopEL
i has an initial endowment vectap; = (w; > 0,0 = A Notation
1,...,L) and its goal is to choose a consumption vector A network consists of a set of links, indexed byl =
z; = (zgy,0 = 1,...,L) to maximize its utility subject to 1,...,L, with finite capacitiesc;. We often abuse notation
its wealth constraint, i.e., and useL to denote both the number of links and the set
. L = {1,...,L} of links. Each link has a pricey as its
P Ui(x:) subjectto p’a; < p’w; congegtion me}:;lsure. There afedifferent protocols indexed

by superscriptj, and N7 sources using protocgl, indexed
by (j,i) wherej = 1,...,J andi = 1,..., N7, The total
number of sources I8 := Y, N7.

The L x N7 routing matrix?’ for type j sources is defined

wherep = (p;,l = 1,...,L) are unit prices for the goods
and” denotes matrix transpose. For each goedl,---, L,
demand and supply are balanced if

N N by R}, = 1 if source(j,i) uses linkl, and O otherwise. The
Zﬂ?u = Zwu overall routing matrix is denoted by
i=1 =1
, . R=[R' R* ... R’
A consumption vector* = (z7,7 = 1,...,N) and a price [ ]

vector p* are called acompetitive equilibrium(or Walrasian Even though different classes of sources react to different
equilibrium) if =} maximizesi's utility and demand equals prices, e.g. Reno to packet loss probability and Vegas/FAST
supply for all goods. to queueing delay, the prices are related. We model this
In general equilibrium theory, consumers are assumed redationship through a price mapping function that maps a
be price takers. This aspect is similar to our model wheoemmon price (e.g. queue length) at a link to different prices
sources do not take into account how their decisions affgetg. loss probability and queueing delay) observed by different
the link prices or each other. Both problems are concernsdurces. Formally, every linkhas a pricey;. A type j source
with characterizing fixed points of a continuous mappingeacts to the "effective pricefn] (p;) in its path, wheren;] is



a price mapping function, which can depend on both the lirflinctions composed afJ Sinceq = RTm(p), we often abuse
and the protocol type. The exact form of depends on the notation and writer? (p ) 24 (p), z(p).2
AQM algorithm used at the link; see [31] forlmks with RED. Define the aggregate source ratg®) = (y(p),l =
Let m/ (p) = (m](m),l =1,...L) andm(p) = (m? (py),5 = 1,...,L) at links! as:
1,...J). The aggregate prices for sour€g) is defined as ; o

) garegate p Ge) y'(p) = R'a'(p), ylp) = Rz(p) ()

ZR“ml D) (3) In equilibrium, the aggregate rate at each link is no more
than the link capacity, and they are equal if the link price is
strictly positive. Formally, we calp an equilibrium price a

A A j _

Let ¢ = (¢f,i = 1""’Nlj) andq = (¢, = 1....J)  [anwork equilibriumor just anequilibriumif it satisfies (from
be vectors of aggregate prices. Thgh= (R ) m?(p) and (3)~(5))
q=R"m(p).

Let 27 be a vector with the rate’ of source(j,i) as its Py(p) —c) =0, ylp)<c, p=0 (6)
ith entry, andz be the vector ofy/ where P := diag(p;) is a diagonal matrix. The goal of this

T oo v 1T paper is to study the existence and uniqueness properties
v o= [ @)@ @) ] of network equilibrium specified by (3)—(6). Let be the

Source(j, ) has a utility functlonUJ( ) that is strictly con- equilibrium set:

cave increasing in its ratel. LetU = (Ui = 1,..., N, j = E = {peRY Plylp) —c)=0, yp) <} (7)

Loy d). For future use, we now define an active constraint set and

In general, ifz), are defined, then denotes the (column) y,o jac0hian for links that are actively constrained. Fix an
vector z = (zy, Vk). Other notations will be introduced Iaterequilibrium pricep* € E. Let theactive constraint sef, —

when they are encountered. We c@llm, R,U) a network z(p*) C L (with respect top*) be the set of linkd at which

p; > 0. Consider the reduced system that consists only of links
in L, and denote all variables in the reduced system, By 4,
etc. Then, since;(p) = ¢; for everyl € L, we havej(p) = ¢.

A network is in equilibrium, or the link priceg and | et the Jacobian for the reduced systemMig) = 9i(p)/dp.
source ratesc are in equilibrium, when each sourdg,i) Then

B. Network equilibrium

maximizes its net benefit (utility minus bandwidth cost), and . T G
the demand for and supply of bandwidth at each bottleneck J(p) = ZRJ D) ( ) 55 (D) (8)
link are balanced. Formally, a network equilibrium is defined p
as follows. where
Given any price®, we assume in this paper that the source _ S\ -1
ratesz? are uniquely determined by o’ _ diag 0*U] )
. N 9g d(x])?
d(d) = (@) (@)] v
op op

AN/ . A /-1

AN o j j -
where (Uz) is the derivative ofU;, and (Uz) IS 1S and all the partial derivatives are evaluated at the generic point
inverse which exists sindg; is strictly concave. Herg|" = p.
max{z, 0}. This implies that the source rate5uniquely solve

C. Current theory:J =1

In this subsection, we briefly review the current theory
A ill d h hi for the case where there is only one protocol, i..= 1,
s we, Wil see, under the assumptions in this PaP€ing explain why it cannot be directly applied to the case of

1—1
(UJ) (q ) > 0 for all the pricesp that we consider, and heterogeneous protocols.
hence we can ignore the projectidfi” and assume without When all sources react to the same price, then the equi-

J J
max Uj(2) — 2q,

loss of generality that librium described by (3)—(6) is the unique solution of the
- following utility maximization problem defined in [10] and
i (qﬂf) _ (UJ) - (qg') (4) its Lagrange dual [14]:
o max Z Ui(z;) (12)
As usual, we user’ (¢/) = (] qu,) i=1,...,NJ) and . @0 -
2(q) = (27 (¢).j=1,...,J) to denote the vector-valued subjectto Rz < ¢ (12)

SHence we can effectively modify user utility functions and influence rate
20ne can also take the prlpé used by one of the protocols, e.g. queueingdllocations through the choice of price mapping functmmﬁ In particular,
delay, as the common prigg. In this case the corresponding price mappinginear link- mdependenin] scale user utility functions linearly; see Theorem

function is the identity functionyn (p;) = p;. 13.




where we have omitted the superscript= 1. The strict Proof. Let pnax be the scalar upper bound in Lemma 1. For
concavity of U; guarantees the existence and uniqueness afy p € [0, pmax]”, define a vector function
the optimal solution of (11)-(12). The basic idea to relate

F(p) = — 1
the utility maximization problem (11)—(12) to the equilibrium . (p) = Ra(p) —c (13)
equations (3)—(6) is to examine the dual of the utility maxFor any linkl, let
imization problem, and interpret the effective prieg (p;) Pt = (1o Pty Piaropr)T

as a Lagrange multiplier associated with each link capacity ) i _
constraint (see, e.g., [13], [14], [22]). As long a5(p;) > 0 Then we may writeF'(p) as F(p;, p—;). Define functionh;
and m;(0) = 0, one can replace; in (6) by m;(p;). The @S
resulting gquation t_ogetherwith (3)—(5) provides the necessary hi(pi,p_t) = —F2(pi,p_1) (14)
and sufficient condition fox;(p) andm;(p;) to be primal and
dual optimal respectively. i - ) o
Thispapproachp breakz down when there dre> 1 types any fixedp_;. By the definition of quasi-concavity in [23], we
of prices because there cannot be more than one Lagraﬁgr]]tlsy need to check that the set
multiplier at each link. In general, an equilibrium no longer Ay = Ao | ulp,p) >a}
maximizes aggregate utility, nor is it unique. However,
shown in the next section, existence of equilibrium is sti
guaranteed under the following assumptions:

Al: Utility functions U/ are strictly concave increasing, and A= { pi ‘ —Vlal < Fi(pi,p—1) < v \a|}

twice continuously differentiable in their domains. Pric%inceFl(pl,p_l) is a non-increasing function ip; for any
mapping functionsn;] are continuously differentiable in yaq p_1, the setd, is convex. Thereforéy (p;, p_;) is quasi-
their domains and strictly increasing with; (0) = 0. concave inp;.
A2: For anye > 0, there exists a numbeh,.x such that if  gjnce [0, pmax] iS @ Nonempty compact convex set, by
P1 > Pmax for link 7, then the theorem of Nash [23], the quasi-concavity/gtp;, p_;)
guarantees that there existp'ac [0, pmax]” such that for all
le{l,2..L}
These are mild assumptions. Concavity and monotonicity of _— «
utility functions are often assumed in network pricing for b= a8 e hu(pr pZ)
elastic traffic. Moreover, most TCP algorithms proposed Or \we now argue that, for all, either 1) Fj(p*) = 0, or 2)
deployed turn out to have strictly concave increasing utili%(p*) < 0 and we can take; = 0. These conditions imply
functions; see e.g. [13]. The assumptionsan preserves the (6), and hence* is an equilibrium price.
relative order of prices and maps zero price to zero effective i
price. Assumption A2 says that whepis high enough, then Case 1. F;(0,p*;) > 0. Since U; is strictly concave,

We claim thath;(p;, p—;) is a quasi-concave function jn for

convex for alla € R. If a > 0, clearly A; = 0 by (14).
hena < 0, the set4; can be rewritten as

) (p) < e for all (j,4) with R}, =1

every source going through linkhas a rate less than Fy(pi, p*,;) is non-increasingin [0, pax]. Moreover, the proof
of Lemma 1 shows thaF}(pmax,p*;) < 0. Therefore, there
I1l. EXISTENCE OF EQUILIBRIUM exists a pointp; in [0, pmax] where Fy(py, p*;) = 0. This pj

. . . maximizesh ).
In this section, we prove the existence of network equi- )

librium. We start with a lemma that bounds the equilibriun®ase 2:F;(0,p* ;) < 0. SinceF;(p;,p* ;) is a non-increasing
prices. function in p;, we have that

Lemma 1. Suppose Al and A2 hold. Given a network Fi(pi,p~;) <0 forall p; € [0, prmax]

(c, m, R_, U), there i_s a scalarpn.x that upper bounds any ¢ —¢ < Fy(0,p*,) < 0, then Fy(py, p*,) and hy(pr, p*,) are
equilibrium pricep, i.e., p; < pmax for all 1. strictly decreasing ip; and hence

Proof. Choosee = min,; ¢;/N, and letp,,. be the corre- pf =arg max hy(p,pt,) =0

sponding scalar in A2. Suppose that there exists an equilibrium PLE[0,Pmax]

price p and a linkl, such thaty, > puax. A2 implies that the Otherwise we haveF;(0,p*;) = —c¢ from (13). In this

aggregate equilibrium rate at linksatisfies situation, all =] going through link! are zero, and hence
ZZR{-ﬂ(P) < Ne=ming we can sep; = OIW|thout aﬁeptlng any ot.her~pr|ces. More
~ 5 v 1 precisely, a (possibly) new price vectgrwith p; = 0 and

pr = p;, for k # 1 is also a Nash equilibrium that maximizes
Therefore, we get a link witly, > 0 but not fully utilized. It 4, (p, 5_,)for k=1,... L.

contradicts the equilibrium condition (6). O Thus we have proved that, for=1,..., L,

The following theorem asserts the existence of equilibrium p; F;(p;,p*;) = 0, F(p;,pZ;) < 0, p*>0
for a multi-protocol network. which is (6). O

Theorem 2. Suppose Al and A2 hold. There exists an equi-
librium price p* for any network(c, m, R, U). 4Fy(pi,p*,) is strictly decreasing unless sormg(p) becomes zero.




IV. REGULAR NETWORKS equilibrium price vector. Wher/ = 2, there are networks
Theorem 2 guarantees the existence of network equilibriunose determinants are zero that have uncountably many
We now study its uniqueness properties. equilibria. See [29] for an example where does not have
full row rank. We provide here an example with= 3 where
R still has full row rank.
The network is shown in Figure 1 with three unit-capacity

In a single-protocol network, if the routing matriX has |jinks, ¢, = 1. There are three different protocols with the
full row rank, then there is a unique active constraint et

and a unique equilibrium price associated with it. I1fR does

1 1 1
not have full row rank, then equilibrium pricesmay be non- X X X
unique but the equilibrium rates(p) are still unique since the

A. Multiple equilibria: examples

utility functions are strictly concave.

In contrast, there can be multiple equilibrium prices as-
sociated with the same active constraint set (Example 1). 2
Moreover, the active constraint set in a multi-protocol network X2 x5

can be nonunique even R has full row rank (Example 2). ! .
Clearly, the equilibrium prices associated with different active X
constraint sets are different.

Example 1: unique active constraint set but uncountably Fig9- 1. Example 1: uncountably many equilibria.
many equilibria . . .
corresponding routing matrices
In this example, we assume all the sources use the same

11 07"
utility function 1= 2 - 3 = T
y 1 2 R =1, R {011},1% (1,1,1)
Uj(z}) = 3 (1 - xf) (15) The linear mapping functions are given by

Then the equilibrium rates’ of type j sources are determined K' =1, K®=diag5,1,5), K®=diag1,3,1)

by the equilibrium pricep as It is easy to calculate that

@(p) = 1—(R)"m’(p) 5 741

7 AVAR 7<)
where 1 is a vector of appropriate dimension whose entries ZR (B')" K 6 6 6
are all 1s. We use linear price mapping functions: =1 1 47

which has determinant 0. Using the utility function defined in
(15), we can check that the following are equilibrium prices
where K7 are L x L diagonal matrices. Then the equilibriumfor all € € [0,1/24]:

rate vector of typej sources can be expressed as plopl—1/8+¢ ph = 1/4— 2

J — _ (RINT §I
@(p) = 1-(R) K'p The corresponding rates are
When only links with strictly positive equilibrium prices are =zl =7/8 ¢ oh = 3/4 4 2
included in the model, we have S :
=25=1/8—3¢ xy = 4de

m!(p) = K'p

J x%
y(p) = Z Rizi(p) = ¢ All capacity constraints are tight with these rates. Since there
j=1 is a one-link flow at every link, the active constraint set is

uniqgue and contains every link. Yet there are uncountably

PR .
Substituting inz? (p) yields many equilibria,

J J
ZRJ(RJ)Tij = Zle*C Example 2: multiple active constraint sets each with a
j=1

j=1 unique equilibrium

which is a linear equation ip for given B/, K/, andc. It has ~ Consider the symmetric network in Figure 2 with 3 flows.
a unique solution if the determinant is nonzero, but has no Phere are two protocols in the network with the following

multiple solutions if routing matrices
J , 1 0
det | Y RI(R)'KI| = 0 R=|11], R=(@117
j=1 O 1

When J = 1, i.e., there is only one protocol, an@d" has Flows (1,1) and(1,2) have identical utility function/* and
full row rank, det(R'(R)TK') > 0 since bothR'(R')T source rater!, and flow(2,1) has a utility functionU? and
and K are positive definite. In this case, there is a uniqusburce rates2.



Xi X Theorem 3. Suppose assumptions Al and A2 hold. Given any
price mapping functionsn, any routing matrixR and utility
functionsU,

1) the set of link capacities for which not all equilibrium

M prices are locally unique has Lebesgue measure zero in
] §RL
i

2) the number of equilibria for a regular network
Fig. 2. Example 2: two active constraint sets. (c,m, R,U) is finite.

For the rest of this subsection, we narrow our attention to

Links 1 and 3 both have capacity and price mapping networks that satisfy an additional assumption:
functionsmi (p) = p andm?(p) for protocols 1 and 2 respec-A3: Every/ link [ has a single-link flow (j,7) with
tively. Link 2 has capacity, and price mapping functions (Uf) (c1) > 0.

1 _ 2
m2|r(]p)[3_1]p 3vr:admr2o(\]/)e):. that when assumption Al holds thé\ssumption A3 says that when the price of lihks small
network éhown Fi)n Figure 2 has at least tWF()) equilibria rO\;ideﬁ.‘EOUQh’ the aggregate rate through it will exceed its capacity.
9 q P is ensures that the active constraint set contains all links

Da<e<2yg 4 . _ and facilitates the application of Poincare-Hopf theorem by
2) for j = 1,2, (U?)'(27) — P/, possiblyoo, if and only - aypiding equilibrium on the boundary (some= 0). ©

if 27 — 0. ) Since all the equilibria of a regular network have nonsingu-
3) fori=1,2, mi(p) — p*> asp, — 7', and satisfy lar Jacobian matrices, we can define théexI(p) of p € E

2m3((UY) (c2 — c1)) < (U?)(2c1 — c2) as

2771y 1 if det(J >0
< () = {1, e
By manipulating buffer sizes and RED parameters,

carefully designing the price mapping functions, we have
demonstrated experimentally in [31] the phenomenon of mutheorem 4. Suppose assumptions A1-A3 hold. Given any
tiple equilibria for this example using TCP Reno, which reactegular network, we have
to loss probability, and TCP Vegas/FAST, which react to delay.

5 Z I(p)

I'el’hen, we have

= (-1)*
peEE

B. Regular networks where L is the number of links.

Examples 1 and 2 show that global uniqueness is generallyVé give two important consequences of this theorem.

not guarantGEd in a mUIti-prOtOCOl network. We now ShOV@Oronary 5. Suppose assumptions A1-A3 hold. A regu|ar
however, that local uniqueness is basically a generic propef¥twork has an odd number of equilibria.
of the equilibrium set. We present our main results on the

structure of the equilibrium set here, providing conditions for Notice that Corollary 5 implies the existence of equilibrium.
the equilibrium points to be locally unique, finite and odd if\though we proved this in Section Il in a more general
number, and globally unique. We prove these results in tgtting, this simple corollary shows the power of Theorem
next subsection. 4. . " .
Consider an equilibrium pricg* € E. Recall the active The next result prq\(ldgs a condltl.on for global uniqueness.
constraint setl, defined byp*. The equilibrium pricep* for We say that an equilibriump* € E is locally stableif the

the links in I, is a solution of corresponding Jacobian matrik(p*) defined in (8) is stable,
that is, every eigenvalue of (p*) = dy(p*)/Jp has negative
() = ¢ (16) real part. For justification of this definition, local stability of
By the inverse function theorem, the solution of (16), an@cglwhes that the gradient algorithm (19) below converges

hence the equilibrium pricg*, is locally uniqueif the Jacobian

matrix J (p*) = 07/0p is nonsingular ap*. We call a network 81t is recently shown in [26] that A3 is not necessary and one can
(¢,m, R,U) regular if all its equilibrium prices are locally generalize Theorem 4 to

unique. >
The next result shows that almost all networks are regular, pEE

and that regular networks have finitely many equilibrium .
9 y y €d here L(p) is the number of links of the active constraint set associated

prices. This justifies restricting our attention to regular ne&%th equilibrium p. Clearly, if i.(p) = L, it reduces to Theorem 4. This

works. generalized theorem also allows [26] to conclude the number of equilibria

is odd (and therefore existence) without A3. In this paper, although A3 is
5t is pointed out in [26] that there is actually a third equilibrium for thisimposed, all results can be viewed with respect to a fixed active constraint

network where all links are actively constrained. However, unlike the otheet with appropriate modifications. In particular, the global uniqueness results

two equilibria, the third is not locally stable and hence did not manifest itsali Section V directly apply without A3 sincd has a similar structure a$

in the experiments reported in [31]. except with a smaller dimension.




Corollary 6. Suppose assumptions A1-A3 hold. The equi- *
librium of a regular network is globally unique if and only

if every equilibrium point inE has an index(—1)f. In
particular, if all equilibria are locally stable, ther contains

exactly one point. N

1
Xi=(By/a)"""s

(0.135,0.865)
This result may seem surprising at first sight as it relates the /
local stability of an algorithm to the uniqueness property of a B == ;
A e e . ! (0.165,0.835)
network. This is because both equilibrium and local stability ! /
are defined in terms of the functiay(p): an equilibriump* !
satisfiesy(p*) = ¢ and the local asymptotic stability gf* is :

. . 5/6f = — — == =
determined byoy(p*)/0p. The connection between these two :_ AN
properties is made exact by the index theorem. An implication i : N N
of this result is that if there are multiple equilibria, then ”» e -
5

no algorithmp = f(p(t)), whose linearization around each
equilibriump* € E satisfiesd f(p*)/0p = Oy(p*)/Op, can be fig 3. Example 3: construction of multiple isolated equilibria.
found to locally stabilize all of the equilibria.

Corollary 6 will be used in Section V to derive a sufficient
condition on price mapping functions for global uniqueness.
We close this subsection with an example that illustrates the
application of Theorem 4 and Corollary 5.

TABLE |
EXAMPLE 3: a{ AND ﬁf

Flows ocg ﬁf

5.6851 | 0.0592
4.0285 | 0.0803
5.6851 | 0.0592
0.0322 | 0.8389
0.0322 | 0.8389
0.0963 | 0.7041

8

Example 3: illustration of Theorem 4 and Corollary 5, 6

8 &8

We revisit Example 1 with modified utility functions. Recall
that in Example 1, as varies from 0 tol /24, we trace out alll
equilibrium points. The componenis andql = p! of these
equilibrium points are shown by the (red) solid line in Figure 3.
Other sources: and their effective end-to-end prices also
lie on similar straight lines. Since the network has uncountably )
many equilibrium points, it is not regular. To make it regular, BY construction, bothyf = 0.135,p; = 0.230) and ;] =

suppose we change the utility functions of sourggs) o~ 0-165,p5 = 0.170) are network equilibria. By Corollary 5,
o ' _ _ there is at least one additional equilibrium. Numerical search
U (2 o) = { ) t/(1 - ad) i o

8 8

= TORD B NG 40 4= ]

8

141 indeed located a third equilibrium withp{ = 0.142, p} =
3] log if of =1 0.206).
_ ) . , . We further check the local stability of these three equilibria
with appropriately chosen positive constan{sand 5]. These nger the gradient algorithm (19) to be introduced in Section
utility functions can be viewed as a weighted version of th§.c The eigenvalues and index for each equilibrium are

a-fairness utility functions proposed in [22]. ; shown in Table II. It turns out that the equilibriunp}( =
The basic idea of how to choose; and 3] to generate 149, ps = 0.206) is not stable and has index 1, while the

only finitely many equilibrium points is as follows. First, Wegiher two are stable with index.1. The dynamics of this
pick two points in the equilibrium set of Example 1, say,

the points associated with = 0.01 and e = 0.04. These

choices ofe provide two distinct equilibrium pointég, z) and TABLE Il

(g,7). For instance,(q},x}) = (0.135,0.865) corresponds EXAMPLE 3: STABILITY AND INDICES OF EQUILIBRIA.
— ~1o51y

to e = 0.01 qnd (qhxl)_ = .(0.165,0.835) corresponds to EqUITBa (772 73) Eigenvalues nex

e = 0.04, as illustrated in Figure 3. Then, for each source (0.135,0.23,0.135) | —0.21, 1743, 2673 | —1

(j,4), find o/ and 3] such that (4) is satisfied by the two (0.142,0.206,0.142) | 0.21,-12.32, —22.40 1

equilibrium points(¢?,z7) and (¢/,#!) with the new utility (0.165,0.17,0.165) | —12.41,-1.67,-067 | —1

functions. This is illustrated in Figure 3 where relation (4) with
the new utility function is represented by the (blue) curve, and

a{, Bf are chosen so that the curve passes through the origiﬂgwork under the gradient algorithm can be illustrated by a

b . 1 . . : vector field. By symmetry, the equilibrium prices for the first
equilibrium points(z1, ¢ ) and(q, Z). More specifically, given S
two equilibrium points(q?, 27) and (¢, #), choose and thlr_d link are always same. Therefore, we can draw the
v L vector field restricted on the plang = ps3 to illustrate the
i 1og(qg) — 1og(qg) i il o system dynamics. The phase portrait is shown in Figure 4. The
o = log(:%j) _ log(mjf) Bi =g (J” ) (red) dots represent the three equilibria. Note the equilibrium
R ! in the middle is a saddle point, and therefore unstable. The
The resultinga] and ! for all flows (4, i) are shown in Table (red) arrows give the direction of this vector field. Individual
l. trajectories are plotted with slim (blue) lines.

K2



The equilibrium setE defined in (7) is closed because
y(p) is continuous, and is bounded by Lemma 1. Hetite
is compact. Sincdc,m, R,U) is a regular network, every
p € E is locally unique, i.e., for eaclp € E we can find
an open neighborhood such that it is the only equilibrium in
that open set. The union of these open sets forms a cover
for set £. Since E is compact, it admits a finite subcover
[16], i.e., EZ can be covered by a finite number of open sets
each containing a single equilibrium. Hence, the number of
equilibria is finite. O

Proof of Theorem 4.By assumption A3, we can always find
Pmin > 0 such that for any price and link{ with p; < puin,

01 011 012 013 014 015 016 017 0.18 019 0.2 we have
pl

J .0
Fig. 4. Example 3: vector field ofp(, p2). Z Z Ryx;(p) >
J 7

. Proof Let G := [Pmin, Pmax]” Wherep,,.x is defined in Lemma 1.
: YOC.J S _ . Clearly, all equilibria are in the se&'. To prove our result,
In this subsection we provide proofs for the results i@e will invoke a version of the Poincare-Hopf Index Theorem

Section IV-B. tailored to our problem [20], [33].
Proof of Theorem 3. The main mathematical tool used in

our proof is Sard’s Theorem [4], [27], of which we quotd>oincare-Hopfindex Theorem.Let D be an open subset &f

a version here that is tailored to our problem. I&tbe an andv: D* — R" be a smooth vector field, with nonsingular
open subset oft” and letF be a continuously differentiable Jacobian matrixjv/dp at every equilibrium. If there is & C
function from G to R%. A pointy € G is acritical point of D" such that every trajectory moves inward of regi@nthen
F if the Jacobian matri¥)F'/dy of F aty is singular. A point the sum of the indices of the equilibria @ is (—1)".

z € RE is acritical value of F' if there is a critical point
y € G with z = F(y). A point in R is aregular value ofF
if it is not a critical value.

Gradient project algorithm. To construct the vector field
required by the index theorem, I&" = G and consider the
following gradient algorithm fromG to G proposed in [14].
Sard’s theorem.If F' : G — R% is continuously differentiable The prices are updated at timeaccording to

on the open subse&t C %%, then the set of critical values of . _

F has Lebesgue measure zerd}ifg. pt) = A(Bx(t) —o) 17

where A > 0 is an L x L diagonal matrix whose elements
represent stepsizes. A source updates its rate based on the
| end-to-end price

Fix a routing matrixR and utility functionsU. There are
at most2Z — 1 different active constraint sets. Ldt C L
be such a combination witlh links. Consider the set of al
possible link capacities = (c;,! € L) under which the active a(t) = z(p(t)) (18)
constraint set isL, i.e., with such a capacity vectar, an
equilibrium pricep hasp, > 0 if I € L andp; = 0 otherwise. A consequence of assumption A3 is thdt) > p.,i, > 0 for
Fix such an equilibrium point*. Again letp denote the price all ¢ under the gradient algorithm (17)—(18). This guarantees a
vector only for links in/i: Then p* is not locally unique if unique active constraint set thatlfis Hence the equilibrium set
the functiony : R — RL defined byg(p) = Rx(p) has a FE defined in (7) is equivalent t& = {p € R’ | y(p) —c = 0}.
singular Jacobian matrigg/dp at p*, i.e., if p* is a critical Combining (17)—(18) withy(p(t)) = Rz(t) yields the
point of §. The set of such capacity vectotse % under required vector field:
which all links in L have active constraints in equilibrium

satisfy p(t) = Aly(p(t)) —c) = v(p(t)) (19)
§(p*) = ¢ whose Jacobian matrix is:
and hence are critical values ¢f Sincey is continuously g—;(p) = AJ(p) = A%(p) (20)

differentiable by assumption Al, we can apply Sard’s theorem
and conclude that the set of such capacity vectdnas zero whereJ (p) is given by (8). Clearlyp* is an equilibrium point
Lebesgue measure mﬁ. The extension thﬁ for all link of v, i.e.,u(p*) = 0, if and only if p* is a network equilibrium,
capacities clearly also has zero Lebesgue measwfé_%in i.e.,p* € E. Since the networke, m, R, U) is regular.J (p) is

Since we only have a finite number of different activ@onsingular at every network equilibriupt € F C G. Since
constraint sets, the union of link capacity vectors that givk is a positive diagonal matrixqu(p)/0p is also nonsingular
rise to locally nonunique equilibria still has zero Lebesguey (20) at all its equilibrium point® in G, as the index
measure. This proves the first part of the theorem. theorem requires.



Consider any poinp on the boundary o€7. For anyl, we Theorem 7 implies that if the (slopes of the) price mapping

have one of two cases: functions are “similar”, then global uniqueness is guaranteed,
1) If pi(t) = pmax, link I will be underutilized,y; (p(t)) < @s the following corollary shows: ifn] do not differ much
¢, andp, < 0 according to (19). across source types at each link, or they do not differ much
2) If pi(t) = pmin, the aggregate rate at lirkwill exceed along links in every source’s path, the equilibrium is unique.
e, yi(p(t)) > e, andp; > 0 according to (19). Corollary 8. Suppose assumptions A1-A3 hold. The equilib-

Therefore, every poinp on the boundary oG will move rium of a regular network is globally unique if any one of the
inward and our result directly follows from the Poincare-Hopfollowing conditions holds:

index theorem. O 1) Foreachi=1,....,L,j=1,...,J

Proof of Corollary 5. Since both/(p) and (—=1)L are odd, i e {az,ﬁaz} for somea; > 0 (22)
the number of terms in the summation in Theorem 4 must be

odd. O 2) Foreachj =1,...,J,l=1,...,L

Proof of Corollary 6. The first claim of the theorem directly m{ € {aj,Q%aj} for somea’ >0 (23)

follows from Theorem 4. We now claim that an equilibrium o
p* € E which is locally stable has an indeXp*) of (—1)-. Proof. If (22) holds, we have for any;, ji,j: in {1,...,J}
To prove the claim, consider a locally stable equilibrium pricer L L
p*. All the eigenvalues ofJ(p*) have negative real parts.Hm{l +Hm{l > o[l e =TI, 2Tar > Hm{l
Moreover, sinceJ(p*) has real entries, complex eigenvalues-; =1 1=1
come in conjugate pairs. The determinant bfp*) is the which implies the sufficient condition in Theorem 7.
product of all its eigenvalues. If there akeconjugate pairs of  For the second assertion, fix agiyin {1,...,L}* and any
complex eigenvalues antl— 2k real eigenvalues, the productyermutationss, k, n in {1,..., L}~. If (23) holds, we have
of all eigenvalues has the same sign(ad)*~2* which has . . . .
the same sign aé—1)~. Hence the index of a locally stable Hm[k(j)]l n Hmln(j)]l > 2Hajl _ Hﬁaﬂ

=1 =1 =1

equilibrium is (—1)~. O ot !

L
V. GLOBAL UNIQUENESS MAPPING FUNCTIONSm(p) > Hm[a(j)]z
=1

In this and the next sections, we provide sufficient condi- N T
tions on the structure of the network for global uniquenes#hich implies the sufficient condition in Theorem 7. [J
We also provide some important special cases in Appenc&( )

. : . ) emarks:
VIII-A where global uniqueness is set up. In this section, we
reveal that, under assumptions A1-A3, if the price mapping
functionsm] are similar, then the equilibrium of a regular
network is globally unique.

1) Asymptotically whenL — oo, both conditions (22) and
(23) converge to a single point. Condition (22) reduces
to 7] = a; which essentially says that all protocols are
the same [ = 1). Condition (23) reduces té) = a’,
which is the linear link independent case discussed in

A. General result Theorem 13.
To state the result concisely, we need the notion of permuta2) The sufficient condition in Theorem 7 can be conserva-
tion. We call a vector = (04, ...,0;) apermutationif each tive because many, may be zero (no source of tyge
o, is distinct and takes value ifil,..., L}. Treatingo as a takes pathr).
mappingo : {1,...,L} — {1,...,L}, we leto~! denote  3) These link-based uniqueness resu_lts hold for a network
its unique inverse permutation. For any vectoe RZ, o (a) whenever no flow uses more thdnlinks.
denotes the permutation ef undero, i.e., [o(a)l; = ag,-
If a € {1,...,L}Y is a permutation, themr(a) is also a B. Special casel. =3 and J = 2
permutation and we often writea instead. Let = (1,...,L) e now specialize our uniqueness result to the cage -of
denote the identity permutatw]n- Therl -7 See [19] for 3 7 — 2 This case is of particular interest as it represents
more details. Finally, denotém; /dp, by ;. the smallest network that can exhibit non-unique equilibrium
Theorem 7. Suppose assumptions A1-A3 hold. If, for argoints if A1-A3 are satisfied; see Theorem 15 in the Appendix.
vector j < {1,....J}" and any permutationsr,k,m in  Theorem 9. Suppose assumptions A1-A3 hold for a 3-links
{1,.... L}, regular network with 2 protocols. If the following 6 inequalities
L L L hold, the network has a unique equilibrium:
- [k()]: - ()] - [o ()]
ll_[ml " ll_[ml - zl_[ml 1) A2+ A3 2> A1, A+ A3>Xe, A+ A>3
=1 =1 =1
1 1 1

1 1 1
1 1 1
then the equilibrium of a regular network is globally unique. Ao + A3 =z AN a2 A\ + Ao Z A3

Proof. See Appendix VIII-B. where )\, := 1} (p) /i (p).
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12

Proof. It is straightforward to check that only the following
six p(j, ) in (38) can have negative coefficient(j, r): sy s
(A2 + Az — M) ringring iy 1T ool
(M1 + Az = Ao)rfrind iy gy T ol
(A1 + g — Ag)rnfringmari rg11m50; o Fom ety o
11 i
()\*2 N r)m1m2m3r1117'1017"%10 osf
1 1 1 L1 08
()\71 + N )\*)m%m%méﬁnrénﬁlo ol /
1 1 1 1 1 03t e
()\71 + )\*2 )\*3)77717772”137"1117"0117’101 \_/_\/

The condition in the theorem guarantees that these terms are
all nonnegative. By (38)det(—J(p)) > 0. Since the network

is regular, we haveet(—J(p)) > 0 for all equilibriap. Hence Fig. 6. Region of); for global uniqueness: cross-section cut by plane
the equilibrium is globally unique. O MtA=1

0.707tan(arctan(h,,")-0.25)

A straightforward corollary is the following

condition that plays the same role in a multi-protocol network
Corollary 10. Suppose assumptions A1-A3 hold. For a 3-lin kas the rank condition o does in a single-protocol network
regular network with 2 protocols, if, for all, A\; € [a, 2a] for

. . (see also the remark after Theorem 12).
some constant > 0, the network admits a globally unique b f lvalued f .
equilibrium. Let f = (f1,..., fn) be a vector of real-valued functions

_ defined onR™. Let G := {z € R"|f(z) = 0} and cd7 be its

Remark: If 7] = k7 are link independent , thexy = k' /k? €  convex hull. Define a sel’(G) of vectors as

[a,2a] for any k! /2k? < a < k'/k2. Hence global uniqueness - B

is guaranteed, which agrees with Theorem 13. V(G) = {vfv = ¢ — ¢ for ¢, ¢ € coG} (24)
We illustrate in Figures 5 and 6 the regions\giin Theorem 35 a function of the sef.

9 and Corollary 10. They are both cones. The first one is the

projection toA; — \» plane and the second one is the cros&emma 11. If for ever¥z € coG, the Jacobian matrix (z) =
section cut by plané; + X\, = 1. These two figures clearly 0f(z)/0z exists andv” J(z)v < 0 for all v € V(G), thenG

show the bound on the “degree of heterogeneity” within whicfPhtains at most one point,

global unigqueness hold. Proof. For the sake of contradiction, assume there are two
distinct points¢ and« in G such thatf(¢) = f(¢) = 0. Let

From Theorem 9 ] 9(6) = qﬁ + 9(’(/} — (b) wheref e [0, 1]

Ay 1 Then

| = JO0) =7 = JgO) ¥ - ¢)
\ From Corollary 10 - Hence,
/ : 1)~ 1) = [ Ta(0)(w - o)as
0
| Multiplying both sides by(¢) — ¢)T yields
1 (W =) (f(¥) = f(9) =
| =0T 36— 0w

The left hand-side of the above equationdisand the right-
hand side is negative under the assumption of the theorem.
This contradiction proves the theorem. O

Fig. 5. Region of)\; for global uniqueness: projection to, — Ao plane.

V1. GLOBAL UNIQUENESS. JACOBIAN J(P)
Let f =y, and letG = E be the set of network equilibria.

hen Lemma 11, together with Theorem 2, provides a suffi-
?nt condition for global uniqueness of network equilibrium.

In a single-protocol network, for the equilibrium price tcwT
be unique, it is sufficient that the routing matrix has full
row rank. Otherwise, only the source rates are unique, no
necessarily the link prices. In a multi-protocol network, thi¥heorem 12. Suppose assumptions A1-A3 hold. If for every
is no longer sufficient. We now provide another sufficientrice vectorp € coE, the Jacobian matrix/ (p) defined in (8)



exists andv” J (p)v < 0 for all v € V(E), then there exists a
globally unique network equilibrium.

In the single-protocol case, a similar result has been ob-
tained in [22]. However, for that case, the Jacobian matrix is
negative definite whe® has full row rank. Then the condition
in Theorem 12 always holds and the equilibrium is unique. In
the multi-protocol case, the Jacobian matrix is in general not
symmetric and hence not negative definite. Therefofaving
full row rank is no longer sufficient for the condition in the

EXAMPLE 4: BOUNDS ON ELEMENTS OFJ (p)

TABLE Il

11

theorem to hold.
Since we do not know the equilibrium sg&t the condition

in the theorem cannot be directly applied to prove gIob%e claim thatV’
uniqueness. To use the theorem, however, it is sufficient é%ce o is th

find a convex superseE of E and a superset of V(E)
such thaw” J (p)v < 0 for all p € E andv € V. This implies
the condition in Theorem 12 and hence global uniqueness.
illustrate this procedure in the next example.

Example 4: application of Theorem 12 to verify global
uniqueness

We visit Example 1 for the third time but usirigg utility
functions for all sources, i.e.,

Ui («]) = log(«]) for all (j,4)

(25)

Let the Jacobian matrix be

Ju Jiz Jis
J(p) = Jor Jag Ja3
J31 Jz2 Js3

whereJy; = Jy;(p) are functions of priceg given by (8). For
example

1 5 1
Jn=—-—5— -
p? (5p1 +p2)? (P14 p3+ 3p2)?

It can be seen thal (p) is not negative definite for general
unlike in the single-protocol case. Even thougltan be hard

Elements| Upperbound| Lowerbound
J11 —0.2947 —1.1789
Ja2 —0.2939 —1.1756
J33 —0.2947 —1.1789
Jas —0.0447 —0.1789
J32 —0.0369 —0.1478
Ji2 —0.0369 —0.1478
J21 —0.0447 —0.1789
J1s —0.0100 —0.0400
J31 —0.0100 —0.0400

(E) C V. To show this, note that @ C F
e smallest convex set that contaifis Hence
V(E) C V(E). Sincep; = ps at equilibrium,v; = v3 holds
for anyv € V(E) from the definition of£. HenceV (E) C V

id therefore/ (E) C V.

We now check that” J(p)v < 0 for all p € E andv € V.
For anyv € V, vTJ(p)v is the following quadratic form in
v1 anduvs:

oI I(p)v = vi(Ji1 + Jsg + Jiz + Jas1) +

v1va(Jig + Jo1 + Joz + Jaz) + v3Joy

If v; andv, have the same signs, then singg are all negative
from Table 1, v*'J (p)v < 0. If v; andv, have opposite sign,
then a sufficient condition foo” J (p)v < 0 is

(Ji2 + Jo1 + Joz + J32)? < 4Jao(J11 + Jaz + Jiz + Ja1)

Using Table llI, it is easy to check that the maximum value
of (Ju + Jo1 + Jog + Jgg)z — 4J22(J11 + J33 +~J13 + J31) is
—0.2895. Therefore we have found a supergeiof coE' and
a supersel/ of V(E) such that” J(p)v < 0 forall p e E
and allv € V. This implies the condition of Theorem 12 and
hence the global uniqueness of network equilibrium. [

VII. CONCLUSION

to find, we demonstrate how to find a simple convex superset

E of E and a simple supersét of V(E).
Consider the convex set

E = {peRy |1<pi=p3<2 1<py<2}

We claim thatE C E. To see this, letr be an equilibrium
price. If p; < 1, thenz} = 1/p; will exceed the link capacity
1, and hencey; > 1. A similar argument givep, > 1. To see
p1 < 2, assume it is not true. Then

v = 1/p1<1/2
21 = 1/(5p1 +p2) < 1/11
@l = 1/(2p1+3p2) < 1/7

Summing them vyields:1 + 22 + 23 < 1. Hence the network
is not in equilibrium, contradicting that is an equilibrium
price. Hencep; < 2. The argument fop, < 2 is similar.
Using the definition off, we can bound allly; (p) for p €
E. The results are collected in Table IIl.
Let

V o= {veR v =u3}

When sources sharing the same network react to different
pricing signals, the widely used duality model of congestion
control no longer explains the equilibrium of bandwidth allo-
cation. We have introduced a new, mathematical framework
of network equilibrium for multi-protocol networks and stud-
ied several fundamental properties, such as existence, local
uniqueness, number of equilibria, and global uniqueness. We
prove that equilibria exist, and are almost always locally
unique. The number of equilibria is almost always finite and
must be odd. Finally the equilibrium is globally unique if
the price mapping functions are similar (small “degree of
heterogeneity”), or theJ(p) is negative definite for vectors
in a certain set.
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B. Proof of Theorem 7

By Corollary 6, we only need to prove that(p)
(—=1)L for any equilibriump € E. Since det(J(p))
(=)L det(—J(p)), the condition reduces tet(—J (p)) >
Now

<

~J(p) = —ZRij(p)(Rj)T%n;(p)
— EE: BI M
om’

where M7 = M’(p) = %5-(p) is a diagonal matrix, and
BJ = Bi(p) is defined by its elements

j U]\
By, = Xi:RkiRli (_8(13)2> (26)
Hence
det(=J(p)) = det |:ZBij]

L J
HZ [Bij]kll (27)

> sgrk
k =1 j=1

Here, the summation ovet = (ki,...,kr) € {1,...,L}F
is over all L! permutations of the. items {1,...,L}. The
function sgik is 1 if the minimum number of pairwise
interchanges necessary to achieve the permutdtistarting
from (1,2,...,L) is even and-1 if it is odd.

Let = denote anL-bit binary sequence that represents the

path consisting of exactly those links for which the kth
entries ofr are 1, i.e.m, = 1. LetII(k,1) := {m|my = m =
1} be the set of paths that contain both linksand /. Let
I = {i|R], = 1 if and only if ;, = 1} be the set of type
sources on pathr, possibly empty. Let

02U}
o))’

(28)

iell

wherer! is zero if I7 is empty. Since all utility functions are

13

Using (31) to change the order of product overand
summation oveyj in (30), we have

L
j =1
where the vector indexj (j1,...,4L) ranges over
{1,...,J}E. Applying (31) again to change the order of
product overl and summation over the index we have

det(—J(p)) = Y sgrk > pu(i) > pi.w)32)
k J

Ji
>

M (ky 1)

det(=J(p)) = sgrk
k

well(k,l)
where
L .
p(@) = J[mf (33)
=1
L .
plg,m) = [[rh (34)
=1
The last summation in (32) is over the vector in-
dex # = (a',...,7) that takes value in the set

{ all L-bit binary sequence¥”. As mentioned above] =
(1,...,L) denotes the identity permutation, andr “ €
II(k,1)” is a shorthand for #! € TI(k;,1),l = 1,...,L"
Denote byl (a) the indicator function that i$ if the assertion
a is true and0 otherwise. Then (32) becomes

det(=J(p) = > >, Clm) plGim)  (39)

where

C@G,m) = Y 1(weIl(k,1))sgrk p(j)

k
Hencedet(—J(p)) is a summation, over the indey, ),
of termsp(j, 7) with coefficientsC(j, 7). We now show that
only those terms for which the constituert in the product
p(g, ) are all distinct have nonzero coefficients.

(36)

Lemma 16. Consider a term in the summation in (35) indexed
by (j,n). If there are integersa,b € {1,...,L} such that
Jja =jp and 7@ = 7, thenC(j, ) = 0.

assumed concave/. > 0. Then we have from (26) and (28) Eroof. Fix any (j, ). Suppose without loss of generality that

B, (29)
mel(k,l)

This together with (27) implies

L J
g
H my
=1 j=1

Consider any sequencg;,j € J;,i = 1,...,1, whereJ;
is a finite index set that depends anwe have

03w = Se

i=1j€eJ; § =1

det(~J(p) = 3 sgrk
k

> 1 [30)
well(ky,l)
(31)

where j denotes the vector index = (51, ...
summation is over all values if x ... x Jr.

,Jr) and the

j1 =71 andw! = 7% and p(j, ) # 0. We now show that its
coefficientC(3,w) = 0.

Consider any permutatiok in (36) that gives a nonzero
coefficient inC(j, m):

1(m € (k,1))sgrk u(j) = sgrku(s) (37)
This means that
7t € T(ky,1)  and 7% € H(ky,?2)

Hence, sincer! = 72, the pathw! goes through all links
1,2, k1, ko. In particular

7l € T(ky, 1)
Therefore there is a permutatidn in (36) with k; = ko,

ko = ky, andk, = k; for I > 3 for which 1(m € TI(k,1)) = 1
but sgrk = —sgrk. This yields a term-sgrk n(7) in C(g, w)

and 7% € TI(ky,2)



14

which exactly cancels the term in (37). Since the argumelmés a larger or equal magnitude under the given condition.
applies to anyk in (36), C(j,7) = 0. O This lemma directly implies Theorem 7.

In view of Lemma 16, we will restrict the summation ovetemma 18. Suppose assumptions A1-A3 hold. Suppose for
the index(j, 7) in (35) to the largest subset dfl,..., J}& any j € {1,...,J}F and any permutationss,k,n in

where the constituent?. in p(j,w) are all distinct. Let® {1,...,L}%, we have for a regular network
denote this subset. We abuse notation and define permutation . . .
>
ol LIl on© by pk() +p(n(@) = pe()
) ) Then, for all(j,7) € Oy, D(j, ) > 0.
o(j,m) = (o(j),om) N .
) ) Proof. Due to space limitation, one is referred to [30] for the

Then let®, be the largest subset 6f that ispermutationally proof.
distinct i.e., no vector in®, is a permutation of another O
vector in ©g. The set of permutations € {1,...,L}~ is

in one-one correspondence with the set(gf, 7/) that are ~ Since the network is regulatlet(—J(p)) # 0. Lemma
permutations of a givety, 7) in ©,.” This allows us to carry 18, together with (38), implies thadet(—J(p)) > 0, or
out the summation ovej, =) in (35) first over(j, =) that are equivalently,I(p) = (—1)* for anyp € E, under the condition
permutationally distinct and then over all their permutationsf the lemma. Theorem 7 then follows from Corollary 6. An
Notice that, given anyj, ) and any permutatiosr, we have illustration for the proof of Lemma 18 via a concrete example

from (34) can be found in [30].
plo(g),o(m) = p(g,m)
i.e., p is invariant to permutations. Hence, we can rewrite (35)—
(36) as Ao Tang (S'01)
det(=J(p) = >, D) p(G,w) (38
(4,m)€O0 PLACE
PHOTO
where HERE
SN 1o(m) € (K, 1)) sgrk 1o ()
o k
(39)
In the above,L-vectorso and k are permutations. Jiantao Wang (S'05)

The next lemma converts a condition etfr) into one on
7. It follows directly from the definition of permutation.

PLACE
Lemma 17. For any 7w and any permutations-, k, we have PHOTO
HERE
o(w)cl(kl) <& wclloc ko)
, lo(m )] € M(k;,l) for all [ if and only if ! €
H(k; ~1,0p 1) for all 1.
. Steven H. Low (M'92-SM'99)
Applying Lemma 17 to (39), we have
ZZ (m e (o k,0 ")) sgrk u(o(5)) PLACE
PHOTO
Since k, and hencesr 'k, range over all possible permutaf HERE
tions, we can replace the index varialste 'k by k to get
ZZ ™ € H(k,0 1)) sgnko) (o (5))
(40) Mung Chiang

>0

We now use (40) to derive a sufficient condition under whig
D(j, ) are nonnegative for all permutationally distirigt 7). PLACE
The main idea is to show that for every negative term PHOTO
the summation in (40), either it can be exactly canceled by HERE
a positive term, or we can find two positive terms whose sum

>

"The one-one correspondence fails to hold for permutations né in



