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Abstract. Wepresentanefficientandrigorousnumericalprocedurefor calculating
theelastodynamicresponseof a fault subjectedto slow tectonicloadingprocesses
of long durationwithin which thereare episodesof rapid earthquake failure.
This is donefor a generalclassof rate-andstate-dependentfriction laws with
positive directvelocity effect. Thealgorithmallows usto treataccurately, within
a singlecomputationalprocedure,loadingintervalsof thousandsof yearsandto
calculate,for eachearthquake episode,initially aseismicacceleratingslip prior to
dynamicrupture,the rupturepropagationitself, rapid postseismicdeformation
which follows, andalsoongoingcreepslippagethroughoutthe loadingperiod
in velocity-strengtheningfault regions. Themethodologyis presentedusingthe
two-dimensional(2-D) antiplanespectralformulationandcanbereadilyextended
to the2-D in-planeand3-D spectralformulationsand,with certainmodifications,
to the space-timeboundaryintegral formulationsaswell asto their discretized
developmentusingfinite differenceor finite elementmethods.Themethodology
canbeusedto addressa numberof importantissues,suchasfault operationunder
low overall stress,interactionof dynamicrupturepropagationwith porepressure
development,patternsof rupturepropagationin eventsnucleatednaturallyasapart
of a sequence,theearthquake nucleationprocess,earthquake sequenceson faults
with heterogeneousfrictional propertiesand/ornormalstress,andothers. The
procedureis illustratedfor a2-D crustalstrike-slipfaultmodelwith depth-variable
properties.For lower valuesof the state-evolution distanceof the friction law,
smalleventsappear. Thenucleationphasesof thesmallandlargeeventsarevery
similar, suggestingthatthesizeof aneventis determinedby theconditionson the
fault segmentstheevent is propagatinginto ratherthanby thenucleationprocess
itself. We demonstratethe importanceof incorporatingslow tectonicloading
with elastodynamicsby evaluatingtwo simplifiedapproaches,onewith theslow
tectonicloadingbut nowaveeffectsandtheotherwith all dynamiceffectsincluded
but muchhigherloadingrate.



1. Introduction

Thepurposeof thispaperis to establishanefficientalgo-
rithm for elastodynamicshearruptureanalysisof afaultgov-
ernedby ageneralclassof rate-andstate-dependentfriction
lawsin situationsfor whichthetotal timeof loadingis vastly
longerthanthetime for wavesto traversethedomainof in-
terest. Suchan algorithmis neededto studyslow tectonic
loadingprocessesduringwhich thereareepisodesof spon-
taneousrapidfailurein earthquakes.Investigatingthesepro-
cessesrequiresa specialapproach,sincequasi-staticmeth-
ods (usedfor calculatingslow deformationalprocessesof
long duration) fail as instabilitiesdevelop, while standard
elastodynamicalgorithmsnot only userelatively small time
stepsbut alsorequirean increasingamountof memoryand
computationaltimeat eachtimestepto take into accountall
the prior deformationhistory, andhencethey areexcluded
from direct implementationfor investigatinglong-duration
processesbecauseof limitationson computingresources.

Varioussolutionshavebeenproposed.Oneof them[e.g.,
Okubo, 1989;Shibazaki and Matsu’ura, 1992] is to employ
a quasi-staticmethodduring slow deformationandthento
switchto adynamicmethodonceaninstabilitystarts.How-
ever, theabruptswitchingfrom oneschemeto anothermay
disruptthenaturaldevelopmentof theinstability, andtheef-
fectsof thisdisruptionon thefurthermodelresponsecannot
beeasilydeterminedwithin thisapproach.Otherapproaches
[e.g., Cochard and Madariaga, 1996; Myers et al., 1996]
neglectall aseismicfault slippage,sothatstressingbetween
earthquakesis trivially modeled,andgive thefault a ”kick”
in the form of an abruptsmall strengthdrop, oncea crit-
ical stresshasbeenreachedsomewhere. At that stagean
elastodynamicalgorithmcalculatesruptureuntil arrestoc-
curs. This inevitably generatesa populationof small rup-
tures, and it requirescareful study of dependenceon the
abruptstrengthdrop magnitudeto separatewhich may be
physicalandwhichareartifactsof theabruptdrop[Cochard
and Madariaga, 1996]. Still anotheralternative is to usea
plateloadingratewhich is only a few ordersof magnitude
less than representative seismicslip rates,rather than the
roughly 10 ordersasfor naturalfaults,andto usestandard
elastodynamicnumericalmethodologythroughout(like in
thework by Shaw and Rice [2000]). This is straightforward
to implement,at leastif someprovision is madefor dissi-
patingwave energy, but makesit difficult to suitablymodel
aseismicslip processesandcanblur thedistinctionbetween
aseismicslip beforeinstability andsmallearthquakes.

The developmentsof the presentwork provide an inte-
gratednumericalschemeallowing resolutionof both slow
andfastdeformationalphases,aswell asthe transitionbe-
tween them, within a single mathematicalframework for

elastodynamics.Themethodenablesusto performcalcula-
tionsoverthousandsof yearsof slow tectonicloading,punc-
tuatedby earthquakesandthe processeswhich leadto and
follow them.Thuswecanresolveaseismicslip on velocity-
strengtheningfault regions,advanceof slip into morefirmly
lockedzones,andslowly acceleratingaseismicslippagethat
grows in spatialextent and will ultimately breakout into
anearthquakebut hasdurationthat is vastly longerthanthe
seismicevent itself. We alsoresolve all detailsof thebreak
out of rupture,its propagationandarrest,andthe transient
postseismicslippagethatdevelops.

Our methodologyfor studying slow loading processes
hastwo main ingredients. The first is basedon the form
of elastodynamicrelationsthatwe use,in which thedepen-
denceof the inertial responseon prior deformationhistory
canbetruncatedsothatonly a(fixed)partof thedeformation
historybackfrom currenttime needsto beconsidered.That
translatesinto fixedmemoryrequirementsandfixedamount
of computationpereachtimestep.It alsomakesthecompu-
tationat eachtime stepindependentof how muchtime has
alreadybeensimulated. The methodologyis illustratedin
this paperfor thetwo-dimensional(2-D) antiplanecaseand
usesa spectralrepresentationof elastodynamicrelationsde-
velopedby Perrin et al. [1995] in which theslip distribution
is representedasa Fourier seriesin the spatialcoordinate,
truncatedat large order, and fast Fourier transform(FFT)
methodsareused.The correspondingmethodologyfor the
2-D in-planeand3-D casesis conceptuallyverysimilar and
canbeeasilyadoptedfrom theonepresentedhereusing3-D
spectralelastodynamicrelationsdevelopedby Geubelle and
Rice [1995] andCochard and Rice [1997]. Our algorithm
canalso be generalizedto the (closely related)space-time
boundaryintegral formulation. Furthermore,for situations
suchaselasticpropertyheterogeneitythatarenot congenial
to spectralor boundaryintegralapproaches,finite difference
or finite elementprocedurescouldbeused,not in their con-
ventionalapplicationto directlycalculatetherupturepropa-
gationitself, but ratherto calculateandnumericallytabulate
theconvolutionkernelsfor usein ourmethodology.

Thesecondingredientis variabletimestepping.Thesize
of thetime stepto bemadeis dictatedby thecurrentvalues
of slip velocitiesandparametersof theconstitutivelaw. The
smallertheslip velocities,the largerthetime step,andvice
versa. While the truncationof the convolutionsover prior
slip velocity history reducestheamountof computationre-
quired to completeone time step, the variable time step-
ping reducesenormouslythe numberof time stepsneeded
to simulateprocessesduringtheessentiallyaseismicphases
of deformationwhich constitutealmostall of the fault his-
tory. Throughoutthecomputation,timestepscanchangeby
many ordersof magnitudein value,allowing usto go in rel-
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atively few stepsthroughperiodsof essentiallyquasi-static
loading,to considermorecarefullythenucleationphase,and
to resolve in greatdetail the featuresof thedynamicpropa-
gationduringaninstability. Thecoefficientsof proportional-
ity betweenthetime stepsandslip velocitiesdependon the
parametersof the constitutive law aswell ason numerical
stability considerationsthatwe derive here.We presentthe
formulationfor a generalclassof rate-andstate-dependent
friction lawswith apositivedirectvelocityeffect. Theproto-
typeof suchlaws is theexperimentallyderivedlogarithmic
law of Dieterich [1979,1981]andRuina [1983]. Thepres-
enceand size of the positive direct velocity effect for the
quasi-staticrangeof slip velocities,amply documentedin
suchexperiments,areshown to becrucial in allowing long
time stepsduring slow deformationphaseswithout losing
stability (during such phases,velocity-strengtheningparts
of the fault zoneare continuouslyslipping, producingan
aseismicviscoplastictyperesponseto which rate-andstate-
dependentfriction thenreduces).

The main goal of the presentpaperis to give the de-
tailed descriptionof the methodin its current, much im-
proved form. Earlier versionsof the methodologywere
briefly outlinedand/orimplementedby Zheng et al. [1995],
Rice and Ben-Zion [1996], andBen-Zion and Rice [1997].
We describethe algorithmingredientsin sections2-6. The
new developmentsincludeunderstandingconstraintson the
timestepduringslow deformationphasesandcorresponding
limitationson theprocedureapplicability (section4), much
moreefficient truncationandevaluationof the convolution
integralsinvolved(section6), anda new procedurefor up-
dating the systemin a time step(section5). Thesedevel-
opmentsallow considerationof a muchwider rangeof the
constitutiveparameters,betternumericalconvergenceof the
results,andenhancedresolutionin time andspacewith the
samecomputationalresources.

Theproposedmethodologycanbeusedto addressanum-
ber of important issues,suchas fault operationunderlow
overall stress,interactionof dynamic rupture propagation
with pore pressuredevelopment,patternsof ruptureprop-
agationin eventsnucleatednaturallyasapartof asequence,
theearthquakenucleationprocess,earthquakesequenceson
faults with heterogeneousfrictional propertiesand/ornor-
mal stress,and others. Section7 demonstratesthe imple-
mentationof thealgorithmby consideringtheelastodynamic
responseof a 2-D crustal strike-slip model, with depth-
variableproperties,descendedfrom the model of Tse and
Rice [1986] andstudiedby Rice and Ben-Zion [1996] and
Ben-Zion and Rice [1997]. Consideringa wider rangeof
constitutiveparametersthantherangetractablefor previous
studies,weobservethatsmalleventsappearfor lowervalues
of thestate-evolutiondistance.Thenucleationphasesof the

small andlarge eventsarevery similar, suggestingthat the
sizeof aneventis determinedby theconditionson thefault
segmentsthattheeventis propagatinginto ratherthanby the
nucleationprocessitself. We show how insufficient resolu-
tion in time can producemore complex slip accumulation
thatlooks”smooth” andplausibleyet is just a numericalar-
tifact.We alsoevaluatetwo simplifiedapproaches,onewith
theslow tectonicloadingbutnowaveeffects(quasi-dynamic
approach,asin thework by Rice [1993]),andtheotherwith
all dynamiceffects includedbut much higher loading rate
(like in the work by Shaw and Rice [2000]). The compar-
ison shows that incorporatingslow tectonicloadingis very
importantfor determiningthetruemodelresponse.

2. Elastodynamic Relation and Truncation of
Convolution Integrals

As an illustration of the elastodynamicrelations,let us
considera2-D antiplaneframework, in whichthefaultplane
coincideswith the � - � planeof a Cartesiancoordinatesys-
tem ��� � andall particlesmove parallel to the � direction.
Theonly nonzerodisplacementis ����� �
	 � 	���
 , andwe define
slip ����� 	���
 onthefaultplaneasthedisplacementdiscontinu-
ity ����� 	���
�� �
������� 	 � 	���
�� �
������� 	 � 	���
 . Therelevantshear
stresson thefault planeis denotedby ����� 	���
����� �!��� 	 � 	���
 .
It is possibleto expressthestresson thefault planein terms
of theslip historyon thefault planeonly [e.g.,Cochard and
Madariaga, 1994,Perrin et al., 1995]as����� 	���
"� �!#���� 	���
�$&% ��� 	���
��(')+*�, ��� 	���
-	 (1)

where ' is the shearmodulus,
*

is the shearwave speed,, ��� 	���
.�0/����� 	���
.�21 ����� 	���
4351
� is the slip rate, � # ��� 	���
 is
the”loading” stress(i.e., thestressthatwouldactif thefault
plane �6� � wereconstrainedagainstany slip), and % ��� 	���
 ,
incorporatingstresstransfers,is a linear functionalof prior
slip ������7 	�� 7 
 over thecausalitycone(i.e., all ��7 and � 7 satis-
fying

* � �"�8� 7 
:9<; � � �=7 ; ). The last termof (1) represents
radiative damping[Rice, 1993], and the explicit extraction
of the dampingterm from the functional % ��� 	���
 allows for
evaluationof % ��� 	���
 without concernfor singularities.

In (1), mostof the elastodynamicresponseis contained
in the stress transfer functional % ��� 	���
 . Cochard and
Madariaga [1994]haveexpressedit asadoubleconvolution
integral in spaceandtime. Perrin et al. [1995] havederived
a spectralrepresentationof % ��� 	���
 asa singleconvolution
integral in time for eachFourier mode,when representing
slip andthe functionalasFourier seriesin space.General-
izationsto generalslip and/oropeningstatesin 3-D prob-
lems aregiven by Geubelle and Rice [1995] and Cochard
and Rice [1997]. We usethespectralrepresentationof Per-
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rin et al. [1995] for theillustrationhereandwrite

����� 	���
�� >@?BA ?DC�EFGIH � > ?BA ? C4E!J G � ��
�KMLONQP�RI	
(2)% ��� 	���
S� >@?BA ?DC�EFGIH � > ?BA ? C4E!T G � ��
�K LUNQPIR 	WV G � )5XZY[ 	

where
[

is the lengthof the fault domainunderconsidera-
tion, replicatedperiodically. Thereplicationdistance

[
has

to bechosenseveraltimeslargerthanthedomainoverwhich
rapid faulting takesplace,to assurethat thereis negligible
influenceof wavesarriving from the periodic replicatesof
theruptureprocess.For adaptationto our numericalproce-
dure, \.]_^ ] (even)will besomelargenumberof FFT sample
pointsusedto discretizethis domain.Also, coefficients J Gand T G arecomplex in general,with respective conjugatesJ � G and T � G , but takerealvaluesfor

Y � � and \ ]_^ ] 3 ) , so
thattherepresentationsinvolve \ ]_^ ] degreesof freedom.To
satisfy the elastodynamicwave equation,J G � ��
 and T G � ��
arerelatedby

T G � ��
��`� ' ; V G ;) acbdfehg � ; V G ; * � 7 
� 7 J G � �i�j� 7 
�kI� 7 	 (3)

where e g � 
 is the Besselfunction of the first kind of order
one.Equations(1)-(3) arereferredto asthe”displacement”
representationof theelastodynamicrelations.An analogous
”velocity” representationcanbeobtainedby combining(1)
and(2) with theresultof integrating(3) by parts,giving

T G � ��
����l' ; V G ;) J G � ��

(4)$`' ; V G ;) a bd8m � ; V G ; * � 7 
 /J G � �i�j� 7 
�kI� 7 	

where /J G � ��
n�ok J G � ��
435k�� and m �qp 
r�ts�uvxw e g �By 
43 yMz k ywith m ��� 
{�}| . As any other boundaryintegral formu-
lation, the spectralrepresentation(2), (3) or (2), (4) gives% ��� 	���
 asa functionalof ����� 	���
 , because% ��� 	���
 canbeex-
pressedin termsof the T G � ��
 , T G � ��
 are relatedto J G � ��
 ,and J G � ��
 can be expressedin termsof ����� 	���
 by the in-
verseFouriertransform.

We emphasizethat the spectralrepresentation,in com-
parisonwith space-timeboundaryintegral formulations,is
very advantageousfrom the computationalpoint of view.
The matrix of convolution integrals, implied by a space-
time formulationafterdiscretizationin space,is replacedin
the spectralapproachby a diagonalmatrix, oncethe FFT
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Figure 1. Convolution kernel m �qp 
 for thevelocity formu-
lation in the2-D antiplanecase.

is usedto transformfrom ����� 	���
 to J G � ��
 andthenthe in-
verseFFT from T G � ��
 to % ��� 	���
 . Even thoughthe spectral
approachusesa larger numberof degreesof freedomthan
neededfor the domainof interestitself, the drasticreduc-
tion in the numberof time convolutionssignificantlyshort-
ensthecomputationof thestresstransferfunctional % ��� 	���
 ,
which is themosttime-consumingstageof theanalysis.We
show this in AppendixB, wherewe further discussthe re-
lation betweenspectralandspace-timeformulations. Note
that Cochard and Rice [1997] showed how to reformulate
thespectralmethodto rigorouslyeliminatethereplications,
but thatrequiresfarmorecomplex calculationsof theconvo-
lution kernelsandstill twice moredegreesof freedomthan
neededfor thedomainof interest.

If the convolution integralsin (3) or (4) hadto be com-
puted in full, the algorithm would be impractical for in-
vestigationof long deformationalprocesses.Evaluationof
the convolution integrals is the most computationallyde-
mandingpart of the elastodynamicanalysisand may take
more than 99% of the total computationaltime [Perrin et
al., 1995].Fortunately, truncationof theconvolutionsis pos-
sible,which significantlyreducestheoverall computational
time. If thedurationof thephysicalproblemis muchlonger
thanthetimerequiredfor elasticwavesto traversethespatial
domainof thesystem,it is not necessaryto keepexamining
the influenceof displacementsof pointson the failure sur-
faceat all prior times. This is reflectedin rapid decayof
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thekernelsof theconvolution integralsfor boththevelocity
anddisplacementformulations.At largevaluesof p , theker-
nels m �qp 
 (shown in Figure1) and ehg �qp 
�3 p haveamplitude
decaylike |M3 p�� C4E for an oscillation (at circular frequency; V G ; * ) thataveragesin time to zero.

To truncatetheconvolutions,wedefinetheelastodynamic
time window asthe time interval w ���8�Z��	�� z , where,in the
computationallymostefficient versionof our methodology,� � maybedifferentfor differentFouriermodes.� � is cho-
sensuchthat thecontribution to the functional % of thede-
formationhistoryoccurringprior to time � ����� � 
 hasnegli-
gible effect on thesimulationresults.Sinceonly theeffects
from the currenttime � backward to � ����� � 
 needbe in-
cludedin the dynamicresponse,the convolution integrals
aretruncatedby computingthemonly within the elastody-
namictimewindow defined.Thistransforms(3) and(4) into

T G � ��
����n' ; V G ;) a8�M�d e g � ; V G ; * � 7 
� 7 J G � �i��� 7 
Dk�� 7 (5)

and

T G � ��
�����' ; V G ;) J G � ��

(6)$�' ; V G ;) a � �d m � ; V G ; * � 7 
 /J G � �i�j� 7 
�kI� 7 	

respectively. The discussionof the truncationimplementa-
tion is givenin section6.

In view of the truncationprocedure,the velocity formu-
lationhasanimportantadvantageoverthedisplacementfor-
mulation. As pointedout by Perrin et al. [1995], the first
(algebraic)termin (4) and(6) correspondsto thefinal static
elasticstress,and the remainingintegral term corresponds
to wave-mediatedstresstransfercarryingtheelastodynamic
effects. The isolationof the staticterm is importantin our
computationalprocedurewherewe truncatethe remaining
convolution integral. During slow deformationalperiods
where /J G � ��
 is small, thestaticterm � ' ; V G ; J G � ��
43 ) con-
tributesmostto T G � ��
 . During all deformationphases,the
velocity formulationwith truncation(1), (2), and(6), unlike
the displacementformulation with truncation(1), (2), and
(5), ensuresthat regardlessof theway theconvolution inte-
gral is truncated,thelong-termstaticstressfield (thatis, the
stressfield after passageof all waves)dueto slip up to the
time � is alwaysexactly represented.Thus,thevelocity for-
mulationshouldbeusedfor longdeformationalhistories,al-
thoughthedisplacementformulationcanalsobeuseful,for
example,to study individual events. The sameseparation
into staticanddynamicparts,with truncationof theconvo-
lution ontimewithin thedynamicpart,maybecarriedoutin

the framework of the space-timerepresentationfor % ��� 	���
 ,
aswebriefly discussin AppendixB.

Notethatthecombinationof (1), (2),and(6)with �Z��� �
(noconvolution)wouldamountto staticcalculationof stress
transfers,thencorrespondingto the”quasi-dynamic”proce-
dureof Rice [1993], also discussedby Ben-Zion and Rice
[1995] andRice and Ben-Zion [1996]. Becauseof the re-
tentionof the radiationterm of inertial elastodynamics,as' , 3 � )+* 
 in (1), the quasi-dynamicprocedureallows solu-
tionsto exist duringinstabilities;thesolutionswouldnotex-
ist in a formulationwith nodampingterm,whichweusually
call quasi-static.

3. Constitutive Laws and Space Discretization

Constitutive lawsusedherearerate-andstate-dependent
friction laws developedto incorporateexperimentalobser-
vations[Dieterich, 1979,1981; Ruina, 1983]. Theselaws
includedependenceof strengthon slip velocity andon an
evolving statevariable(or variables)whichcharacterizesas-
perity contacts,thus allowing for loss of strengthin rapid
slip andfor subsequentrehealingso that repetitive failures
canoccur. Thelaws have beensuccessfullyusedto explain
variousaspectsof stableandunstablesliding betweenelas-
tic solids [Ruina, 1983; Rice and Ruina, 1983; Gu et al.,
1984; Tullis and Weeks, 1986] as observed in the labora-
tory. Also, they have beenusedto modelearthquake phe-
nomena,includingnucleation,ductileandbrittle crustalslip
regions, spatio-temporalslip complexities, and earthquake
aftershocks[e.g.,Tse and Rice, 1986;Stuart, 1988;Okubo,
1989; Horowitz and Ruina, 1989; Rice, 1993; Dieterich,
1992,1994; Perrin et al., 1995; Ben-Zion and Rice, 1995,
1997; Rice and Ben-Zion, 1996; Stuart and Tullis, 1995;
Tullis, 1996;Boatwright and Cocco, 1996].

A formulationof suchlawswhich assumesconstantnor-
mal stressandonestatevariable,to recorddependenceon
slip history, is of thegeneralform� ��� � , 	��=
�	 (7a)k��=35k������ � , 	���
Z	 (7b)

where � is the statevariableand � , , , and � dependon
spacevariablesand time. The rate- and state-dependent
constitutive laws as usually formulated,basedon labora-
tory observations,have the following properties.If slip ve-
locity , is held constant,the statevariableand hencethe
stressevolvetowardconstantvalues,calledsteady-stateval-
uesanddenoted���������M�B� � , 
 and � �B��� � �B� � , 
 , respec-
tively, where � ��� satisfies� � , 	�� �B� 
�� � and � �B� is givenby� �B� ��� � , 	�� �B� 
 . All laws of theclass(7) reduce,for � near� ��� � , 
 , to kI�h35k������ � , 3+�"
 w �r��� �B� � , 
 z , where � hasdi-
mensionsof slip andcanbe interpretedasa characteristic
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slip distancerequiredfor evolution to thesteadystate( � is
alsosometimesdenotedby kh� or J � ). Thestatevariable� is
usuallychosenin suchaway that �M�B������3 , , particularlyif� is to beinterpretedasacharacteristiclifetime of theasper-
ity populationon thecontactsurfaces;� is theninterpreted
asa measureof the sliding distancerequiredto establisha
new populationof asperitycontacts,and is assumedto be
independentof , . Thelaw (7) is saidto exhibit steady-state
velocity weakeningif k � ��� 35k ,o� � andsteady-stateveloc-
ity strengtheningif k � �B� 3+k , 9 � . If the slip velocity , is
suddenlyincreasedor decreased,thestress� simultaneously
increasesor decreases;thatis, instantaneouspositiveviscos-
ity is incorporatedin (7) throughtherequirement1�� � , 	���
1 , 9 ��� (8)

This property is sometimescalled ”direct velocity depen-
dence”or ”direct effect” andis well establishedexperimen-
tally. As discussedin section4, the presenceand size of
thisdirecteffectareessentialfor ournumericalprocedureto
beefficient in simulatingprocessesof long duration.Hence
our methodis not immediatelyapplicableto otherconstitu-
tive laws,suchasslip-weakeninglaws(whichemergeasthe
limit caseherefor rapidslip if � and ��3 , are,in the limit,
independentof , ), whichdo not havethatproperty.

Stabilityof steadyfrictional sliding,governedby thecon-
stitutivelawsof type(7) with thepropertiesdiscussedabove,
hasbeenextensively investigated[Ruina, 1983; Rice and
Ruina, 1983;Dieterich, 1992;Gu et al., 1984;Ranjith and
Rice, 1999],particularlyfor singledegreeof freedomelas-
tic systems.Suchsystemsaregenericallyrepresentedby a
spring-slidermodel,in which a rigid block is attachedto a
springof stiffness V andslideson a frictional surface,with
the otherendof thespringmoving at the imposedrate , � .
Linear stability analysisof sucha system,perturbedabout
steady-statesliding at the rate ,:� , asin the work by Ruina
[1983], shows that the sliding is always stablefor friction
with steady-statevelocity strengthening,while for friction
with steady-statevelocity weakening,thereexistsa critical
valueof thespringstiffnessVI¡_¢ suchthatperturbationsfrom
steady-statesliding grow in time for systemswith V � V+¡_¢
anddecayin time for systemswith V&9£VI¡_¢ . For rates , �
sufficiently small so that the inertia effectscanbe ignored,
thecritical stiffnessis givenbyVI¡_¢S�¥¤_� , k � �B� � , 
�3+k ,� ¦!§ H §�¨ 	 (9a)

wheretheprecisedefinitionof � is�8� w � , 3 � 1�� � , 	���
�3+1
��
 z § H § ¨ª© « H «�¬­¬¯® § ¨4° � (9b)

Here and in the following, notation w z § H §i¨ © « H « ¬­¬ ® §±¨ °
meansthattheexpressionin thebracketshasto beevaluated

at steadystategivenby , � ,:� , ���²�M�B� � ,:� 
 . Theorigin
of thewell-known result(9a) is importantfor our consider-
ationof variabletime steppingin section4. We review it in
AppendixA anduseit to restrictthesizeof time steps.

Suchastabilitydependenceon thesystemstiffnessin the
caseof steady-statevelocity weakeninghasimportant im-
plicationsfor the properspacediscretization,imposingan
upperboundon a spatialelementsizein numericalmodel-
ing. To demonstratethis, let uscontinuewith the antiplane
example.Selecting\ ]_^ ] equallyspacedsamplepointsalong
thedomainof length

[
, we discretizethedomaininto space

elements(also called ”cells”) w � L � g 	 � L z , � L �´³Dµ , ³¶�|I	 ) 	 �O�­� 	 \ ]_^ ] , µ�� [ 3 \ ]_^ ] . Thediscretizedformulationdeals
with slips � L andshearstresses� L at thesamplepoints,taken
at the cell centers��� L �&µ�3 ) 
 . Eachof the cellshasthe ef-
fective stiffness V (definedasreductionin � L dueto elastic
interactionswith thesurroundingsfor unit slip � L at thesame
samplepoint), given by V¶�¸· ' 3+µ . Here · is a model-
dependentconstant,of orderunity. For example, ·¹� ) 3 X
whenusingthecellularbasissetfor slip (i.e.,calculatingthe� L asif theslip werelocally uniform in eachcell) like in the
work by Rice [1993] and ·j� X 3Mº for thespectralbasisset
of (2). Thevaluesof · citedapply for cellswhosedistance
from any free surfaceis many times µ and, in the spectral
case,for \ ]_^ ]�» | .

If we startwith steadyquasi-staticsliding of the whole
domainat slip rate , � (taking this rate to be sufficiently
smallsothatthedynamiceffectsarenegligible) andslightly
perturbthemotionof onecell while maintainingsteadyslid-
ing of theothercells,we get that the linearizedresponseto
the perturbationis governedby the samesystemof equa-
tions as for the spring-slidermodel, with the spring stiff-
nessreplacedby the effective stiffnessof the cell. Hence
the perturbationwill grow if Vl�(· ' 3+µ � V ¡_¢ or, equiv-
alently, µ¼9}· ' 3+VI¡_¢ , and the perturbationwill decayifVf�½· ' 3Iµ¾9¿VI¡_¢ or, equivalently, µ � · ' 3+VI¡_¢ . This
propertydefinesthecritical cell size µ � ��· ' 3+VI¡_¢ . As em-
phasizedby Rice [1993], the growth of the perturbationon
onecell, while theotherscontinuethesteadysliding,would
imply thatthecell is capableof failing independentlyof the
surroundingcells,which would make theresultsdependent
on the numericaldiscretization. Hence,to insurethat the
perturbationonasinglecell decays,sothateachcell canfail
only asa part of larger spacesegment,the meshshouldbe
refinedenoughfor spaceelementsize µ to bemuchsmaller
thanthecritical cell size µ � . In otherwords,theconditionµ � 3+µÁÀ�Â�9�9�|�	

(10)µ � �¹· ' 3+V ¡_¢ ��� · ' �ÃrÄ+Å w , k � �B� � , 
435k , z
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shouldhold, wherethe maximumis soughtover all allow-
ableslip rates, .

The critical cell size µ � is directly relatedto the nucle-
ation size of model earthquakes, that is, to the sizeof the
patchthat initiates unstable,dynamicslip. In simulations
with theconstitutive laws of the typediscussedhere,rapid,
dynamicbreak-outof an instability is always precededby
quasi-staticslipping of a small zone. The sizeof this zone
justbeforethedynamicinstability is whatwecall thenucle-
ation size. Changing� , andconsequentlyµ � , changesthe
nucleationsizein an essentiallylinearly proportionalman-
ner in all simulationswe have done. Thus µ � is not only a
veryimportantnumericalparameter, it is alsoacrucialphys-
ical parameter.

Notethatexpression(10) is derivedneglectinginertialef-
fects.Rice and Ruina [1983]haveshown(by consideringthe
spring-slidermodelwith mass)that inclusionof the inertial
effectsincreasesV ¡_¢ in (9a)andhencedecreasesµ � in (10),
which requiresmakingcell size µ evensmaller. They have
also analyzeduniform slip (at constantslip velocity) be-
tweenelasticcontinua,with spatialperturbationof thetypeÆ�Ç­È � )5X �Z3 [ 
 andfound that (1) thereexists a critical wave-
length

[ ¡_¢ suchthatfor smallerwavelengthstheperturbation
is stableandfor largeronesit is unstableand(2) thevalueof
the critical wavelengthdecreasesappreciablywith increase
in theslippingvelocity. As confirmedby simulations,proper
resolutionof high slip velocitiesduring dynamicinstabili-
ties requiresthe staticallyestimatedcritical cell size µ � to
be discretizedby tensand sometimes(e.g., in the caseof
strongvelocityweakening)evenhundredsof cells µ . Proper
discretizationis furtherdiscussedin sections4 and7 andby
Zheng and Rice [1998].

Theneedfor suchfinediscretizationstemsfrom therate-
andstate-dependentfriction lawsthatwediscusshere.Asal-
readymentioned,theselaws aresupportedby experimental
evidenceat low , , andtheir featureof stateevolution over
a slip distance� is supportedby theconceptof a character-
istic slip requiredfor renewal of the asperitycontactpopu-
lation. The laws producehigh slip velocitiesnearthe rup-
ture tips andincorporatesmall characteristicslip distances
to beresolvedthere,andhencerequirefine discretizationin
spaceandtime. Thediscretizationconstraintsmaybe pos-
sible to relax by usingmodifiedforms of the friction laws,
for example,in which � in thelaw for kI�h35k�� dependson ,
andincreasessignificantlyfor theseismicrangeof , . Tak-
ing � proportionalto , at high slip rateswould beequiva-
lent to having stateevolve over a characteristictime (rather
thanover a characteristicslip distance),asfor thevelocity-
weakeningrangeof theadhoc typeof friction law usedby
Shaw and Rice [2000]. Suchmodificationsandtheir influ-
enceon thequalitativefeaturesof thesimulationresultsstill

have to beexplored.

4. Variable Evolution Time Step

Simulatingtruly slow loadingwhile capturingdetailsof
occasionalrapid failures requiresvarying evolution time
steps.Our time stepselectioncriterion is basedon two ob-
servations. First, we recognizethat the slower the particle
velocitiesin a ruptureprocessare,the longerthetime steps
shouldbecome,andviceversa.Second,to assureproperin-
tegrationof the constitutive law during the calculation,we
would like therelative displacementin eachtime stepto be
small comparedto the characteristicslip evolution distance� . To fulfill both of the above requirements,the time step
from one updatingof field variables(slip velocity, stress,
etc.) to another, which we call theevolution timestep É � ]ËÊ ,
is chosenas É � ]ËÊ ��Ã Ç­È w y L � L 3 , L z 	 (11)

where � L , , L , and y L are the characteristicslip distance,
the current slip velocity, and a prescribedparameterfor
the ith cell of thediscretizeddomain(introducedearlierbyw � L � g 	 � L z , � L �²³Dµ , ³��<|�	 ) 	 �O�­� 	 \ ]_^ ] , µÌ� [ 3 \ ]_^ ] ), respec-
tively, and the minimum is soughtover all the cells. The
choiceof parametersy L dependson theconstitutive law and
stability considerationsasexplainedbelow. Criterion (11)
allowsusto adjusttheevolution timesteppingduringasim-
ulation basedon currentslip velocitiesof the cells, so that
slip in a time stepdoesnot exceeda fraction of the char-
acteristicslip distanceof thefriction law, thefractionbeing
prescribedby y L for cell ³ . Theadaptive time step É � ]ËÊ can
beenormouslylongerthanthe time for wavesto propagate
over the spacedomainduring periodsof slow, essentially
quasi-static,loading,beforeunstablerupturebegins,andcan
bevery smallduringspontaneousfailure,spanningup to 10
ordersof magnitudein valuein someof thesimulationsthat
we havedone.

In betweenoccurrencesof dynamicruptures,whenslip
ratesarevery small,we would like evolution time stepping
to be as large aspossiblewithout compromisingthe algo-
rithm accuracy andstability. A ratherinsightful constraint
onthetimestepsatlow slip ratescanbederivedby consider-
ing,asin ourmotivationfor existenceof thecritical cell size,
quasi-staticstabilityof perturbedmotionof asinglecellwith
continuingsteadyslidingof theothercellsatvelocity , � . If
thegrid is properlyrefined,thentheperturbationonasingle
cell diesaway, aswe have alreadyconsidered.Demanding
thatour time discretizationpreservesthis property, we geta
conditionfor the sizeof the time stepallowed, which pro-
videsaconstraintfor y L , ³���|I	 ) 	 �O�­� 	 \Í]_^ ] from (11). We de-
rive this constraintin AppendixA by analyzing,asa simple
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modelcase,explicit integrationof the governingequations
with a constanttime step É � . Fromthatweobtain:

É � � �, � Î �V��j� ��Ï � � Î � 
 (12a)

if Ð 9 � and

É � � �, �ÒÑ |�� Ï � � Î �V�� Ó (12b)

if Ð � � , where

Ð � |º Ñ V��Î � �
Ï � � Î �Î � Ó E � V��Î � (12c)

and Î � and Ï � aregivenby

Î � � w , 1 ��� , 	���
�3+1 , z § H §�¨ © « H « ¬O¬ ® §i¨ ° 	 (13)

Î � � Ï � � w , k � �B� � , 
�3+k , z § H § ¨ �
As the derivation in Appendix A shows, constraints

(12) areapplicableto bothsteady-statevelocity strengthen-
ing andsteady-statevelocity weakeningwith a sufficiently
densegrid. For thelattercasewe have ��Ï � � Î � 
�3+�&��V+¡_¢and V!3IV+¡_¢S��µ � 3Iµ�9l| , andhence(12)canberewritten in a
moreinsightful form

É � � �, � Î ���Ï � � Î � 
 � µ � 3+µn�&|Ô
 (14a)

if Ð 9 � and

É � � �, �ÒÑ |�� µµ � Ó (14b)

if Ð � � , with

Ð � |º Ï � � Î �Î � Ñ µ �µ �¹| Ó E � µ �µ � (14c)

Conditions(12)or (14)giveanestimateof therequiredtime
steppingfor low slip velocities; if theseconditionsarenot
met, cell-by-cell instabilities arise which either make the
simulationsimpossibleor corrupttheresults.

Deriving theserestrictionsis an importantdevelopment
in themethodology, asthey explainedandeliminatedmany
of the numericaldifficulties that we had. Note that when
thecondition(12a)or (14a)is applicable(which is oftenthe
casesincelarge µ � 3+µ is requiredfor properspacediscretiza-
tion), it impliesthatif we refinethegrid (takingsmallercell
size µ andhencelarger µ � 3+µ in (14a)or larger V in (12a)),
then we have to decreasethe time steppingas well, even

in purelyquasi-staticphasesof theanalysis.Thecondition
alsorevealsthatif thedirecteffect Î � is decreased,thenthe
timestepsshouldbechosensmalleraswell. Thatis why the
efficiency of ouralgorithm,whichreliesonusinglongadap-
tive time stepsduringquasi-staticloadingperiods,depends
onthesizeof thepositivedirecteffect (quantifiedby Î � ) for
thequasi-staticrangeof slippingvelocities.Notethat(12)or
(14)arenotapplicableto thecaseÎ � � � , astheirderivation
(AppendixA) assumesnonzeroÎ � . Moreover, for a certain
rangeof (very small) valuesof Î � , the inertial effectsbe-
comecomparableto the directeffect even for small sliding
velocitiesandcannolongerbeignored.TheRice and Ruina
[1983] inertialanalysisindicatesthatlinearizedperturbation
to steady-statesliding of all wavelengthsareunstablein the
caseof Î � � � . In practice,it is possibleto simulateasingle
dynamicevent in thecasewith Î � � � , apparentlywithout
numericalinstability (A. Cochard,privatecommunication,
1999),possiblydueto the low ratesof growth of the insta-
bility for thehighestmodes.However, thetimesteppinghas
to be so small that long deformationhistoriesareexcluded
from consideration.Sinceouralgorithmreliesonusinglong
adaptivetimestepsduringquasi-staticloadingperiods,it can
beefficiently usedonly for theconstitutive laws thatexhibit
theexperimentallyverifiedpositivedirecteffectasin (8).

On the basisof conditions(12), we chooseparametersy L , ³"�Õ|�	 ) 	 �O�­� 	 \ ]_^ ] (usedin selectionof theevolution time
steps(11)) as

y L ��Ã Ç­ÈrÖ Î �LV�� L � ��Ï �L � Î �L 
 	
|)�× (15a)

if Ð L 9 � and

y L ��Ã ÇOÈrÖ |�� Ï �L � Î �LV�� L 	 |) × (15b)

if Ð L � � , where

Ð L � |º Ñ V�� LÎ �L �
Ï �L � Î �LÎ �L Ó E � V�� LÎ �L � (15c)

andsubscript³ denotesthevalueof thecorrespondingquan-
tities for the cell ³ and V is the single-cellstiffness, · ' 3+µ .
The term 1/2 enters(15) to enforcethe condition that for
eachcell theslip in every time stepis not largerthanhalf of
thecharacteristicslip distance� L .

The time stepselectioncriterion (11) and(15) captures
theessenceof our variabletime-steppingscheme,but in ac-
tual simulationswe modify the criterion slightly to recon-
cile the variability in time stepswith the necessityto com-
puteconvolutionintegrals,uniformly discretizedin time. To
storedeformationhistoriesin anefficientway, we introduce
atimeparameter, É �_ØSÙ Ú , which is theminimumvalueof the
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evolution time stepallowed (andalsothe discretizationin-
terval for computingtheconvolution integrals,asexplained
in section6). It is selectedasa fraction of the time É � ¡ ]_^ ^
neededfor elasticwavesto traversea spatialelement,in the
form É �_ØSÙ ÚÍ��Û�ØSÙ Ú É �_¡ ]_^ ^ ��Û!ØSÙ ÚIµ�3 * � (16)

We insistthatevery timestepwe takebeanintegermultiple
of É �_ØSÙ Ú andnot smallerthan É �_ØSÙ Ú . Thatis, we first com-
putethe (tentative) time step É � ]ËÊ usingcriterion (11) and
(15)andthenconvert it into a multiple of É �_ØSÙ Ú :Y ]ËÊ � int w É � ]ËÊ 3 É � ØSÙ Ú z 	

(17)ÉÒÜ� ]ËÊ ��ÃrÄ+ÅÞÝ É �_ØSÙ Ú�	 Y ]ËÊ�É �_ØSÙ Úhß �
TheparameterÉ �_ØSÙ Ú determineshow fineour resolution

in time is. To understandhow to chooseÉ � ØSÙ Ú (or Û ØSÙ Ú
from (16)), let usconsiderhow theevolution timestep É � ]ËÊ
duringdynamicinstability relatesto É � ¡ ]_^ ^ ��µ�3 * . We rec-
ognizefrom (1) that a characteristicslip velocity of order* É:� 3 ' is inducedby an abruptdynamicstressdrop É:� .
Hence,to resolve the characteristicslip distance� of the
friction law, É � ]ËÊ hasto beof theorder � ' 3 � * É:� 
 . At the
sametime,usingour constraints(10) on thegrid spacingµ ,
we canexpressÉ �_¡ ]_^ ^ �¶µ�3 * �¶µ � 3 � Â * 
à�`· ' ��3 � Â * É:�Ôá 
 ,
where ÉÍ��á �<��ÃrÄ+Å w , k � �B� � , 
435k , z . Fromthe above for-
mulae,É � ]ËÊ 3 É �_¡ ]_^ ^ is comparableto Â É:�Ôá 3�· ÉÍ� . Thecon-
stant· is of orderunity, Ân��µ � 3Iµ hasto betensor hundreds
in orderto properlydiscretizethecritical cell size µ � , andthe
ratio É:�Ôá 3 É:� canbeconsiderablysmallerthanunity. This
suggeststhatthesmallestrequiredtimestep É � ]ËÊ is compa-
rableto É � ¡ ]_^ ^ .

We have found that if other parameters,most notablyÂ2�0µ � 3+µ , are chosenappropriately, the standard”sam-
pling” choice Û!ØSÙ Ú of |M3 ) , giving É �_ØSÙ Ú�� É �_¡ ]_^ ^ 3 ) , pro-
ducesstableand satisfactory resultsfor the caseswe con-
sidered;Û!ØSÙ ÚÒ�¾|M35º canalsobe successfullyusedin most
cases.Notethat(16)canberewrittenasÉ �_ØSÙ ÚÍ��Û�ØSÙ ÚIµ�3 * ��Û!ØSÙ ÚIµ � 3 � Â * 
 � (18)

If a betterresolutionin time is desired,it is often advanta-
geous,for betterstability andfasterconvergenceof the re-
sults,to keep Û ØSÙ Ú �Õ|53 ) or |53Mº andto increaseÂ���µ � 3+µ
(andhence\ ]_^ ] ), ratherthanto keepÂ andto decreaseÛ ØSÙ Ú ,
eventhoughincreasingÂ is morecostlyin termsof computa-
tional time andmemory. If therearenumericaloscillations
or other featuresin the simulationthat point to an inade-
quateresolution,possiblyin time, decreasingÛ�ØSÙ Ú without
increasingÂ doesnot alwayssolve the numericalproblems

to thedesireddegree,whereassufficient increasein Â does,
providedotherparameters,suchaselastodynamictimewin-
dows,replicationperiod,etc.,arechosenappropriately.

5. Updating Scheme: Advancing One
Evolution Time Step

Let usconsiderhow the valuesof field variablesareup-
datedoveroneevolution time step.We will usethevelocity
formulationwithouttruncationin thissection,for generality,
andconsidertruncationof the convolution integralsin sec-
tion 6. We continuethe antiplanecasewith the domain

[
discretizedinto cells w � L � g 	 � L z , � L �<³Dµ , ³Í�(|I	 ) 	 �O�­� 	 \ ]_^ ] ,µâ� [ 3 \ ]_^ ] . Supposethat the discretizedvaluesof slip� L � ��
 , slip velocity , L � ��
 , statevariable � L � ��
 , stress� L � ��
 ,
andstaterate /� L � ��
 at cell centersareknown at time � for all³ã�â|I	 ) 	 �O�­� 	 \Í]_^ ] andthat theslip velocity history is known
for all prior time � 7 , � � � 7 � � , where ��� � is the begin-
ningof thedeformationprocessconsidered.Whenusingthe
spectralformulation,wealsoassumethattheFouriercoeffi-
cients J G � ��
 of theslip distributionareknown at time � and
notethat the velocity history needonly be available in the
Fourierdomain,asthevaluesof /J G � � 7 
 for � � � 7 � � . To
advancethe field valuesby oneevolution time stepandto
determineall thequantitiesjust mentionedat theendof that
step,weproceedin thespirit of asecond-orderRunge-Kutta
procedureasfollows:

1. Determinethe evolution time step É �r� É Ü� ]ËÊ to be
madeusingcriterion(11)and(15) - (17).

2. Make first predictionsof the valuesof slip andstate
variableat time ��$ É � , basedon known valuesat � , as

� �L � �@$ É ��
�� � L � ��
@$ É � , L � ��
ä	
(19)� �L � �@$ É ��
���� L � ��
±$ É � /� L � ��
 �

3. Make a correspondingfirst prediction % �L � ��$ É ��
 of
the functional, using slip prediction (19) and treating the
slip ratesasif they wereconstantthroughthe time step É �
andequalto , L � ��
 . To implementthis in the spectralfor-
mulation,we first computetheFouriercoefficientsof , L � ��

and � �L � �S$ É ��
 . To representFFT operations,we shift the
coordinateorigin so that the cell centersare at �ªå �çæhµ ,æ6�f|�	 ) 	 �O�­� 	 \Í]_^ ] , anddefine è G å �`K � E�é L G å CË>±?BA ? 3 \.]_^ ] andè � gå G ��K E4é L G å CË>±?BA ? , where ³:�(ê ��| (unlessusedassub-
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script),to get

/J G � ��
"� >±?BA ?F L H g è G L , L � ��
ä	 (20a)J �G � ��$ É ��
"� J G � ��
±$ É � /J G � ��
 �
Then,using(4), we get the Fourier coefficientsof the pre-
dictionof thefunctional

T �G � ��$ É ��
���� ' ; V G ;) ¤ J �G � �@$ É ��
 (20b)� a�b ��ë bë b m � ; V G ; * � 7 
 /J G � ��$ É �±�j� 7 
Dk�� 7� /J G � ��
 a ë bd m � ; V G ; * � 7 
�kI� 7 ¦ �
Within the bracketsof (20b), the secondterm canbe com-
putedsincetheslip velocityhistoryis known. Thethird term
is anapproximationof theconvolution on the time interval
correspondingto the currenttime step. We thenobtainthe
predictionof thefunctionalthroughaninverseFFT as

% �L � �@$ É ��
�� >±?BA ?DC4EFG+H � >iì¯íîì¯ïËð è � gL G T �G � �@$ É ��
 � (20c)

4. Find predictedslip rates ,:�L � ��$ É ��
 corresponding
to the predictedstate � �L � ��$ É ��
 from (19) andfunctional% �L � �"$ É ��
 from the last stage. This is doneby equating
stress(1) to thestrength(7a)to get�!#L � �@$ É ��
@$&% �L � �@$ É ��
i� ')+* , �L � ��$ É ��


(21)��� ñ , �L � �@$ É ��
-	�� �L � �@$ É ��
�ò
andthensolving(21) for ,:�L � �±$ É ��
 . We find ,Í�L � �@$ É ��

usingNewton-Rhapsonsearchwith , �L � ��
 asthefirst guess.
Once , �L � �.$ É ��
 are obtained, the correspondingstate
rates can be readily found from (7b) as /� �L � �Í$ É ��
¶�� � ,:�L � �@$ É ��
-	�� �L � �@$ É ��
�
 .

5. Calculatethefinal predictionof slip andstatevariable
at time �Z$ É � by

� �Q�L � �@$ É ��
�� � L � ��
@$ É �) w , L � ��
@$ , �L � �@$ É ��
 z 	
(22)� �Q�L � �@$ É ��
���� L � ��
±$ É �) w /� L � ��
±$ /� �L � �@$ É ��
 zË�

(Thesuperscriptdoubleasteriskscouldbedispensedwith at
this point,but is usefulfor comparisonto othermethods.)

6. Make a correspondingprediction % �Q�L � �.$ É ��
 of
the functional,using the � �4�L � �"$ É ��
 and treatingthe slip
ratesas if they were constantthroughoutthe time stepat� , L � ��
i$ , �L � �i$ É ��
�
43 ) , consistentlywith updatingslip in
stage5. Thespecificstepsareanalogousto (20) in stage3.
Notethatthesecondtermin thebracketsof (20b)will bethe
samein this stage,andhenceit canbecomputedjust once,
in stage3, andstoredfor usehere.This is computationally
very advantageous,sincethis termincorporatesmostof the
convolutionevaluation.

7. Makefinal predictions,:�Q�L � �+$ É ��
 and /� �Q�L � �+$ É ��
 of
theslip rateandstaterate,similar to stage4, usingthenew
predictions� �Q�L � �@$ É ��
 for thestatevariablefrom (22) and
the result % �4�L � �"$ É ��
 of the last stagefor the functional.
That is, solve the equationlike (21), but with superscripts
doubleasterisks,to find ,Í�Q�L � ��$ É ��
 , and then compute/� �Q�L � ��$ É ��
 from (7b).

8. Declarethevaluesof field quantities� L � ��$ É ��
 , � L � ��$É ��
 , , L � �Q$ É ��
 , /� L � �-$ É ��
 to beequalto thepredictionswith
thesuperscriptdoubleasterisks.Computethecorresponding
valuesof stress� L � ��$ É ��
 , if needed,from (7a). Storeslip
velocityhistoryfor thetime interval w �-	��=$ É � z , to beusedin
futureconvolutionevaluations,as , L � � 7 
�� w , L � ��
@$ ,:�L � �@$É ��
 z 3 ) for � 7 in w �-	���$ É � z . In thespectralformulation,store
insteadthe history of the Fourier coefficientsas /J G � � 7 
n�� /J G � ��
�$ /J �G � ��$ É ��
�
�3 ) for � 7 in w �-	���$ É � z , sincethey
areactuallyusedin theconvolutions,andset J G � �
$ É ��
��J �Q�G � �i$ É ��
 . Finally, returnto stage1 to advancethrough
thenext timestep.

This schemeis second-orderaccuratein É � for the slip
andstatevariable,assumingthatthepredictionsof thefunc-
tional arecomputedaccuratelyenough(N. Lapusta,Ph.D.
thesisin preparation,2000). We usethe midpoint integra-
tion schemeto computetheconvolution integrals.Notethat
while it is importantto know theorderof accuracy of anup-
datingscheme,theactualperformancealsodependsonother
things,suchasstabilitycharacteristics,balanceof termsthat
achievesmosterror cancellation,etc. Ultimately, the most
important thing is the ability of a schemeto producenu-
mericallystablesimulationswith resultsconvergentthrough
spacegrid reductionandbettertime resolution,which can
oftenbecheckedonly by actuallydoingthesimulation.

Earlierstudiesuseddifferentupdatingschemesthatpro-
vided a foundationfor the developmentof the schemede-
scribedhere.Theschemeusedby Rice and Ben-Zion [1996]
and Ben-Zion and Rice [1997] proceedsthroughstages1
to 4 and declaresthe valuesof the field variablesat time�5$ É ��
 to beequalto thepredictions� �L � �5$ É ��
 , � �L � �+$ É ��
 ,,:�L � �@$ É ��
 , and /� �L � ��$ É ��
 , all of which arefirst-orderac-
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curate(N. Lapusta,Ph.D.thesisin preparation,2000). The
only departurein this ”incomplete” schemeis in stage2,
wherethe valueof the statewascomputedusingnot (19),
but throughexact integrationof (7b) assumingthat the slip
velocity wasconstantin time throughoutthe step. Another
updatingschemewasoriginally developedby Morrissey and
Geubelle [1997]for thecaseof constantevolutiontimesteps
andconstitutive laws without statevariablesanddescribed
by themasa”semi-implicit velocity formulation”,”with de-
lay”, ”discretizedkernel”, and ”convolutions by trapezoid
rule”. It incorporatesstepssimilar to stages1-5, and then
usespredictions � �Q�L � �Þ$ É ��
 , � �Q�L � �Þ$ É ��
 , , �L � �à$ É ��
 ,
and /� �L � ��$ É ��
 asthe valuesof the field variablesat time� �I$ É ��
 . It alsoapproachesdifferentlytheconvolutioneval-
uation,usinga trapezoidalrule anddelayin kernel.Thede-
lay in kernel,discussedin detailby Morrissey and Geubelle
[1997],wasintroducedasanempiricalstepby Cochard and
Madariaga [1994] to smoothnumericaloscillationsin slip
velocity right behindtherupturefront, but at thecostof re-
ducingthe slip velocitiesat the tips of the propagatingdis-
turbances.

The presentschemeperforms better than both of the
abovementionedschemesin thecasesthatweconsidered.It
doesnot usethe delay, capturesmoreaccuratelythe (high)
slipvelocitiesattherupturetips,andhasessentiallythesame
stabilityperformance.However, it is morecostlyin termsof
thecomputationaltime (but not memory, which is oftenthe
primary limitation), mostly becauseit usesanotherpair of
FFT transformsat the stage6. Eachof the FFT transforms
requiresó ñ \Í]_^ ]�ô­õ�ö E ��\Í]_^ ] 
 ò floatingpoint operations.The
othertime-consumingcomputationis theevaluationof con-
volutionintegrals,which,asconsideredin section6, requires
from ó ñ \.]_^ ]�ôOõIö E ��\Í]_^ ] 
 ò to ór��\ E]_^ ] 
 operations,depending
on the truncationprocedureused. Clearly, if the trunca-
tion schemeusedrequiresór��\ E]_^ ] 
 operations,thentheextra
FFTsdonotmakemuchdifferencein termsof thecputime.
However, if the moreefficient truncationprocedurecanbe
usedin theproblemat hand,thenthenumberof operations
for theFFTsandfor theconvolutionscanhave comparable
ordersof magnitude,in which casetheadvantageof thefull
scheme1-8 hasto be weightedagainstthe increasein the
computationaltime.

6. Evaluation of the Truncated Convolution
Integrals

Let us considerthe evaluationof the truncatedconvolu-
tion integrals in the velocity formulation (1), (2), and (6).
Theelastodynamicwindow �Z� (introducedin section2) can
be selectedthe samefor all Fourier modes,or it can be
mode-dependent.We have studiedboth approaches.Let

� � � Y 
Ò��� � � ; Y ; 
 denotethe length of the elastodynamic
time window for mode

Y
. Keepingthe window the same

for all Fourier modessimplifiesthe procedure,but it is not
a very efficient choice, for the following reason. The ar-
gumentof the convolution kernel, ; V G ; * �<� )5X�* ; Y ; �=3 [ ,
dependson the mode number

Y
and varies in the rangesw � 	 )5X�* ��� � |M
�3 [ z for thelowest(spatiallynonuniform)mode; Y ;
�£| and w � 	 X \Í]_^ ] * �Z� ��\.]_^ ] 3 ) 
�3 [ z for thehighestmode; Y ;I� \.]_^ ] 3 ) . Wecall thelengthof theserangeskernelwin-

dows ÷ � � Y 
 , sothat÷ � � Y 
��²; Y ; � )5X�* 3 [ 
_�Z� � Y 
 � (23)

If ��� � Y 
 is thesamefor all
Y

, then ÷ � for thehighestmode
is ��\Í]_^ ] 3 ) 
 times longer than for the lowestmode. Since
theconvolutionkerneldecays(Figure1) and \.]_^ ] is usually
a large number(spanningvaluesfrom 512 to 65536in the
simulationswehavedone),muchof thecomputationfor the
highestmodeshasnegligible contribution.

To save computationaltime andmemory, we examined
useof timewindows � � whicharemode-dependentandsig-
nificantly shorterfor the highermodes. In the currentim-
plementation,two parametersdeterminethe window sizes.
Oneof themis ��� � |M
 , thetimewindow for thelowestmode; Y ;à�ø| , and the other is ù � , the ratio of the ÷ � for the
highestand the lowestmodes. Oncetheseparametersare
selected,the ÷ � for all themodesaredeterminedas÷ � � |M
�� � )5X�* 3 [ 
D��� � |�
-	 ÷ � ��\.]_^ ] 3 ) 
S� ù � ÷ � � |�
ä	

(24)÷ � � Y 
�� ÷ � � |�
�$ ÷ � ��\.]_^ ] 3 ) 
�� ÷ � � |M
\ ]_^ ] 3 ) �¹| � ; Y ;M�¹|�
� � )5X�* 3 [ 
D� � � |�
 Ñ |"$ ù ���¹|\.]_^ ] 3 ) �¹| � ; Y ;M�¹|�
 Ó �
Thatis, thekernelwindow ÷ � ��\ ]_^ ] 3 ) 
 for thehighestmode
is ù � times longer than the window ÷ � � |�
 for the lowest
mode,and the kernel windows for the modesin between
vary linearly with ; Y ; . Thecorrespondingtime windows � �
canbefoundfrom (23). Notethatfor ù �c� \.]_^ ] 3 ) , this ap-
proachis equivalentto theonewith theconstant�Z� . Thead-
vantagearisesfrom thefact thatfar smaller ù � canbeused;
acceptablevaluescanbeaslow as4 for someproblems,in-
cludingour implementationexamplesin section7.

We determinethe parameters� � � |M
 and ù � by trial and
error, startingwith an educatedguessand thencomparing
theresultswith theonesfor smallerandlargervaluesof both
parameters,until convergenceis reached.A usefulparame-
ter for makingtheinitial �Z� � |�
 guessis thetime �Zú for elas-
tic wavesto propagatethroughthedomainof size

[
treated
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in the spectralformulation. In general, � � � |M
Ò�¼� ú is a
goodinitial guess.We select� � � |M
 in theform� � � |�
���Â � � ú ��Â � [ 3 * 	 (25)

where,from ourexperience,Â � of 1 to 4 aresufficientvalues
for mostproblems.

In order to usestandardproceduresfor computingthe
convolution integrals,we discretize�Z� � Y 
 using the (con-
stant)time interval É � ØSÙ Ú introducedin (16). Computing
the field valuesusingevolution time stepsÉ Ü� ]ËÊ from (17),
which are multiples of É � ØSÙ Ú , we store the field values
neededfor convolution evaluationon a uniform time grid
of spacingÉ � ØSÙ Ú , repeatingeachvalue É Ü� ]ËÊ 3 É � ØSÙ Ú times.
The lengthsof elastodynamictime windows �Z� � Y 
 deter-
mine how many valueshave to be storedfrom the current
value back in time for eachFourier mode. This array of
the storeddeformationhistory containsthe valuesneeded
for thediscretizedconvolution in the usefulformat (spaced
by É �_ØSÙ Ú ), whichsimplifiesandspeedsup thecomputation.
At eachevolutiontimestep,thearrayof storedhistoryis up-
datedby writing newly computedvaluesoverthevaluesthat
havemovedoutsidetheelastodynamictimewindows � � � Y 
 .
Henceonly afractionof thearrayis typicallyupdatedateach
time step,andthe assignmentfor eachvaluein thearrayis
doneonly once. In earlier implementations[Zheng et al.,
1995;Rice and Ben-Zion, 1996;Ben-Zion and Rice, 1997],
thefield valueswerestoredat(variable)evolutiontimesteps,
andthentime-consumingsearchandmappingroutineswere
employed in every time stepto transfervaluesfrom the set
of theevolution time stepsto theuniformly spacedarrayre-
quiredfor the calculationof the convolution integrals. Ob-
tainingthisarraywasthemostexpensivepartof thecompu-
tation,beingup to 10 timesmoretime-consumingthanthe
multiplicationsneededto evaluateconvolutions. The cur-
rent procedurereducesthe cpu time for updatingthe array
of thestoredhistoryby ordersof magnitude,sothatthecpu
timefor computingconvolutionintegralsis essentiallydeter-
minedby thecputimerequiredto performmultiplications.

Let usestimatethe orderof magnitudeof this latter cpu
time. When the time windows �Z� are the samefor each
Fouriermode,they aretakento beof theorderof thetime ��ú
for elasticwavesto propagatethroughthedomainof interest.
In this case,the convolution evaluation,at eachtime step,
requiresór��\ ]_^ ] 
 floating point operationsfor eachFourier
modeand ór��\ E]_^ ] 
 operationsaltogether(for all modes).In
the caseof � � dependenton the Fourier modesaccording
to (23)-(24),an upperboundon the numberof operations
for the mode

Y
scalesas ór��ù � \.]_^ ] 3�; Y ; 
 , and the number

of operationsfor all modesis at most ó ñ ù � \.]_^ ]!ô È ��\Í]_^ ] 
�ò .
Sincethe typical valuesfor \Í]_^ ] are thousandsto tensof
thousands,and ù � canbeassmallas4, thereductionin the

overall cputime dueto themode-dependent� � is very sig-
nificant.Theanalogousreductionarisesin memoryrequire-
ments,asmuchlessdeformationhistoryhasto bestoredfor
highermodes.

7. Implementation Example

7.1. Formulation of 2-D Model and its Response

To demonstratehow the ideasoutlined in the previous
sectionsarecombinedto producelong-durationsimulations,
let us considerelastodynamicresponseof a 2-D depth-
variablefault model(Figure2), to which earlierimplemen-
tationsof relatedprocedureshavealreadybeenapplied[Rice
and Ben-Zion, 1996; Ben-Zion and Rice, 1997]. In this
model [Rice, 1993], a vertical strike-slip fault with depth-
variablepropertiesis embeddedin anelastichalf-space.The
fault is drivenbelow depth ûSü ]_ýäþ�ÿ � ) º km with aplaterate
of , ýÔ^ ����� mm/yr. In the shallower zone,governedby a
constitutive law, theslip ����� 	���
 is calculatedasa functionof
depth � andtime � (variationswith along-strike distance�
arenot includedin this 2-D model).

This modelcanbe mathematicallydescribedas the an-
tiplane problemdiscussedin previous sections. It proves
convenient to expressthe formulae in terms of variables������� 	���
�� , ýÔ^ ��
 and � , � , ýª^ 
 , in which case� # ��� 	���
 , the
stresswhich would act if theplane ��� � wereconstrained
againstany slip, becomesindependentof time andequalto
the initial stress� # ��� 
 . Hence,following relations(1) and

� � � � � � � � � � � �� � � � � � � � � � � �� � � � � � � � � � � �
� � � � � � � � � � � �� � � � � � � � � � � �� � � � � � � � � � � �� � � � � � � � � � � � x�

y�
z�

24 k
	
m

Slip  constrained to vary

with depth only, δ = δ (z,t)

         -24 km < z < 0:
        Fault zone with
 depth-variable
  properties;
 rate-  and state-dependent
      friction  law  applies

   -96 km < z < -24 km:
     Moving substrate;
        slip imposed at
uniform rate of 35 mm/year

Figure 2. A verticalstrike-slipfault in anelastichalf-space
(like in thework by Rice [1993]).
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(2), we write����� 	���
�� � # ��� 
@$8% ��� 	���
±�(')I* � , ��� 	���
�� , ýª^ 
�	 (26)

����� 	���
�� , ýª^ ��� >@?BA ?_C4EFG+H � > ?BA ? C4E!J G � ��
�K LUNQPIR C ú 	
(27)% ��� 	���
S� >@?BA ?_C4EFG+H � > ?BA ? C4E!T G � ��
�K LUNQP+R C ú 	

with therelationbetweenJ G � ��
 and T G � ��
 givenby (6). We
use' ��� � GPaand

* ��� km/s.

We selectthe replicationdistance
[

in the � directionin
the following way. In addition to the region w � ûiü ]_ýäþ�ÿ 	 �5z
wherewe wish to simulateslip, we include in

[
the sub-

strate(mantle)region w ��º ûSü ]_ýªþ�ÿ 	Ô� ûiü ]_ýäþ�ÿ z , wherea plate
velocity of , � , ýÔ^ �
��� mm/yr is imposed.That means����� 	���
"� , ýª^ ��� � there,soFFT samplepointsin thatpart
of the domaincreatezero padding. Finally, to model the
free surfaceat � � � , we map the slip and slip velocity
from the region w ��º û ü ]_ýªþ�ÿ 	 �5z to the region w � 	�º û ü ]_ýªþ�ÿªz as
even functions. Hence,the spatialdomain to considerisw ��º û ü ]_ýäþ�ÿ 	�º û ü ]_ýäþ�ÿ�z in the � direction, and

[ ��� û ü ]_ýäþ�ÿ
or 192 km for û ü ]_ýªþ�ÿ � ) º km. As notedbefore,because
of theFourierseriesrepresentation(27),we actuallysolvea
problemwherethis domainis periodicallyrepeatedalong � ,
but thezonesof potentialrapidslip accumulation,whichco-
incide with the steady-statevelocity-weakeningregionsof����� � � , are separatedenough(by at least �hûiü ]_ýäþ�ÿ ) to
preventsignificantinfluenceof spatialreplicationson each
other.

Forourexampleshere,wetaketheconstitutivelaw in one
of the standardlaboratory-derivedforms of rate-andstate-
dependentfriction (7) with the Dieterich-Ruinaversionof
statevariableevolution����� 	���
����� ��� 
 ¤B% # $�� ��� 
 ô È , ��� 	���
, # $�� ��� 
 ô È , # � ��� 	���
� ��� 
 ¦ 	

(28a)1
� ��� 	���
1
� ��|�� , ��� 	���
D� ��� 	���
� ��� 
 	 (28b)

except that we regularize the first of thesenear , � �
asdiscussedbelow and, to allow , of eithersign, replace, ��� 	���
 with ; , ��� 	���
Ô; in (28b). In (28), �� is the effective
normalstress,% # � �!� � is thevalueof friction coefficientat
thereferencevelocity , # �`| ' m/s, � and � arefrictional pa-
rameters,and � , asbefore,is thecharacteristicslip distance.
As (28) indicates, �� , � , � , and � vary with depthbut not
with time. Examplesof dynamicmodelingwith additionof

powerlaw creepatdepthandotherfeaturesaregivenby Rice
and Ben-Zion [1996]andBen-Zion and Rice [1997]. Theas-
sumedvariationof � and � with depth,like in the work by
Rice [1993], is shown in Figure3a. This is consistentwith
the experimentallydeterminedtemperaturedependenceof� �����ä
 by Blanpied et al. [1991, 1995] for graniteunder
hydrothermalconditions,as mappedby them into a depth
variationbasedon a SanAndreasfault geotherm.Variation
of � with depthis discussedbelow. The effective normal
stress�� is assumedin this exampleto vary with depthin a
waythatincorporateshighfluid overpressurizationatdepth,
accordingto ��Ò��Ã ÇOÈ w ) � �Z$ � |�� � 3+V���
ä	�� �+z MPa. In thisdis-
tribution (shown in Figure3b), �� is equalto overburdenmi-
nushydrostaticporepressureat shallow depth(up to about
2.6 km), with transitionto lithostaticporepressuregradient
with 50MPaoffsetatdepth.Figure3balsoshowstheinitial
stress,which is thesamefor all thecasesconsideredhere.

Since the friction law (28) is a particular (and widely
used)version of (7), all our conclusionsfrom sections3
and 4 hold with Î � ������ , Ï � ������ . The critical stiff-
ness(9a) becomesV+¡_¢ ���� � �����h
435� . To find the critical
cell size µ � correspondingto (10),weneedto determinethe
coefficient · for our presentmodelin theexpressionfor the
single-cellstiffness V��¶· ' 3+µ . As mentionedin section3,·`� X 3Mº¹� ���! #" . That · wasdeterminedby performing
thestaticelasticspectralanalysisof unit slip atasingleFFT
samplepoint (andall its replications)andequatingthe re-
sultingstressreductionthereto · ' 3+µ . Whenwe ignorethe
presenceof a freesurface,thecalculationis straightforward
andgives ·�� X 35º:$ ) 3 \Í]_^ ] (where

) 3 \Í]_^ ] , which arises
from the periodic replication,canbe ignoredfor the large
valuesof \.]_^ ] we consider). A full calculation,which we
did numerically, alsoincludesunit slip in themirror cell and
in all its periodicreplicates.It resultedin valuesof · very
closeto

X 35º for all thecellsexceptfor theoneadjacentto the
freesurface,where ·j� �!� º  . Using ·j� X 35º , we estimate
thecritical cell sizebyµ � � X º ' ��� � ���$�h
 � (29)

A drawback of the logarithmic form (28a) is that the
stressis not definedfor , � � . The logarithmic form
wasderivedfrom purely empiricalconsiderationsto match
experimentalobservations[Dieterich, 1979, 1981; Ruina,
1983]. However, it hasa theoreticalbasis,in that sucha
form would resultif thedirectvelocityeffect is dueto stress
biasingof the activation energy in an Arrheniusrate pro-
cessat contactjunctions,at leastin therangefor which for-
ward microscopicjumps, in the direction of shearstress,
are overwhelminglymore frequentthan backward jumps.
Suchinterpretationseemsimplicit in the work by Chester
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Figure 3. (a) Depth-variabledistribution of frictional parameters� �:�'�ª
 and � (like in thework by Rice [1993]), consistent
with the measuredtemperatureand inferreddepthvariationof � �6���ä
 of Blanpied et al. [1991, 1995] for graniteunder
hydrothermalconditions.(b) Depth-variabledistribution of theeffective normalstress�� (solid line) andinitial shearstress� # ��� 
 (dashedline).

and Higgs [1992] and Chester [1994] and is more explic-
itly proposedby Brechet and Estrin [1994]andBaumberger
[1997]. To accountin a simple way for backward jumps,
which could not be neglectednear , � � , we solve (28a)
for , , identifyingthefactor ( Å�) ��� 3#�*��@
 , which thenappears
as the stressbiasing of forward jumps, and replaceit byw ( Å�) �B� 3+����@
�� ( Å�) � � � 3#�*���
 z to accountfor backwardjumps
too. This procedure,usedby Rice and Ben-Zion [1996] and
Ben-Zion and Rice [1997], replaces(28a)with the regular-
izedform����� 	���
�� �*�� ��� 	���


(30), Ä+-/. Æ�Ç­È10 ¤ ,) , # ( Å�) Ñ % # $�� ô È � , # �h35�"
� Ó�¦ �
During forward sliding at ratesof order , # the modifica-
tion to ( Å�) �B� 3+����@
 is of order ( Å2) � � ) % # 3#��
 or less,where% # 3#�:��º � , andsothis is a negligible changefrom (28a).

As discussedbefore, the critical cell size µ � from (29)
is a very importantparameter, both for the physicsandnu-
mericsof theproblem.In principle, µ � canvary with depth,
sinceit is determinedby thedepth-variablefrictional prop-
ertiesandstress.In all ourexamples,however, weattemptto
make µ � uniform throughoutthe velocity-weakeningdepth
range. The motivation is that we have a uniform computa-

tional grid andwish to keep µ � 3Iµ uniformly high for good
numericalresolution. As is well known, it is not presently
feasibleto docomputationswith valuesof µ � chosenin con-
sistency with laboratoryvaluesof � (which aretypically in
thefew micronrangeandgive µ � in therangeof 1 m). We
thus take larger � and µ � but do keep µ � small compared
to otherfeaturesizesin themodel,suchastheseismogenic
depth,which in our model correspondsto the steady-state
velocity weakening region, extendingover �x| ) km. We
prescribeµ � in thesimulations,usingvaluesapproximately
equalto 0.94km and �!� " ºh35ºÒ� ��� ) ��� km in the examples
shown.

The distribution of the characteristicslip distance� is
assignedfrom (29) basedon the desired µ � for cells with
steady-statevelocityweakening.For theabovevaluesof µ � ,
this resultsin � of orderof millimetersto tensof millime-
ters, much larger than laboratoryvaluesbut, asexplained,
neededto keepthesizeof µ � possibleto resolve.Suchselec-
tion of � hasto beadjustedin theregionscloseto transition
from the velocity-weakening to the velocity-strengthening
friction, where,owing to near-zerovaluesof � �à�3�h
 , it re-
sults in very small valuesof � . Resolutionof thesevalues
would requireextremerefinementof time steppingduring
dynamicrupture,whenslip velocitiesare large, asfollows
from the time selectioncriterion (11). Thuswe increase�
in thoseregions,effectively changing(increasing)thenucle-
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Figure 4. (a)Depth-variabledistributionof thecharacteristicslip distance� of thefriction law, for thetwo casesconsidered.
(b) Modification in the critical cell size µ � causedby the adjustments(increases)to � in the regionsnext to the transition
from thevelocity-weakeningto thevelocity-strengtheningfriction; µ � is definedonly for thevelocity-weakeningpartof the
fault zone.

ation sizethere. As for the velocity-strengtheningregions,
keepinga particularvalueof µ � is not of a concern,since
nucleationcannothappenthere. However, it is the reso-
lution of � in the velocity-strengtheningregions that usu-
ally controlsthesizeof time stepsduringessentiallyquasi-
static phasesof deformation. This is not surprisingsince
during the quasi-staticphasesthe velocity-weakening re-
gionsarestuckwith near-zerovelocities,while thevelocity-
strengtheningregionsare creepingwith (much larger) slip
velocitiescloseto the platevelocity. Hence,while assign-
ing � in thevelocity-strengtheningregions,it is practicalto
take into considerationtime stepconstraints(12). Keeping
in mind the restrictionsdiscussedandaiming for a simple
andcontinuousdistribution of � , we use,for the examples
in this paper, the distribution of � ��� 
 shown in Figure4a.
Suchanassignmentof � keepsµ � constantandunmodified
from 13.5to 4 km depth.Figure4b demonstratesthemodi-
ficationof µ � causedby theadjustmentsin � .

Beforewe considerchoicesof numericalparameters,let
ushave a look at the responsethis modelproducesandour
simulationsareableto capture.Figures5 and6 show parts
of theslip accumulation� for thecasesµ � � ��� " º and0.235
km, respectively. Figure7 showsthemaximumslip velocity
historiesfor thesetwo cases.Fromthedata,aswell asfrom
theassortedslip velocityoutput,wenoticethatthevelocity-
strengtheningregion at the bottom of the fault is creep-

ing, with roughly the platevelocity of 35 mm/yr, whereas
thevelocity-weakeningregionaccumulatesslip throughdy-
namicfailureevents.Thevelocity-strengtheningregionnear
the free surfaceis thin andgetsbroken by strongruptures
comingfrom thebottomof thefault segment,but it alsoex-
hibits somecreeping.Evenon theseplots,nucleationzones
canbedistinguished(especiallyfor thecaseµ � � ��� " º km),
correspondingto severaldashedlinesplottedon top of each
other. Theslip accumulatesquasi-staticallyat thoseregions
for a long time, then the slip acceleratesand dynamically
expandsfrom there. Notice that the nucleationsizescales
with µ � , andin bothcasesthenucleationsizeis �6� � � times
larger than µ � . The modelearthquakesgenerallynucleate
at thebottomtransitionbetweenthevelocity-weakeningand
velocity-strengtheningregions, becauseit is therethat the
creepingregion transfersstressesto theseismogenicdepth,
loadingit up. By looking at thedistancebetweenthetips of
thedashedlines,whichare1 sapartin time,wecanestimate
therupturepropagationvelocities.Theserangefrom slower
onesright after the nucleationup to almostthe shearwave
speedof 3 km/sfurtherin therupturedevelopment.Many of
the modelearthquakesarelargeandreachthe freesurface,
sendinga waveof slip backto depth.

The provided examplesshow that our simulationalgo-
rithm dealsvery well with slow loading of the fault with
the equivalent of the millimeters per year plate rate, slow
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Figure 5. Accumulationof slip versusdepthfor thecaseµ � � ��� " º km, µ � 3IµÁ��º � . Thesolid linesareplottedevery5 years.
Thedashedlinesareplottedabove18 km depthevery secondif themaximumvelocity anywhereon thefault exceeds0.001
m/s.Themodelresponseconsistsof large,essentiallyperiodiceventsrupturingthewholefault. Thenucleationsizeis �6� � )
km.
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Figure 6. Accumulationof slip versusdepthfor the caseµ � � ��� ) ��� km, µ � 3IµÌ�fº � . The solid lines areplottedevery 5
years.Thedashedlinesareplottedabove18 km deptheverysecondif themaximumvelocityanywhereon thefault exceeds
0.001m/s. Themodelresponseconsistsof a repeatedpair of largerandsmallerevents.Thenucleationsizeis � ��� � km. In
comparisonwith Figure5, notethedifferencein thesystembehavior andthechangein thenucleationsizeas µ � is changed.
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Figure 7. Maximumslip velocity on thefault asa functionof time for (a) µ � � ��� " º km and(b) µ � � �!� ) ��� km. Individual
ruptureeventscollapseontoastraightline onthistimescaleof hundredsof years.Themaximumslipvelocitiesreachedduring
dynamicrupturesareof theorderof 10 m/s for largereventsand1 m/s for smallereventsin theFigure7b. Themaximum
slip velocity in betweenthedynamiceventsis ��| � �>= m/s,whichcorrespondsto theplatevelocityof 35 mm/yr. Read1e-05
as | � �>? .
eventnucleation,anddynamicslip with kilometerspersec-
ondrupturevelocitiesandmeterspersecondslip velocities.
The resultsshown arewell-resolved numerically. We now
discussthe choicesof numericalparametersthat produce
thesesimulations.

7.2. Parameter Selection for Well-Resolved Simulations

As explainedin sections3 and4, the choiceof the pa-
rameterÂ���µ � 3Iµ is crucial for thesimulationstability, ac-
curacy, and tractability. Togetherwith the selectionof µ �
and

[
, thisparameterdeterminesthenumber\Í]_^ ] of thedis-

cretizationpointsrequired(andhencetheproblemsize)and
thecell size µ through\.]_^ ] � [ 3Iµ���Â [ 3+µ � and µ��lµ � 35Â .
If Û�ØSÙ Ú from theexpressionfor theminimumtime step(16)
is keptunchanged,theparameterÂ canalsobeconsideredas
controllingthesmallesttime discretizationallowed. For the
exampleshere,we find that ÂÌ�âµ � 3+µ��fº � producessta-
ble resultsthat arecloselymatchedby the resultsobtained
with Â8�@� � (henceconvergencethroughgrid reductionis
achieved). Â � ) � provideslesssatisfactoryresolution.As
an illustration, considerFigure 8, where the slip rate his-
tory duringa part of thesecondeventof thesequencewithµ � � ��� " º km is shown for the point at 3 km depth. Al-
thoughin a differentproblemthe valueof Â requiredmay

be different, the above considerationillustrateshow to ap-
proachselectionof ÂÁ��µ � 3Iµ .

We use Û ØSÙ Ú of 1/2, giving É � ØSÙ Ú � É � ¡ ]_^ ^ 3 ) . For the
convolution truncation,we choosethe elastodynamictime
windows by specifying �Z� � |�
 � ) �Zú or �Z� � |�
 �Õ��ú with�Zú�� [ 3 * , and ù �²�oº , confirmingthesevaluesby vary-
ing the parametersto make surethe resultsdo not depend
on their choice.Notethatsincethereplicationperiodin our
model is much larger than the region failing dynamically,��� � |M
�� ) ��ú is quitea largewindow for thismodel,andal-
mostidenticalresultscanbeobtainedby using ��� � |M
�����ú .
Larger valuesof the elastodynamictime windows in this
modeltendto increasethemaximumvelocitiesachieved,by
a small amount,but do not noticeablyinfluenceother fea-
tures,suchastheamountanddistribution of slip or therup-
turevelocities.

The fact that ù � can be chosenas small as 4 in this
problemprovidesa hugecomputationalgain. Let us illus-
tratethat for our examplewith µ � � ��� " º km. To achieveÂ �Õµ � 3Iµ��²º � , we need\Í]_^ ] ����| " ) elementsalongthe
replicationperiod.This is alsothenumberof Fouriermodes
for which we have to computethe convolution integralsat
eachtimestep(andhenceto storeslip velocityhistorysuffi-
ciently backin time). For mode

Y �£| , with � � � |�
 � ) � ú
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Figure 8. Slip velocity history at 3 km depthasa function of time for the secondevent in the sequencewith µ � � �!� " º
km. Zerotime is chosenarbitrarily for plotting convenience.Theresolutionµ � 3+µ��lº � givesessentiallythesameresultsasµ � 3IµÁ��� � . Thecaseµ � 3+µÁ� ) � is lesssufficiently resolved.

and Û�ØSÙ Úl� |53 ) , the numberof valuesstoredat spacing
of É �_ØSÙ Ú is \Í]_^ ] �Z� � |�
43 � ��úIÛ!ØSÙ ÚI
6�(º \.]_^ ] �B� ) 	  #� � . If
a constantwindow wereusedfor all modes,this would be
the numberof requiredvaluesfor eachFourier mode,and
we would needtwo arraysof thesize w � ) 	  +� � , ��| " ) z , one
for the Fourier coefficientsand the other for the valuesof
the discretizedkernel. At eachtime stepwe would have to
usethesearraysto computetheconvolution integrals.Withù � �½º and mode-dependenttime windows, the number
of valuesneededto be storedand usedat eachtime step
decreasessignificantly for higherFourier modes.We pack
morethanonemodeinto mostcolumnsof the arrays,get-
ting, for this particularexample,thesizeof thearraysdown
to w � ) 	  #� � , ) �5z , which resultsin a very substantialreduc-
tion, by morethana factorof 300,of memoryandcputime
for doingconvolutions.This is consistentwith ourorder-of-
magnitudeconsiderationsin section6.

Our evolution time stepselectionfollows criterion (11)
and (15)-(17). With the choice of other parametersdis-
cussed,the minimum evolution time stepallowed, É �_ØSÙ Ú ,
is � �!� ��� º s for the caseµ � � ��� " º km and � ��� �I� | s for
thecaseµ � � ��� ) ��� km. Wecanunderstandwhy suchsmall
valuesareneededby recognizing,aswedid establishingcri-
terion (11), that slip in one time stepmustbe comparable
(andpreferablysmaller)thanthecharacteristicslip distance� of thefriction law, to resolve thestatevariableevolution.
Sincethesimulated� is of ordermillimeters(Figure4a)and
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Figure 9. Valuesof evolution time steps(in seconds)plot-
tedasa functionof thesimulatedtime in yearsfor thecaseµ � � ��� " º km. Variabletime steppingworkswell, making
the time stepspanmorethan8 ordersof magnitudein this
simulation,consistentlywith thechangesin theslip velocity.
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the largestslip velocitiesareof ordermetersper second,it
is clear that the smallesttime stepsshouldbe of the order
of onethousandthof a second,aswe have here. Note that
oncethe dynamicpropagationbegins, large slip velocities
at the rupturefronts determinethe time stepsize,and it is
almostalways equalto the minimum time step É � ØSÙ Ú , so
thattherapideventpropagationis essentiallymodeledusing
constanttime steps.Preventingthe time stepfrom becom-
ing smallerthan É �_ØSÙ Ú may alsomeanthat the statevari-
able evolution is occasionallynot ideally resolved right at
the rupturepeak,but in all the caseswe have checked,not
resolving � only occasionallyat the very tip of the rupture
doesnot changetheresultsin any significantway.

For the slow deformationperiodsin betweendynamic
ruptureevents, the time stepstaken are quite large. Fig-
ure 9 shows the valuesof evolution time stepsfor the caseµ � � ��� " º km. We seethat the time stepsspanmorethan
eightordersof magnitudein thissimulation.Conditions(12)
or (14) do a very goodjob restrictingthe time stepsduring
slow deformation.If they areviolated,thecomputationbe-
comescorrupted.We canshow this by relaxingthe condi-
tions several times,that is, by selectingthe time stepusing
(11) and (15) - (17) as before,but with coefficients y L in-
creasedby a certainfactor, althoughstill insistingthat y L is
not largerthat1/2. Figure10ashows themaximumvelocity
for the caseµ � � ��� " º km anda factorof 2 increase,and
Figure 10b for a factor of 5 increase,of the time stepsin
the sensediscussedabove. Comparingto Figure7a,which
shows thewell-resolvedresponse,we seethatnumericalin-
stabilitiesstartto appearat slow sliding velocitiesfor mod-
estly increasedtime steps(Figure10a),while for the factor
of 5 increasetheresponselooksvery complex, with numer-
ouseventsof differentmaximumvelocities(Figure10b),all
of which are artifactsof the improper time discretization.
Figure11showsslip accumulationfor a factorof 3 increase,
with somesmall”events”appearing(like theoneat ��| " m
slip) andaperiodiclarge events. Thosefeaturesarecaused
by theimproperresolutionin time; thetrueresponsein this
caseis the periodicsequenceof largeeventsshown in Fig-
ure5. Improperspacediscretizationalsoproducesartificial
complexificationof themodelresponse,asdiscussedbyRice
[1993]andBen-Zion and Rice [1995,1997].

8. Discussion

As the consideredexamplesshow, the algorithm pre-
sentedhereis capableof rigoroustreatmentof long-duration
deformationhistorieswith continuingaseismiccreepslip-
pagein velocity-strengtheningfault regionsthroughoutthe
loading period, with gradual nucleationof model earth-
quakes followed by dynamicpropagationof ruptures,and

with rapidpostseismicdeformationaftersuchevents. The
algorithmis formulatedfor generalrate-andstate-dependent
friction laws, andthe positive direct effect observedexper-
imentally and representedby such laws is decisive for its
successduringlongintervalswith essentiallyquasi-staticre-
sponseandaseismicslip.

The algorithm employs a number of important ideas.
Separationof the stresstransferfunctional into static and
dynamicpartslocalizestheeffectsof theprior deformation
historyin convolution integralson slip velocitywith rapidly
decayingkernels.Truncationof theseconvolutionsis justi-
fied by rapid decayin time of the convolution kernelsand
allows us to simulatelong processeswithout the necessity
to dealwith all prior deformationhistoryat eachtime step.
Variabletime steppingmakesthenumberof time stepsdur-
ing slow deformationperiodsnumericallymanageablewhile
still capturingthedetailsof boththenucleationanddynamic
propagationphases.Properspaceandtimediscretizationen-
suresreliability of theresultswhich canbeverifiedthrough
spaceandtime grid refinement.Themethodologyhasbeen
presentedusingthe2-D antiplanespectralformulation.The
describedprocedurescanbereadilyextendedto the2-D in-
planeand3-D spectralformulations. They canalsobe ap-
plied at leastin part to discretizedmodelsbasedon space-
time boundaryintegral formulations,aswe briefly discuss
in AppendixB, wherewe further suggestthat suchformu-
lationscouldbefoundedon kinematicmodelinginput from
moreversatilemethodslike finite difference,possiblybeing
practicalin casesfor which the spectraldiagonalizationof
convolutionsdoesnot apply.

Thenumericallymostchallengingpartsof thealgorithm
arecalculationsof theconvolutionintegralsand,in thespec-
tral formulations, fast Fourier transforms(FFTs). If the
elastodynamictime windows usedto truncatethe convolu-
tionsarelongandtruncationaccordingto themodedoesnot
shortenmuchthe time windows for highermodes,thenthe
convolutionevaluationstakemostof thecomputationaltime
andevenminoroptimizationsof convolutionevaluationscan
bevery beneficial. If, on theotherhand,the time windows
aremuchshorterfor highermodes,aswe have beenableto
usefor ourdepth-variableexamplehere,thentheFFTsstart
to usea comparablefractionof thecomputationaltime,and
anefficientFFT routinecanmakea significantdifference.

It is importantto ensurethattheresultsof thesimulation
do not dependon thediscretizationandothernumericalpa-
rameters.For example,we could concludethat the model
responseis complex (Figure10b)or thattheeventsareape-
riodic (Figure11), whereasbetterresolutionin time leads,
in thiscase,to aperiodicsequenceof largeevents(Figures5
and7a). Theverificationof the independenceof theresults
on numericscanbe donethroughestablishingconvergence
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Figure 10. Maximumvelocity on thefault for µ � � �!� " º km andinsufficient resolutionin time. (a) y L increasedby a factor
of 2, (b) y L increasedby a factorof 5 (in bothcases,y L is not allowedto exceed1/2). In Figure10a,numericalinstabilities
startto show; Figure10bshowsseeminglyvery ”complex” behavior, which is actuallyjust anumericalartifact.
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Figure 11. Accumulationof slip versusdepthfor the caseµ � � ��� " º km with insufficient resolutionin time ( y L increased
by a factorof 3). The solid lines areplottedevery 5 years. The dashedlines areplottedabove 18 km depthevery second
if themaximumvelocity anywhereon the fault exceeds0.001m/s. The responsediffers from thatof the properlyresolved
run in Figure5. Nonperiodiclargeeventsandevensomesmallereventsappear, all of which are,in this case,artifactsof the
inadequatetime discretization.
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of the results(or at leastof their qualitative features)asthe
parametersof the simulationarerefined. This is oftennec-
essaryevenwhentheoutputlookssmoothandplausible,as
it canstill be qualitatively differentfrom the true response
of themodel(e.g.,Figure11 versusFigure5). Usually, the
plots of slip velocity or stressreveal muchmoreaboutthe
numericalstability andconvergencethantheir slip counter-
parts.

The examplespresentedare basedon a rather simple
model,with thefaultpropertiesuniformthroughouttheseis-
mogenic(steady-statevelocity-weakening) zone. The re-
sponseconsistsof periodicsequencesof events(Figures5
and6),andsucharegularresponsehasallowedustoconcen-
trateondevelopingarigorousandefficientnumericalproce-
dure.We verify, undertheconditionsof muchbetterresolu-
tion andwider parameterrange,theresultof Rice and Ben-
Zion [1996]andBen-Zion and Rice [1997] thatthedynamic
effectsalonearenot sufficient to produceeventcomplexity.
Moreover, we find periodic responsein somecaseswhere
the earlierstudieshave found,evidently dueto insufficient
numericalresolution,chaoticsequencesof largeevents.

In our consideration,the characteristicslip distance �
of the rate- and state-dependentfriction is taken to be
much larger than the laboratoryvaluesto achieve numer-
ical tractability. To predict the model behavior with the
laboratory-derived valuesof � , it is important to observe
trendsaswe decrease� . ComparingFigures5 and6, with� in the caseof Figure 6 being 4 times smaller than that
of Figure5, we seethat the reductionin the characteristic
slip distanceintroducedsmalleventsat thebaseof theseis-
mogeniczone. Furthertwofold reductionin � producesa
sequenceof onelargeandonesmalleventmuchlike Figure
6 (althoughwith smallerslip per event), but it is possible
that still much smallervaluesof � would introducemore
elaboratesequences,with moresmallevents.

To producerealisticallycomplex behavior, additionalfea-
tureshave to be introduced. We would expect that adding
strongfault heterogeneitiesin the form of (highly) nonuni-
form normalstressand/orfrictional propertieswould natu-
rally complexify themodelresponse.Accountingfor shear
heating is also very important. It would introducepore
pressuredevelopment,which would adda secondweaken-
ing mechanismdue to the evolution of the effective nor-
mal stress. Interactionof two weakeningmechanismshas
complexified eventssequencesfor a modelstudiedby Shaw
and Rice [2000], in a certain parameterrangefor the ad
hoc type of friction law with two slip-weakeningdistances
used. Anotherconsequenceof the shearheatingwould be
temperature-inducedtimevariationsin thefrictional proper-
ties,which mayalsocontribute to eventcomplexity. These
problems,aswell asother importantproblemssuchas the

earthquake nucleationprocessor patternsof rupturepropa-
gationin eventsnucleatednaturallyasa partof a sequence,
canbestudiedwithin themethodologypresentedin this pa-
per.

Comparisonof the larger andthe smallereventsfor the
caseµ � � ��� ) ��� km supportstheview that largeeventsare
just smalleventsthatrun away andshows how therunaway
can be preventedby prior stressrelease. Let us consider
the 3-D plots of slip andslip velocity for individual events
shown in Figures12 and13. Thedistribution of slip before
eachof theshown modelearthquakes(Figure12)reflectsthe
slip in previousevents,the creepingvelocity-strengthening
regionson bothendsof thefaultsegment,andaclearnucle-
ation zone,which actuallyextendslong backin time. The
slip velocityplots(Figure13)show how thedynamicevents
develop. Oncean eventnucleates,two rupturefrontsprop-
agatein theoppositedirections.Oneof themis arrestedin
thevelocity-strengtheningregion at thebottomof the fault.
In thecaseof thelargerevent(Figure13a),theotherrupture
front reflectsoff thefreesurfaceandrunsdown, rerupturing
theseismogenicdepth,with dynamicwavesof slippropagat-
ing on thesurfaceof therupture.Thespikeson therupture
front areanartifactof theoutputtingandplottingprocedure;
for a given spacelocation as a function of time and for a
givenmomentin time asa functionof space,theslip veloc-
ity profilesaresmooth.Theplotting procedurealsoreduces
themaximumslip velocitiesachieved,owing to insufficient
resolutionof the imagesurface. In the caseof the smaller
event (Figure 13b) the rupturegetsarrestedlong beforeit
reachesthe free surface. From the slip distribution in Fig-
ure12bwenoticethatthesmallereventfails to advanceinto
theregionof largerslip (andhencehigherstressrelease)left
by the previous(larger)event. ComparingFigures12aand
12b,aswell asFigures13aand13b,we noticethattheslips
andslip velocitiesduring and right after the nucleationof
thesmallereventlook just like theonesfor thebeginningof
thelargerevent.This meansthatobservingsignalsfrom the
nucleationandbeginningof suchanevent,we wouldnot be
ableto tell whetherthefinal sizeof theeventwill belargeor
small.

We canusethe developedmethodology, which incorpo-
ratesboth truly slow tectonicloading and all dynamicef-
fects,to evaluatesimplifiedapproaches.Let usconsidertwo
suchapproaches:(I) a procedurewith truly slow tectonic
loadingbut with a partof the dynamiceffects(namely, dy-
namicstresstransfers)ignored,and(II) a procedurewith all
dynamiceffectsincorporatedbut muchfasterloading.

To geta procedureof type I, we take ��� � |�
 �¶�Z��� � ,
whichcoincideswith thequasi-dynamicapproximationused
by Rice [1993] and Ben-Zion and Rice [1995]. Figure 14
shows the resultsfor the caseµ � � ��� " º km. Comparing
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Figure 12. Slip in individualeventsfrom thesequencein Figure6, I>JLK�M1NPO+Q�R km, for (a)alargereventand(b) thefollowing
smallerevent.Thetimeaxisspans20seconds,with zerotimechosenarbitrarily for plottingconvenience.Theslip axisspans
6 m in bothcases.Noticetheclearnucleationzonethatextendsmuchfurtherbackin time. Thesmallereventin Figure12b
looksjust like thebeginningof thelargereventin Figure12a;it stopsby not beingableto advanceinto thehigherslip/lower
stressregionin themiddleof thefault. Thissupportstheideathatlargeeventsaresmalleventsthatrunawaydueto favorable
stress/strengthconditionson thefault.




