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Abstract— Several physical effectsthat limit the reliability and
performance of Multile vel Flash memories induce errors that
have low magnitude and are dominantly asymmetric. This paper
studies block codes for asymmetric limited-magnitude errors
over q-ary channels. We propose code constructions for such
channels when the number of errors is bounded by t. The
construction usesknown codesfor symmetric errors over small
alphabets to protect large-alphabet symbols fr om asymmetric
limited-magnitude errors. The encoding and decoding of these
codesare performed over the small alphabet whosesizedepends
only on the maximum error magnitude and is independentof the
alphabet sizeof the outer code.An extensionof the construction
is proposedto include systematiccodesas a bene�t to practical
implementation.

I . INTRODUCTION

Flash Memoryis a Non-Volatile Memory (NVM) technol-
ogy that is both electrically programmableand electrically
erasable.This property, togetherwith high storagedensities
and high speedprogramming,has madeFlash Memory the
dominantnon-volatile memory technologyand a prominent
enablerfor many portableapplicationsand technologies.The
FlashMemory market is estimatedin the tensof billions of
dollars,and it hasa hugegrowth potential,someof it at the
expenseof volatile memoriesandmagneticstoragemedia.

Hand in hand with opportunity, come the challengesof
designingreliableFlashmemorieswith higherstoragevolumes
and lower costs per byte. At the current state of matters,
the most ef�cient way to scalethe storagedensity of Flash
memories,is to use the Multi-Level Flash Cell concept to
increasethenumberof storedbits in a cell [5] (andreferences
therein). Contrary to ubiquitous single bit Flash memories,
whereeachcell is in oneof two (Erased/Programmed)thresh-
old states,Multilevel Flashmemoriesusea statespaceof 2b

thresholdlevels, to storeb bits in a single cell. Sincephysi-
cal/engineeringfactorslimit the overall window of threshold
levels,anobviousconsequenceof theMultilevel Flashconcept
is both a requirementfor fast accuratecharge placement
mechanismsand compromisedreliability margins (that lead
to errorsin storeddate)[4]. The physicalprocessesthat intro-
duceerrorstypically move cells to adjacentthresholdlevels,
commonly in one dominantdirection. Next we elaborateon

This work wassupportedin part by the CaltechLee Centerfor Advanced
Networking.

thesephenomenato motivatethe focusof this paperon codes
for limited-magnitude, asymmetricerrors.

Beingtheparamountchallengeof Multilevel Flashmemory
implementation,fastaccurateprogramschemesarea topic of
signi�cant researchand design efforts [8],[2],[6]. All these
and other works, share the attempt to iteratively program
a cell to an exact prescribedlevel, in a minimal number
of program cycles. It is well known that Flash memory
technologydoesnot supportcharge removal from individual
cells. As a result, the programcycle sequenceis designedto
“cautiously” approachthe target value from below, to avoid
undesiredglobal erasesin casesof overshoots.Consequently,
theseattemptsstill require many program cycles (order of
10 or more) and they work only up to a moderatenumber
of bits per cell. A key observation that motivatedthis work,
is that if program overshootscan be tolerated, then more
“aggressive” programcycles can be employed to yield sig-
ni�cantly fastermemorywrite operations.The way to contain
the (controlled)inaccuraciesresultingfrom theseovershoots,
is by devising error-correctingcodes,with speci�c properties
to combat errors that originate from the program process.
The most appropriatemodel to capture these errors is by
assumingchannelerrorsthat have limited magnitudeandare
asymmetric.The limited-magnitudeassumptionstemsfrom
the employmentof programmingschemesthat canguarantee
somelevel of accuracy. Theasymmetryof theerrorsis dueto
thepropertythatall errorsareovershootsof thedesiredtarget
value.

Besides the need for accurateprogramming, the move
to Multilevel Flash cells also aggravatesreliability concerns
in the design and operationof Flash memories.The same
reliability aspects(that were successfullyhandledin Single
Level Flash memories),may becomemore signi�cant and
translateto errors in stored data. Many of these potential
errors also motivate the asymmetriclimited-magnitudeerror
channel.Low data retention [3], causedby a slow loss of
charge from memorycells, is one suchexample.Another is
errors that originate from low memoryendurance, by which
a drift of threshold levels in aging devices [3] may cause
programandreaderrors.Programandreaddisturbs[3], caused
by programming/readingproximatememorycells,alsoinduce
low magnitudeerrorswith a dominantdirectionof change.

In this paperwe studyblock codesfor asymmetriclimited-



magnitudeerrors.The codesareparametrizedby ` , the max-
imum magnitudeof an error, and t, the maximumnumberof
asymmetriclimited-magnitudeerrorsin a codeword of length
n. Asymmetriclimited-magnitudeerror-correctingcodeswere
recentlyproposedin [1] for the caset = n. Thesecodesturn
out to be a specialcaseof the generalconstructionmethod
detailedbelow.

The following example illustratesthe coding problemand
introducesthemainideaof thecodeconstruction.Supposewe
have a group of 5 cells, eachin one of 8 possiblethreshold
levels, marked by the integersf 0, 1, . . . , 7g. The designgoal
is now chosento be, protecting this group of cells against
t = 2 errors of magnitude` = 1 in the upward direction.
As illustratedby the samplewordsbelow, if the storedlevels
are restricted to have either all symbols with even parity
or all symbols with odd parity, the required protection is
achieved. For each of the two sample codewords in row
(a) of the �gure below, the channelintroducestwo upward
errors of magnitude1 (b). By majority, the locationsof the
errorsare detected(c), in bold, and the original symbolsare
recovered by decrementingthe erroneoussymbols (d). The
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exampleabove is one instantiationof a generalconstruction
methodthat providescodesfor all possiblecodeparameters.
The main strength of this method is that for any target
alphabetsize (determinedby the numberof thresholdlevels),
asymmetriclimited-magnitudeerror correctabilityis inherited
from symmetricerrorcorrectabilityof codesover alphabetsof
size ` + 1 (in the caseof the exampleabove, it is the binary
repetitioncode.).Thus a rich selectionof known symmetric-
error-correctingcodesbecomeshandyto offer codesthat are
optimizedfor the asymmetriclimited-magnitudechannel.As
a favorableby-productof the constructionmethod,encoding
anddecodingof the resultingcodesareperformedon symbol
setswhosesizesdependonly on ` , irrespective of the code
alphabet(which may be much larger than `). This is a major
advantagein both redundancy and complexity, comparedto
otherproposedcodesfor Multilevel Flashmemories(e.g [7]),
whoseencodingand decodingare performedover the large
codealphabet.Following thede�nition of thecodingproblem
and the presentationof the non-systematiccodeconstruction
in section II, we demonstrateits power by showing that it
provides code families that are perfect in the asymmetric
limited-magnitudesense.We note that the general idea of

the basic code construction,restrictedto binary codes,has
appearedin ConstructionA of [9], for a different, though
related,application(spherepackingsin Euclideanspaces).In
later sections,we re�ne andmodify the basiccodeconstruc-
tion to attain useful propertiesfor practical implementations.
SectionIV discussesdifferentpossiblemappingsfrom infor-
mationsymbolsto codesymbols.SectionV providesgeneral
constructionsfor systematiccodes,that are advantageousin
high-speedmemoryarchitectures.Finally, extensionsand fu-
ture researchopportunitiesarediscussed.

I I . t ASYMMETRIC ` -L IMITED-MAGNITUDE

ERROR-CORRECTING CODES

An alphabetQ of size q is de�ned as the set of integers
moduloq: f 0, 1, 2, . . . , q � 1g. For a codeword x 2 Qn anda
channeloutput y 2 Qn, the de�nition of asymmetriclimited-
magnitudeerrorsnow follows.

De�nition 1. Given a codeword x = (x1, x2, . . . , xn) 2 Qn

anda channeloutput y = (y1, y2, . . . , yn) 2 Qn, we saythat
t A`M (Asymmetric `-limited-Magnitude)errorsoccurredif
j f i : yi 6= xigj = t, andfor all i, yi > xi andyi � xi 6 ` . A
generalizationof theabove de�nition is whenwe allow asym-
metricerrorsto wraparound(from q� 1 backto 0). Wesaythat
t A`M errorswith wrap-aroundoccurredif j f i : yi 6= xigj = t,
andfor all i, (yi � xi ) mod q 6 ` .

For notationalconvenience,given x = (x1, x2, . . . , xn), the
vector (x1 mod q0, x2 mod q0, . . . , xn mod q0) will be de-
notedby x mod q0.

The discussionof codesfor this channelmodel is com-
mencedwith the de�nition of a distancethat capturesthe
correctabilityof t A`M errors.

De�nition 2. For x = (x1, . . . , xn) 2 Qn and y =
(y1, . . . , yn) 2 Qn, de�ne N (x, y) = jf i : xi > yigj and
N (y, x) = jf i : xi < yigj. Thedistanced` betweenthewords
x, y is de�ned

d` (x, y) =

=
�

n + 1 if maxi (jxi � yi j) > `
max(N (x, y) , N (y, x)) otherw ise

Thed` distancede�ned above allows to determinethenumber
of A`M errors,correctableby a codeC. (proof omitted)

Proposition3 A codeC � Qn cancorrectt A`M errorsif and
only if d` (x, y) > t + 1 for all distinctx, y in C.

To prove the correctability propertiesof the codeswe soon
propose,we do not resort to Proposition3 above. Rather,
a strongerway of proving correctability is used: providing
decodingalgorithms that use propertiesof known codesto
guaranteesuccessfuldecoding. We now provide the main
constructionof the paper. To obtain a codeover alphabetQ
that correctst or less A`M errors, one can use codesover
smalleralphabetsasfollows.Let � bea codeover thealphabet
Q0 of size q0. The code C over the alphabetQ of size q
(q > q0> `) is de�ned as

C = f x = (x1, x2, . . . , xn) 2 Qn : x mod q02 � g. (1)

Error-correctionpropertiesof C are derived from thoseof
� in the following manner.



Theorem4. Ccorrectst A`M errorsif � correctst asymmetric
`-limited-magnitudeerrorswith wrap-around.If q > q0+ ` ,1

theconverseis trueaswell.

Proof: Let x = (x1, x2, . . . , xn) 2 C be a codeword and
y = (y1, y2, . . . , yn) 2 Qn bethechanneloutputwhent A`M
errorshave occurred.Denotethe corresponding� codeword
by � = x mod q0, and also de�ne  = y mod q0 and� =
( � � ) (mod q0). First we observe that since q0 > ` , if
0 6 yi � xi 6 ` then yi � xi = (yi � xi ) mod q0. Using the
simplemodularidentity

(yi � xi ) mod q0= (yi mod q0� xi mod q0) mod q0

= ( i � � i ) mod q0= � i ,

we get that yi � xi = � i , andin particular, if 0 6 yi � xi 6 ` ,
then 0 6 � i 6 ` . In other words, if the codeword x over
Q suffered an A`M error at location i, then the codeword �
over Q0 sufferedan A`M error with wrap-aroundat the same
locationi, andwith thesamemagnitude.Givenat mostt A`M
errorswith wrap-around,a decoderfor � canrecover � from
 . Thus,theequalityyi � xi = � i allows thesamedecoderto
recover x from y. The converseis settledby observingthat,
for q > q0+ ` , a non-correctableerror� for � canbe usedto
generatea non-correctabley vector for C.

Remark:If q0 j q thenC correctst A`M errorswith wrap-
around for � with the samepropertiesasabove.

The size of the code C is boundedfrom below and from
above by the following theorem.(proof omitted)

Theorem5. Thenumberof codewordsin thecodeCisbounded
by thefollowing inequalities.

�
q
q0

� n

� j � j 6 jCj 6
�

q
q0

� n

� j � j

In thespecialcasewhenq0= 2, thesizeof C canbeobtained
exactly from the weight enumeratorof � . (proof omitted)

Theorem6. Let q0 = 2 and � be a codeover Q0 = f 0, 1g.
Thenthesizeof thecodeC, asde�ned in (1), is givenby

jCj =
n

å
w= 0

Aw

l q
2

mn� w j q
2

kw

where Aw is the numberof codewords of � with Hamming
weightw.

This theoremcan be extendedto q0 > 2, but in suchcases
knowing the weight distribution of � doesnot suf�ce, and
moredetailedenumerationof the codeis neededfor an exact
count.

While (1) provides a fairly generalway of composingt
A`M error-correctingcodesfrom similar codesover smaller
alphabets,it is the following specialcaseof this composition
method, that proves most useful for obtaining strong and
ef�cient codes.

Let � be a codeover the alphabetQ0, now of size ` + 1.
The code C over the alphabetQ of size q (q > ` + 1) is
de�ned as

C = f x = (x1, x2, . . . , xn) 2 Qn : x mod (` + 1) 2 � g. (2)

1a reasonableassumptionsincethe bestcodesareobtainedwhenq > > q0

In this specialcaseC hasthe following property.

Theorem7. Ccorrectst A`M errorsif andonly if � correctst
symmetricerrors.

Proof: When q0 = ` + 1, an A`M error with wrap-around
is equivalentto a symmetricerror. This is therefore,a special
caseof Theorem4.

The `-AEC codessuggestedin [1], thatcorrectall A`M er-
rors,canalsoberegardedasa specialcaseof this construction
method.To show that, let 0 be the trivial lengthn code,over
the alphabetQ0 of size ` + 1, that containsonly the all-zero
codeword. De�ne

C = f x 2 Qn : x mod (` + 1) 2 0g
= f x 2 Qn : xi � 0 mod (` + 1) for i = 1, 2, . . . , ng [1].

Since0 cancorrectt = n symmetricerrors,C cancorrect
t = n A`M errors.

I I I . PERFECT ASYMMETRIC L IMITED-MAGNITUDE CODES

To showcase the power of the code construction from
sectionII, we demonstratehow it can yield perfectcodesin
the A`M error model. For that we �rst give (without proof)
a generalizationof the q-ary symmetric “sphere packing”
boundto thecaseof asymmetriclimited-magnitudeerrors.We
thenshow thatasymmetriclimited-magnitudeerror-correcting
codesthat meetthis boundcanbe obtainedby known perfect
codesin the Hammingmetric.

Theorem8. If C is a t A`M error-correctingcodewith wrap-
around,of lengthn overanalphabetof sizeq, then

jCj �
t

å
i= 0

�
n
i

�
` i 6 qn

Perfectt A`M error-correctingcodesare obtainedthrough
the following proposition.(proof omitted)

Proposition9 If thereexistsaperfect(in theHammingmetric)
codeover analphabetof size` + 1, thenthereexistsa perfect
A`M codewith thesamelength,overanalphabetof any sizeq,
suchthat` + 1 j q, thatcorrectsthesamenumberof errors.

IV. ENCODING AND DECODING OF A`M CODES

The methodof codeconstructionproposedin (1), speci�ed
the code C as a subset of Qn. Moreover, the proof of
Theorem4 implicitly containeda decodingalgorithm for C,
given a decoderfor the smaller-alphabetcode.Nevertheless,
till this point, no encodingfunction from informationsymbols
to codewordswasprovided.Discussingthis encodingfunction
is crucial when a practicalcoding schemeis required.When
q0 j q, a straightforward encodingfunction from information
symbolsover Q0 to codewordsof C over Q exists. We show
this function using the following example.

Example1. Let � H be the binary2 Hammingcodeof length
n = 2m � 1, for someintegerm. First we de�ne thecodeCH
in theway of sectionII .

CH = f x = (x1, x2, . . . , xn) 2 Qn : x mod 22 � H g.

2Non-binaryHammingcodescanbe usedaswell when ` > 1.



By thepropertiesof � H , thecodeCH correctsoneA1M error.
When the codealphabetsize is q = 2b, for someinteger b,
the perfectcode CH admitsa simple function from nb � m
information bits to codewordsof CH over Q. A possibleen-
codingschemeis illustratedin Figure1 below. In Figure1 (a),
nb � m informationbits areinput to theencoder. Theencoder
thenusesa binary Hammingencoderto encoden � m of the
informationbits into a lengthn Hammingcodeword (Figure1
(b)).Finally, in Figure1 (c),eachq-arysymbolof thecodeword
x 2 CH is constructedfrom b bits using the usualbinary-to-
integer conversion,the top row beingthe least-signi�cantbits
of xi 2 Q. Decodingis carriedoutby usingaHammingdecoder
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to �nd the limited-magnitudeerror location and magnitude
(for binary Hammingcodesthe magnitudeis always 1). This
valueis thensubtractedfrom the word y to obtaina decoded
codeword. To recover the informationbits after decoding,the
Q symbolsareconvertedbackto bits in theusualway, andthe
m parity bitsarediscarded.

In Example1, a simpleencodingfunction for C wasgiven
in conjunctionwith a mappingfrom tuplesof b bits to symbols
of Q. Alternative pairs of encoding functions and symbol
mappingscan be found for the samecode, that give better
bit error probability when the codefails to correctall errors.
Onesuchexamplegiven below, is a hybrid betweenthe usual
positionalmappingandthe Gray mapping.

1) Thehybrid mapping: Givena Graycodeof lengthb� 1,
if the lengthb � 1 bit stringab� 1 � � � a1 hassequentialnumber
� in this Graycode,thentheb-tuple is mappedto thenumber
2� + a0. This mapping has the advantagethat it can still
be used in conjunctionwith the simple least-signi�cant bit
encoding,and in addition, it reducesthe bit error probability
whenerrorswith magnitudegreaterthan ` occur.

V. SYSTEMATIC CODES

All their advantagesnotwithstanding,the codesdiscussed
thus far in the papersuffer the shortcomingof not admitting
a systematicrepresentationover Q. As seenin Figure 1(b),
(b� 1)m of theinformationbitsareencodedin them symbols
thatalsocarryparity bits.Symbolsthatcarrybothinformation
andparity bits areundesirableif thecodeis usedin high speed
memoryapplications,in which fast readingand writing is a
requirement.A trivial and wastefulway to obtain systematic

codes from the constructionabove is by not using these
problematic(b � 1)m information bits. This sectionaims at
�nding moreclever constructionsfor systematiccodes.

A. SystematicCodesfor ` = 1 Limited-MagnitudeErrors
Whentheerrormagnitudè is boundedby 1, thecode� in

the codeconstruction(2) is a binary code.As we show next
for this case,a modi�cation of any codeC canbe carriedout,
that yields a (slightly shorter)systematiccodewith the same
correctioncapability. We startoff with an example.
Example2. In this examplewe proposea systematicvariant
to the codeCH , given in Example1. The encodingfunction
given below generatesa code that has the samecorrection
capabilitiesasCH , namelyany single` = 1 asymmetricerroris
correctable,thoughtheresultingcodeis different.Speci�cally,
the dimensionsof the systematiccodeare different.For this
examplewe assumethatthealphabetsizeof thecodeis 2m (m
– the numberof parity bits in the binary code),comparedto
2b for arbitraryb in CH . This assumptioncanbe lifted with a
small increasein redundancy that dependson the actualcode
parameters.For an [n, k = n � m] binaryHammingcode� H ,
the lengthof the systematiccodeis n � m + 1, comparedto
n in the non-systematiccase.The systematiccodeis encoded
as follows. In Figure 2 (a), km information bits are input to
theencoder. Theencoderthenusesa binaryHammingencoder
to encodethe k informationbits of the top row into a length
n = k + m Hammingcodeword (Figure2 (b)). Theparity bits
of theHammingcodewordarenow placedasaseparatecolumn.
Themappingof bits to Q symbols,shown in Figure2 (c), is the
usualpositionalmappingfor thek informationsymbolsandthe
Graymappingfor theparitysymbol.
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To decode,awordof Qk+ 1 is convertedbackto bitsusingthe
samemappings,anda binaryHammingdecoderis invokedfor
the n codedbits. By construction,a single` = 1 asymmetric
error over Q, translatesto a single bit error in the Hamming
codeword: in thek informationsymbols,an ` = 1 error �ips a
single(coded)least-signi�cantbit (andperhapsotherbits in the
samecolumn),andin the parity symbol,an ` = 1 error �ips
exactly oneparity bit in that column,thanksto the Gray code
usedin themapping.

The code proposed in Example 2, together with its en-
coding/decoding,can be generalizedto any t A1M error-
correctingcodeas statedby the following proposition(proof
omitted).



Proposition10 Let � bea binarysystematiccodeof lengthn
andm 6 b � r parity bits, for any two integersr andb > 1. If
� correctst symmetricerrors,thenit canbeusedto constructa
systematict A1M error-correctingcodeoveranalphabetof size
q = 2b. This codehaslengthn � m + r, of which r symbols
areparity symbols.

B. SystematicCodesfor ` > 1 Limited-MagnitudeErrors

If we try to extend the constructionof the previous sub-
section to codes for asymmetric` > 1 limited-magnitude
errors, we immediately face a stumbling block. Although
generalizedGray codesexist for non-binaryalphabets,they
(like all othermappings)do not guaranteethat a singleA`M
error translatesto a single symmetricerror in the (` + 1)-ary
codeword. We next considerways to overcomethis dif�culty
to reattainthe generalityof the systematicconstruction.The
�rst proposedsolution is simple but wasteful, the secondis
signi�cantly moreef�cient for large ` .

1) Making Parity SymbolsError-Free: If the parity Q
symbols are taken from a subsetof Q with relative size
1=(` + 1), A`M errors in the parity symbolscan be easily
correctedbeforeinvoking the decoderfor � . This solves the
problemat the costof one (` + 1)-ary symbolper q-ary parity
symbol.

2) Ensuringa SingleSymmetricError with a SmallAdded
Redundancy:When we examinemore closely the properties
of the (` + 1)-ary re�ected Gray code,we seethat for any `
andb, an A`M error inducesat most two symmetricerrorsin
the (` + 1)-ary code.Moreover, if an A`M error inducestwo
symmetricerrors,then one of the two hasto be in the right
most location of the Gray codeword. While theseproperties
themselves are not satisfactory for the construction,with a
small amountof addedredundancy (that becomesnegligible
with increasing̀ ), onecanguaranteethatat mostone (` + 1)-
ary symbol is changedby the A`M error. We �rst de�ne
the well known N-ary re�ected Gray code and prove its
aforementionedproperties.
De�nition 11. For anevenN, let theN-aryre�ectedGraycode
of lengthb bede�ned recursively, asfollows.

G(1, N ) =

0

B
B
B
B
@

0
1
2
...

N � 1

1

C
C
C
C
A

, G(b, N ) =

0

B
B
B
B
B
@

0 G(b � 1, N )
1 G(b � 1, N )R

2 G(b � 1, N )
...

...
N � 1 G(b � 1, N )R

1

C
C
C
C
C
A

wherethesymbolsin boldrepresentcolumnvectorswith N b� 1

identical elements.The sub-matrixG(b � 1, N )R standsfor
G(b � 1, N ) in reversedorder.

Theorem12. Let two words of G(b, N ) be
denoted x j1 = ab� 1ab� 2 � � � a2a1a0 and x j2 =
cb� 1cb� 2 � � � c2c1c0, respectively. If j j2 � j1j 6 N, then
D(ab� 1ab� 2 � � � a2a1, cb� 1cb� 2 � � � c2c1) 6 1. D(x, y) is the
Hammingdistancebetweentwo words.Moreover, ai andci on
thediffering locationi, differ by exactly1 moduloN.

Proof: By construction,the i th symbol has � 1 transitions
in list numbersj = sN i , wheres � 1, . . . , N � 1 (mod N ).
In particular, for i > 0, N j j and thereforetransitionsareat
leastN apartin the uppern � 1 indices.

The theoremproves that given an A`M error, at most one
of the upper b � 1 (` + 1)-ary symbolssuffers an error with
magnitude� 1 (i.e ci � ai � 1 (mod ` + 1)). Consequently,
if we useonly Gray codewords whoseb � 1 uppersymbols
haveevenparity, thenanasymmetric(` + 1)-limited-magnitude
error inducesonly a single symmetric error (in the zeroth
symbol)andthusthesystematicconstructionfor ` = 1 works
for a generalodd3 ` . This restrictionon the contentsof the
parity symbolsof C, amountsto roughly onebit of additional
redundancy perq-ary parity symbol.For increasing̀ , this is a
negligible lossin storageef�ciency, comparedto a full (` + 1)-
ary redundantsymbol that was requiredin the solution in V-
B.1 above. Ways to map (` + 1)-ary parity symbols into the
restrictedalphabetof the q-ary parity symbolsareomitted in
this presentation.

VI . CONCLUSIONS AND FUTURE RESEARCH

Many of thestrengthsof thecodeconstructionmethodwere
not explored in the currentpaper. For example,similar ideas
can lead to codesthat correct symmetric limited-magnitude
errors, or more generally, asymmetricdouble-sidedlimited-
magnitudeerrors that may arise in particular designs.Also,
whenthe readingresolutionis greaterthan the codealphabet
size,improveddecodingtechniquescanbereadilyappliedus-
ing “limited-magnitudeerasures”or other soft interpretations
of the readsymbols.Bettersystematiccodesmay be obtained
by observingtherelationbetweenthelimited magnitudeerrors
and the errors they impose on the low-alphabetcode, and
then replacingthe symmetricerror correctionpropertieswe
required(which are too strong) with various UnequalError
Protectionproperties.
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