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An extension of the
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Dedicated to the memory of my grandfather Meyer Levich
1. Intro duction

Let C'(M;M) be the spaceof C" mappings of a compact manifold M
into itself with the uniform C'-topology and Di (M) be the spaceof C'
di eomorphisms of M with the sametopology. It is well-known that Di "(M)
is an open subsetof C'(M;M). Foramapf 2 C"'(M), considerthe number
of isolated periodic points of period n (i.e. the number of isolated xed points
of fM)

(1) Pn(f)= #f isolated x 2 M :x = f"(x)g:
In 1965Artin and Mazur [AM] proved the following:

Theorem 1. There existsa densesetD in C"'(M ;M) suchthat for any
mapf 2 D the numbker P, (f ) growsat most expnentially with n, i.e. for some
number C > 0

2) Pn(f) exp(Cn) forall n2 Z,;:

Notice that this theorem does not excludethe possibility that a mapping
f in D hasa curve of periodic points; i.e., for all x 2 ; f"(x) = x for some
n 2 Z., becausen this case consistsof nonisolated periodic points of period
n (seethe last part of Theorem 6 for this nonisolated case).

De nition 2. We call a mapping (resp. di eomorphism) f 2 C"'(M;M)
(resp.f 2 Di "(M)) an Artin-Mazur mapping (resp. di eomorphism) or sim-
ply an A-M mapping (resp. di eomorphism) if P,(f) grows at most exponen-
tially fast.

Artin and Mazur [AM] posedthe following problem: What can be said
alout the set of A-M mappings with only transversal periodic orbits? Recall
that a periodic orbit of period n is called transversalif the linearization d " at



730 VADIM YU. KALOSHIN

this point has for an eigenvalue no n roots of unity. Notice that a hyperbolic
periodic point is always transversal, but not vice versa.

In what follows we consider not the whole spaceC"(M; M) of mappings
of M into itself, but only its open subsetDi "(M). The main result of this
paper is the following.

Main Theorem . Letl r < 1. Thenthesetof A-M di e omorphisms
with only hyperbolic periodic orbits is densein the space Di "(M).

This theorem says that A-M di eomorphisms which satisfy part of the
Kupka-Smale condition form a densesetin Di "(M). Recall that a di eo-
morphism is called a Kupka-Smale (or K-S) di e omorphism if all its periodic
points are hyperbolic and all assiated stable and unstable manifolds intersect
oneanother transversally. The Kupka-Smaletheorem saysthat K-S di eomor-
phisms form a residual set (seee.g. [PM]). The natural question is whether
the intersection of A-M and K-S di eomorphisms is dense. The answer is not
easy becausemethods of the proof of both theoremsare of completely di erent
nature and cannot be applied simultaneously. If one omits the condition on
transversality of stable and unstable manifolds, then the Main Theorem says
that the intersection of A-M and K-S di eomorphisms is dense.

A residual setin a nite-dimensional spacecan have measurezero. There-
fore, the Kupka-Smaletheorem doesnot imply that \almost every" di eomor-
phism is a K-S di eomorphism. In looseterms, asetP  Di "(M) is called
prevalentif for a generic nite parameterfamily ff g ogan, the property f 2 P
holds for almost every parameter value. For a discussionof prevalencein linear
spaceseealso [HSY]. Finally, in [K2] it is proven that K-S di eomorphisms
form a prevalent set which is a stronger (in some sense)statemert than the
classicalone. In Section 3 we presert someadditional results about the set of
A-M di eomorphisms. It turns out that the setof A-M di eomorphisms is not
residual.

2. A Pro of of the Main Theorem

Considera C" di eomorphism f : M | M. We shall approximate f by
an A-M di eomorphism with only hyperbolic periodic orbits. The proof of it
consistsof two steps.

Step 1. Reduction to a problem for polynomial maps. Usingthe Whitney
embedding theorem, embed M into RN for N = 2dimM + 1. Denoteby T a
tub e neighborhood of M. Forany xed r 2 Z, onecanextendf :M ! M toa
di eomorphism F : T ! T of the tube neighborhood T strictly into inself such
that F restricted to M coincideswith f. If F contracts along the directions
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transverseto M su cien tly strongly, then by the Sadker theorem [Sq| (seealso
[Fe], [HPS]) ead di eomorphism F : T ! T which is C"-closeto F hasa C'
smooth invariant manifold M which is C"-closeto M. Denoteby :M! M
a di eomorphism from M to M which can be obtained by projection along the
normal to M directions. Then f~= Fliv 1:M ! M isadieomorphism
which is C'-closeto f. By the Weierstrassapproximation theorem one can
approximate a di eomorphism F : T ! T of an opensetT in the Euclidean
spaceRN into itself by a polynomial di eomorphism F = Pjr : T! T. Notice
that if F hasonly hyperbolic periodic orbits, then the induced di eomorphism
f = Fiw 1M ! M alsohasonly hyperbolic periodic orbits.

We shall prove that, indeed, one can approximate any di eomorphism
F:T! T by apolynomial di eomorphism F = Pjr : T! T which hasonly
hyperbolic periodic orbits.

Let D 2 Z.. Denote by AR the spaceof (vector-)polynomials P : RN !
RN of degreeat mostD. If = (N;D)=#f 22zN:jj Dg,then AR is
isomorphicto R . Consider AR with the Lebesguemeasureon it.

Step2. For any D 2 Z,, almost every polynomial P : RN 1 RN from
Aﬁ has only hyperbolic periodic orbits and their number grows at most exjo-
nentially.

The secondpart of this statemert is easyprovided that the rst is true.
Indeed, x k 2 Z;; k> 0 and considerthe system

P(x1) X2=0; P(x2) x3=0;:::; P(Xxk) x1=0:

This system has N k equations, eat of them of degreeat most D. By the

Bezout theorem the number of isolated solutions is at most D¥N : If all periodic

points are hyperbolic, then they are all isolated and this completesthe proof.

Fix k2 Z+; k> 0. Let = ( 1;:::; n) 2 ZY be amultindex, j j=

i i. Fix acoordinate systemin RN soonecanwrite ead polynomial P(a; ) :
RN 1 RN from AR in the form

3) «
P(a;x) = ax; wherea= (fagjp)2R;
ji D
X= (X1;::0XN) 2 RN:and x = b RS Vi
Lemma 1. Let g2 Candj o = 1. Forany D 2 Z,, almost
every polynomial P : RN 1 RN from AJ has no periodic orbits with the

eigenvalue .

Denotethe k-fold composition P(a; ) ::: P(a; ) : RN I RN by P (a; ),
the linearization matrix of the map P()(a; ) at a point x by dy(P®)(a;x),
and the N N identity matrix by Idy. Let 2 C be a complex number.



732 VADIM YU. KALOSHIN

Denote D(a; ; x) = det (dy P® (a;x) Idy). Every periodic orbit of
period k, which has an eigervalue , satis es the following system:

@ PM(a;x) x=0; x=(xg:::xn) 2 RN
D(a; ; Xx)=0; a2R

The generalgoalis to provethat for a\generic" choiceof coe cientsa2 R of
P (a; ) this systemhas no solutions satisfying the condition j j= 1 or there is
no nonhyperbolic periodic orbit of period k. First, we prove that a \generic"
choiceofcoe cientsa2 R of P(a; ) hasno periodic points with the eigenvalue
= 0-
Notice that the system(4) including the condition = g (orj j=1) con-

It might be clear intuitiv ely that for a \generic" a2 R there is no solution,
becausethe number of equations is more than the number of variables. To
prove it rigorously for = ¢ (orj j= 1) we shall apply elimination theory.

2.1. Elimination theory. Let C™ denotethe m-dimensionalcomplexspace

V(Fq1;::0Fs) = f(ze;:::,zm) 2 C™j Fi(ze;::5izm) = 0,1 ] sg
One can de ne a topology in C™, called the Zariski topology, whose closed
setsare closedalgebraic setsin C™. This, indeed, de nes a topology, because
the set of closedalgebraic setsis closedunder a nite union and an arbitrary

intersection. Sometimes, closed algebraic sets are also called Zariski closed
sets.

De nition 3. A subsetS of C™ is called constructible if it isin the Boolean
algebra generatedby the closedalgebraic sets;or equivalertly if S is a disjoint
union Ty [ :::[ Tk, whereT; is locally closed,i.e. Ti = T? T, where T is a
closedalgebraicsetand T T0is a smaller closedalgebraic set.

One of the main results of elimination theory is the following:

Theorem 4 ([Mu, Ch. 2.2]). LetV C CN be a constructible set and
:C CN I C bethenatural projection. Then (V) C is a constructible
set

Remark 1. An elemenary description of elimination theory can be found
in books by Jacobson[J] and van der Waerden[W].

2.2. Proof of Lemma 1 or application of elimination theory to the
system(4). Put = ¢ and considerthe system (4) for (a;x) 2 C CcN.
Then it de nes a closedalgebraicset V( ¢) C CN. By Theorem 4 the
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natural projecton :C CN 1 C of V( o), namely (Vk( ¢)) C ,isa
constructible set. The only thing left to show isthat (Vk( o)) & C and has
a positive codimension. Recall that j oj = 1 and C is the spaceof complex
coe cien ts of a polynomial of degreeD.

Lemma 2. Let R be naturally emtedded into C . Then there is an
opensetU C suchthat U\ R 6 ; and for any a 2 U the correspnding
polynomial P(a; ) : CN I CN of degree 0 has exactly DNX periodic points of
period k and all of them are hyperkolic. Therefore, U\ (Vk( o)) = ; and

(Vk( o)) is a constructible set of a positive codimensionin C .

In the caseD = 1 the statemen of the proposition is obvious.

Proof. Consider the homogeneouspolynomial P(a ;) : CN 1| CN of
degreeD givenby P(a ;) :(z1;:::;2zn) 7! (2P :::;zﬁ): It is easyto seethat
P has exactly DNK periodic points of period k all of which are hyperbolic.
Hyperbolicity of periodic points of period k of P implies that any polynomial
mapping P, which is a small perturbation of P, has at least DN¥ hyperbolic
points of period k closeto those of P. Since,a polynomial of degreeD has at
most DNk periodic point of period k, Bezout's theorem implies that there are
exactly DN periodic point of period k, and the set of periodic points of period
k hasno componerts of positive dimension (seee.g. [Sh, Ch. 4.2]). Thus, there
is a neighborhood U C ofa sudc that for any a 2 U the correspnding
polynomial P(a; ) : CN I CN hasonly hyperbolic periodic points of period k
and the de nition of V( o) implies that U\ (Mk( o)) = ;. Since (Vk( o))
is constructible and doesnot intersect an open set, this implies that  (Vk( o))
has dimensionlessthan in C . This completesthe proof of Lemma 2.

By Proposition 2 the restriction (Vk( o))\ R has positive codimension
and, therefore, measurezeroin R . Thus, almost every polynomial P(a; )
from AR = R has no periodic points of period k with the eigervalue .
Intersection over all k 2 Z, givesthat the sameis true for all periods. This
completesthe proof of Lemma 1.

2.3. Completion of the proof of Step 2 of the Main Theorem. Consider
the system (4) for (a; ;x) 2 C C CN. It denes a closed algebraic
set, denoted by V¢ C C CN. By Theorem 4 the natural projection

:C C cN1 Cc cCofVg,namelySy = (W C C,isa
constructible set.

Consider natural projections ;:C C! C and ,:C C! C. 1t
follows from Proposition 2 that Sy hasdimension . Indeed, with the notation
of Proposition 2, the projection 1(Sk) = Wk contains an opensetU C
and Sk doesnot intersect a neighborhood of U f :j j=1g C C.
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By Theorem4, 1(Sk) = Wk is constructible and by Proposition 2, dim Wy
= . By Sard'slemma for algebraic sets([Mu, Ch. 3.A]) there exists a proper
algebraicset Sk sudhthat the map 1 isrestricted to Sy = Sgn; namely,

Pk = 1jsk : S¢!' C hasno critical points. Thus, outside of some smaller
closedalgebraicset 7 C the mappc:Sk! C n 2islocally invertible.
Recall that our goalisto shovthat Z = (S \ f :j j=1g)\ R has

measurezeroin AR = R . It is sucient to prove this locally.

Leta2 R n 2andU C n 2 beaneighborhood of a. By construction
themappg: Sk! C n 2islocally invertible, sothe preimagep, L(U) consists
of a nite disjoint union of open sets|[ j23U; Sk. Thus, onecandene a
nite collection of analytic functions f ; = > pk;jl U ! Cgj2s, where
pk;jl :U ! U isthe inverseof the restriction pyjy, : Uj ! U. Weneedto shov
that

[j23 k;jl(f jj=19 \ R
has measurezero. If for somej 2 J the function ; : U! Cisequalto a
constart , then Proposition 2 impliesj j & 1 and the preimage

G rij=1g) =5
If for somej 2 J the function ; : U ! C is not constart, then the set
k;jl(f :j j=1g)\ R is areal analytic set of a positive codimension and,

therefore, hasmeasurezero. It followse.g. from the fact that areal analytic set
can be stratied (seee.g. [H] or [GM]), i.e., in particular, can be decomposed
into at most a countable union of semianalytic manifolds. Each semianalytic
manifold must have a positive codimension and, therefore, measurezero. This
implies that for almosteverya 2 R the system(4) hasno solutionsforj j= 1.
Since,k is arbitrary, this completesthe proof of step 2.

Let us complete the proof of the Main Theorem. Application of Step 1
shows that a dieomorphism f : M | M can be extendedto a tube neigh-
borhood T of M, F : T! T, andthat it is sucient to approximate F by a
di eomorphism F : T ! T which hasonly hyperbolic periodic points. By the
Weierstrassapproximation theorem, F can be approximated by a polynomial
di eomorphism F = Pj; : T! T. Since,in the spaceof polynomial maps, of
any degreeD, polynomial maps with only hyperbolic periodic points form a
full measureset, one can chooseF = Pjy : T! T which hasonly hyperbolic
periodic points. If F: T ! T hasonly hyperbolic periodic points, then its
restriction to an invariant manifold also has only hyperbolic periodic points.
This completesthe proof of the Main Theorem. O

Remark 2. In order to give a positive answer to the Artin-Mazur question
stated in the introduction it is sucient to useonly Step 1 and Lemma 1 of
the above proof.
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3. Generic dieomorphisms  with superexp onential growth
of the number of perio dic points

Let us formulate two important questions related to the growth of the
number of periodic points.
In [AM] Artin-Mazur introduced the dynamical ;-function de ned by

1(z) = exp i Pa(f)& : Recall that P,(f) denotesthe number of iso-
lated periodic orbits of f of period n. In general,the dynamical ;-function isa
formal power seriesin z, which may not have a positive radius of convergence.
The A-M di eomorphisms are characterized by the property that the radius
of convergenceis positive. It is well-known that the dynamical ¢ -function
of a di eomorphism f satisfying Axiom A has an analytic cortinuation to a
rational function (see[Ba]).

In 1967 Smale[Sm] posedthe following question (Problem 4.5, p. 765):

Is a dynamical ;-function genericlly rational (i.e. is ¢ rational for a
residualsetof f 2 Di "(M))?

In [S]] it is shown that for the 3-dimensionaltorus there is no residual set
on which the dynamical ¢ -function is rational. It turns out that for manifolds
of dimension greater than or equalto 2 and C" di eomorphisms with r 2 it
is not even analytic in any disk around z = 0 (seebelow). Recallthat a subset
of a topological spaceis called residual if it contains a countable intersection
of open densesubsets. The usual terminology is to say \a property of points
in a Baire spaceis (top ologically) generic" if the set of points which satis es
this property is residual.

Finally, in 1978 R. Bowen asked the following questionin [Bo]:

Let h(f) denotethe topological entropy of f . Is the property that

h(f) = lim suplogP,(f )=n
nll

generic with respect to the C" topology?

It turns out that the two questionsabove can be answered simultaneously
for C" di eomorphisms with 2 r < 1 . Below we formulate a theorem of
Gonchenko-Shil'nikov-Turaev [GST] which implies the following:

Theorem 5 ([K1]). The A-M property is not C'-generic.
Corollar y 1. The property of having a convergent ¢ (z) function is
not C'-generic, nor is the equation h(f ) = lim sup,;; logPn(f)=n.

The rst part follows from the fact that the A-M property is equivalent to
¢ (2) having a positive radius of convergence.To prove the secondpart notice
that the topological entropy for any C' (r 1) di eomorphism f of a compact
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manifold is always nite (seee.g. [HK]), whereasif f doesnot have the A-M
property, then lim sup,;; logPn(f)=n=1 .

Sincean Axiom A di eomorphism is an A-M di eomorphism, we needto
analyze the complemeri to the set of Axiom A di eomorphisms in the space
Di "(M). Notice that an example of a di eomorphism with an arbitrarily fast
growing number of periodic orbits is givenin [RG]. Now we describe a \bad"
domain, where the A-M property fails to be topologically generic.

Let us describe a classof open setsin Di "(M ), wherethe A-M property
fails to be topologically generic.

In 1970 Newhousefound an open set in the spaceof C" di eomorphisms
Di "(M), wheredi eomorphisms exhibiting homoclinic tangencies,de ned be-
low, are dense[N]. Such adomain is calleda NewhousedomainN  Di "(M).

Theorem 6. Let2 r < 1. LetN Di "(M) be a Newhouse
domain. Then for an arbitrary sequen@ of positive integers fa,gt-, there
exists a residual set R, N, degending on the sequene fangi_,, with the
property that f 2 R, implies that

lim supP,(f)=a, = 1 :
nll

Moreover, there is a denseset D in N such that any di e omorphismf 2 F
has a curve of periodic points.

This is another theorem which follows from the theorem of Gonchenko-
Shil'nik ov-Turaev, which will be discussedin the next section.

In such a domain, Newhouseexhibited a residual set of di eomorphisms
with in nitely many distinct sinks [N], [R], and [PT]. Now it is known as
Newhousés phenomenon Theorem 6 is similar to Newhouse'sphenomenonin
the sensethat a strange phenomenonoccurs on a residual set.

Theorem 5 is a corollary of the rst part of Theorem 6. To seethis X
the sequencea, = n" and denote by R, a set from Theorem 6 corresponding
to this sequence.Assumethat A-M di eomorphisms form a residual set; then
this set must intersect with R4, which is a cortradiction.

It seemsthat based on Newhouse'sphenomenonin the spaceDi (M)
with the Cl-topology, wheredim M 3, found by Bonnati and Diaz [BD], one
can extend Theorems5 and 6 to the caser = 1anddimM 3. The problem
with the straightforward generalization is that the proof of the Gonchenko-
Shilnikov-Turaev (GST) theorem is two-dimensionalin an essetial way. To
generalizethe GST theorem to the three-dimensional caseone needseither to
nd an invariant two-dimensional surface and use the two-dimensional proof
or nd another proof.

Analogs of Theorems 5 and 6 can be formulated for the caseof vector
elds on a compact manifold of dimension at least 3. Reduction from the case
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of di eomorphisms to the caseof vector elds can be done using the standard
suspension of a vector eld over a di eomorphism [PM].

Newhouse shaved that a Newhousedomain exists under the following
hypothesis:

Let a di eomorphism f 2 Di "(M) have a saddle periodic orbit p. Sup-
pose stable W3(p) and unstable WY(p) manifolds of p have a quadratic tan-
gency Sud a dieomorphism f is called a di e omorphism exhibiting a ho-
moaclinic tangency. Then, arbitrarily C'-closeto f in Di "(M), there exists a
Newhousedomain. In particular, it meansthat by a small C"-perturbation of
a di eomorphism f with a homoclinic tangency one can generate arbitrarily
quick growth of the number of periodic orbits.

On this accourt we would also like to mertion the following conjecture,
which is due to Palis [PT], about the spaceof di eomorphisms of 2-dimensional
manifolds:

Conjecture . If dimM = 2, then every di e omorphismf 2 Di "(M)
can be approximated by a di e omorphism which is either hyperholic or exhibits
a homclinic tangency:.

This conjecture is proved for approximation in the C! topology [PS]. If
this conjecture is true in the C'- topology, then in the complemert to the set
of hyperbolic di eomorphisms a generic di eomorphism has arbitrarily quick
growth of the number of periodic orbits.

Unfolding of homoclinic tangenciesis far from being understood. In [GST]
the authors describe the following important result: there doesnot exista nite
number of parametersto descrike all bifurcations occurring nextto a homcclinic
tangency(seex2, Cor. 2 for details). This implies that the completedescription
of bifurcations of di eomorphisms with a homoclinic tangency is impossible.

Now we considerdi eomorphisms of a two-dimensionalcompact manifold
M. We prove Theorem 6 for two-dimensional manifolds rst and then, using
the Sadker theorem, we deducea proof of Theorem 6 for arbitrary dimM > 2
from the two-dimensionalcase.

4. Degenerate perio dic orbits in a Newhouse domain
and the Gonc henk o-Shilnik ov-T uraev Theorem [GST]

Assumethat a C" di eomorphism f exhibits a homoclinic tangency By
the Newhousetheorem [N], in eat C'-neighborhood of a di eomorphism f
exhibiting a homoclinic tangency there exists a Newhousedomain.

Let us de ne a degenerateperiodic point of order k or a k-degenerate
periodic point. Sometimes, it is also called a saddenode periodic orbit of
multiplicity k + 1.
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De nition 7. Let f be a CS di eomorphism of a 2-dimensional manifold
having a periodic orbit p of period m. A periodic point p is called k-degeneiate,
where k < s, if the linear part of f™ at point p hasa multiplier = 1 while
the other multiplier is dierent in absolute value from the unit. A restriction
of f to the certral manifold in somecoordinate system can be written in the
form

(5) X 70 X+ lag XK+ o(xK*1):

Let s> r. Then C® di eomorphisms are densein the spaceDi "(M) and,
therefore, in any Newhousedomain N  Di "(M), seee.g. [PM].

Theorem 8 ([GST]). For any positive integerss > k r the set of C®
di e omorphisms having a k-degeneiate periodic orbit is densein a Newhouse
domainN Di "(M).

A proof of this theoremis outlined in [GST] (seeTheorem 4). The authors
told me that they are preparing a detailed proof. A slightly di erent detailed
proof can also be found in [K1].

Theorem 8 and Newhouse'stheorem imply the following important result:

Cor ollar y 2 ([GST]). Letf 2 Di "(M) be adi e omorphismexhibiting
a homclinic tangency. There is no nite number s suchthat a generic s-
parameter family ff-g unfolding a di e omorphismfg = f is a versal family of
fo, meaning that the family ff-g descrites all possible bifurcations occurring
nextto f . Indeed, to descrike all possiblebifurcations of a k-degeneite periodic
orbit one needs at least k + 1 parametersand k can be arbitrarily large

4.1. A Proof of Theorem 6. Fix a C"-metric , in Di "(M) de ned in the
standard way (seee.g. [PM]). Let f be a C" di eomorphism which belongs
to a Newhousedomain N . Write f 7!... g if g is a C"-perturbation of sizeat
most " with respectto . Consideran arbitrary sequenceof positive integer
numbersfangt_; .

Now for any " we construct a 3" perturbation f 3 of adi eomorphism f suc
that for somen; the di eomorphism f3 hasnja,, hyperbolic periodic orbits of
period n1. Hyperbolicity implies that the sameis true for all di eomorphisms
su cien tly closeto f4.

Step 1. f 7!+, f1, wheref; belongsto a Newhousedomain and is ct
smooth.

Step 2. By Theorem 8, there exists a C"-perturbation f1 7!, f, suc
that f, hasa k-degenerateperiodic orbit g of an arbitrarily large period, where
k r.



PERIODIC ORBITS 739

Step 3. Let ny be a period of the k-degenerateperiodic orbit g. It is easy
to show that onecan nd f, 7!+, f3 sud that, in a small neighborhood of g,
f3 hasnia,, hyperbolic periodic points of period nj.

Therfore, we show that there exists a neighborhood U  Di "(M) which
is arbitrarily C'"-closeto f with the following property for all g 2 U:

#fx:g"(x) = xg
an

(6)

If the di eomorphism f; belongsto a Newhousedomain N Di "(M),
then we can choose perturbation in steps2-4 so small that f3 belongsto the
same Newhousedomain N . It is not dicult to seefrom steps 1{3 that for
an open denseset in N the condition (6) holds at least for one n. lIterating
steps 1{3 one constructs a residual set such that for ead di eomorphism f
from that residual set, the condition (6) holds for in nitely many n's. This
completesthe proof of Theorem 6 for the casedimM = 2.

Note that Newhouseused similar inductive argumert to prove his well-
known phenomenonon in nitely many coexisting sinks [N], [PT], [R], and
[TY]

4.2. A Proof of Theorem 6 for any dim M > 2. We shall usethe construc-
tion described in Step 1 of the proof of the Main Theorem.

Consider a compact manifold M of dimensiondimM > 2 and a di eo-
morphism F 2 Di "(M). Fix a sequenceof numbers fa,gn2z, . Suppose
F has a C'-stable invariant two-dimensional manifold N M and the re-
striction dieomorphism f = Fjy : N ! N belongsto a Newhousedo-
main N Di "(N). C'-stability of the invariant manifold N means that
any C'-perturbation F 2 Di "(M) of F also has a two-dimensional invari-
ant manifold N which is C'-closeto N and which induces a di eomorphism
f = Fjn : N ! N which is C"-closeto the restriction f = Fjy : N ! N (see
Step 1 in Section 2 above for an exact formula for 7). The Sadker theorem [Sq]
gives an explicit condition when F has a C'-stable invariant manifold. It is
important that this is an open condition in Di "(M).

We provedin the last subsectionthat the set of di eomorphisms for which
the condition (6) is satis ed for at least onen 2 Z, is open and densein a
Newhousedomain N Di "(N). This implies that in a neighborhood U of
F in the spaceof di eomorphisms Di "(M) there is an open and denseset
D; of di eomorphisms suc that ead one satis es the condition (6) for some
n22Z,.

Let D, be an open subsetof U consisting of di eomorphisms for which
the condition (6) holds (for n = nj). The union D! = [ ,,Dp, is open and
densein U.
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For eath n; 2 Z, and a su cien tly large n, > n; there is an open subset
Dn,:n, in Dy, of di eomorphisms satisfying the condition (6) (for both n = n;
and n = ny). Moreover, the union Drll1 = [ n,Dn;:n, is open and densein
Dn,. Therefore, the union D? = [ n,<1,Dn,n, is an open and densein U.
Continuing, we may de ne D3;D%;::: Then\ D' is a residual setin the open
set U. Moreover, any member of \ (D" satis es condition (6) for in nitely
many of n;'s. This completesthe proof of Theorem 6. O
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