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Abstract— Certain storage media such as �ash memories use
write-asymmetric, multi-level storage elements. In such media,
data is stored in a multi-level memory cell the contentsof which
can only be increased,or reset.The resetoperation is expensive
and should be delayed as much as possible.Mathematically, we
consider the problem of writing a binary sequenceinto write-
asymmetric � -ary cells,while recording the last � bits written. We
want to maximize � , the number of possiblewrites, before a reset
is needed.We intr oduce the term Buffer Code, to describe the
solution to this problem. A buffer codeis a codethat remembers
the � most recentvaluesof a variable. Wepresentthe construction
of a single-cell( ����� ) buffer codethat can store a binary ( �	��
 )
variable with ���
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 and a universal upper bound to
the number of rewrites that a single-cellbuffer codecanhave: ���
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& . Wealsoshow a binary
buffer codewith arbitrary ��=

�

=>� , namely, the codeuses �

� -ary
cellsto rememberthe � most recentvaluesof onebinary variable.
The codecan rewrite the variable �?�
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times,which is asymptotically optimal in � and � . We then extend
the codeconstruction for the case �C��
 , and obtain a codethat
can rewrite the variable ���
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� times. When �

��
 ,
the code is strictly optimal.

I . INTRODUCTION

We study asymmetric H -ary storagecells the content of
which can only be increasedor erased(set to I ). The erase
operation is expensive and should be delayed as much as
possible.This modelarises,in practice,in thecontext of �ash
memoriesand similar storagedevices that use an isolated
charge in order to record data [1]. Different processes(e.g.
tunneling vs. hot electron injection) are usedto increaseor
decreasethe charge, giving rise to the asymmetry. Without a
schemesuchas the one presentedin this paper, the process
of updatingstoreddatarequireslargeblocksof memoryto be
resetand rewritten, even if only a small fraction of that data
needsto beupdated.We considerthecaseof a setof H -ary cell
usedto recorda sequenceof databits, while storingthe last J

bits. Our goal is to maximize K , thenumberof writespossible,
beforethecellsneedsto beerased.Similar schemeshave been
consideredin thecontext of WOM codes,introducedby Rivest
andShamir[8] andextensively studied[2] [3] [4] [5] [6] [7]
[8] [9]. WOM codesmainly addressthe case HMLON : binary
write-asymmetriccells. In this paperwe considerarbitrary H .
We also introducethe notion of storing multiple consecutive
valuesof a variable.

De�nition 1 ( H -ary storage cell):
A H -ary cell containsan integer value betweenI and HQPSR .

0 1+0

+1

+1

+0

Fig. 1. Statemachinefor Example1. It describesa TVU8W�X/WYU8W:X[Z\U�] storage
schemeusedto write a binary sequenceinto a X -ary cell, while storingonly
the last bit written. The maximumnumberof writes is X�Z^U corresponding
to the worst casescenarioof an alternatingsequenceof U s and _ s.

Whenwriting a new valueinto a H -ary cell onemustincrease
its content,or if that is impossible,set it to I .

In practice,H -ary cells canbe found in �ash memoriesand
similar storagemedia[1].

De�nition 2 ( `1acbdHebYJ)b�KYf Buffer Code):
A schemethat allows a sequenceof bits to be written into

agH -ary cells. At any point of the writing sequence,the last
J bits written can be recovered.The codesupportsat most K

writes, beforethe cells needto be reset.
Recording the last J values of a sequenceis useful in

practicefor the implementationof certaindatastructuressuch
asstacks,also in the context of memorypagesfor which the
stateof the RAM is saved to disk at differentpoints in time.
The above de�nition can be generalizedto the casewhere h -
ary variables– insteadof bits, where h?LiN – arewritten and
recovered.

In the caseof a single cell (i.e. ajLkR ) the buffer code
canbe representedby a table,or in mathematicalterms,by a
surjective mapping lnm from the setof integers oGI	b<pqprbdHEPsR�t to
the setof binary vectorsof size J , ouIvb<Rnt

m .
Example1 (a simple `wRnbdHeb<Rxb�HAPgRuf buffer code):

We want to storea singlebit of datainto a H -ary cell, with the
ability to write as many times as possible.In the description
above, this correspondsto the case:JQLyR , a singlestoredbit.
The solution is to encodethe single bit as the parity of the
contentof the cell. For example,let HzLS{ :

cell value 0 1 2 3 4 5
storedbit 0 1 0 1 0 1

Noticethatif thebit to bestoredis thesameastheonealready
stored,the contentof the cell doesnot needto be changed.
The numberof possiblewrites is HFP�R , correspondingto the
worstcasescenarioof alternatingR and I bits. Figure1 shows
the statemachineusedto write the contentof the cell. Every



transitionin the input datacorrespondsto a |}R incrementin
the cell value.

In SectionII we generalizethe above example to Js~•R .
SectionIII shows andupperboundto K for single-cellbuffer
codes.SectionsIV and V show two asymptoticallyoptimal
multi-cell buffer codes,onebeingstrictly optimalwhen HzL€N .

I I . A SINGLE-CELL CONSTRUCTION

In this sectionwe presenta `YRnbdHebYJ)bYKYf buffer codeandshow
that it achieves:

KEL‚•

H

N

m'ƒ?„x…

|�J7P†N

In otherwords,thecodeallows

�‡

ˆ
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|zJ	PFN bits to bewritten
into a H -ary cell beforeit needsto be reset(seeDe�nition 1).
After every write, the last J bits written canbe recovered.

CodeConstruction1:
The `YRnbdHebYJ)bYKYf buffer codeis de�ned by a surjective mapping,

l
m , from ‰ to ouIvb/R�t

m . De�ned by induction:

l
„

`1Š%f‹LgŠ mod N

l�m�Œ[„�`1Š•fŽL••

‘ ’

`:Ivb!l)m�`1Š•fYf , if Š mod N

mdŒ[„4“

N

m

`YRnb l
m

`1Š•f�f , otherwise

Here follow two examplesusing the above code for cells
of sizes { and RGN . For eachexample we show a graphical
representationof the writing (encoding)process,i.e. a state
diagramthat de�nes by how much one needsto increasethe
value of the cell, as a function of the current stored bits,
and the new bit being written. We also show a table, used
to read(decode)the contentof the cell, i.e. the mapping lxm

mentionedin Construction1, above. Comparethe tablesof
examples1 through3 to getan ideaof the recursive de�nition
of Construction1.

Example2 ( `YRnb�{	bdNvb�”xf buffer code):
We want to store N bits of data into a { -ary cell, with the
ability to write ” times, i.e. after every write, the last N bits
are recorded,and can be recovered.Figure 2 shows how to
increasethe value of the cell, as a function of the bit being
written. The starting state is InI . The following table shows
how to recover the last N bits, at any point of the writing
process.

cell value 0 1 2 3 4 5
storedbits 00 01 11 10 00 01

Notice that the above table can be generatedby the state
machineof Figure2 by following thearrows labeled |}R . The
numberof possiblewrites is ” , correspondingto the worst
casescenarioof alternatingI and R bits.

Example3 ( `YRnb<RuN•bd”vbY–ef buffer code):
In this example we use a RGN -ary cell to store the last ”

bits. Consequentlywe geta guaranteedminimum of – writes.
Figure3 shows thecorrespondingstatemachine.Thefunction

l)— is shown in the tablebelow.

+2

+2
+0 00 01 10 11 +0
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+1
+1

Fig. 2. Statemachinefor Example2. This diagramshows by how much
one needsto increasethe contentof the cell, when writing a new bit. That
amountis a function of the currentstoredbits (the start state),and the new
bit to be written (the endstate).
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000 001 010 011 100 101 110 111

Fig. 3. Statemachinefor Example3. It implementsa generalT:U8W˜X/W:™GW
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U�] buffer code.In Example3, XBœ•UYž resultingin Ÿ	œM  .

value 0 1 2 3 4 5
bits 000 001 011 010 111 110

value 6 7 8 9 10 11
bits 100 101 000 001 011 010

Next, we show the main result of this sectionin the form
of a theorem.Without lossof generality, it assumesH}¡�N

m .
Theorem1:

The `wRxb�HebYJ)b�KYf buffer code,de�ned in Construction1 is such
that:

KcL¢•

H

N

m'ƒ?„�…

|†JFP£N

Proof: We needto show that any binary sequence¤ of
length at most K will bring the value of the cell to at most

HDPiR . We �rst show that the worst casesequence,¤u¥ , is an
alternationof R s and I s, namelythe sequence:

¤<¥cLy`YRnbdIvb<Rxb�I	b<RnbdIvpqprp¦f

of length K . In thestatemachineof Figure2, ¤
¥ correspondsto

alternatingstates̀:IvRGf and `YR/I�f . Eachstatetransitionincreases
the value of the cell by N , which is the maximum increase
for this statemachine( JML§N ). Similarly, in the J¨L©” state
machine,shown in Figure 3, ¤u¥ correspondsto alternating
states̀VIvRGIxf and `wRGIvRuf , increasingthevalueof thecell by 4, for
eachbit written. In thegeneralcase,asde�ned in Construction
1, any two consecutive entries of the table lnm , for which

l)m�`VŠ	ª)f4LO`VIvb/Rnb/prpqprbdIvb/RGf and l)m�`VŠ•„/f4L§`YRnbdIvb<pqpqprb/Rnb�I�f are such
that « Š•„•PQŠ	ª�«xLiN

m'ƒ?„ , which happensto bethelargestpossible
incrementof the l

m statemachine,thereforethesequence¤
¥ is

theworst casesequence.¤ ¥ correspondsto J¬P­R initial writes
to get from state `VI	b�I	b<pqprpqb�I	b�Ixf to state `:Ivb/Rnb<pqpqprbdIvb<Ruf , followed
by an additionalwrite for each N

m'ƒ?„ rows of the table l
m (the

sizeof which dependson H ). The JCP†R initial writes increase
thecell's valuerespectively by N

ª

bdN

„

b/®<®<®<bdN

m<ƒ

ˆ

, eachof which
is the maximumpossible.ThereforeKEL


¯‡

ˆ

�����u�

|�J7P†N



I I I . UPPER BOUND FOR SINGLE-CELL BUFFER CODES

In this section,we presentan upperboundto K for buffer
codeswith a°L�R andarbitrary hYb�Heb�J .

We �rst de�ne sometermsthatwill be usedthroughoutthe
restof this paper. For Rz±³²‹±´a , we use µv¶ to denotethe ² -th
cell. We use `V·G„)bd·

ˆ

b/®<®/®'b�·'¸vf – calledthecell statevector– to
denotethestatesof the a cells,where ·<¶ ( I�±³·'¶c±gH%P�R ) is the
stateof the ² -th cell. For a variable,we use `1¹e„)b�¹

ˆ

b/®<®<®/bY¹�mGf

– called the variable vector – to denotethe variable's most
recent J values( Iº±»¹�¶A±»h�P¼R for all ² ), with ¹nm being the
most recentvalue and ¹�„ being the oldest amongthe most
recent J values.

By default, initially, all the cells are in the state 0, and
¹x„ubY¹

ˆ

b<®/®<®'b�¹�m areall 0. For writing, we only needto consider
thosewrites that do changethe variablevector. (For example,
if J@L½N and the currentvariablevector is `1¹e„DL§Rnb�¹

ˆ

L¾Ruf ,
then the writing operationthat updatesthe variableto be `1'
doesnot really changethe variablevector. Consequently, we
do not needto considersucha writing operation.)We de�ne
the cell statevectors of the ² -th generation ( I@±¼²¬±¼K ) to be
the set of cell statevectorsreachableafter exactly ² writing
operationsfrom the beginning.

Theorem2: When a†LOR , K7±‚¿

‡

ƒ?„

À

�

ƒ?„uÁ

®GJF|©¿ÃÂqÄnÅ

À

o�Æq`VHzP¼Ruf

mod `Vh

m

P³Ruf�Çe|SR�t

Á

.
Proof: Supposethat a buffer codeguaranteeingK writes

is given.Startingwith a valid cell statevector, by performing
J or fewer writes, the variable vector `1¹e„)b�¹

ˆ

b<®/®<®/bY¹�m/f can
reachany of the h

m possiblevalues.Those h

m variablevalues
correspondto h

m differentcell statevectors(possiblyincluding
the startingcell statevector).Therefore,there is a sequence
of J consecutive writes that causesthe cell's stateto increase
by at least h

m

P�R .
We choosethe �rst set of J writes, the secondset of J

writes, ..., the È -th set of J writes suchthat every sucha set
of J writes increasesthe cell's stateby at least h

m

P¼R . Let È

be as large as possible.After those È8J writes, selecta set of
É writes after which no more write can be performed.Let É

be assmall aspossible.Clearly, É

“

J .
Since the maximumcell level is HDPSR , È�±¢¿

‡

ƒ?„

À

�

ƒ�„
Á

. Note
that ¿ÃÂqÄnÅ

À

o�Æq`VHQPiRGf mod `Vh

m

P¼Ruf�Ç#|€R�t

Á

“

J . If È

“

¿

‡

ƒ?„

À

�

ƒ�„
Á

,
then K¬±gÈ!J[|

É

“

¿

‡

ƒ�„

À

�

ƒ�„
Á

®�JÊ±Ë¿

‡

ƒ?„

À

�

ƒ�„
Á

®�J[|¼¿1ÂrÄxÅ

À

o�Æq`VHEP°RGf mod
`Vh

m

P€RGf�Ç%|¯R�t

Á

. Now considerthe casethat È\LÌ¿

‡

ƒ?„

À

�

ƒ�„
Á

. In
that case,the last É writes increasethe cell's level by at most

`VHzPgRGf mod `:h

m

PgRuf . As É or fewer writes lead the variable
value to h:Í possiblevalues,with the sameanalysisasbefore,
we get h

Í

P}Rz±�`VH#P}Ruf mod `Vh

m

P}Ruf . So É

±¾¿ÃÂqÄnÅ

À

o�Æq`VH#P}Ruf mod
`Vh

m

PÊRGf>Ç�|@R�t

Á

. Soagain,K¬±gÈ!Jv|

É

±©¿

‡

ƒ�„

À

�

ƒ?„
Á

®ÎJ•|­¿ÃÂqÄnÅ

À

o�Æq`VH#P}Ruf

mod `Vh

m

P³Ruf�Çe|SR�t

Á

. So the theoremholds.

IV. ASYMPTOTICALLY OPTIMAL BUFFER CODE FOR h�LSN

AND GENERAL acb�Heb�J

In this section,we presenta buffer code for h^LkN and
generalacbdHebYJ where a´¡¯N)J . That is, the codeuses a´H -ary
cells to storethe most recent J valuesof one binary variable
(a bit). In lots of electronicmemories(e.g., �ash memories),

the 16 bits of a word are stored separatelyin 16 parallel
blocks,using the sameaddress.So the writing operationfor
a word becomesa write for a single bit in eachblock. For
this reason,it is of particular interestto study the storageof
binary variables.

Thecodewe presentin this sectionachieves KELy`:H•P\RGf'`VaCP

N)J?|•RGfn|^JBPºR . Note thata buffer codecanwrite a variableno
more than `VHzPgRuf>aMP�R times.Therefore,the codepresented
hereachievesa K valueasymptoticallyoptimal in both H and

a .

A. Constructionof TheCode

For the buffer code, we �rst presentits constructionfor
the specialcase H´LÏN . We then naturally extend the code
constructionfor arbitrary H .

CodeConstruction2: Buffer code for h�LÐN and general
acb�Heb�J , a­¡¼N)J

Ñ Mappingcell statevectors to variable vectors: By valid
cell statevector, we meana cell statevectorthat canbe
reachedby somewriting operations.Everyvalid cell state
vector `:·

„
b�·

ˆ

b<®<®/®<bd·
¸

f of this codesatis�esthe following
property:For ²�L¯RxbdN•b/®<®/®8bYaDP@J , for any cell statevector
of the ² -th generation,thereareexactly ² cells in thestate
1 and aMPs² cells in the state0; what's more,all those ²

cells in the state1 belong to the set oGµ	„)b�µ

ˆ

b/®<®<®<b�µe¶rŒ�m)t

(namely, the �rst ²•|�J cells).
Clearly, a valid cell statevector `:·G„�b�·

ˆ

b<®/®<®'bd·'¸vf is in the
`�Ò

¸

¶qÓ[„

·<¶˜f -th generation.
A valid cell statevector `:·G„ubd·

ˆ

b/®<®/®<b�·<¸vf in the ² -th gen-
erationis mappedto the variablevector `1¹e„�bY¹

ˆ

b<®<®/®<b�¹�m/f

as follows: For Ô}LyRnb!N•b<®/®<®8b�J , ¹GÕ7LS·<¶rŒ%Õ .
Ñ Writing: ThecodeenablesaFP}J writing operations.Let's

say that the current cell statevector `:·
„

b�·

ˆ

b<®/®<®/b�·
¸

f is
`VŠ

„
bYŠ

ˆ

b<®/®<®/bYŠ
¸

f andit is in the ² -th generation.( IÊ±�²

“

a¨P£J .) Say that the next writing operationis to change
the variable's value to É . (By default, only the writing
operationsthatchangethevariablevectorareconsidered.
It meansthatif thecurrentvariablestateis `VIvbdIvb/®<®<®<b�Ixf or

`YRnb/Rnb<®/®<®8b/RGf , then É cannotbe0 or 1, respectively.) Then,
if É

LiI , �nd an integer Ô@±´²#|¼R suchthat ŠvÕ7LSI , and
change·!Õ – the stateof the Ô -th cell – to be 1; if É

LyR ,
thenchange·<¶rŒ�m�Œ[„ from 0 to 1.

The following is an exampleof the code.
Example4: Let hyL NvbYaÖL ×	b�HØL N , and JÏL ” .

If the aÙPÚJ L { writing operations change the
variable vector as `VIvbdIvbdIxf Û `VIvbdIvb/RGfÙÛ `VI	b<Rxb<RGf

Û `YRnb<Rxb�I�fÜÛ `wRnbdIvbdIxf•Û `VI	b�I	b<RGf•Û `:Ivb/Rnb�I�f , then
the cell state vector changes as `:IvbdIvb�I	b�I	b�IvbdIvbdIvb�I	b�I�f

Û `VI	b�IvbdIvb/Rnb�I	b�I	b�IvbdIvbdIxf Û `VI	b�IvbdIvb/Rnb<Rxb�I	b�IvbdIvbdIxf Û

`VI	b�I	b<Rnb/Rnb/Rnb�I	b�I	b�IvbdIxf Û `:Ivb/Rnb<Rxb<Rxb<RnbdIvbdIvb�I	b�I�f Û

`VI	b<Rxb<Rnb/Rnb/Rnb�I	b�I	b<RnbdIxf•Û `VIvb/Rnb/Rnb<Rxb<Rxb<RnbdIvb/Rnb�I�f . We can
see that given a cell state vector, recovering the variable
vector is very simple: just read the `VÝ»|yRGf -th, `1Ý�|iNxf -th,

®<®/® , `VÝ�|†J�f -th entriesin the cell statevector, where Ý is the
numberof 1's in the vector.



We now extend the above codefrom H�LyN to arbitrary H .
Thecodeusesthecells“layer by layer.” Speci�cally, when H}~

N , for the �rst a\PMJ writes,we usethe cells asif HQLiN . That
is, thecellsuseonly thetwo states0 and1. Then,let's saythat
the `VaAPDJ#|MRuf -th writing operationchangesthevariablevector
to `1¹x„CLiÞ)„)bY¹

ˆ

LiÞ

ˆ

b<®/®<®'b�¹�m4LSÞum<f . The `1aDP^J[|sRGf -th writing
operationis carriedout as follows: �rst, every cell raisesits
stateto 1, and we map this cell statevector – `wRxb<Rxb<®<®/®8b<Ruf

– to the variablevector `VIvbdIvb/®<®<®<b�Ixf ; from then on, treat the
cell state1 (respectively, cell state2) as the old cell state0
(respectively, cell state1), including theway cell statevectors
aremappedto variablevectorsandtheway writing operations
areperformed;perform J successive writing operations,where
the ² -th writing operation( Rz±�²Ž±´J ) changesthe variableto

ÞG¶ . At this moment,the cell statevector correspondsto the
variable vector `V¹x„sLÐÞ�„ubY¹

ˆ

LÐÞ

ˆ

b<®/®<®'b�¹�msLÐÞum<f . Then the
cells use the two levels – level 1 and level 2 – to perform
more writes. Totally `Va†PSN)JD|yRuf writes can be performed
by using the two states1 and2, after which the cells usethe
states2 and3 for writing in the sameway, andso on.

For example,assumethat h7LÜNvbYaiLß×vbdH•LO–	bYJ•Lß” . If
thecurrentcell statevectoris `VI	b<Rnb/Rnb/Rnb<Rxb<Rxb�Ivb/RnbdIxf (which is
in the `1a­P´J�f -th generationand correspondsto the variable
vector `VIvb/RnbdIxf ) and the next threewriting operationschange
thevariableto 1, 0 and1 successively, thenthecell statevector
changesas `VI	b<Rxb<Rnb/Rnb/Rnb<Rxb�I	b<RnbdIxf�Ûà`wRnb/Rnb!N•bdNvb<RxbdN•b/Rnb/Rnb<Ruf?Û

`wRnb!N•b!N•bdNvb<RxbdN•b/Rnb/Rnb<Ruf?Ûà`YRnbdNvbdNvbdN•b/Rnb!N•b<RxbdNvb<RGf .

B. Analysisof TheCode

Theorem3: The buffer codepresentedin CodeConstruc-
tion 2 is correct.

Proof: First, assumeHQL€N . To prove the correctnessof
thecodeconstruction,we useinductionto prove thefollowing
assertion: For ²ALáRxbdNvb<®<®/®8bYa­P�J , the ² -th writing operation
leads the cells to a valid cell state vector that correctly
correspondsto the new variablevector.

Considerthe case ²^LkR . The �rst writing operationhas
only one possibility: to changethe variable to 1. By Code
Construction 2, the cell state `V·u„ubd·

ˆ

b/®<®<®/b�·'¸vf becomesas
follows: ·<m�Œ[„âLyR , and ·!Õ4LiI for all Ô¨ã L¼J?|¨R . Thatcell state
is valid andcorrespondsto thevariablevector `VI	b�Ivb/®<®/®'b�I	b<RGf .
So the assertionholds when ²FL•R . That serves as the base
case.

Assumethat the assertionholds for all ²

“gä , where ä

±

a\P°J . Now considerthe case²�L

ä . Saythat the ä -th writing
operationchangesthe variableto É , where É

LiI or 1. By the
induction assumption,after the `

ä

PiRuf -th write, ä

PiR cells
are in the state1, and they all belong to the �rst ä

PSR4|�J

cells (namely, cells µv„�b�µ

ˆ

b<®<®/®'b�µnå)ƒ�„YŒ?m ); therefore,amongthe
�rst ä cells, at leastone of them is in state0. If É

LËI , the
ä -th write changessuch a cell in state0 to state1, so the
numberof cells in state1 becomesä ; if É

L¾R , the `

ä

|´J�f -
th cell is changedfrom 0 to 1, so the number of cells in
state1 alsobecomesä . Clearly, after the ä -th write, all those
cells in state1 areamongthe �rst ä

|�J cells. Therefore,the
cell statevector after the ä -th write is valid. Say that after

the `

ä

P€RGf -th write, the cell statevector is `:·G„)b�·

ˆ

b<®<®/®<bd·'¸vf .
Its correspondingvariable vector is simply `V¹e„£LØ·dåeb�¹

ˆ

L

·då<Œ[„)b<®<®/®<b�¹�m7L€·då<Œ?m'ƒ?„8f . After the ä -th write, the stateof the
`

ä

|ÊJ�f -th cell becomesÉ , sothecorrespondingvariablevector
is `1¹x„4LS·då<Œ[„)bY¹

ˆ

LS·då<Œ

ˆ

b<®<®/®'bY¹�m<ƒ�„CLi·då<Œ?m<ƒ�„)bY¹�m4L

É

f , which
is the correct variable vector. So the assertionholds when

²4L

ä . This completesthe induction. Therefore,the theorem
holdswhen HQLSN .

When H�~gN , thecodeusesthecell levels in a simple“layer
by layer” way, which is clearly alsocorrect.

The numberof writes K guaranteedby the buffer codecan
be directly derived from CodeConstruction2. Thuswe have
the following conclusion.

Theorem4: For the buffer code presentedin Code Con-
struction2, KcLy`VHFP³Ruf'`VaMP†N)JC|¼Ruf�|�J7P�R .

V. ENHANCED BUFFER CODE FOR h?LiNvbYJQLiN AND

GENERAL acbdH

The code presentedin Code Construction 2 has a K that
is asymptoticallyoptimal in acb�H . When JºLON , it gives KzL

`VHzP¼Ruf'`Va¨P£”�f[|€R . In this section,we presenta bettercode
with KŽL¯`:H7P�RGf<`1aMPgRGf . In particular, when HzL€N , this code
is strictly optimal.

We �rst presentthenew codeconstructionfor the caseHQL

N , andanalyzeits properties.Theconstructionis thenextended
for generalH using the “layer-by-layer” approach.

A. Optimal Buffer Codefor HzL€N

The new buffer codeenhancesCodeConstruction2. When
H°LON , it has K�L¾asPiR . So the code allows a•P»R writing
operations.

Thenew codeusesthesamemethodasCodeConstruction2
to map cell state vectors of the 1st, 2nd, ®/®<® , `1a¼P½Nxf -th
generationsto variablevectors.It addsthe following speci�-
cationto CodeConstruction2 to handlethe �rst aQP^N writing
operations:

Ñ Writing: Let's say that the current cell state vector
`:·/„ubd·

ˆ

b/®<®/®<b�·<¸vf is `1Š�„)b�Š

ˆ

b<®/®<®<b�Š#¸vf and it is in the ² -th
generation,where I�±§²

“

a£PSN . (The corresponding
variablevector is `1¹�„QL�Š%¶rŒ[„�bY¹

ˆ

L¯Š#¶qŒ

ˆ

f .) Say that the
next writing operationis to changethe variable's value
to É . The write is performedas follows:

1) If É

LØI and `VŠ
¶qŒ[„

bYŠ
¶rŒ

ˆ

fæLç`:Ivb/RGf , then change
·

¶rŒB„ – the stateof the `V²•|SRGf -th cell – to 1.
2) If É

LßI and `1Š
¶qŒ[„

b�Š
¶qŒ

ˆ

fÊLØ`YRnb�I�f , then �nd the
integer Ô\±�² suchthat Š

Õ
LSI , andchange·

Õ to 1.
3) If É

LßI and `1Š
¶qŒ[„

b�Š
¶qŒ

ˆ

fÊLØ`YRnb<Ruf , then �nd the
integer Ôº±i² suchthat “ ŠvÕ�L�I and `V²�|�”xf�P•Ô is
an even integer”, andchange·8Õ to 1.

4) If É

L¯R , change·<¶rŒ?— from 0 to 1.
The mappingfrom the cell statevectorsin the `Va°PSRuf -th

generationto the variablevectorsis as follows:
Ñ Mapping from cell state vectors to variable vectors:

Every valid cell statevector in the `Va@P�RGf -th generation
satis�es this property:Among the a cells, a\PsR of them
are in state1 andoneof themis in state0.



Givena valid cell statevectorin the `1aâP�RGf -th generation,
let's saythat µ•¶ – the ² -th cell – is theuniquecell in state
0. The cell statevector is mappedto the variablevector

`1¹x„�bY¹

ˆ

f in the following way:
1) If ²Ž±´a7PÊN and a7P�² is even,then `V¹ „ bY¹

ˆ

fEL½`wRxb�I�f .
2) If ²Ž±³aQP^N and aQP\² is odd,then `1¹ „ bY¹

ˆ

fEL½`VI	b�I�f .
3) If ²�LSaæP�R , then `V¹ „ bY¹

ˆ

fELy`YRnb/RGf .
4) If ²�LSa , then `1¹�„)b�¹

ˆ

fEL½`VI	b<RGf .
The `1asP€Ruf -th writing operationis performedin the fol-

lowing way:
Ñ The `Va€PßRGf -th write: Let's say that after the `1a�P

Nnf -th write, the cell state vector `V· „ bd·

ˆ

b/®<®/®<b�· ¸ f is
`1Š „ b�Š

ˆ

b<®<®/®<b�Š ¸ f . (The correspondingvariable vector is
`1¹ „ LÜŠ ¸•ƒ�„ bY¹

ˆ

L‚Š ¸ f .) Say that the `1a£P�RGf -th write
is to changethe variable's value to É . It is performedas
follows:

1) If “ É

L¯I and `1Š%¸eƒ�„�bYŠ%¸	fCL¾`:Ivb<Ruf ” or “ É

L©R and
`VŠ#¸eƒ?„)b�Š#¸	fFLÜ`VI	b�Ixf ,” then change·<¸eƒ�„ from 0 to
1.

2) If É

LËI and `1Š%¸eƒ�„�bYŠ%¸	f7Lß`YRnbdIxf , then change·<¸

from 0 to 1.
3) If É

LiI and `1Š
¸eƒ?„

b�Š
¸

fEL½`wRxb<RGf , thenlet Ô\±´a7PÊN

be the integer suchthat “ Š
Õ

LSI and a\P^Ô is odd”,
andchange·

Õ from I to 1.
4) If É

LÌR and `1Š
¸eƒ?„

b�Š
¸

f^Lk`:Ivb<Ruf or `wRnbdIxf , then
let Ôæ±SaºP�N be the integer suchthat Š

Õ
L»I , and

change·dÕ from I to 1.
Example5: Let h?L€N•b�aºLi{vb�HQLSNvbYJQLiN . If the a7P^R7L€è

writing operationschangethe variable vector as `VI	b�IxfgÛ

`VIvb/RGfºÛ `wRxb�Ixf¨Û `VI	b<RufºÛ `YRnb/RGfºÛ `wRnbdIxf , then the cell
statevector changesas `VI	b�IvbdIvbdIvb�I	b�I�f7Ûé`VI	b�I	b<RnbdIvbdIvb�I�f7Û

`VIvb/Rnb/Rnb�I	b�I	b�Ixf•Û `VI	b<Rnb/RnbdIvb<Rxb�I�fßÛ `VI	b<Rnb/RnbdIvb<Rxb<RufÜÛ

`wRnb/Rnb/Rnb�I	b<Rxb<RGf .

B. Analysisof TheCode

The new code has a special structural property, as the
following lemmashows.

Lemma1: For thenew codeconstructedin this section,for
²DL•Ivb<Rxb<®/®<®8bYa£P¼N , let `V·G„ubd·

ˆ

b/®<®<®/b�·'¸vf be a valid cell state
vectorin the ² -th generation.By thecodeconstruction,among
the �rst ²?|gN cells – µ

„
bdµ

ˆ

b<®/®<®'bdµ
¶qŒ

ˆ – exactly two of them
are in the state0. Let µ

å and µ

‡ be thosetwo cells. Then,
betweenä and H , one is odd andthe other is even.

Proof: The proof is by induction on ² . When ²^LØI ,
·

„
L¾·

ˆ

L©I , so p=1 and HML§N . So the lemmaholds when
²�L¼I . This servesas the basecase.

Assumethat when ²

“

Þ°±ia¨P´N , the lemmaholds.Now
considerthe case ²ºLÏÞ . The proof for this induction step
is a straightforward check using the rule on writing in the
codeconstruction.For example,considerthe following case:
after Þ^PyR writes, the statesof µeê and µeê

Œ[„ are 0 and 1,
respectively, and the Þ -th write changesthe variableto 0. In
this case,the codeconstructionchangesthe stateof µ	ê to 1.
By the inductionassumption,after Þ¬P•R writes, thereis a cell

µ�Õ (Ô•±jÞz|¯R ) whosestateis 0 suchthat betweenÔ and Þ ,

one is odd andoneis even.After the Þ -th write, both µeÕ and
µ ê Œ

ˆ are in the state0, so we can let ä

L€Ô and H\LyÞz|gN ;
thenbetweenä and H , oneis oddandtheotheris even;so the
lemmaholds.All theothercasescanbecheckedsimilarly; for
simplicity, we skip the details.That completesthe induction.
So the lemmaholds for all I�±´²Ž±³aºP£N .

Theorem5: The new code constructedin this section is
correct.And it has KcLSaæP�R .

Proof: It is easyto verify thatthenew codedealswith the
�rst a�P°N writes andthe 0-th, 1st, ®/®<® , `1a\P¨Nnf -th generations
of cell statevectorsin the sameway asCodeConstruction2
does,except that the a­PgN writes are performedin a more
speci�c way. For succinctness,we omit the details of this
simpleveri�cation. Now considerthe `1a\P´RGf -th write. Based
on Lemma1, any cell statevectorin the `1aQP^Nxf -th generation
hasexactly two cells µnåvbdµ

‡ whosestatesare0, while between
ä and H one is odd and the other is even. By using this
observation, and by the way the codeconstructionperforms
the `Va­P»RGf -th write and mapsthe `Va­P»RGf -th generationof
cell statevectorsto variablevectors,we caneasilyusea case
by caseveri�cation to seethat the `1a†P�RGf -th write always
leadsthe cells to a valid cell statevector that correspondsto
the correctvariablevector. So the codeis correct.It directly
follows from the codeconstructionthat KELgaºP�R .

The above code constructionand analysisare for H­L¢N .
When Hi¡ÐN , we can use the cells “level by level” in the
sameway as the codein SectionIV does.For sucha code, K

becomes̀:H7P�RGf<`1aMP�Nnf?|SR .
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