GEOMETRIC PROOFS OF MATHER’S CONNECTING AND
ACCELERATING THEOREMS
V. KALOSHIN
Abstract. In this paper we present simplified proofs of two important theorems of J.Mather. The first (connecting) theorem [Ma2] is about wandering
trajectories of exact area-preserving twist maps naturally arising for Hamiltonian systems with 2 degrees of freedom. The second (accelerating) theorem is about dynamics of generic time-periodic Hamiltonian systems on twotorus (2.5-degrees of freedom). Mather [Ma6] proves that for a generic timedependent mechanical Hamiltonian there are trajectories whose speed goes to
infinity as time goes to infinity, in contrast to time-independent case, where
there is a conservation of energy.

The results of this paper are not new and the main purpose is to present simplified geometric proofs of two important theorems of J. Mather [Ma2, Ma6]. Both
theorems are particular examples of instabilities in Hamiltonian systems or what
is sometimes called Arnold’s diffusion. Recently Mather [Ma7] annonced a proof
of existence of Arnold’s diffusion for a generic nearly integrable Hamiltonian systems with 2.5 and 3-degrees of freedom using his variational approach developed
in [Ma2]–[Ma6].
The first (connecting) Mather’s theorem says that inside of a Birkhoff region of
instability there are trajectories connecting any two Aubry-Mather sets, i.e. given
any two Aubry-Mather sets Σω and Σω0 inside of a Birkhoff region of instability
there is a trajectory α-asymptotic to Σω and ω-asymptotic to Σω0 . Recently
J. Xia [X] gave a simplified proof of the first result using the same variational
approach as Mather. The second (accelerating) theorem says that a “generic”
Hamiltonian time periodic system on the 2-torus T2 has trajectories whose speed
goes to infinity as time goes to infinity. Different from [Ma6] proofs of this
result are given by Bolotin-Treschev [BT] and Delshams-de la Llave-Seara [DLS1].
Our proof of the second theorem combines a geometric approach and Mather’s
variational approach. The second theorem is proved using ideas from the proof
of the first theorem. Let’s give the rigorous statement of both results.
First show that exact area-preserving twist maps naturally arise for Hamiltonian systems with two degrees of freedom. Indeed, let H : R4 → R be a C 2 -smooth
function and consider the corresponding Hamiltonian system
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(
(1)

ẋ = Hy (x, y)
ẏ = −Hx (x, y)

x, y ∈ R2 .

Denote by ϕtH (x0 , y0 ) = (xt , yt ) the time t map along the trajectories of (1).
Each trajectory starting at some point (x0 , y0 ) ∈ R4 belongs to its energy surface
3
E 3 = E(x
⊂ {H(x, y) = H(x0 , y0 ) = const} ⊂ R4 . Take a Poincare section
0 ,y0 )
S 2 ⊂ E 3 transverse to the vector field (1) and a trajectory {ϕtH (p)}t≥0 of a point
τ (p)
p ∈ S 2 . Let ϕH (p) ∈ S 2 be the first return to S 2 . For a nearby point q ∈ S 2
τ (q)
also there is a point ϕH (q) ∈ S 2 of the first intersection with S 2 for τ (q) close
to τ (p). This defines the Poincare return map which sends a point q ∈ U ⊂ S 2
τ (q)
into the point P(q) = ϕH (q) of the first return of its forward trajectory to S 2
with U being the set where such a return exists. Given by the Hamiltonian flow
ϕtH the map P : U → S 2 preserves an area form on S 2 . Such an area form is the
restriction of the standard symplectic Darboux form ω = dx1 ∧ dy1 + dx2 ∧ dy2 on
R4 onto S and is non-degenerate, because (1) is transverse to S 2 . The Poincare
map P preserves this area form. Moreover, the regularity properties of P are the
same as those of H, i.e. if H is C r (with R ≥ 1), then P is also C r in the region
where it is defined. To formulate the other two important properties of P we
bring the domain of definition of P to the standard form.
Let A = S1 × R = {(θ, r) ∈ S 1 × R} be the cylinder with the standard
Lebesgue area form dθ ∧ dr and let C ⊂ A be an open which intersects every
vertical line {θ}×R in an open interval. A non-contructable Jordan curve γ on A
homeomorphic to a circle is called rotational. Consider a C 1 -smooth orientation
and area preserving map P : C → A. P is called
• exact (or with no up/down drift) if P has zero flux, i.e. for any rotational
curve γ ⊂ C area of the regions above γ and below P(γ) equals area below γ and
above P(γ)1;
• monotone twist (or simply twist) if for any vertical curve l = {θ} × R in A
its image P(l) intersects every vertical line {θ̃} × R with a nonzero angle.
Assume also that P is homotopic to the inclusion map. We shall call a map
with the above properties an EAPT (exact orientation and area preserving twist).
Important examples of EAPTs of a cylinder are billiards in convex bounded
regions, the plane restricted three-body problem, the standard map of the 2-torus
or Frenkel-Kontorova model, and etc (see e.g. [MF] and [Mo] II.4).
0.1. Mather’s connecting theorem. A compact region C ⊂ A is called a Birkhoff region of instability (BRI) if C is a compact P-invariant set whose frontier
consists of two components denoted by C− and C+ both rotational curves and no
1Area preservation implies that this property is independent of the choice of γ and is necessary to have invariant curves at all
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other rotational invariant curves in between. For convenience we call the upper
frontier C+ — the top and the lower frontier C− —the bottom. Let C be a BRI.
Since both frontiers are invariant under P it induces two homeomorphisms of the
circles. Therefore, there are two well-defined rotation numbers ω− and ω+ for
P|C− and P|C+ respectively. It follows from the twist condition that ω− < ω+ .
Theorem 1. (Aubry [AL]-Mather [Ma1]) For any rotation number ω ∈ [ω− , ω+ ]
there is an invariant set Σω , called Aubry-Mather set, such that every orbit in Σω
has a rotation number of winding around the cylinder equal ω.2
If a rotation number is rational ω = p/q ∈ Q, then generically Σω is a finite
union of period orbits of period q. In a highly degenerate case Σω might be a
rotational curve. If a rotation number is irrational, then Σω is either a DenjoyCantor set or a rotational curve.
Mather’s Connecting Theorem. For any two rotation numbers ω, ω 0 ∈
[ω− , ω+ ] inside of rotation interval of Birkhoff region of instability there is a point
p ∈ C such that its ω(α)-limit set of p is contained in Σω ( in Σω0 ) respectively.
In this paper first we shall prove a weaker version of this theorem (see just
below) and then for generic EAPTs extend it to a strong version.
Mather’s Weak Connecting Theorem. In the setting of the above theorem for any positive ε there is a point p ∈ C such that for some positive n+
and negative n− we have P n± (p) belongs to the ε-neighborhood of Σω and Σω0
respectively.
The original proof of Mather [Ma2] using variational method is quite complicated and involved. Recently it was significantly simplified by J. Xia [X]. It might
give some insight in how to estimate on diffusion time. Topological arguments
presented here are sufficiently simple and based on Birkhoff’s invariant set theorem. These arguments are qualitative and seem to give no insight on diffusion
time. In the case Σω = C− and Σω0 = C+ Mather’s Weak Connecting Theorem is
the Theorem of Birkhoff [B1] and Mather’s Connecting Theorem was also proved
by Le Calvez [L1] using clever topological arguments.
0.2. Mather’s accelerating theorem. Let T2 be the two-torus with a C 2 smooth Riemannian metric ρ, defined on the tangent bundle TT2 of T2 and
by duality can be also defined on the cotangent bundle T∗ T2 . Denote by ST2
(S ∗ T2 ) denotes the unit (co)tangent bundle of T2 and by Tq (p) the associated
kinetic energy to the metric ρ, i.e.
(2)

Tq (p) = ρq (p, p)/2,

p ∈ T∗q T2 ,

where T∗q T2 denotes the cotangent bundle of T2 at q. Let U : T2 × T → R be
a C 2 -smooth time periodic function on T2 which is the potential energy. We
2We

shall give a more precise statement of this theorem in Section 0.3
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normalize period to be one. This defines the mechanical Hamiltonian system
with
(3)

H(q, p, t) = Tq (p) + U (q, t).

Mather’s acceleration theorem I. For a generic C 2 -smooth metric ρ on T2
and a generic C 2 -smooth function U : T2 × T → R, there exists a trajectory q(t)
of the Hamiltonian flow, defined by (3), with an unbounded speed q̇(t). Moreover,
energy E(t) = ρq(t) (p(t), p(t))+U (q(t), t) tends to infinity as time goes to infinity.
Remark 1. As the reader will see generic metrics on T2 and generic functions
on T2 × T form open dense sets in the corresponding spaces of C 2 -metrics and
C 2 -functions.
Non-degeneracy Hypothesis on ρ and U .
Hypothesis 1. There is an indivisible homology class h ∈ H1 (T2 , Z) which has
only one shortest hyperbolic periodic geodesic Γ;
Choose generators for the homology group H1 (T2 , Z). Let h0 be the homology
class corresponding to Γ. Lift T2 to the cylinder A with h0 being the only nontrivial homology class of A. Then Γ lifts to a countable collection of copies. Denote
by Γ0 and Γ1 adjacent copies. Recall that a geodesic γ is called a Morse Class A
geodesic if its lift γ̂ to the universal cover R2 is globally length minimizing and γ
is homoclinic to Γ, i.e. its α-limit set is Γ0 and ω-limit set is Γ1 (see [Ba1] (6.8)
for more detailed discussion of Morse Class A geodesics).
Hypothesis 2. There is only one positive Morse Class A geodesic Λ.
Since Γ is hyperbolic it has stable and unstable manifolds W s (Γ) and W u (Γ)
in ST2 respectively. Another way to view the geodesic Λ is as the intersection of
invariant manifolds W s (Γ) ∩ W u (Γ).
Hypothesis 20 . Intersection of invariant manifolds W s (Γ)∩W u (Γ) is transversal.
This hypothesis is not necessary, but simplifies presentation. Let s 7→ Γ(s)
and s 7→ Λ(s) be arclength parameterizations of both Γ and Λ with the same
orientation. Then there are constants a, b ∈ R such that
(4)

ρ(Γ(s), Λ(s + a)) → 0 as s → −∞
ρ(Γ(s), Λ(s + b)) → 0 as s → +∞.

Both quantities converge to zero exponentially fast by hyperbolicity of Γ which
implies that one can define the Melnikov Integral
·Z
(5)

G(t) = lim

s→∞

Z

s+b

s

U (Γ(τ ), t)dτ −
−s+a

Hypothesis 3. G(t) is not constant.

¸
U (Λ(τ ), t)dτ .

−s
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Fact. In the space of C 2 -smooth Riemannian metrics on T2 and C 2 -smooth
time periodic functions on T2 there is an open dense set of those who satisfy
Hypothesis 1-3.
Mather’s acceleration theorem II. If Hypotheses 1-3 are satisfied, there
exists a trajectory of the Hamiltonian system (3) whose energy goes to infinity as
time goes to infinity.
Remark 2. The fact stated above implies that Mather’s acceleration theorem
version II implies version I.
This last theorem was originally proved by Mather [Ma6] using variational
method. Later Bolotin-Treschev [BT] and Delshams-de la Llave-Seara [DLS1]
gave in a sense similar proofs analogous theorems using the standard geometric
approach. In [DLS2] the second group of authors extended this result to some
manifolds different from the two-torus with apriori unstable geodesic flow. The
proof which we present here is a mixture of geometric and variational approaches.
Accelerating trajectories constructed in the present proof slightly differ from both
given in Mather’s work [Ma6] by the variational method and in [BT] an [DLS1]
by geometric methods, even though in the spirit our proof uses ideas from both
approaches.
0.3. Birkhoff ’s invariant set theorem and Aubry-Mather sets as actionminimizing sets. We need Birkhoff’s invariant set theorem.
Theorem 2. [B2], [MF] Let C ⊂ A be a BRI of an EAPT P : C → C. Suppose
that V ⊂ C is a closed connected set separating the cylinder and invariant under
P. Then V is equal C − , or C + , or contains both frontiers.
For the purpose of completeness we formally describe Aubry-Mather as actionminimizing sets. Denote by C̃ the natural lift of C ⊂ A = S1 × R to R × R and
by P̃ : C̃ → C̃ the lift of the map P. For a point p ∈ C let p̃ ∈ C̃ be its lift and
let (xn (p̃), rn (p̃)) = P̃ n p̃. Then if the following limits
(6)

ρα (p) = lim xn (p̃)/n and ρω (p) = lim xn (p̃)/n
n→+∞

n→−∞

exist and equal ρ(p) = ρα (p) = ρω (p), then is is called a rotation number. Geometric meaning of rotation number is average amount of rotation of the trajectory
of p around the cylinder A.
A fundamental property of an EAPT P : C → C is that it can be globally
described by a “generating” function h : D → R, where D ⊂ R2 is the set of points
(x, x0 ) ∈ R2 such that there is r, r0 ∈ R with (x, r) ∈ C̃ and P̃ (x, r) = (x0 , r0 ).
Clearly, D is open. By twist condition for each (x, x0 ) ∈ D the pair r, r0 as above
is unique. Moreover, (r, r0 ) depends continuously on (x, x0 ). See [MF] §5 or [Ba1]
sec. 7 for more. If P is C r -smooth, then h is C r+1 on D. A generating function
h : D → R can also be defined by
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(7)

(
r = −∂1 h(x, x0 )
r0 = ∂2 h(x, x0 ).

By agreement extend h from D to the whole plane R2 by h(x, x0 ) = +∞.
Sometimes such a generating function h is called variational principle (see e.g.
[MF] §5).
Denote RZ = {x : x : Z → R} the space of sequences. Given an arbitrary
P
sequence (xj , . . . , xk ), j < k of x ∈ RZ denote h(xj , . . . , xk ) = k−1
i=j h(xi , xi+1 ).
A segment (xj , . . . , xk ) is called minimal with respect to h if h(xj , . . . , xk ) ≤
h(x∗j , . . . , x∗k ) for all (x∗j , . . . , x∗k ) with xj = x∗j and xk = x∗k . A sequence x ∈ RZ is
h-minimal if for every finite segment of x is h-minimal. Denote by M(h) the set
of minimal sequences. If h is a generating function of an EAPT P : C → C, then
using relation (7) each minimal sequence x ∈ RZ corresponds to a trajectory of
P. So the set M(h) corresponds to the set of points M(P) ⊂ C (see [MF] §3
or [Ba1] sec. 7 for more). The set M(P) is called a set of action-minimizing or
h-minimal points or, equivalently, M(P) the set of points whose trajectories are
minimal.
Theorem 3. (Aubry [AL]-Mather [Ma1]) With notations Theorem 1 for any
rotation number ω ∈ [ω− , ω+ ] there is a nonempty invariant set Σω ⊂ M(P) ⊂ C
of points whose trajectories are h-minimal and have rotation number ρ(p) = ω.
Σω is called an action-minimizing or an Aubry-Mather set.
0.4. Structure of Aubry-Mather sets. In this section we describe possible
structures of Aubry-Mather sets. Recall that a point p ∈ C is called recurrent
with respect to P if its trajectory has p in the closure, i.e. {P n p}n∈Z\0 3 p. Denote
by Σrec
ω ⊂ Σω the set of minimal recurrent points with rotation number ω. Denote
also by π1 : S1 × R → S1 the natural projection onto the first component. The
theorem about structure of Aubry-Mather sets, given below, follows e.g. from
thms (4.3) and (5.3) [Ba1] and the graph theorem (thm 14.1) [MF].
Structure Theorem. (Irrational case ω ∈
/ Q) The Aubry-Mather set Σω is
• either an invariant curve or
rec
rec
• Σrec
ω and its projection π1 (Σω ) are Cantor sets. Then Σω consists of three
different types of trajectories.
whose projection π1 (p) can be approximated from
There is the set of p ∈ Σrec
ω
rec
above and below by π1 (Σω ). This set had power continuum and corresponds to
those points which are not endpoints of S1 \ π1 (Σrec
ω ).
whose
projection
π
There is the set of p ∈ Σrec
1 (p) can be approximated either
ω
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only from above or only from below by π1 (Σrec
ω ). These sets are countable and
3
correspond to the right resp. left endpoints of components of S1 \ π1 (Σrec
ω ).
To formulate the Structure Theorem in the case of rational rotation number
−
introduce some sets. Let Σper
ω the set of periodic points. Two periodic points p
+
per
−
+
and p are neighboring elements of Σω if projections π1 (p ) and π1 (p ) have
a segment in S1 free from projection of all the other elements of π1 (Σper
ω ). For
neighboring periodic points p− and p+ in Σper
let
ω
− +
−
Σ+
ω (p , p ) = {p ∈ Σω : p is α − asymptotic to p

(8)

and ω − asymptotic to p+ },
− +
+
Σ−
ω (p , p ) = {p ∈ Σω : p is α − asymptotic to p

and ω − asymptotic to p− }
−
± − +
Let Σ±
ω be the union of Σω (p , p ) over all neighboring periodic points p and
p+ in Σper
ω .
Structure theorem. (Rational case ω ∈ Q) The Aubry-Mather set Σω is a
−
per
+
disjoint union of Σper
ω , Σω , and Σω . Moreover, Σω is always non-empty and if
per
−
+
Σω is not a curve, then Σω and Σω are non-empty too.

1. A Proof of Mather’s weak connecting theorem
The idea of the proof of Mather’s weak connecting theorem is to choose two
recurrent points p and p0 in the starting Aubry-Mather sets Σω and Σω0 respectively. Take an open ε-ball Vε (p) (resp. Vε0 (p)) about p (resp. p0 ) and consider
the union over forward (resp. backward) images of Vε (p) (resp. Vε0 (p))4. It turns
out that the following properties hold true.
Lemma 1. With the notations above let ω − and ω + be rotation numbers of the
“top” C+ and “bottom” C− frontiers of a BRI C. Let ω ∈ [ω − , ω + ] be a rotation
number and Σω ⊂ C be the corresponding Aubry-Mather set. Then for any recurrent point p ∈ Σrec
ω and any ε > 0 for the open ε-neighborhood Vε (p) of p the
following holds true
• for some positive number n+ = n+ (p, ε) (resp. n− = n− (p, ε)) the union of
n+
n+
images ∪j=0
P j Vε (p) (resp. ∪j=0
P −j Vε (p)) separates the cylinder A.
• the union over all forward (resp. backward) images Vε+ (p) = ∪j∈Z+ P j Vε (p)
(resp. Vε− (p) = ∪j∈Z+ P −j Vε (p)) is connected and open.
• closure of Vε+ (p) (resp. Vε− (p)) contains both frontiers C ± of C.
3Two

0
rec
n
n 0
points p ∈ Σrec
ω and p ∈ Σω are asymptotic, i.e. dist(P p, P p ) → 0 as |n| → ∞, if
0
1
and only
of S \ π1 (Σrec
ω ). In this case we
P if π1 (p) nand π1 (p ) nare0 endpoints of some component
rec
have n∈Z |π1 (P p) − π1 (P p )| ≤ 1. Convergence in Σω is never uniform.
4In [Ha] topological arguments of very different nature are used to prove existence of AubryMather sets
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• let Vε∞ (p) = ∪j∈Z P j Vε (p). Then Vε∞ (p) is invariant and both Vε+ (p) and Vε− (p)
are open dense in Vε∞ (p).
Let Vε+ (p) and Vε− (p0 ) be the union of one-sided iterates of ε-neighborhoods of
p ∈ Σω and p0 ∈ Σω0 . This lemma implies that Vε+ (p) and Vε− (p0 ) have to have
nonempty intersection as connected open sets both separating the cylinder and
having frontiers C+ and C− of a BRI C in its closure. Intersection of two open
ε
sets is open so there is an open subset Vω,ω
0 inside of the ε-neighborhood Vε (p) of
ε
p such that after a number of forward iterations, say n, the set Vω,ω
0 is mapped
0
ε
n
ε
0
into Vε (p ), i.e. Vω,ω0 ⊂ Vε (p) and P Vω,ω0 ⊂ Vε (p ) for some n ∈ Z+ . This proves
the required statement in Mather’s Weak Connecting Theorem. Now we prove
the lemma.
1.1. Union of iterates of a neighborhood of a recurrent point p separates
the cylinder A. In this subsection we prove the first and the second parts of
the lemma. Indeed, the set V = ∪j∈Z P j Vε (p) is invariant and open by definition.
Show that V is connected.
Pick an arbitrary positive ε and consider an open ε-ball Vε (p) of p. Since p
is recurrent, for an arbitrary ε there is n ∈ Z such that p and P n p are ε/2close. It follows from simple properties of Aubry graphs (see Lemma 4.5 [Ba1]
or Theorem 11.3 [MF]) that any recurrent point p of an Aubry-Mather set can
be approximated by a periodic point r from another Aubry-Mather set Σω̃ , ω̃ =
s/q ∈ Q. Therefore, if approximation is close enough then r is ε/4-close to
p and P n r is ε/4-close to P n p. Thus, both P n r and r are in Vε (p). We can
also assume that q is prime. The projection onto the base circle of points of
an action-minimizing orbit are cyclically ordered (see (4.1) and (5.1) [Ba1] or
Theorem 12.3 [MF]). Recall also that ω is with prime numerator. All these
remarks imply that the set ∪qj=0 P j Vε (p) separates the cylinder A. This union
of neighborhoods reminds a “bicycle chain”. This proves the first claim of the
lemma.
Connectivity of ∪j∈Z+ P j Vε (p) can be shown as follows. Notice that Vε (p)
has a periodic point r of period q inside. Therefore, the set ∪s∈Z+ P sq Vε (p) is
connected. The sets ∪s∈Z+ P sq+j Vε (p) for different j’s with 0 ≤ j ≤ q − 1 are
connected among each other because members of the orbit of r are connected by
the “bicycle chain”. This completes the proof of the second point.
The third point follows from Birkhoff’s invariant set theorem. The last claim
of s a direct corollary of area-preservation. This proves the lemma. Q.E.D.
2. Extension of Mather’s Weak Connecting Theorem to Mather’s
Connecting Theorem for generic EAPTs
First we formulate genericity hypothesis for EAPTs:
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Genericity Hypothesis: We say that an EAPT has KS property if linearization
of any periodic point p has no eigenvalue 1 and transversal intersections of its
stable and unstable manifolds.
We shall prove
Mather’s Connecting Theorem for EAPTs with KS property. With
the notations of Mather’s Connecting Theorem and an EAPT map P : A → A
satisfying KS property with a BRI C ⊂ A there is an open dense set K ⊂ [ω− , ω+ ]
such that for any two pair ω, ω 0 ∈ K there is a heteroclinic trajectory with α-limit
set in Σω and ω-limit set in Σω0 . Moreover, for any ω, ω 0 ∈ [ω− , ω+ ] there is
trajectory whose α-limit set contains Σω and ω-limit set contains Σω0 .
Moreover, for any pair ω, ω 0 ∈ [ω− , ω+ ] there is a heteroclinic trajectory whose
α-limit set has nonempty intersection with Σω and ω-limit set — with Σω0 .
Remarks:
1. This property is an area-preserving analog of so called Kupka-Smale property
that all periodic points are hyperbolic and their stable and unstable manifolds
intersect transversally [Sm]. This property is generic in both sense topological
(Baire residual) [Sm] and probabilistic/measure (prevalence) [Ka] for C r -smooth
(not necessarily area-preserving) diffeomorphisms of a compact manifold. It is
also generic for area-preserving maps [Ro].
2. Direct computation [MF] show that an action-minimizing periodic point
has linearization with trace at least two. Along with KS property and areapreservation this implies that all action-minimizing periodic points are saddles.
So stable and unstable manifolds are 1-dimensional. By KS property intersection
of stable and unstable manifolds of all periodic points transverse which implies
that any rotational invariant curve can’t have rational rotation number, i.e. ω−
and ω+ are in R \ Q.
3. For any rational rotation number p/q ∈ (ω− , ω+ ) the corresponding AubryMather set Σp/q has at least one periodic point x of period q. Hyperbolicity of x
implies that it is isolated.
±
4. Existence of bi-asymptotic trajectories to Σper
p/q , i.e. trajectories from Σp/q
(see Structure Theorem), implies that the union of stable and unstable manifolds
of periodic points in Σper
p/q separates the cylinder. Thus, their closure contains the
“top” and the “bottom” frontiers C± of C. This, in particular, implies that for
any pair of rational numbers p/q and p0 /q 0 in (ω− , ω+ ) there is a trajectory whose
α-limit set is contained in Σp/q and ω-limit set is in Σp0 /q0 . So we have
Lemma 2. Hyperbolicity of periodic points along with Structure Theorem (nonemptiness of Σper
p/q for all p/q ∈ (ω− , ω+ )) implies Mather’s Connecting Theorem
for rational rotation numbers.
To prove Mather’s Connecting Theorem for irrational or mixed rotation numbers we need to know additional structure of Aubry-Mather sets with irrational
rotation numbers.
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Definition 4. An Aubry-Mather set Σω is called hyperbolic if it admits two
continuous line fields one is contracting the other is expanding.
The standard Hadamard-Perron theorem implies that if an Aubry-Mather set
Σω is hyperbolic, then from every point p in Σω there are two smooth curves which
stable and unstable manifolds of p. Since Aubry-Mather sets depend continuously
on rotation number and cone property is open, it is not difficult to prove that
hyperbolicity of periodic points leads to hyperbolicity of most of Aubry-Mather
sets.
Theorem 5. (e.g. [L2] Thm. 1.10) If a C 1 -smooth EAPT P : A → A has KS
property, then there is an open dense set K of rotation numbers in R such that
any Aubry-Mather with its rotation number from K is hyperbolic.
Lemma 3. If an Aubry-Mather set Σω is hyperbolic, then the union of stable and
unstable manifolds of points in Σω separates the cylinder.
Proof: In the rational case ω = p/q ∈ Q this is in Remark 4 above. In the
irrational case ω ∈
/ Q the idea is analogous. Let ω be irrational and suppose that
P has a right twist, if not take the inverse. By Structure Theorem Σrec
ω consists
of points of three types. The first type of p’s in Σrec
is
when
the
projection
π1 (p)
ω
rec
can be approximated from both sides by π1 (Σω ). The other two types is when
the projection π1 (p) can only be approximated from one side.
Since stable and unstable line field have to be transversal with a separated
from zero angle and continiuosly chanimg from a point to a point, stable and
unstable manifolds of points of the first type have to intersect with unstable and
stable manifolds respectively or nearby points of the same type. We need only
to connect through the “wholes”, i.e. through preimages of open intervals which
are in the complement of π1 (Σrec
ω ). To do that we need to construct connecting
trajectories of neighboring points of the second and third type.
1
Let pr and pl be points in Σrec
ω whose projections into S are neighbors, i.e.
(π1 (pl ), π1 (pr )) ⊂ S1 \ π1 (Σrec
ω ). By the footnote to Structure Theorem we know
that for any ε > 0 there is n ∈ Z such that P n pr and P n pl are ε-close. Since
ε is arbitrary, an angle between stable and unstable line fields is separated from
1
zero, and stable and unstable manifolds of points in Σrec
ω are C by Hadamardu
s
Perron Theorem, we have that W (pl ) and W (pr ) intersect and their projection
contains (π1 (pl ), π1 (pr )). This implies that for any two neighbors of the second
and third type their stable and unstable manifolds do intersect and the union
of stable and unstable manifolds of points in Σrec
separates the cylinder. Let
ω
s
W (Σω ) be the union of stable manifolds of all points in Σω which is a stable
lamination. Similarly, one can define unstable lamination W u (Σω ).
In a view of the above arguments and Birkhoff invariant set theorem, if ω, ω 0 ∈
K from Theorem 5 or, equivalently, Aubry-Mather sets Σω and Σω0 are hyperbolic,
then their stable and unstable laminations W s (Σω ) and W u (Σω0 ) intersect and
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the intersection contains at least one trajectory whose α-limit set is contained in
Σω and ω-limit set is in Σω0 . So we proved the following
Proposition 6. If P : A → A is a C 1 -smooth EAPT with KS property, C =
P(C) is a BRI, C+ and C− are “top” and “bottom” frontiers of C respectively,
ω+ and ω− are rotation numbers of P restricted to C+ and C− respectively, and
K ∩ [ω− , ω+ ] be an open dense set of rotation numbers with hyperbolic AubryMather sets (from Theorem 5). Then for any ω and ω 0 from K ∩ [ω− , ω+ ] the
stable and unstable laminations W s (Σω ) and W u (Σω0 ) of corresponding AubryMather sets do intersect and the intersection contains a heteroclinic trajectory
going from Σω to Σω0 .
This proves the first part of Mather’s Connecting Theorem for EAPTs with KS
property. To prove the “moreover” part of the Mather’s connecting theorem from
this section we use standard arguments of Arnold [Ar] usually called whiskered
tori. In our case tori are replaced by periodci points. In our case whiskered tori are
0-dimensional and correspond to action-minimizing periodic points. By Remark
2 above they are hyperbolic saddles. Chose a bi-infinite sequence of rational
numbers {ωn }n∈Z ⊂ K ⊂ [ω− , ω+ ] so that corresponding Aubry-Mather sets are
hyperbolic and lim ωn = ω (resp. ω 0 ) if n → −∞ (resp. +∞). This implies
that each periodic points {pn ∈ Σωn }n∈Z is hyperbolic. By Proposition 6 for any
n ∈ Z their stable W s (pn ) and unstable W u (pn+1 ) manifolds consequently cross
each other, i.e. there is a point q ∈ W s (pn ) ∩ W u (pn+1 ) whose neighbourhood is
separated by W s (pn ) in two parts and W u (pn+1 ) locally visits both.
Notice that if W s (pn−1 ) crosses W u (pn ) and W s (pn ) crosses W u (pn+1 ), then
W s (pn−1 ) crosses W u (pn+1 ). This proves that by induction that for k, n ∈ Z
we have W s (pk ) crosses W u (pn ). In other words, pn ’s form a transition chain.
Now choose a sequence of positive numbers εn which tends to 0 as n → ∞.
Choose a sequence of points qn ∈ W s (p−n ) ∩ W u (pn ) so that qn is εn -close to p0 ,
but ε/kPkC 1 -away from p0 . By definition qn its α-limit is the trajectory of p−n
and ω-limit — of pn . Now recall that Aubry-Mather sets depend continiously
on rotation number (Thm. 11.3 [MF]). So Σωn → Σω as ωn → ω in Hausdorff
distance, in particular, pn → p as n → −∞. Similarly, pn → p0 as n → +∞.
Therefore, one can choose a subsequence pnk such that qnk → q and q is different
from p0 and ε-close to it. Moreover, α-limit (resp. ω-limit) set of q contains
p ∈ Σω (resp. p0 ∈ Σω0 ). This proves Mather’s Connecting Theorem for EAPTs
with KS property. Q.E.D.
3. The Proof of Mather’s Accelerating Theorem
Let’s make several preliminary remarks in order to show connection of this
problem with EAPTs of the cylinder discussed above.
The Hamiltonian phase space of the geodesic flow is the cotangent bundle of
the torus TT2 which is isomorphic to R2 × T2 . Recall that we denote by q
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coordinates on T2 and by p coordinates in the cotangent space T∗q T2 which is
isomorphic to R2 . The geodesic flow is Hamiltonian with respect to the Darboux
form ω = dp1 ∧ dq1 + dp2 ∧ dq2 with the Hamiltonian function
H0 (p, q) = Tq (p) = ρq (p, p)/2, p ∈ T∗q T2 .
Recall that ρq is the metric in T∗ T2 . Denote by Φt the time t map of the
geodesic flow. For each E, we denote by L0E = {(p, q) : H0 (p, q) = E} the
corresponding energy level. In particular, S ∗ T2 = L01/2 is the unit energy level.
Denote also L̂0E0 = ∪E≥E0 L0E . We use energy as one of coordinates. It is not
difficult to see that L0E is a 3-dimensional manifold invariant under the geodesic
flow Φt and diffeomorphic to T2 × T1 . We can view any geodesic as the map
“γ”: R → T2 and denote by γE (t) = (γEq (t), γEp (t)) the orbit of the geodesic flow
which belongs to the energy level L0E with a fixed origin γE (0) ∈ L0E . These
conditions determine the orbit {γE (t)}t∈R uniquely.
Notice that an appropriate rescaling of time of an orbit {γE (t)}t∈R on the
energy level L0E leads to an orbit on the energy level L01/2 .
³√
´
√
√
√
q
p
q
p
(9)
(γE (t), γE (t)) =
2Eγ1/2 ( 2Et)), 2Eγ1/2 ( 2Et .
Recall that Γ ⊂ L01/2 is the shortest hyperbolic periodic geodesic in the homology
class h ∈ H1 (T2 , Z) from non-degeneracy Hypothesis 1. Then √
if Γ = Γ1/2 has
period
√T the period of the same geodesic with rescaled time ΓE ( 2Et) ≡ Γ1/2 (t)
is T / 2E.
3.1. Hyperbolic Persistent Cylinder. Let’s give a rigorous statement of the
fact stated after Non-degeneracy hypothesis in Section 0.2.
Theorem 7. (Morse, Anosov, Mather) For a C r generic5 Riemannian metric
ρ on T2 with r ≥ 2, for a homology class h ∈ H1 (T2 , Z), and for any energy
H0 (p, q) = E > 0 there is a periodic geodesic Γ01/2 = ∪t∈R Γ01/2 (t) in the homology
class h, whose time rescaled copies A0E = ∪E 0 ≥E Γ0E 0 , as in (9), form an invariant
normally hyperbolic manifold (cylinder) in A0E ⊂ T∗ T2 . Its stable and unstable
manifolds WAs0 and WAu0 respectively are 2-dimensional and on each energy level
E
E
Γ0E there is a homoclinic orbit Λ0E (t) given by
(10)

Λ0E ⊂ (WΓs0 \ Γ0E ) ∩ (WΓu0 \ Γ0E ),
E

E

2

whose projection into T corresponds to the Morse geodesic Λ. Moreover, this
intersection of invariant manifolds restricted to any energy level L0E is transversal.
5Here

generic means open dense set in the space of C r metrices with the uniform C r topology
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Also on the energy level E = 1/2 for some a and b we have
(11)

ρ(Λ01/2 (s), Γ01/2 (s + a)) → 0 as s → −∞
0
ρ(Λ01/2 (s), Γ1/2
(s + b)) → 0 as s → +∞.

Transversal intersection of two 2-dimensional manifolds WΓs0 and WΓu0 in 3E
E
dimensional energy level LE is 1-dimensional and by the theorem on implicit
function is locally isolated curve.
Now formalize meaning of normal hyperbolicity of the cylinder A0E :
Lemma 4. (e.g. [DLS1]) Let A0E = ∪E 0 ≥E Γ0E 0 be the invariant cylinder diffeomorphic to [E, +∞) × T1 and the canonical symplectic form ω restricted to A0E
is non-degenerate and invariant under the geodesic flow Φt . Moreover, for some
C, α > 0 and for all x ∈ A0E we have
(12)

Tx L0E = Exs ⊕ Exu ⊕ Tx Γ̂0E

with kdΦt (x)|Exs k ≤ C exp(−αt) for t ≥ 0, kdΦt (x)|Exu k ≤ C exp(αt) for t ≤ 0,
and kdΦt (x)|Tx Γ0E k ≤ C for all t ∈ R.
3.1.1. High energy motion. Recall that the original Hamiltonian has the form
H(p, q, t) = ρq (p, p)/2 + U (q, t). So if energy is of order ε−2 for a sufficiently small
ε > 0, then it is convenient to scale the Hamiltonian ε2 H(p/ε, q, t) = ρq (p, p)/2 +
ε2 U (q, t). Introduce new: time t̄ = t/ε, impulse p̄ = εp, and symplectic form
ω̄ = dp̄1 ∧ dq1 + dp̄2 ∧ dq2 = εω. Then the rescaled Hamiltonian can be written
as Hε (p̄, q, εt̄) = ρq (p̄, p̄)/2 + ε2 U (q, εt̄).
Fix a sufficiently small ε. Notice that Hε (p̄, q, εt̄) is a small perturbation of
the geodesic Hamiltonian system H0 (p̄, q). By Sacker-Fenichel theorem [Sa], [Fe],
[HPS] the hyperbolic invariant cylinder A0E with a sufficiently large E > ε−2
for the geodesic Hamiltonian system H0 (p̄, q) persists under a small perturbation
and as smooth as H0 is. Therefore, the rescaled Hamiltonian system Hε (p̄, q, εt̄)
has a hyperbolic invariant cylinder A0Ē which is close to the hyperbolic invariant
cylinder Γ̂0Ē . Rescaling back to the initial Hamiltonian H(p, q, t) = ρq (p, p)/2 +
U (q, t) we see that H(p, q, t) also has a hyperbolic invariant cylinder Γ̂E close to
Γ̂0E with E = Ēε−2 . This cylinder has to belong not to the phase space T∗ T2 of
the geodesic Hamiltonian as A0E does, but the time extended phase space T∗ T2 ×T.
However, to avoid considering the extended phase space we take the time 1 map
for the Hamiltonian system H0 (p, q), denoted Φ0 = Φ01 : T∗ T2 → T∗ T2 and
for the initial Hamiltonian H(p, q, t), denoted Φ = Φ1 : T∗ T2 → T∗ T2 . Then
Φ0 has A0E as a hyperbolic invariant cylinder and for a sufficiently large E the
map Φ also has a hyperbolic invariant cylinder, denoted by AE ⊂ T∗ T2 . This
cylinder has 3-dimensional stable and unstable manifolds W s (AE ) and W u (AE )
respectively which in a neighborhood of the cylinder ΓE are small perturbation
of stable and unstable manifolds W s (A0E ) and W u (A0E ) for the cylinder A0E . By
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Hypothesis 20 W s (A0E ) and W u (A0E ) have transversal intersection. Therefore,
W s (AE ) and W u (AE ) also have transversal intersection which is the family of
homoclinic trajectories Λ̂E to the cylinder AE 6.
3.2. The inner and outer maps. Consider Φ0 : T∗ T2 → T∗ T2 the time 1 map
for H0 (p, q), restricted to the invariant cylinder Γ̂E . Wlog assume that period of
the minimal periodic geodesic Γ01/2 is 1, otherwise, rescaled the metric. Denote
by (θ, r) ∈ S1 × R = A ⊃ A0E the natural coordinates on the invariant cylinder
Γ̂E chosen so that the time 1 map for H0 (p, q) has the form P 0 (θ, r) = (θ + r, r).
It is possible by scaling arguments. It is easy to see that P0 is an EAPT. Denote
by ωΓ the restriction of the standard symplectic 2-form ω = dp1 ∧ dq1 + dp2 ∧ dq2
to the invariant cylinder A0E .
Similarly, consider Φ : T∗ T2 → T∗ T2 the time 1 map for H(p, q, t). We know
it has a hyperbolic invariant cylinder AE for a sufficiently large E. Restrict Φ|AE
to this cylinder and denote it by
(13)

PE = Φ|AE : AE → AE .

Using standard arguments one can check that restriction of the standard symplectic form ω to AE gives an area form ωE on AE . Moreover, PE is an EAPT
ωΓ -preserving. Following terminology proposed in [DLS1] call PE the inner map,
because it acts within the invariant cylinder AE . Implicitly the inner map is used
in [Ma6], but it is encoded into Mather’s variational principle.
To define the outer map recall that the cylinder AE has 3-dimensional stable
and unstable manifolds W s (AE ) and W u (AE ) which intersect transversally in
4-dimensional space T∗ T2 . Since contraction and expansion along transversal to
AE invariant directions dominate the inner dynamics on AE for each point x ∈ AE
there is a unique trajectory containing z+ (x) (resp. z− (x)) in W s (AE ) ∩ W u (AE )
such that for some β > 0, a sufficiently large E, and all sufficiently large n ∈ Z+
¡
¢
dist Φ−n x, Φ−n z− (x) ≤ exp(βn)
(14)
dist (Φn x, Φn z+ (x)) ≤ exp(βn)
This defines the map
(15)

SE : AE → AE

SE (x− ) = x+ ,

where trajectories of z− (x− ) and z+ (x+ ) being the same. In other words, SE
sends x− to x+ if there is a heteroclinic trajectory from x− to x+ . It is important
for definition of the outer map that transversal to the cylinder AE dynamics
(expansion/contraction) dominates dynamics on the cylinder itself. It is certainly
true in our case, because the inner map PE is a perturbation of an integrable map
6If W u (A0 ) and W s (A0 ) are not transversal we need intersaction to be an isolated curve.
E
E
The fact that this intersation is non-empty follows from existence of Morse Class A geodesics
defined in sect. 0.1
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with no expansion/contraction. Following terminology proposed in [DLS1] call
SE : AE → AE the outer map. Again implicitly the outer map is used in [Ma6],
even though it is encoded in action-minimizing trajectories. It is not difficult to
see that SE is continuous and even can be shown to be C r -smooth area-preserving
(see [DLS1]), but we don’t use this fact.
4. Diffusion strategy
The idea of mixed diffusion following inner and outer dynamics goes back
to the original work of Mather [Ma6]. Provided the Hamiltonian system (3) is
sufficiently smooth Arnold’s approach [Ar] of whiskered tori is also applicable (as
shown in [BT] and [DLS1]). Our goal is to show existence of trajectories traveling
indefinitely far along the invariant cylinder AE . Since the inner dynamics on AE ,
defined by the inner map PE : AE → AE , is described by an EAPT, we can
apply arguments and results from the first part of the paper. Namely, between
any two adjacent invariant curves on AE we have an EAPT acting inside of
a BRI (Birkhoff region of instability). Therefore, there is a trajectory which
goes from an arbitrary small neighborhood of the “bottom” invariant curve to
an arbitrary small neighborhood of the “top” one. The problem which arises
is that the inner map PE is a small perturbation of the completely integrable
map P 0 (θ, r) = (θ + r, r). Indeed, every horizontal circle on A0 is P 0 -invariant,
therefore, by KAM theory [He] after a small perturbation most of these invariant
curves will survive. Thus, PE has a lot of invariant curves. So, using the inner
map PE it is impossible to “jump” over an invariant curve Γ for PE to increase
energy. To overcome the problem we shall use the outer map SE . Mather [Ma6]
shows that SE (Γ) has a part strictly above Γ which provides the “jump” over Γ.
Our strategy is to pick a neighborhood in T∗ T2 of a properly chosen point in AE
and iterate this neighborhood using alternating series of inner and outer maps.
To describe the strategy with more details introduce a bit of terminology: Let
Γ ⊂ AE be an invariant curve, which always means invariant for the inner map
PE . Denote by A+
Γ ⊂ AE an open topological annulus infinite on one side and
bounded by Γ on the other. We say that an invariant curve Γ ⊂ AE is top
+
(resp. bottom) isolated if it has a neighborhood in A+
Γ (resp. AE \ AΓ ) free from
invariant curves.
Notice also that for a large enough energy any invariant curve Γ is a small
perturbation of the curve Γ0 = {H0 = ωΓ2 /2} ∩ A0 , where ωΓ is the rotation
number induced on Γ by PE . Thus, H(·, t) is almost constant on Γ.
It turns out that under non-degeneracy Hypothesis 3 for any d > 1 and any
invariant curve Γ ⊂ AE the outer image SE (Γ) ⊂ AE deviates up and down from
+
Γ so that there is a point x+ ∈ SE (Γ) ∩ A+
Γ (resp. x− ∈ SE (Γ) \ AΓ ) such that
we have
(16)

dist(x± , Γ) > ωΓ−d .
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Notice that for our method it does not matter an exact value of d in contract
to the standard geometric method from [BT] or [DLS1]. Moreover, ωΓ−d can be
replaced by a flat function, e.g. exp(−ωΓ ). In [BT] and [DLS1] the value of d
is crucial to overcome the so-called gap-problem about gaps between nearby invariant curves/tori. In [DLS3] modification of Arnold’s whiskered tori approach
is proposed to prove existence of diffusion in Arnold’s example [Ar]. The authors use resonant tori in AE as additional elements of transition chains there.
In [X] extension of Mather’s variational approach is given to show diffusion in
this example. In future publicatons we shall extend mixed geometric/variational
approach presented in this paper to include Arnold’s example.
Let’s distinguish two ways of diffusing: inner and outer.
Inner diffusion (or Birkhoff diffusion): Let x belong to a top isolated curve
0
0
Γ ⊂ AE . Suppose Γ0 ⊂ A+
Γ is an adjacent invariant curve, i.e. PE (Γ ) = Γ and
−
+
−
the annulus between Γ and Γ0 inside A+
Γ \ AΓ ⊂ AE is a BRI, i.e AΓ \ AΓ is free
from other invariant curves (sect. 0.3). Then by Birkhoff invariant set theorem
for any neighborhood Ux which has x in the closure and any neighborhood UΓ0
of Γ0 both in T∗ T 2 there is n0 ∈ Z+ depending on all the above quantities such
that PEn (Ux ∩ AE ) ∩ UΓ0 6= ∅. Moreover, ∪n∈Z+ PEn (Ux ∩ AE ) contains Γ0 in the
closure.
Outer diffusion: Let Γ ⊂ AE be an invariant curve which is bottom isolated
and U ⊂ T∗ T2 is an open set containing Γ in the closure. Consider the outer
image SE (Γ). There are two case:
inv
· the first — A+
close to Γ foliated by invariant
Γ has a topological annulus C
curves and SE (Γ) does not intersect a top isolated invariant curve Γ above C inv
in AE and
· the second — SE (Γ) intersects a top isolated invariant curve Γ0 and does not
intersect any topological annulus C inv ⊂ A+
Γ0 separating AE and foliated by invariant curves.
In the first case of outer diffusion we need the following
Lemma 5. Let PE : A → A be a C 1 -EAPT of the annulus A. Suppose there is a
topological annulus C ⊂ A separating A, and consisting of invariant curves, i.e.
every x ∈ C belongs to a rotational curve Γ = P(Γ). Then for any neighborhood
U ⊂ C there is n ∈ Z+ so that ∪nk=0 P k U contains an invariant curve Γ∗ .
We shall prove this lemma at the end of this section for completeness. Clearly
such a situation is easily destroyable by a pertubation, but for us it is easier to
prove this lemma. In the outer case under consideration there is an open set
V ⊂ AE sufficiently close to Γ so that U = SE (V ) intersects only those invariant
curves Γ̃ in A+
Γ that for the point x+ ∈ SE (Γ) satisfy (16) we have
(17)

dist(x+ , Γ̃) > ωΓ−2 /2.
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Then application of the above lemma shows that for some n ∈ Z+ we get
∪nk=0 PE U contains an open neighborhood of some invariant curves Γ̃ ⊂ A+
Γ satisfying (17). In other words, first we send a neighborhood V ⊂ AE below Γ
by the outer map SE (V ) first and then by iterate by the inner map so that its
images contain a neighborhood of an invariant Γ̃ which is “higher” than Γ by at
least ωΓ−d /2. If A+
is foliated by invariant circles, then iterating this procedure
Γ̃
of applying the outer map and than the inner map a finite number of times we
can increase energy indefinitely. If A+
is not foliated by invariant curves, then a
Γ̃
number of iterations if this procedure will brings as to the second case above.
In the second outer case we know that SE (Γ) intersects Γ0 and has a part
in A+
Γ0 . Thus, if an open subset U ⊂ AE has Γ in the closure its outer image
SE (U ) closure has nonempty intersection with Γ0 and there is a neighborhood U 0
0
in SE (U ) ∩ A+
Γ0 which has Γ in the closure and fits to apply the inner diffusion.
We also either require Γ0 to satisfy (17) with Γ̃ = Γ0 or pick the lowest invariant
curve Γ∗ in A+
to satisfy (17) with Γ̃ = Γ∗ . This completes the proof of Mather’s
Γ̃
acceleration theorem based on lemma 5 and estimate (16) about oscillations of
the outer map. Now we proof lemma 5 and in the next section describe Mather’s
variational approaches to prove estimate (16) which is the key.
Proof of lemma 5: By Birkhoff invariant curve theorem ([MF] Thm.15.1) every
rotation invariant curve Γ of an EAPT P is a Lipschitz graph over the base S1 .
This naturally induces a coordinate system on each invariant curve and gives that
P|Γ is a homeomorphism on each invariant curve Γ.
Notice that by area-preservation of P and invariance of C for some n ∈ Z+ we
have U ∩ P k U 6= ∅. U consists of intersections with invariant Lipschitz curves
UΓ = U ∩ Γ. So for an open set of them UΓ ∩ P k UΓ 6= ∅ and by area-preservation
and twist conditions P k UΓ \ UΓ 6= ∅. Pick a curve Γ with irrational rotation
number. Since P k UΓ ∩ U 6= ∅, the same is true for P rk UΓ and P (r+1)k UΓ with
r ∈ Z. Therefore, ∪sr=0 P rk UΓ is always connected and by irrationality of rotation
number of Γ should cover Γ for some s. This completes the proof of the lemma.
Q.E.D.
5. The Jump Lemma
In this section we outline Mather’s variational approach to prove the oscillation
property (16) of the outer map SE : AE → AE , defined in (15). The general idea of
Mather’s method is to construct trajectories of a Hamiltonian system as solutions
to a variational problem. In our case time 1 map of the Hamiltonian system (3),
denoted by Φ : T∗ T2 → T∗ T2 , possesses an invariant cylinder AE ⊂ T∗ T2 and
restriction of Φ|AE = PE is a C 2 -EAPT. Thus, by Aubry-Mather theory [AL],
[Ma1], [MF], or [Ba1] for every rotation number ω there is an action-minimizing
(Aubry-Mather) invariant set Σω ⊂ AE (Theorem 3). By twist condition if
Γ = AE is an invariant curve with rotation number ω = ωΓ , then Σω ⊆ Γ and for
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any ω 0 > ω the corresponding Aubry-Mather Σω0 belongs to A+
Γ , i.e. is above Σω .
Similarly, if ω 0 < ω, then Σω0 ⊂ AE \ A+
.
Moreover,
the
map
from
Aubry-Mather
Γ
sets to R according to their rotation numbers can be extended to a Lipschitz map
(see e.g. [Do]). Since the EAPT PE induced on the invariant cylinder AE is a
small perturbation of the completely integrable map P(θ, r) = (θ + r, r) for large
rotation numbers, to prove existence of orbits with arbitrarily increasing energy
it suffices to prove existence of orbits which consequently visit neighborhoods of
invariant sets with arbitrarily increasing rotation numbers on AE . Therefore, if
for some ω 0 < ω < ω 00 with |ω 0 − ω 00 | > ω −d there is a trajectory whose α-limit
set is Σω0 and ω-limit set is Σω00 7 or, almost equivalently, SE (Σω0 ) ∩ Σω00 6= ∅,
then this along with the arguments from the previous section proves Mather’s
acceleration theorem. The rest of the paper is devoted to a formal statement of
the Jump lemma and outline of Mather’s variational approach to prove it.
5.1. Duality between Hamiltonian and Lagrangian systems. Recall that
U : T2 × T → R be a C 2 -smooth time periodic function on T2 which we use as
the potential energy. We associate the kinetic energy to the metric ρ
T q (v) = ρq (v, v)/2,

(18)

v ∈ Tq T 2 ,

where Tq T2 denotes the tangent bundle of T2 at q.
Definition 8. The Lagrangian L is a real valued function, defined on the phase
space TT2 × T by
L(q, v, t) = T q (v) − U (q, t).

(19)

Define the Euler-Lagrange flow associated to L. This is a flow on the phase
space TT2 × T such that trajectories are associated to the variational condition
Z b
(20)
δ
L(dγ(t), t)dt = 0,
a
2

1

where γ : [a, b] → T is a C curve, dγ(t) stands for the 1-jet (γ(t), γ̇(t)), and
the variation is taken relative to fixed endpoints. If γ satisfies this variational
condition, then
(21)

ξ(t) = (dγ(t), t mod 1)

is a trajectory of the Euler-Lagrange flow. All trajectories, defined on [a, b] are
of this form. Equivalently, trajectories of the Euler-Lagrange flow are solutions
of the Euler-Lagrange equation
d
(22)
(L ) = Lθ ,
dt θ̇
where θ = (θ1 , θ2 ) is the standard angular coordinate system on T2 .
7we

shall call this statement “the Jump Lemma”
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Lemma 6. (see e.g. [Fa] sect. 2.3) In the setting above trajectories of the Hamiltonian system with the Hamiltonian H, defined by (3), are in one-to-one correspondence with trajectories of the Euler-Lagrange flow for the Lagrangian L, given
by (19). Moreover, a trajectory for H is mapped into a trajectory for (22) by the
Legendre transform
(23)

H(q, p, t) = hp, viq − L(q, v, t),
and

∂L
(q, v)
∂v
is a dual pairing.

where p =

h , iq : Tq T2 × T∗q T2 → R

5.2. Action-Minimizing Probabilities and Mather sets. In this section we
discuss Mather’s theory of minimal or action minimizing measures. This theory
can be considered as an extension of KAM theory. Namely, it provides a large
class of invariant sets for an Euler-Lagrange flow (or the dual Hamiltonian flow).
KAM invariant tori is an example of Mather sets. Mather sets are also generalization of Aubry-Mather sets from two degrees of freedom to arbitrary number
of degrees of freedom.
Following Mather [Ma4] we say that µ is a probability if it is a Borel measure
and of total mass one. A probability on TT2 × T is invariant if it is invariant
under Euler-Lagrange flow. If η is a one form on T2 × T, we may associate to it
a real valued function η̂ on TT2 × T, as follows: express η in the form
(24)

η = η1 dθ1 + η2 dθ2 + ητ dτ

with respect to the standard angular coordinates (θ1 , θ2 ) on T2 and τ on T1 and
set
(25)

η̂ = ηT2 + ητ ◦ π,

where π : TT2 × T → T2 × T denotes the natural projection. This function has
the property
Z b
Z
(26)
η̂(dγ(t), t)dt =
η,
a

γ,τ

for every C 1 curve γ : [a, b] → T2 with the right side being the usual integral and
(γ, τ ) : [a, b] → T2 × T defined by (γ, τ )(t) = (γ(t), t mod 1).
If µ is an invariant probability on TT2 × T, its average action is defined as
Z
(27)
A(µ) = Ldµ.
Since L is bounded below, this integral is defined, although it may be +∞. If
A(µ) < +∞, one can define the rotation vector ρ(µ) ∈ H1 (T2 , R) of µ by
Z
(28)
hρ(µ), [η]T2 i + [η]T = η̂dµ

20

Mather’s connecting and accelerating theorems

for every C 1 one form η on T2 × T, where
(29)

[η] = ([η]T2 , [η]T ) ∈ H 1 (T2 × T, R) = H 1 (T2 , R) × R

denotes de Rham cohomology class and h , i denotes dual pairing H1 (T2 , R) ×
H 1 (T2 , R) → R. Mather introduced this concept in [Ma4] in the case of time
independent one forms, but in time dependent case arguments are the same. In
[Ma4] using Krylov-Bogoliuboff arguments Mather proved that
Lemma 7. For every homology class h ∈ H1 (T2 , R) there exists an invariant
probability µ such that A(µ) < +∞ and ρ(µ) = h.
Such a probability is called minimal or action-minimizing if
(30)

A(µ) = min{A(ν) : ρ(ν) = ρ(µ)},

where ν ranges over invariant probabilities such that A(ν) < +∞. If ρ(µ) = h,
we also say that µ is h-minimal.
The rotation vector has a natural geometric interpretation as an asymptotic direction of motion. More exactly, for a µ-generic trajectory of the Euler-Lagrange
flow γ : R → T2 for T > 0 let zT be the closed curve consisting of two parts:
γ|[−T,T ] and the shortest geodesic connecting γ(−T ) and γ(T ) on T2 . Then
1
[zT ].
T →+∞ 2T

(31)

ρ(µ) = lim

We say that an invariant probability is c-minimal (for c ∈ H 1 (T2 , R)) if it
minimizes A(ν) − hρ(ν), ci over all invariant probabilities. Mather [Ma4] also
proved
Lemma 70 . For every cohomology class c ∈ H 1 (T2 , R) there exists an invariant
c-minimal probability µ such that A(µ) < +∞.
We say that an invariant probability µR is minimal if and only if there is a one
form η on T2 × T such that µ minimizes (L − η̂)dν = A(ν) − hρ(ν), [η]T2 i − [η]T
over invariant probabilities ν (see [Ma6]).
Definition 9. We call the function
(32)

β : H1 (T2 , R) → R,

β(h) = A(µ),

where µ is h-minimal.

Mather’s β-function and we call
(33)

α : H 1 (T2 , R) → R α(c) =

inf

h∈H1 (T2 ,R)

{β(h) − hh, ci}.

Mather’s α-function. It is well defined by lemma 7.
Thus, the α-function is conjugate to the β-function by the Legendre transform.
It follows that both functions are convex. By definition
(34)

β(h) + α(c) ≥ hh, ci,

h ∈ H1 (T2 , R), c ∈ H 1 (T2 , R).
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The β-Legendre transform
Lβ : H1 (T2 , R) → {compact, convex, non-empty subsets of H 1 (T2 , R)}
is defined by putting Lβ (h) as the set of c ∈ H 1 (T2 , R) for which the inequality
above becomes equality. The α-Legendre transform
Lα : H 1 (T2 , R) → H1 (T2 , R)

(35)

as the inverse of Lβ . In what follows, we shall identify a h-minimal invariant
probability with a c-minimal invariant probability, provided that c ∈ Lβ (h). We
call a Mather set Mh = supp µ ⊂ TT2 with a rotation vector h ∈ H1 (T2 , R)
support of an h-minimal probability µ.
We say that an absolutely continuous curve γ : [a, b] → T2 is c-minimal if for
some one form [η] = c the curve minimizes
Z b
(36)
(L − η̂)(dγ(t), t)dt
a

subject to a fixed endpoint condition. In other words, we require that
Z b
Z b
(37)
(L − η̂)(dγ(t), t)dt ≤
(L − η̂)(dγ1 (t), t)dt
a

a

for any absolutely continuous curve γ1 : [a, b] → T2 such that γ(a) = γ1 (a)
and γ(b) = γ1 (b). Note that γ and γ1 does not have to be homologous and cminimality is independent of the choose of the closed one form. We say that an
absolutely continuous curve γ : R → T2 is c-minimal if every segment [a, b] ⊂ R
gives a c-minimal curve subject to a fixed point condition γ(a) and γ(b).
5.3. Mather sets in the phase space and Aubry-Mather sets on the
invariant cylinder AE . By duality between the Hamiltonian flow (3) and the
Euler-Lagrange flow (22) we have that the time one map of the latter flow has an
invariant cylinder in TT2 which for simplicity we also denote by AE as the dual
one for the former flow. Denote by ÃE ⊂ TT2 × T the suspension of AE by the
flow (22). It is easy to see that ÃE is locally diffeomorphic to AE × R.
Recall that h0 ∈ H1 (T2 , R) denotes the homology class of the unique hyperbolic
minimal geodesic Γ ⊂ T2 for the metric ρ chosen in Hypothesis 1. Let N ⊂ T2
be a neighborhood of Γ. Denote by lh0 ⊂ H1 (T2 , R) the ray in the space of
homologies given by {h = Eh0 : E ∈ R+ }. Denote by rh0 = Lβ (lh0 ) the image
of this ray under the Legendre transform. Mather [Ma6] proved that
Lemma 8. The Legendre image rh0 ⊂ H 1 (T2 , R) of the ray lh0 contains a truncated cone, i.e. a cone centered at the origin with non-empty interior and without
a large ball around the origin.
If h = E 0 h0 for some sufficiently large E 0 ∈ R+ and c ∈ Lβ (h), then for any
c ∈ Lβ (h) any c-minimal curve γ : R → T2 has its image in N .
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This lemma can also be deduced from Bangert’s result [Ba2] on (non-)differentiability on β-function or so-called stable norm. This lemma implies the following
Corollary 10. For a cohomology class c ∈ Lβ (lh0 ) as above any c-minimal curve
belongs to the suspended cylinder ÃE ⊂ TT2 × T. The natural projection π :
TT2 × T → T2 of support of a c-minimal probability µ is contained in ÃE .
Proof: If we consider the time one map Φ : TT2 → TT2 of the Euler-Lagrange
flow, then AE is a hyperbolic invariant cylinder. Projection of this cylinder into
T2 by scaling arguments (sect. 3.1.1) has to belong to a neighborhood N of Γ.
Therefore, a c-minimal trajectory belongs to a neighborhood of the cylinder AE
in TT2 . But AE is hyperbolic with 1-dimensional stable and unstable direction at
every point of AE , so the only trajectories which stay in a neighborhood π −1 (N )
of AE for all time are those which belong to AE . This proves the first part of the
Corollary. To prove the second part recall support of a c-minimal probability is
contained in a union of all c-minimal trajectories and, therefore, has to belong to
ÃE . Q.E.D.
Corollary 11. If c, c0 ∈ rh0 ⊂ H 1 (T2 , R) and hh0 , ci = hh0 , c0 i, then c-minimal
orbits defined on all R are the same as c0 -minimal orbits.
Proof: This immediately follows from the fact that c and c0 -minimal curves
belong to N . Q.E.D.
5.4. A Variational Principle. Choose a smooth curve S embedded in T2 that
· S does not intersect the periodic geodesic Γ for the metric ρ, i.e. S is topologically parallel to Γ, and
· S intersects homoclinic (Morse) geodesic Λ transversally at one point.
Denote G = {t ∈ T1 : G(t) = mins∈T1 G(s)} the set of moments of time when
Melnikov integral (5) takes its minimal value.
1
2
We say that
R η (or [η] ∈ H (T , R) × R) is subcritical, critical, or supercritical
according as (L− η̂)dµ is positive, zero, or negative respectively. In other words,
η is subcritical when [η]T < (A(µ) − [η]T2 ), critical when [η]T = (A(µ) − [η]T2 ),
and supercritical when [η]T > (A(µ) − [η]T2 ) holds.
Given a closed one form η on T2 × T, which is critical and its homology class
on T2 satisfies hh0 , [η]T2 i, we define the variational principles h±
η : (S × T) →
R ∪ {−∞} as follows:
½
¾
Z T
+
(38)
(L − η̂)(dγ(t), t)dt ,
hη (σ, τ ) = inf lim inf
γ

T →+∞

t0

where the infimum is taken over the set of all absolutely continuous curves γ :
[t0 , +∞) → T2 such that t0 ≡ τ (mod 1), γ(t0 ) = σ, and γ(t) ∈ N for all large t.
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(39)

h−
η (σ, τ )

½
Z
= inf lim inf
γ

T →+∞
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¾

t0

(L − η̂)(dγ(t), t)dt ,
−T

where the infimum is taken over the set of all absolutely continuous curves γ :
(−∞, t0 ] → T2 such that t0 ≡ τ (mod 1), γ(t0 ) = σ, and γ(−t) ∈ N for all large
t.
Mather’s Fundamental Lemma. [Ma6] The functions h±
η are finite and
continuous and minima are achieved by minimizing trajectories γ + : [0, +∞) →
T2 and γ − : (−∞, 0] → T2 respectively.
Let η and η 0 be critical closed one forms such that [η], [η 0 ] ∈ Lβ (lh0 ), |[η]| , |[η 0 ]|
are sufficiently large, |[η] − [η]| < |[η]|−2 ,8 and η, η 0 coincide in a small neighborhood of {S ∩ Λ} × G ⊂ T2 × T. Consider the following variational problem
¡
¢
−
(40)
hη,η0 =
inf 1 h+
η (σ, τ ) + hη 0 (σ, τ ) .
(σ,τ )∈S×T

Then there is a trajectory γ : R → T2 of the Euler-Lagrange flow (22) such
that it realizes the minimum for hη,η0 , [η]-minimal for any segment in t ≥ 0 and
[η 0 ]-minimal for t ≤ 0 and
(41)

dist(dγ(t), M[η] ) → 0 as t → +∞
dist(dγ(t), M[η0 ] ) → 0

as t → −∞.

Moreover, γ intersects the Poincare section S only once and γ(t) belongs to the
neighbourhood N of Γ for all |t| sufficiently large.
Consider the time one map Φ : TT2 → TT2 of the Euler-Lagrange flow (22).
Recall that by definition if a closed one form η ∗ ∈ rh0 ⊂ H 1 (T2 , R) is critical and
c∗ = [η ∗ ]T2 , then the corresponding Mather set Mc∗ belongs to the suspended
invariant cylinder ÃE ⊂ TT2 × T. If we consider the time one map Φ, i.e.
discretize (22), then the invariant set for Φ is the cylinder AE ⊂ TT2 . Moreover,
if h = Lα (c∗ ) is a dual homology class to c∗ , then the restriction of the Mather set
Mc∗ to the time one map Φ gives an invariant set for the inner map PE : AE → AE
which we denote by Σω ⊂ AE with h = ωh0 . So for each Mather set Mc∗ there
is an invariant set Σω(c∗ ) , which can be proved to be an Aubry-Mather for PE
(see [Ma4]), but we are not going to use this fact in general. We shall use it only
in the case Σω(c∗ ) is an invariant curve and Mc∗ is an invariant two-torus, when
this is straightforward.
Corollary 12. (Jump Lemma) With the notations of Mather’s Fundamental
lemma and above we suppose that for some critical closed one forms η and η 0
with c = [η]T2 and c0 = [η 0 ]T2 from rh0 and |c − c0 | < |c|−2 . Suppose also that η
82

can be replaced by any d ≥ 1
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and η 0 coincide in a small neighborhood of S ∩ Λ × G ⊂ T2 × T1 and there is
c∗ ∈ rh0 such that Mc∗ is an invariant two-torus and
(42)

hh0 , ci < hh0 , c∗ i < hh0 , c0 i.

Then there is a trajectory γ : R → T2 of the Euler-Lagrange flow (22) which
· crosses a small neighborhood of {S ∩ Λ} × G;
· is c-minimal for any segment t ≥ 0 and c0 -minimal for any segment t ≤ 0;
· γ(t) belongs to N for any |t| sufficiently large.
Moreover, either the invariant set Σω(c0 ) ⊂ AE corresponding to Mc0 belongs to
a nonempty BRI C ⊂ AE with the “top” frontier Σc00 satisfying |c00 − c∗ | > |c|−2 /2
or Σω(c0 ) is an invariant curve itself.
Acknowledgment: I would like to thank John Mather for numerous fruitful
conversations and remarks, Bill Cowieson, Dima Dolgopyat, Basam Fayad, Yakov
Sinai, and Jeff Xia for useful discussions, and Corinna Ulcigrai for reading the
manuscript and pointing out its defects.
References
[Ar]
[An]
[AL]
[Ba1]
[Ba2]
[B1]
[B2]
[BT]
[DLS1]

[DLS2]
[DLS3]

[Do]
[Fa]

Arnold, V. Instabilities of dynamical systems with several degrees of freedom, Sov.
Math. Dokl., 5 (1964) 581–585;
Anosov, D. Generic properties of closed geodesics. (Russian) Izv. Akad. Nauk SSSR
Ser. Mat. 46 (1982), no. 4, 675–709, 896;
Aubry, S. LeDaeron, P. The discrete Frenkel-Kontorova model and its extension I:
exact results for the ground states, Physica, 8D (1983), 381–422;
Bangert, V. Mather Sets for Twist Maps and geodesics on Tori. Dynamics Reported,
v.1, 1988, John Wiley & Sons, 1–56;
Bangert, V. Geodesic rays, Busseman functions and monotone twist maps, Calc. Var.
Part. Diff. Eqns, 2 (1994), 59–63;
Birkhoff, G. Surface transformation and their dynamical applications, Acta Math., v.
43, 1920, 1–119, aussi dans Collected Math. Papers, v. II, 111-229;
Birkhoff, G. Nouvelles recherches sur les systmes dynamiques, Memoriae Pont. Acad.
Sci. Novi Lyncaei, v.1, 1935, 85–216 et Collected Math. Papers, v. II, 530–661
Bolotin, S. Treschev, D. Unbounded growth of energy in non-autonomous Hamiltonian
systems, Nonlinearity 12 (1999), no. 2, 365–388;
Delshams, A. de la Llave, R. Seara, T. A geometric approach to the existence of
orbits with unbounded energy in generic periodic perturbations by a potential of
generic geodesic flows of T 2 , Comm. Math. Phys. 209 (2000), no. 2, 353–392;
Delshams, A. de la Llave, R. Seara, T. Orbits of unbounded energy in generic
quasiperiodic perturbations of geodesic flows of certain manifolds, preprint;
Delshams, A. de la Llave, R. Seara, T. A geometric mechanism for diffusion in Hamiltonian systems overcoming the large gap problem: heuristics and rigorous verification
of the model, preprint;
Douady, R. Regular dependence of invariant curves and Aubry-Mather sets of twist
maps of an annulus. Erg. Th.& Dynam. Syst. 8 (1988), no. 4, 555–584;
Fathi, A. weak KAM theorem in lagrangian dynamics, preprint of a book, pp. 148;

V. Kaloshin

[Fe]
[Ha]
[He]
[HPS]
[Ka]
[KH]
[L1]
[L2]

[Ma1]
[Ma2]
[Ma3]
[Ma4]
[Ma5]
[Ma6]
[Ma7]
[MF]

[Mo]
[Ro]
[Sa]
[Sm]
[X]

25

Fenichel, N. Persistence and smoothness of invariant manifolds for flows, Indiana
Univ. Math. J. 21 (1971), 193–226
Hall, G. A topological version of a theorem of Mather on twist maps, Ergod. Th. &
Dynam. Syst. (1984), no. 4, 585–603;
Herman, M. Sur les courbes invariantes parles difféomorphismes de L’anneau,
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