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[1] Using two continuum models of rate-and-state faults, one with a weaker
patch and the other with rheological transition from steady state velocity-weakening to
velocity-strengthening friction, we simulate several scenarios of spontaneous
earthquake nucleation plausible for natural faults, investigate their response to static shear
stress steps, and infer the corresponding aftershock rates. Overall, nucleation
processes at weaker patches behave similarly to theories based on spring-slider models,
with some notable deviations. In particular, nucleation and aftershock rates are
affected by normal stress heterogeneity in the nucleation zone. Nucleation processes at
rheological transitions behave differently, producing complex slip velocity histories,
nonmonotonic responses to static stress changes, and aftershock rates with pronounced
peaks and seismic quiescence. For such processes, positive stress steps sometimes delay
nucleation of seismic events by inducing aseismic transients that relieve stress and
postpone seismic slip. Superposition of the complex aftershock response for spatially
variable stress changes results in Omori’s law for a period of time followed by seismic
quiescence. Such behavior was observed at the base of the seismogenic zone near the
1984 Morgan Hill earthquake. We show that the computed aftershock rates are linked to
unperturbed slip velocity evolution in the nucleation zone and construct simplified
analytical scenarios that explain some features of the response. The qualitative differences
that we find between the two nucleation models indicate that aftershock response
of rate-and-state faults to static stress changes would depend on the conditions under
which nucleation occurs on natural faults and may be different from predictions
based on spring-slider models.
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1. Introduction

[2] Understanding earthquake nucleation is an important
yet difficult task due to lack of direct observations such as in
situ measurements at seismogenic depths. A widely accept-
ed model for earthquake nucleation is a developing fric-
tional instability on a preexisting fault, the phenomenon
inferred from laboratory experiments and theoretical stud-
ies. In this work, we simulate, in the context of earthquake
sequences, several plausible scenarios of earthquake nucle-
ation on faults embedded in an elastic medium and gov-
erned by rate- and state-dependent friction. We then explore
variability in simulated earthquake nucleation due to fault
heterogeneities and different loading conditions and study
implications for aftershock occurrence.

[3] The rate-and-state friction laws we adopt have been
developed on the basis of laboratory rock experiments [e.g.,
Dieterich, 1978, 1979; Ruina, 1983; Tullis, 1988; Blanpied
et al., 1995; Marone, 1998] for slip velocities from 10�8 to
10�3 m/s, the range of particular relevance to earthquake
nucleation. The laws have been successfully used to model
and explain various earthquake phenomena including earth-
quake nucleation, postseismic slip, foreshocks, aftershocks,
and aseismic transients [e.g., Rice and Ruina, 1983; Ruina,
1983;Marone et al., 1991;Dieterich, 1992, 1994; Tullis, 1996;
Ben-Zion and Rice, 1997; Gomberg et al., 1998; Marone,
1998; Lapusta and Rice, 2003; Perfettini et al., 2003; Liu and
Rice, 2005; Miyazaki et al., 2006]. In the standard aging
formulation for situations with time-independent effective
normal stress s, the shear strength t is expressed as

t ¼ sm ¼ s m0 þ a ln
V

V0

� �
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V0q
L
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where a > 0 and b > 0 are rate-and-state constitutive
parameters, V is slip velocity, m0 is the reference friction
coefficient corresponding to the reference slip velocity V0, q
is a state variable which can be interpreted as the average
age of the population of contacts between two surfaces, and
L is the characteristic slip for state evolution [e.g., Dieterich,
1978, 1979; Rice and Ruina, 1983; Ruina, 1983; Dieterich
and Kilgore, 1994]. Note that other equations for state-
variable evolution and formulations with two and more state
variables have been proposed [Ruina, 1983; Rice and
Ruina, 1983; Gu et al., 1984; Kato and Tullis, 2001].
Recent studies rekindled the discussion of which state
evolution laws are more appropriate to use in earthquake
modeling. Bayart et al. [2006] showed that the so-called
‘‘slip’’ form of the evolution equation provides a better
match to velocity jump experiments. Studies of aftershock
rates based on spring-slider models [Gomberg et al., 2000]
and a recent nucleation study [Ampuero and Rubin, 2008]
found notable differences between models with the aging
law and models with the slip law. We discuss the
applicability of our results to other rate-and-state formula-
tions in section 9.
[4] Stability of sliding and nucleation of seismic slip on

rate-and-state faults governed by laws (1) and (2) have been
considered in a number of theoretical studies [Rice and
Ruina, 1983; Ruina, 1983; Dieterich, 1992; Rice et al.,
2001; Rubin and Ampuero, 2005]. Fault regions with a �
b > 0 have steady state velocity-strengthening friction
properties and tend to slip in a stable manner with the
imposed loading rate. Fault regions with a � b < 0 have
steady state velocity-weakening properties and are capable
of producing earthquakes. However, even on steady state
velocity-weakening fault regions, sufficiently small slipping
zones cannot develop fast slip under slow tectonic loading,
and the slipping zone has to become large enough to produce
a rapid sliding event. The aseismic process of slow and
gradually accelerating slip in a small, slowly varying zone
that eventually leads to unstable slip is often referred to as a
nucleation process. The term ‘‘unstable slip’’ typically refers
to simulated earthquakes that are inertially controlled events
characterized by rapid expansion of the slipping zone with
rupture speeds that are a significant fraction of wave speeds
and slip velocities much larger than the loading rate.
[5] Studies of earthquake nucleation have concentrated

on two theoretically interesting and practically important
topics: the nucleation size, i.e., the size of the slipping zone
right before an earthquake, and implications of nucleation
for aftershock phenomena. Several theoretical estimates
hnucl of the nucleation size have been proposed, all of them
in the form

hnucl ¼ hGL
sF

; ð3Þ

where h is a model-dependent parameter of order one, G is
the shear modulus, and F is a function of rate-and-state
parameters a and b. Rice and Ruina [1983], Ruina [1983],
and Rice et al. [2001] considered linear stability of
perturbations from steady state sliding and determined that
F = b–a. Dieterich [1992] assumed that nucleation
processes accelerate fast enough for Vq/L � 1 to hold
and obtained F = b. The estimate of Dieterich [1992] was

later confirmed in meter-scale rock friction experiments
[Dieterich and Kilgore, 1996]. Rubin and Ampuero [2005]
proposed that there are two regimes controlled by the ratio
a/b. If a/b ] 0.37, the nucleation proceeds in a fixed region
of the size given by (3) with F = b, as in the estimate by
Dieterich [1992]. If a/b ^ 0.5, the nucleation process
resembles an expanding crack and the nucleation size
asymptotically approaches (3) with F = (b–a)2/b. Note that
all three estimates match, within factors of order 1, for a �
b which implies b–a � b. For a approaching b (friction
properties close to velocity neutral), both Rice-Ruina and
Rubin-Ampuero estimates predict increasingly larger nu-
cleation sizes (although Rubin-Ampuero estimate increases
significantly faster). This is consistent with the fact that
velocity-strengthening regions cannot spontaneously pro-
duce unstable sliding and hence the nucleation size for a 	
b can be considered infinite.
[6] The second thrust in studying nucleation processes

has been motivated by aftershock occurrence. The decay of
aftershocks is well described empirically by Omori’s law
(see Utsu et al. [1995] for a recent review). Dieterich [1994]
built an aftershock model that reproduced Omori’s law
using static triggering of rate-and-state nucleation sites. In
that model, a preexisting population of rate-and-state nu-
cleation sites is perturbed by static stress changes due to a
main shock. In the population, each nucleation site is
governed by the same nucleation process but time shifted
in such a way that the population results in a constant
background seismicity rate. After a positive static shear
stress step, the nucleation process at each site accelerates,
producing an increased seismicity rate (or aftershock rate)
that matches Omori’s law for a wide range of parameters.
An important ingredient in this aftershock model is the
nucleation process and its response to static stress changes.
Dieterich [1994] specified the nucleation process in terms of
its slip velocity evolution. To obtain the evolution, two
simplifications in modeling nucleation were used: (1) elastic
interactions were described by a one-degree-of-freedom
spring-slider system and (2) the assumption Vq/L � 1
was used to simplify the rate-and-state friction formulation
based on a study of earthquake nucleation in a continuum
model [Dieterich, 1992]. These simplifications allowed the
derivation of analytical expressions for both slip velocity
evolution during nucleation and the resulting aftershock rate
(Appendix B). The approach of Dieterich [1994] has been
further explored in a number of works [Gomberg et al.,
1998, 2000; Gomberg, 2001; Gomberg et al., 2005] and has
been used to interpret observed aftershock sequences [Gross
and Kisslinger, 1997; Gross and Burgmann, 1998; Toda et
al., 1998, 2005]. In particular, aftershock rates based on
simulations in spring-slider systems with the full aging rate-
and-state formulation were found to follow the results of
Dieterich [1994] quite well, validating simplification (2) for
spring-slider models.
[7] Given the determining role of the nucleation process

in the aftershock model of Dieterich [1994] and subsequent
studies, it is important to understand whether spring-slider
models provide a good approximation of the nucleation
process on natural faults. Spring-slider models approximate
a slip zone of a constant size (inversely proportional to the
spring stiffness assumed) with uniform slip and stress
history throughout the slip zone and simplified elastic
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interaction with the surrounding bulk. Hence spring-slider
models cannot represent spatially inhomogeneous aseismic
slip in a zone of evolving size which is a characteristic
feature of nucleation processes in models that incorporate
both rate-and-state friction laws and elastic continuum
[Rice, 1993; Lapusta and Rice, 2002, 2003; Rubin and
Ampuero, 2005].
[8] In this study, we simulate and compare several

plausible scenarios of earthquake nucleation in continuum
models of rate-and-state faults. Two fault models are used to
create two different environments for earthquake nucleation.
The first model incorporates uniform steady state velocity-
weakening friction properties and a weaker patch of slightly
(10%) lower effective normal stress. By varying the size of
the weaker patch, we can either achieve completely homo-
geneous fault properties within the nucleation zone or
induce normal stress heterogeneity there. This is a realistic
nucleation scenario, as faults can contain such weaker
patches for a number of reasons that include local fault
nonplanarity or spatial variations in pore pressure. At the
same time, observations suggest that earthquakes tend to
cluster at inferred transitions from locked to creeping
regions [e.g., Schaff et al., 2002; Waldhauser et al.,
2004]. We explore that scenario in the second model that
contains a rheological transition from steady state velocity-
strengthening to steady state velocity-weakening friction.
Such transitions create stress concentrations that promote
earthquake nucleation.
[9] Nucleation processes in this work are simulated as a

part of spontaneously occurring earthquake sequences on a
fault that is subjected to slow, tectonic-like loading [Lapusta
et al., 2000]. This approach allows us to study nucleation
processes that naturally develop in our models, with con-
ditions before the nucleation originating from the previous
stages of earthquake occurrence and not from arbitrarily
selected initial conditions that one would need to impose to
study only one instance of earthquake nucleation. Our
simulations resolve all stages of each earthquake episode:
the aseismic nucleation process in gradually varying zones
of accelerating slip, the subsequent inertially controlled
event (unstable slip) with realistic slip velocities and rupture
speeds, the postseismic slip, and the interseismic quasi-
static deformation between events.
[10] We consider five representative cases of earthquake

nucleation, compare them in terms of their slip velocity
evolution, and discuss the effects of heterogeneity in normal
stress, heterogeneity in friction properties, and variations in
loading (sections 3 and 4). We find significant differences
among the simulated nucleation processes. Since their
spatial extent varies with time and their slip and slip
velocity vary with space, it is not obvious how to make
the direct comparison of the nucleation processes obtained
in this work with the ones in spring-slider models. To
facilitate such comparison, we study the response of the
simulated nucleation processes to static stress changes and
the resulting aftershock rates, compare them with the results
of Dieterich [1994], and explain the observed similarities
and differences (sections 5–8). Overall, the model with a
weaker patch behaves similarly to the spring-slider model of
Dieterich [1994], while the model with rheological transi-
tion exhibits qualitatively different behavior. We summarize
our results and discuss their implications in section 9.

[11] In computing the aftershock rates, we assume, fol-
lowing previous approaches [Dieterich, 1994; Gomberg et
al., 2000; Gomberg, 2001], that the aftershock-producing
nucleation sites are all governed by the same nucleation
process, albeit time shifted for each nucleation site. On
natural faults, different nucleation sites may have different
friction properties, stress conditions, stressing rates, etc, and
one would need to consider, in general, a combination of
nucleation models of the kind studied in this work to make
meaningful comparisons with aftershock observations. Our
results on aftershock rates may be useful for explaining
observations in special cases, as we show in section 6 for a
cluster of aftershocks located at rheological transition.
However, the main purpose of the study is to determine
whether the response of rate-and-state faults to static stress
perturbations changes if one uses models of faults in elastic
continuum rather than spring-slider models.
[12] A number of other mechanisms have been proposed

to explain aftershock occurrence. These include increased
loading rate due to aseismic processes such as postseismic
slip [e.g., Benioff, 1951; Perfettini and Avouac, 2004] or
relaxation of the viscoelastic lower crust [e.g., Freed and
Lin 2001], pore fluid motion and induced variations in fault
strength [e.g., Nur and Booker, 1972; Bosl and Nur, 2002],
triggering due to dynamic stress changes [e.g., Hill et al.,
1993; Gomberg et al., 2003; Felzer and Brodsky, 2006], and
evolution of viscoelastic damage rheology due to sudden
increase in strain [e.g., Ben-Zion and Lyakhovsky 2006].
The full explanation for aftershocks may involve a combi-
nation of several mechanisms, with different mechanisms
potentially dominating in different situations or during
different stages of aftershock sequences. However, it
becomes increasingly clear that rate-and-state friction is a
good description of the fault constitutive response during
slow slip, and hence accelerated rate-and-state nucleation
due to static stress changes has the potential to significantly
contribute to all aftershock sequences. Our study of this
aftershock-producing mechanism with continuum models of
earthquake nucleation is a useful first step toward under-
standing the combined effects of several mechanisms as
discussed in section 9.

2. Two-Dimensional Continuum Models of
Earthquake Nucleation

[13] We consider earthquake nucleation on a planar fault
embedded into an elastic medium of homogeneous elastic
properties with the shear wave speed cs = 3.0 km/s, shear
modulus G = 30 GPa, and Poisson’s ratio v = 0.25. On the
fault, a potentially seismogenic patch borders regions
steadily moving with a prescribed slip rate VL = 1 mm/a,
as illustrated in Figure 1a. That steady motion provides
loading in our models. The loading slip rate VL = 1 mm/a is
on the low end of typical plate rates but it could be
representative of steady slip achieved locally on faults,
especially in the case of secondary faults or multiple fault
strands. The fault resistance to sliding is given by rate-and-
state friction regularized at zero slip velocity [Rice and Ben-
Zion, 1996; Lapusta et al., 2000]. The value of character-
istic slip L in simulations presented in this work is 80 mm
(unless noted otherwise), as laboratory-like values of L (of
order 1–100 mm) are required to account for the presence of
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small (M 
 0) earthquakes on natural faults [e.g., Lapusta
and Rice, 2003].
[14] Two simplified fault models that we use to create two

conceptually different scenarios of earthquake nucleation are
described in sections 2.1–2.2 and illustrated in Figure 1b.
More details are given in Appendix A. The friction and stress
parameters of the models are summarized in Table 1 and
Figure 2. To simulate spontaneous slip accumulation in
terms of earthquake sequences, we use the boundary integral
method developed by Lapusta et al. [2000] and Lapusta
[2001].

2.1. Model With a Weaker Patch

[15] The first model incorporates a weaker patch of 10%
lower effective normal stress. The model is based on the
crustal plane model [Lapusta, 2001]; it restricts the fault to
motions parallel to the along-strike direction x, eliminates
the fault depth by considering depth-averaged quantities,
and retains variations only in the along-strike direction x.
These modifications turn the 2-D planar fault into a 1-D
along-strike analog (Figure 1b), with the fault behavior
described by strike-parallel slip d(x, t), slip velocity (or slip
rate) V(x, t) = @d(x, t)/@t, and the relevant component of
shear stress t(x, t). Compressive effective normal stress s (x)
does not depend on time in the cases considered in this
work. At the ends of the fault, there are zones of zero initial
shear stress to stop dynamic events (Figure 2). Hence the
extent of the fault capable of sustaining dynamic events is
1000 m. A more physical approach would be to replace the
zero-stress regions with regions of velocity-strengthening
properties, but that would create alternative places for
earthquakes to nucleate, and in this model we would like
to avoid such complexities. By making earthquakes nucleate
in the designated place, i.e., at the weaker patch in the
middle of the fault, we can control how heterogeneous the
imposed conditions are in the nucleation region.
[16] We have done a number of simulations of earthquake

sequences in this model, varying the values of parameters a
(0.0015–0.015), b (0.0055–0.019), L (10–120 mm), and
the size of the weaker patch (2–200 m). We present results
for three representative cases, all with L = 80 mm.

[17] In case 1, the size of the weaker patch, 100 m, is much
larger than the nucleation size, which is less than 30 m in this
case. Hence there is no imposed heterogeneity within the
nucleation zone. Values a = 0.015 and b = 0.019 are used
(Figure 2), which are typical of laboratory experiments.
Nucleation proceeds under stress conditions that are rela-
tively homogeneous compared to other cases. However, in
this and all other cases, shear stress concentrations do
develop, as expected, at the edges of the slowly varying
zone of faster slip.
[18] In case 2, the size of the weaker patch, 10 m, is a

significant fraction of the nucleation zone that develops.
Nucleation proceeds under imposed conditions of heteroge-
neous normal stress within the nucleation zone. The other
parameters are the same as in case 1.
[19] In case 3, the value of a = 0.0015 is 10 times smaller

than that of cases 1 and 2. This value is representative of the
ones inferred from aftershock observations based on the
model of Dieterich [1994], assuming overburden normal
stress minus hydrostatic pore pressure [Gross and Kisslinger,
1997; Gross and Burgmann, 1998; Toda et al., 1998, 2005].
The parameter b = 0.0055 is chosen to keep (b� a) the same
as in cases 1 and 2, ensuring the same steady state velocity-
weakening properties. The size of the weaker region, 10 m,
is a significant fraction of the nucleation zone, as in case 2.
Note that the ratio a/b is 0.27 in this case, while a/b = 0.79
for cases 1 and 2. According to the study of Rubin and

Figure 1. (a) Three-dimensional schematics of a planar fault in an elastic medium. This study employs
simplified 2-D models and focuses on a small region indicated by the square. The fault region governed
by rate-and-state friction (shown in gray) is loaded by relative motion above and below the region
with a prescribed slip rate VL. (b) Schematics of fault properties in the simplified 2-D continuum models.
(top) In the model with a weaker patch, the fault has steady state velocity-weakening properties
everywhere and contains a patch of lower effective normal stress indicated by a square. (bottom) In the
model with rheological transition, a steady state velocity-weakening region is surrounded by steady state
velocity-strengthening regions.

Table 1. Friction-Related Parameters of Both Models

Parameter Symbol Value

Reference slip velocity V0 10�6 m/s
Reference friction coefficient m0 0.6
Characteristic slip distance L 80.0 mm
Effective normal stress s 50.0 MPaa

Rate-and-state parameter a a 0.015 or 0.0015b

Rate-and-state parameter b b 0.019 or 0.0055b

aIn the model with a weaker patch, s = 50 MPa in the patch and s =
55.6 MPa outside the patch.

bThe indicated values of a and b are valid for the entire fault in the model
with a weaker patch and for the part of the steady state velocity-weakening
region of the model with rheological transition where a and b are constant.
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Ampuero [2005], this represents a qualitative difference, as
explained in section 1.

2.2. Model With Rheological Transition

[20] The second model contains variations in steady state
friction properties that create rheological transitions. It is
analogous to the depth-variable model of Lapusta et al.
[2000]. The fault motion is still in the along-strike direction
x, but only variations with depth z are considered, so that the
fault behavior is described by strike-parallel slip d(z, t), slip
velocity (or slip rate) V(z, t) = @d(z, t)/@t, and the relevant
component of shear stress t(z, t). Unlike the model studied
by Lapusta et al. [2000], the model in this work does not
include the free surface. The effective normal stress s is
constant along the entire fault (Figure 2).
[21] We have done a number of simulations in this model,

varying the values of a and b in the velocity-weakening
region (0.0015–0.015 and 0.0055–0.023, respectively) and
L (20–160 mm). We present results for two representative
cases, both with L = 80 mm.
[22] In case 4, a = 0.015 and b = 0.019 in the steady state

velocity-weakening region, as in cases 1 and 2 of the model
with a weaker patch. Full distributions of a and b are shown
in Figure 2. This variation is qualitatively similar to the one
in Rice [1993] and Lapusta et al. [2000]. The distributions
of a and b are asymmetric with respect to the middle of the

fault, so that simulated earthquakes nucleate at one of the
rheological transitions.
[23] In case 5, a = 0.0015 and b = 0.0055 in the steady

state velocity-weakening region, as in case 3. Throughout
the fault domain, this case has 10 times smaller a than case 4
and such b that the distribution of (a � b) is the same in
both cases. The same distribution of (a � b) ensures that
rheological transitions are at the same locations in both
cases.

3. Simulated Nucleation Processes

3.1. Nucleation Processes due to Weaker Patches and
Importance of Normal Stress Heterogeneity

[24] As an example of fault slip simulated in the model
with a weaker patch, consider the earthquake sequence for
case 1 (Figure 3a). Earthquakes nucleate in the middle of
the fault, due to the weaker patch. The earthquakes then
spread bilaterally along the strike of the fault; the dashed
lines show slip accumulation every 0.01 s during the
dynamic rupture. When the rupture reaches zero-stress
barriers, it arrests. The interseismic period is 28 years. We
take the nucleation process of the third event as the
representative one for this case; the corresponding part in
Figure 3 is surrounded by a small rectangle.

Figure 2. (top) Distributions of effective normal stress s and initial shear stress to in the two models. In
the model with a weaker patch, the region of lower s is introduced in the middle of the fault to encourage
earthquake nucleation there. The size of the weaker region varies in different cases studied. (bottom)
Examples of distributions of rate-and-state parameters a and (a � b) in the two models. Locations with
a � b = 0 correspond to rheological transitions from velocity-weakening to velocity-strengthening steady
state friction. We vary a and b in the presented cases but keep (a � b) the same in all cases.
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[25] To study nucleation sizes and aftershock rates, we
need to define when the nucleation process ends and the
dynamic event begins. Dieterich [1992, 1994] used quasi-
static equations, and their solution ceased to exist (i.e., slip
velocities became infinite) when inertial effects would have
been important in the complete formulation. The time at
which the solution ceased to exist was taken as the time of
instability onset. Since our simulations fully account for
inertial effects and capture the smooth transition between
the quasi-static phase and dynamic rupture, defining the
beginning of an earthquake is not so simple. We use the
criterion based on rupture speed and take, as the onset of
instability, the time at which a tip of the actively slipping
zone moves with the speed that exceeds a fraction (10%) of
the shear wave speed of the surrounding elastic medium.
The tips of the actively slipping zone are found as the
locations of shear stress concentration. The sliding region
changes very slowly in space during the quasi-static defor-
mation, and extends with rupture speeds comparable to the
shear wave speed during the dynamic phase. Hence this
rupture definition allows us to appropriately capture the
transition. An alternative approach would be to define the
beginning of an earthquake as the time when slip velocities
reach a certain value, e.g., 0.1 m/s, either at a particular
location or as a maximum on the fault. Note that the two
criteria are related, as faster slip velocities correspond to
larger rupture speeds.
[26] Representative nucleation processes for cases 1–3

are shown in Figure 4. The dashed lines in Figures 4a–4c
show slip accumulation every 0.01 s starting with 0.05 s
before our definition of the beginning of an earthquake. The
first five dashed lines are almost on top of each other,
signifying still relatively slow slip and slow expansion of

the sliding region. The sixth line shows much faster slip and
expansion, indicating the beginning of a dynamic event.
Figures 4d–4f illustrate the imposed distribution of effec-
tive normal stress and the approximate extent of the
spontaneous nucleation zone.
[27] The comparison of cases 1 and 2 shows an interest-

ing result. The presence of slight normal stress heterogene-
ity within the nucleation zone in case 2 leads to 1.5 times
larger nucleation size for that case, 36 m versus 24 m for
case 1. Average normal stress is larger in case 2, with all
other parameters being the same, and all existing estimates
of earthquake nucleation sizes discussed in section 1 would
predict that the nucleation size should be smaller in case 2
than in case 1, but the opposite is observed. The antiplane
estimate of nucleation size by Rubin and Ampuero [2005]
gives 36 m for the parameters of these cases. Since we use a
depth-averaged model, the direction x is affected by a factor
of Z = 1/(1 � v) = 4/3 (Appendix A) and hence the estimate
becomes 48 m. This is broadly consistent with the nucle-
ation sizes in cases 1 and 2, in the sense that the estimate
gives a close upper bound. Note that the energy balance in
the expanding crack solution of Rubin and Ampuero [2005],
when adopted to the normal-stress heterogeneity of case 2,
would be qualitatively consistent with the larger nucleation
size for case 2 (A. Rubin, personal communication, 2007).
This result demonstrates that stress heterogeneities on faults
can have significant, and sometimes counterintuitive, effect
on nucleation processes.
[28] Case 3, with a smaller value of a/b, behaves differ-

ently from cases 1 and 2. The nucleation size in case 3 is
about 29 m. We simulated a number of cases similar to case
3 but with different sizes of the weaker patch, including the
case in which the weaker patch was much larger than the

Figure 3. Examples of earthquake sequences simulated (a) in the model with a weaker patch and (b) in
the model with rheological transition. Solid lines show slip accumulation every 2 years. Dashed lines are
intended to capture dynamic events and are plotted every 0.01 s during the simulated earthquakes. For
each earthquake, the dashed lines are shown from 0.05 s before our definition of the onset of an
earthquake (rupture speed reaching 10% of the shear wave speed) until the maximum slip velocity on the
fault reduces to 1 mm/s. The nucleation process of a representative earthquake is indicated by a rectangle.
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resulting nucleation size. In all those cases, the nucleation
size changed very little compared to case 3. This means that
the effect of heterogeneity on the nucleation size is dimin-
ished for sufficiently small values of a/b. We also find that
smaller values of a/b lead to shorter periods of interseismic
deformation between two successive earthquakes. In case 3,
the interseismic period is 23.8 years, smaller than the
interseismic period of 29.1 years in case 2, despite the fact
that (b � a) is the same in the two cases.

3.2. Nucleation Processes due to Rheological
Transitions

[29] An earthquake sequence simulated in the model with
rheological transition is shown in Figure 3b, using case 4 as
an example. The solid lines are plotted every 2 years and
show the continuous slow sliding (creep) of the steady state
velocity-strengthening regions. That slow slip creates stress
concentration at its tip and penetrates into the velocity-
weakening region. In due time, an earthquake nucleates

Figure 4. (a–c) Nucleation processes at weaker patches. Cases 1–3 correspond to either different sizes
of the weaker patch or different constitutive parameters a and b. The other parameters are the same for all
three cases. (d–f) Distribution of effective normal stress s in a region that includes the nucleation zone.
Double arrows indicate the extent of the nucleation zone for each case. (g–h) Nucleation processes at
rheological transition. Cases 4 and 5 correspond to different constitutive parameters a and b. Solid and
dashed lines in Figures 4a–4c and 4g–4h have the same meaning as in Figure 3. Shaded areas
correspond to velocity-strengthening regions.
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close to the transition; its progression is shown by dashes
lines. After an earthquake arrests, the velocity-strengthening
region experiences accelerated sliding, or afterslip, due to
the transferred stress. The interseismic period between two
successive events is 32 years. We take the nucleation
process of the forth event as the representative one for this
case; the relevant part of Figure 3 is surrounded by a small
rectangle.
[30] Representative nucleation processes for cases 4 and 5

are shown in Figure 4. Nucleation of the simulated earth-
quakes occurs within the velocity-weakening region, but
close to transition to velocity-strengthening friction
(Figures 4g and 4h; the transition is at z = �32 m in both
cases). Because of interactions with the nearby creeping
region, such nucleation proceeds under temporally and
spatially nonuniform stress field. The different values for
a � b (with the same value of b-a) in cases 4 and 5 lead to
notable differences in nucleation processes. The nucleation
sizes in cases 4 and 5 are different and approximately
consistent with the estimates of Rubin and Ampuero
[2005], which are 2mLb/(ps (b � a)2) = 36 m for case 4
and 2.74mL/(sb) = 24 m for case 5. Note that Rubin and
Ampuero [2005] gave formulae for half of the nucleation
size but we use full nucleation sizes here. In our simula-
tions, the nucleation sizes are 35 to 40 m for case 4 and 18
to 24 m for case 5, as can be estimated from Figure 4.
[31] As in the model with a weaker patch, smaller values

of a/b result in shorter interseismic periods, but the effect is
much stronger in the model with rheological transition. In
case 5, the interseismic period is 18 years, almost twice
shorter than the interseismic period of 32 years in case 4. In
the model with a weaker patch, the interseismic period is
dictated by the loading time necessary to rebuild the stress
relieved during a dynamic event and hence depends on the
static stress drop, which is similar in cases 1 and 3. In the
model with rheological transition, the interseismic period is
controlled by the time it takes for the slow slip penetrating

from the velocity-strengthening region to create a slipping
zone comparable to the nucleation size. Since the nucleation
size is almost twice smaller in case 5 than in case 4, the
interseismic period is also almost twice smaller.

3.3. Different Time Evolution of Nucleation in the
Two Models

[32] The nucleation sizes in both models are comparable
for a given set of rate-and-state parameters (Figure 4). The
question arises whether the time evolution of the nucleation
processes in the two models is also similar. In Figure 5, we
compare slip-velocity evolution for representative points
inside the nucleation zones at weaker patches (cases 1
and 2) and at rheological transitions (case 4). In the model
with a weaker patch, slip velocity gradually increases
through the interseismic period, and this behavior is qual-
itatively consistent with that of spring-slider models
[Dieterich, 1994; Gomberg et al., 2000]. Still, slip velocity
in cases 1 and 2 is slightly different, especially for the period
from 10�3 to 100 years before an earthquake (Figure 5b).
This can only be caused by normal-stress heterogeneity
within the nucleation zone, as this is the only difference
between cases 1 and 2. Nucleation in the model with
rheological transition (case 4) is significantly different: slip
velocity increases first, then stays relatively constant for
about 20 years, with some oscillations, and later increases
further. This complex nonmonotonic behavior is due to
penetration of slip from the nearby slowly slipping region.
The creeping region concentrates stress at its edge, causing
slip there and expanding itself. This process moves the stress
concentration along the fault and results in time-dependent
heterogeneity of shear stress within the nucleation zone. We
find the corresponding fluctuations of slip velocity in all
cases we have studied in the model with rheological transi-
tion. Note that variations in slip velocity are linked to
variations of Vq/L, the quantity important in the aftershock
model of Dieterich [1994].

Figure 5. Slip velocity evolution during one earthquake cycle for representative points inside
nucleation zones on (a) linear and (b) logarithmic timescales. Time to instability T is given by T = t2 � t,
t1 < t < t2, where t1 and t2 are the occurrence times of two consecutive earthquakes in years. For each
case, slip velocity for times t1 + 1 < t < t2 is shown. Slip velocity at x = 0 km is plotted for cases 1 and 2,
and slip velocity at z = 0 is plotted for case 4. Note that slip velocity evolution for nucleation processes at
rheological transition is nonmonotonic.
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[33] Hence we find that earthquake nucleation in the two
models proceeds differently, as demonstrated by slip veloc-
ity evolution of points within the nucleation zone. The
differences are caused by spatial and temporal stress het-
erogeneity within the nucleation zone and result in signif-
icant consequences for aftershock rates (section 5).

4. Dependence of Nucleation Processes and Sizes
on Loading History

[34] As discussed in section 1, several simple analytical
estimates hnucl = hGL/(sF) for the nucleation size have been
proposed. In particular, F = b was advocated by Dieterich
[1992]. Rubin and Ampuero [2005] found that F = b is
valid in a certain parameter regime, a/b ] 0.37, while F = b/
(b � a)2 holds for a/b ^ 0.5. This is because, for a/b ^ 0.5
the condition Vq/L � 1 adopted by Dieterich [1992] breaks
down in the middle of the nucleation zone under quasi-static
tectonic loading. The Dieterich and Rubin-Ampuero esti-
mates are quite different for the values of a close to b. Rubin
and Ampuero [2005] mentioned that ‘‘the loading conditions
play a role, and could potentially place nucleation in the
regime Vq/L� 1 even for large a/b’’, citing a stress step and
the associated instantaneous change in slip velocity as an
example.
[35] We find that nucleation evolution and size are indeed

strongly controlled by loading history. Our simulations of
nucleation under slow tectonic loading result, for both
models, in nucleation sizes consistent with the estimates
of Rubin and Ampuero [2005] (section 3). However, other
reasonable loading histories can make the nucleation size
closer to the estimate of Dieterich [1992] even for the
parameter range a/b ^ 0.5. As an example, consider a
nucleation process in the model with a weaker patch for a
case conceptually similar to case 1 of section 3, but with L =
20 mm, a/b = 0.94, b = 0.016, and the weaker patch size of
200 m. If we use the model-dependent constants h from
antiplane models (h = 2.5 for Dieterich, h = 2/p for Rubin
and Ampuero) multiplied by parameter Z = 4/3 (Appendix A),
the two estimates are 2.5 m and 162 m, respectively, with
the Rubin-Ampuero estimate 65 times larger than that of
Dieterich. We consider two cases: nucleation proceeding
under slow tectonic loading (Figures 6a, 6c, and 6e) and
nucleation that experiences, in addition to slow tectonic
loading, a positive shear stress step 1 year before the
original time to instability (Figures 6b, 6d, and 6f). We find
that the perturbed case has a much smaller nucleation size
than the unperturbed case, 5.5 m versus 53 m. The new time
to instability is 0.014 year.
[36] The difference between the two scenarios can be

explained by the evolution of Vq/L in the nucleation zone,
shown in Figures 6e and 6f. The unperturbed scenario is
consistent with the study of Rubin and Ampuero [2005] and
follows the evolution typical for values of a/b ^ 0.5, with
Vq/L of order 1 in the middle of the nucleation zone for
times close to instability (Figure 6e). In the perturbed case,
Vq/L becomes, after the shear stress step, much larger than 1
throughout the nucleation zone and Vq/L reduces to one in
the nucleation region only after tips of the rupture start to
expand dynamically (inset in Figure 6f). Hence, because of
the stress perturbation, the condition Vq/L � 1 becomes
valid throughout the nucleation zone and stays valid until

the dynamic event, leading to a much smaller nucleation
size more consistent with the estimate of Dieterich [1992].
[37] This example demonstrates how different loading

conditions can change the nucleation process and, in partic-
ular, cause order-of-magnitude differences in nucleation
sizes. In laboratory experiments, slow loading over tectonic
timescales is not feasible, and much faster loading must
be used, rapidly increasing V and potentially leading to
Vq/L � 1 everywhere within the nucleation region even for
a/b ^ 0.5. This may explain why experiments of Dieterich
and Kilgore [1996] were consistent with the results of
Dieterich [1992], even though laboratory values of a/b
often fall into the range a/b ^ 0.5.

5. Comparing Nucleation Processes by Their
Response to Static Stress Changes and Resulting
Aftershock Rates

[38] To understand whether the differences in slip veloc-
ity evolution during nucleation that we find for different
models are practically important, we consider their effect on
aftershock rates.

5.1. Procedure for Determining Aftershock Rates

[39] Following Dieterich [1994], we consider a preexist-
ing population of rate-and-state nucleation sites distributed
in the volume of a prospective aftershock region (Figure 7a).
Just prior to the time of the main shock, each site is at a
different stage in the nucleation process so that the popula-
tion of nucleation sites would result in a constant back-
ground earthquake rate if left unperturbed. The main shock
perturbs the nucleation sites, causing the nucleation to
proceed differently and resulting in a nonconstant rate,
which can be called the aftershock rate. We consider the
situation when the population experiences a static stress
change in the form of a uniform positive shear stress step,
except in section 6 where a case with a nonuniform stress
step is studied.
[40] To compute the aftershock rate, we need to know

how the rate-and-state nucleation at each site reacts to such
change in stress. Let us denote by T the time from the
application of the stress perturbation to the unperturbed
failure time. We call T the original time to instability. Let us
denote by f (T) the new time to instability, i.e., the changed
time to instability due to the stress perturbation. To compute
the aftershock rate, we only need to know f (T) for all T of
interest. For monotonic f (T), the aftershock rate R is given
by [Gomberg et al., 2000] (Appendix C)

R

r
¼ dT

df
: ð4Þ

For nonmonotonic f (T), which arise in one of the models,
the inverse dependence T( f ) is multivalued, and equation (4)
cannot be used. The approach we developed for that
situation is described in Appendix C.
[41] For each nucleation example described in section 3,

we find f (T ) numerically by the following procedure. Each
stage of a given nucleation process can be labeled by its
time to instability T (Figure 7b). We select many values of
T and, for each of them, we conduct a simulation in which
we perturb the nucleation process by imposing a static stress
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