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Abstract

Information processing in the brain is a complex and sophisticated
process that would work poorly if synaptic connections were randomly
organized. It would be interesting if a developmental organizing principle
exists which describes synaptic development. We postulate that the opti-
mal development of synaptic connectivity is this organizing principle and
is a likely product of evolution.

From a Kolmogorov structure measure of synaptic development and an
a priori assumption of maximizing connective structure (optimal synap-
tic development quantified), we derive an equation for the growth and
pruning of synapses. We compare the values predicted from this equation
to those of 18 sets of human cortical data. The predicted values account
for 98% of the variance of the observed values. This finding indicates
that optimal synaptic development may be a driving principle for human
synaptic development.



Introduction

Discovering the rules that govern the development of connections within the
cerebral cortex is an important step towards understanding how brains process
information. The complexity of at least 50 cytoarchitectonically different human
cortical areas developing both separately and jointly in a highly reproducible
fashion is a remarkable bioengineering feat suggesting strong underlying rules.
The existence of evolutionary rules involved in establishing brain connectivity
is suggested by data on the relatively constant lateral extent of basal dendrites
and on the homeobox-like development of new cortical areas (Stevens, 1993;
Krubitzer, 1995).

Since this development of connections creates a mechanism which processes
information in a highly sophisticated manner, it is extremely unlikely that neural
connectivity is random. Purely random connectivity has the highest level of
disorganization as measured by the Kolmogorov complexity measure (Cover &
Thomas, 1991). Instead, we expect that synaptic connectivity will be highly
complex, but nonrandom. That is, highly structured. In terms of brain de-
velopment, this means that synaptic connectivity will develop in an optimal
fashion (defined further on). The assumptions behind this hypothesis are listed
below.

An Optimal Development Hypothesis

Assumptions:

1. a. A given biological structure, e.g., the brain, has a particular func-
tion(s).
b. This function is reflected in the structure’s morphology.

2. a. Certain portions of this morphology are more important to function
than others.

b. The basic function of the brain is information processing/computation.

Thus synaptic connectivity is the most important aspect of brain morphology.

3. a. Evolution pushes the brain towards optimal function. However, evolu-
tion is not perfect and every biological organ has a metabolic cost.

b. Thus, aspects of brain structure which are more important to brain
function (such as synaptic connectivity) will be pushed harder (by evolution) to-
wards optimality than other portions whose specific structure are less important
to computation and information processing, e.g., glial cells.

c. This means that components of the brain which are most relevant to
brain function will develop to a (near-) optimal end-point.

d. However, metabolic costs limit this optimality. For example, mammalian
cortex appears to have a fixed number of synapses which it can support. [1]
demonstrated that this value appears to be fixed at about 10° neurons per
mm?3. Within this limit, this synaptic connectivity should be organized in a
manner which optimizes information processing and computation .



4. a. There are a potentially infinite number of paths to the final (op-
timal) state of synaptic connectivity. However, this final state is not known
beforehand, as the developing brain does not “know” the future. Therefore,
synaptic development always moves in the most optimal direction. This insures
(given a reasonable amount of time) that the end-point of development will be
near-optimal' .

b. Since this near-optimal path of development is a product of evolution,
synaptic development should be mostly genetic. However, genetics must allow
the environment to influence the brain’s behavior so that behavior is optimal
for the specific environment. It appears to be that for a variety of levels in the
hierarchy from synapse to behavior, the amount of variability induced by the
environment is about 25%. (Moore, et. al, 1999, 2000; Haug 1987; Johnson
1996)

From these considerations, we make the following qualitative hypothesis.

Qualitative Hypothesis:

Human synaptic development will proceed in a near-optimal manner.

In order to address this hypothesis directly, a meaningful definition of opti-
mal development must be given.

Defining Optimal Synaptic Development

At an intuitive level, an optimal biological structure is a structure which per-
forms its function with the least amount of noise/chaos and the most amount
of efficiency. In the case of the brain, (near-) optimal information process-
ing/computation would be reflected in a high level of synaptic connection com-
plexity. Therefore, the synaptic structure of the brain should be highly complex
without being chaotic.

An everyday analogy to this concept is the television. This mechanism is
highly complex and requires a very long description to fully describe it. On the
other hand, random behavior, such as the results of many dice rolls will also take
a great deal of description to accurately describe them. This is because there is
no descriptive redundancy in the results of these dice rolls. And that is due to
the fact that the outcomes of the dice rolls can’t be predicted. Thus, to make
our qualitative hypothesis quantitative, we need a quantitative measure which
demonstrates a high level of organization in a mechanism that is complex and
non-random, without assigning a high level of organization to a complex, but
randomly organized mechanism. To answer this question, we will first define
complexity in a formal manner.

What is complexity? One of the best approaches to defining complexity is
the information-theoretic approach. Specifically, some physical structures are
more difficult to describe than others. This difficulty is reflected in the length of

I This is similar to the “hill-climbing” maximization algorithm. This algorithm does not
know where the maximum of a function is. However, it blindly seeks it by maximizing the
gradient.



the description. Or more specifically, the length of a computer program needed
to create this description.

We adopt the formal version of this way of defining complexity. This formal
method is the Kolmogorov complexity [3]. The Kolmogorov complexity of a
piece of information is defined as the length of the shortest (universal) computer
program (partially recursive function) necessary to produce this information. In
principle, this information can be anything, including a complete description of
the brain’s synaptic connectivity.

Definition: Complexity of an Object. The complexity of an object is
determined by the length of the shortest (universal) computer program which
will print a description of the object.

Simply put, the longer the program, the more complex the object. The
outcomes of purely random behavior are the most complex, because they can
not be predicted. (Note that this description can be limited to a certain aspect
of the object, e.g., the synaptic connectivity of the human brain.)

Given this measure of complexity, we need to relate it to a measure which
demonstrates how much of this complexity is random. Fortunately, Kolmogorov
defined such a measure. This measure is called the Kolmogorov structure func-
tion [3]. The Kolmogorov structure function furthers Kolmogorov’s description
of complexity. It takes the measurement given by the Kolmogorov complexity
function and divides it into two parts. These parts are essentially the random
and non-random components of the complexity measure.

Definition: Structure of an Object. The structure of an object is
determined by the portion of its complexity which is non-random.

If an object is high in complexity and mostly non-random, it has a high
level of structure. On the other hand, if it is high in complexity, but mostly
random, it will be low in structure. For example, the outcomes of roulette wheel
spins can not be predicted. Thus, a computer program which prints out these
outcomes can have almost no redundancy. Thus, this program will be about
the same length as the actual list of roulette outcomes, i.e., there is almost no
compression of information by the program. Therefore, a program which de-
scribes the outcomes of a roulette wheel will have a high level of complexity.
However, these outcomes are random, so it will have a low level of structure. (It
should be noted that this is a cursory description of Kolmogorov’s sophisticated
complexity theory. A more detailed explanation and discussion of these struc-
ture/information measures is beyond the scope of this paper. The interested
reader is referred to Cover & Thomas, 1991, for an introduction to the theory
of Kolmogorov complexity.)

This knowledge of object complexity and structure allows us to define opti-
mal synaptic development.

Definition: Optimal Synaptic Development. Optimal synaptic devel-
opment is that development which maximizes the structure of synaptic connec-
tivity.

This development is subject to metabolic constraints such as an initial rate of
synaptic development. We are now in a position to state a quantitative version
of our hypothesis.



Quantitative Hypothesis:

Human synaptic development maximizes the increase in Kolmogorov struc-
ture at each point in time.

This structure is measured by the Kolmogorov structure function and it is
bounded by the initial conditions of development?. In lay terms, this hypothesis
is stated as “life fights chaos” and has an intuitive appeal. This appeal is
based on Darwin’s notion of survival of the fittest which suggests that the more
organized brain connectivity is, the better the brain processes information. In
this study, we take this intuitive statement, define it in a rigorous, quantitative,
manner and apply it to actual human neurodevelopmental data. We do this by
first creating a zeroth order random variable model of synaptic development,
i.e., a model with maximum complexity, but little structure. This zeroth order
model allows for a very large number of possible developmental paths from birth
to 72 months (the endpoint of our data). We take this set of developmental paths
and constrain it to the path that maximizes the increase in synaptic structure at
each point in time. This is our first order model which quantifies the statement,
“life fights chaos.”

Thus, the thrust of the paper is to model the development over time of
synapses on an individual neuron according to the principle that the system
has evolved so as to maximize, at every time period, the increase in synaptic
connection complexity, subject to the condition of minimizing the amount of
randomness in this increase. This model is worked out in detail leading to a
damped cosine expression for synaptic growth. We examine two versions of
this model, one with 3 free parameters and one with 5 free parameters. The
model is tested against data on human synaptic growth between birth and 72
months. This quantity is estimated from existing data according to the formula:
synapses per neuron = synaptic density divided by the neuron packing density.
The model is compared with several ad hoc ones functions, as well as three
standard growth models.

By testing this axiomatically derived hypothesis for brain development of
synaptic connections, we avoid the problem of applying ad hoc tests, e.g., finding
the best curve to fit the data. Instead, we use a predictive approach. As brains
develop, there are in principle, many possible types of synaptic connectivity. We
hypothesize that the brain’s actual wiring maximizes the structure of synaptic
connectivity and derive a quantitative prediction of synaptic development for
each layer of three different cortical areas (2 primary, 1 association) of the
postnatal human brain from birth to 72 months.

A Model of Synaptic Development Based on
Maximizing Connective Structure

2Tt is important to note that we are not saying that the developing brain computes the
Kolmogorov structure at each point in time. This would be like hypothesizing “force equals
mass times acceleration” and then assuming that a flying ball solves the necessary differential
equations to follow its trajectory. Instead, we assume that evolution has genetically pro-
grammed the brain to develop in conjunction with environmental influences, in this optimal
manner.



To apply the hypothesis that brain development maximizes connective struc-
ture, we must apply the Kolmogorov measure of structure to synaptic devel-
opment. However, we must first make some pragmatic considerations. Most
important is the fact that synaptic connectivity is not the only pertinent fact
in understanding human information processing and computations. Other im-
portant considerations are “wiring length,” type of neuron, strength of synapse,
type of synapse etc.

At this point, we reassert our hypothesis that synaptic connectivity is the
most important aspect of brain computation. To control for these other impor-
tant aspects, we average over a large number of neurons with the assumption
that these other aspects of brain computation will be averaged out.

With this assumption, we examine the average change in Kolmogorov struc-
ture for a group of n neurons. These changes are denoted by the difference in
Kolmogorov structure, AK}, where AK}, is the average change from a time,
tm, to a time t,,41. This change is:

Kk (s411n) — K (s7|1)
n
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n
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Here, s;, ., represents the changes in synaptic connectivity for n neurons from
tm t0 tme1, K is the Kolmogorov complexity function. This function can be di-
vided into two parts. They are, K}, , the Kolmogorov structure function and k,,,
the least sufficient structure statistic at time t,,,. The term “structure function”
is something of a misnomer. K} is essentially a measurement of the amount of
randomness in a physical system or piece of information. Thus, the smaller the
value of Ky, the greater the Kolmogorov structure. See the Appendix, Part I
for a detailed explanation of this formulation.

This change in the average value of the Kolmogorov structure is (approxi-
mately) equal to the change in entropy from time t,, to time t,,41 :

AR (5 1n) =~ H(Sms1) — H(Sy) (2)

See the Appendix, Part I for a detailed explanation and proof of Eq.(2). Here, S
is a nonhomogeneous random variable, i.e., its distribution is dependent on time.
For example, S,,, represents the random variable at time t,,. with outcomes s.
These outcomes represent possible changes in synaptic connectivity. Eq.(2). can
be rewritten in terms of the rate of Kolmogorov structure change:

AKIC (S:Ln+1|n) -~ H(Sm+1) 7 H(Sm) ~ dH (S)
to1 — tm B tot1 — tm o dt

(3)

The larger the value of K, the less Kolmogorov structure there is in the synap-
tic connectivity. Thus, maximizing the increase in the structure of synaptic
connectivity is equivalent to minimizing AK; and hence, minimizing the rate

of entropy, dh;gs) (Eq. 3).




Thus, to maximize the structure of synaptic connectivity, we must first model
synaptic development in terms of random variables. To do so, requires the for-
mulation of a probability distribution for synaptic development. This distri-
bution must be nonhomogeneous, because it is unrealistic to assume that the
probabilities of synaptic connection events are constant over time. We must
also account for a basic metabolic constraint: the average maximum number of
supportable synapses for a cortical neuron. On the other hand, there are impor-
tant synaptic possibilities, e.g., type of synapse, strength of synapse etc. which
we will ignore. Again, this is due to the fact that we are addressing average
behavior over all neurons and synapses.

The Measurement of Possible Synaptic Configurations is Equiva-
lent to an Entropy Measurement

The data set we are dealing with has indistinguishable neurons and synapses.
Thus, consider this data set with S total number of synapses and N total num-
ber of neurons. The distribution of synapses per neuron needs to be described
in the best manner possible.

First, define, S* to be the number of synapses for the ith neuron. Then,
Zf\fl S* = Sp. Furthermore, let Sj; be the maximum number of synapses
that can be supported by this neuron. Let C; denote the number of different
configurations that a neuron N; can have. In other words this neuron has S°
synapses to be distributed between a total of Sy, possible synaptic connection
sites. Then the number of possible different configurations of S* for this neuron
is the number of binomial combinations:

C(Sw) Sl
= <S> = 51(Sy — 50! )

Applying Stirling’s approximation for large numbers, S! ~ v/2755%e= yields:

S ) S}\g/j”e*SM 5)

C’i ~ - - - 7 X
( 28 (Su = 57) | Sie=S' (Sy — §1) 15 e (Su—57)

Since we are dealing with large numbers, we’ll take the logarithm of C;:

YTCAJNNE Y VR Shite 2 (6)
n |Gy ~ n 27,5 (Sl\[ _ Sz) n Gig—Si (SM _ Si)(SM*Si) e—(Sn—57)
= =1 —_— | — -S54 1 — | - 51
2 . |:27TS'L (S}\{ — S"):| (SM 5 ) . Swm 'l Sm

1 1 i i 1 (SM _ Si) i s
= §In[27r}§ln[5]<SMS —|—§)1an]5111[ ]
Now, the values of Sy and S? are on the order of 10* and 10? respectively. Fur-

thermore, f% In [27] ~ —0.92. Thus, Sy —S* >> %, —Stln {%} >> fé In [Si]



S
Sm
the approximation, yielding:

as well as —S%In [ } >> —% In [27] . Thus, these terms can be dropped from

: Sy — S s
ln[Ci]%(SMS)lnl(Tw) SIH[SM} (7)
Define the ratio SS—I; =S (0 < St < 1) then rewriting:
In[Ci] = Spr {8 In[S"] — (1~ S8")In[1- 8]} (8)

Further, defining H (SZ) =-S'ln [SZ] —(1 — Si) In [1 — Si] , yields the following
identity:

In[C] = Sy H (S*) (9)
Thus, the total number of possible synaptic configurations, C' is:
N+ Nt
C=>Y Ci~)Y Eap[SuH (S")] (10)
i=1 i=1

Minimizing "Wiring"

The wiring minimization hypothesis is well established in the neuroscience
literature. We note that the larger the number of different possible synaptic
combinations, the greater the chance there is to find a minimum total wiring
length. Likewise, this result also occurs from maximizing metabolic efficiency.
Thus, we seek the maximum of Eq.(10). Since the maximum number of synapses
is the same for each neuron (by assumption) the value of Eq.(10) is maximized
when the number of synapses for each neuron, S’ is distributed evenly. In other
words, for all S*:

St
= — 11
S Nr (11)
Defining S = %# and S = SiM yields:
N’l'
C~> Eap[SuH (S)| = NrExp[SuH (S)] (12)
i=1

In (logarithmic) terms of the number of configurations per number of neurons:

C

In {N_] ~SuHS)=Su{-SIn[S]—(1—-S)In[l —S]} (13)
T

Thus, Eq.(10) represents the optimal (most metabolically efficient) state of con-

figurations for data with indistinguishable neurons and synapses. Note that this

equation takes the same form as Shannon’s measure of information as well as

the entropy given by the canonical ensemble in statistical mechanics.



The Maximum Structure Model
We maximize the Kolmogorov structure by using Eq.(13) and minizing its

2
increase, i.e., d—[%n = 0. This results in the following differential equation:

" 2 1 -
et O'[f—mﬂ—dﬂu_em)_o (14)

Here, and f =In [%ﬂ} An approximate solution to this equation is:
M

In[S(t)] = Fe 7 cos(wt + ¢) + G (15)

Here, w, ¢, t., F and G are constants. The constants come from Sj; as well
as the initial conditions for the differential equation. See the Appendix, parts
II-VII for a derivation of this equation, the definition of the constants, as well as
a demonstration that this approximation is a good one. Also, see the Appendix,
part VIII, for a demonstration that Eq. (15) yields a minimum.

Empirical Data Analyzed

In this study, we used previously reported data on synaptic and neuronal
packing densities in the postnatal human cerebral cortex from birth to 72 months
to estimate the number of synapses per neuron in each cortical layer of the
three cortical areas for which human data are available. The neuronal packing
density data were originally gathered by [8] and subsequently corrected by [9].
The synaptic density data were originally collected by Huttenlocher et al. (1979,
1982, 1987, 1997). The final synaptic and neuronal density data sets we analyzed
were corrected for stereologic counting error and tissue shrinkage before deriving
estimates of the number of synapses per neuron in each layer of the three cortical
areas at each of eight age points from birth to 72 months. Corrections for
shrinkage and stereological counting may introduce error, so we also applied
our theory to uncorrected data. Together, these data sets allow us to test an
entropy-based theory of synaptic development.

Conel’s Neuronal Packing Density Data

The age-specific laminar neuron packing density data reported by Conel
came from 5 to 9 grossly and histologically normal postmortem human brains
for each of eight postnatal age points (0, 1, 3, 6, 15, 24, 48 and 72 months).
Clinically, each case showed no evidence of neurologic disease and did not have
diseases known to affect the central nervous system. All cases had normal brain
weights for their age. Conel reported uncorrected neuron packing density values
per cortical layer per cytoarchitectonic area per age point studied. Shankle et al.
corrected Conel’s neuron packing density data for stereologic counting error and
tissue shrinkage, and found that the corrected values agree closely with those
values reported by contemporary studies [9]. Conel’s data were also analyzed
using correspondence analysis [13]. Confidence ellipses from the first two factors
demonstrate that within cortical layer variance is generally much smaller than
between cortical layer variance [13, Figure 3, P. 4025].
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Huttenlocher’s Synaptic Density Data

The only age-specific data on laminar synaptic densities in postnatal human
cerebral cortex comparable to the Conel neuron packing density data come from
Huttenlocher et al. (1979, 1982, 1987, 1997). Huttenlocher examined one brain
per age point to measure age-specific laminar synaptic densities in primary
visual cortex — Brodmann area 17 (BA 17), primary auditory cortex (BA 41)
and midfrontal association cortex (BA 10). While Huttenlocher corrected these
data for stereologic counting errors, he reported that only BA 17 was corrected
for tissue shrinkage [14]. We therefore applied his reported age-specific tissue
shrinkage factors to BA 10 and 41.

Computing the number of synapses per neuron

Using the tissue-shrinkage and stereological corrections of the neuron packing
and synaptic density data of Conel and Huttenlocher, we computed the number
of synapses per neuron for each layer of each cortical area at each of the eight
postnatal age-points, 0 (birth), 1, 3, 6, 15, 24, 48 and 72 months. The formula
was simply: synapses per neuron = synaptic density divided by neuron packing
density.

To estimate laminar synaptic densities at the same age points as Conel’s
neuron packing density data, we used the synaptic densities at the closest age
points on both sides of Conel’s age points and performed linear interpolations.
This interpolation appears to be accurate as synaptic development is relatively
smooth (Bourgeois, Rakic & 1993; Bourgeois, Goldman-Rakic & Rakic, 1994).

Statistical analysis of the data

For each layer of each cortical area, the goodness-of-fits of the analytical
solution for number of synapses per neuron to these data were then computed
as a least squares fit:

8

X*(8) = (In[Si] — In[S;]) (16)

i=1

Here, S; denotes the number of synapses observed at the ith point in time, S; is
the number of synapses predicted by Eq. (15) and x? (9) represents the sum of
least-squares, where 0 is a vector of the five parameters from Eq. (15)3. It is not
clear that the value given by Eq.(16) is actually distributed as a chi-squared
random variable. This is especially true for least-squares fits computed from
nonlinear regressions. Therefore, to compute a proper test statistic, we used an
F-statistic given by [19]:

q,8—p —

X*(8) — x*(8) <8p> (17)

x*(0) q
3The parameter values which minimized Eq. (16) were computed using the conjugate

gradient method. The basic method is detailed in [17]. Useful modifications are described in
[18].
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Here, 0 is a vector of parameters from a null hypothesis and g = (n—po)—(n—p),
where pg is the number of parameters in the null hypothesis. Furthermore, p
is the number of parameters of the alternative hypothesis. Thus, this statistic
accounts for the number of parameters in both the null and alternative hypoth-
esises. Also, it should be noted that Eq.(16) uses logarithmns of the synaptic
numbers instead of the original values. This was done for pragmatic (numerical
analysis) reasons*. However, the resulting values computed from Eq. (17) are es-
sentially the same as those from the original synaptic values. See the Appendix,
part IX for a proof.

We first used Eq. (17) to compare our predicted values to the null hypothesis
— a horizontal line (one parameter). This gave us the values of five parameters
(in Eq. 15) for each cortical layer in each of the three cortical areas. Since five
parameters is a large number of parameters relative to eight data points, we
fixed two of the parameters for each of the three areas. These fixed parameters
are the frequency w and the decay constant ¢.. These parameters were fixed to
their average value for each of the three areas. This allowed us to test a three
parameter model.

A number of additional models were compared to the our five parameter
model (Eq. 15). They are: first, a basic exponential growth model: S(t) = AeBt

(two parameters) second, a logistic growth model: S(t) = H_Ag—i; (three para-
meters) and third, the Lotka-Volterra competition equations (five parameters):
S'(t) = S(tyry (1 — SE05W) and §)(t) = S(t)ra(1 — 2WE225W)  Here, 4,
B,C, D, E, ry,re, ay, ag, K1, and Ky are parameters. S represents a “com-
petitor,” e.g., a pruning mechanism. Note that a solution to the Lotka-Volterra
differential equations yields eight parameters. Our model has five, so some of
the parameters of the Lotka-Volterra equations were equated to reduce it to a
five parameter model. (For an introduction to the Lotka-Volterra theory, see
20].)

To further test our theory, we compared the fits obtained using Eq. (16) to
four ad hoc functions. Each of these functions has five parameters. They are,
a modified (five parameter) logistic: S(t) = ﬁgzm, polynomial: S(t) = A+
Bz +Cx?+ Da®+ Ex*, Fourier series: A+ B cos(Ct)+ D cos(2Ct) + E cos(3Ct),
and sinusoidal: S(t) = A + B cos(Ct) + Dsin(FEt) ).

Main findings

The goodness of fits of our theory are given in Table 1 (3 parameter model)
and Table 2 (5 parameter model). We used both the raw (uncorrected) data and
the corrected data to test our theory. The 3 parameter model yielded significant
fits for the raw data at all 18 data points. All but two points are significant
for the corrected data. Similarly for the 5 parameter model, 16 out of 18 data
points have a significant fit for the raw data. 15 out of 18 are significant for
the corrected data. Figure 1 shows the observed and expected synapses per
neuron values for the cortical layer and area with the best fitting (5 parameter,

4The data varies over a number of orders of magnitude, making it difficult to find a min-
imum. However, taking the logarithm of the data makes minimization much easier, as these
data are all at the same order of magnitude.
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corrected data) solution. Figure 2 shows the worst fitting case (5 parameter,
corrected data). Note that in some cases, the 3 parameter model fits better than
the 5 parameter model. This may seem counterintuitive. However, it is due to
the fact that goodness-of-fit statistic used (Eq.17) accounts for the number of
parameters.

A comparison of our 5 parameter model to three standard growth models is
given in the Table 3. These models are the exponential, logistic and the Lotka-
Volterra. Here, we used the corrected data for our comparisons. Statistical
significance was computed using a sign test. In all three cases, our theory
explains these data better in a highly significant manner.

Similarly, Table 3 also shows the results of four ad hoc functional fits. These
functions are the modified logistic, polynomial, Fourier and sinusoidal. Again,
we used a sign test to compare our theory to these other functions. And again,
our theory fits significantly better in all four cases. In three of these cases, the
fit is highly significant.

Discussion

The common solution of the maximum Kolmogorov structure equation (Eq.
14) to these different cortical areas and layers is a damped sinusoidal function of
the logarithm of the number of synaptic connections. This logarithmic depen-
dency is not unusual. Other neurobiological systems, the sensory processes in
particular, function on a logarithmic scale [21]. Thus this finding is congruent
with the nature of other brain systems. However, a deeper examination of this
solution is necessary to see how it correlates to synaptic development. This is
done by an examination and interpretation of the parameters of Eq. (15)

Interpreting the parameters

There are five parameters in Eq. (15). Two of these parameters Sar and b,
were defined earlier. The other three arise from (mathematical) initial condi-
tions. However, it is more informative to examine the parameters in the context
of biology. In this context, the growth constant, t., is a good candidate for
significance beyond being just a function of initial values.

To examine its meaning, one must look at the nature of synaptogenesis in
different brain areas. In many theories of synaptic development, there are two
basic forms of synaptogenesis in cerebral cortex [22]. The first is “selective,” the
other “non-selective.” Selective synaptogenesis occurs when developing axons
grow directly to their targets. There is little overgrowth or pruning. On the
other hand, non-selective cortical areas show significant axonal growth beyond
their final target. They also exhibit significant pruning after this overgrowth.
These sorts of theories assert that selective and non-selective cortical areas are
fundamentally different.

This is one view of synaptic development. On the other hand, our theory
postulates a single equation for both selective and non-selective cortical areas.
This means that these two types of cortices form the extremes on a spectrum
of developmental possibilities. Thus, we postulate that synaptic development is
basically the same in different parts of the cortex, but the degree of “develop-
mental control” (via synaptotrophins etc.) varies from area to area. To test this
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hypothesis we chose two cortical areas, one selective area and one non-selective
area. We postulated that a single parameter, the growth constant t., could
distinguish between these two areas.

A good cortical candidate for selective synaptogenesis is Brodmann area 10.
Synaptogenesis in area 10 of rhesus monkeys has been carefully examined [16].
Commenting on synapses on dendritic shafts (p. 87), “synaptic contacts ... do
not appear either to be overproduced or subject to pruning during development
or adulthood.” Similarly, when discussing synaptic development on dendritic
spines (also p. 87), they note, “Their density begins to decline mainly after
the onset of puberty...” This means that there is little synaptic pruning prior
to adolescence. This finding for prefrontal cortex is similar to Huttenlocher’s
results and suggests that area 10 engages in selective synaptic development.

Similarly, a good candidate for non-selective synaptogenesis is area 17. Bour-
geois and Rakic carefully documented synaptic development in the primary
visual cortex of the macaque monkey [15]. On page 2807, Fig.5, top, they
quantified synaptic contacts per neural probe. Their data show a peak of about
5000 synapses at around 3 months. On the other hand, at 18 months (equal to
about 72 human months in development) this number is halved to about 2500
synapses. This factor of two synaptic pruning is in agreement with the area 17
data of Huttenlocher. Thus, it appears that primary visual cortex engages in
non-selective synaptic development.

To examine the hypothesis that the growth constant could differentiate be-
tween selective and non-selective synaptogenesis, a one-way ANOVA as well as
a Wilcoxon rank order test were carried out. These tests were used to compare
growth constants computed for area 10 with those of area 17. The result of the
ANOVA was a significant difference between the two sets at a p <0.01 level of
significance. Similarly, the Wilcoxon test demonstrated a significant difference
at p <0.01. These results suggest that the growth constant parameter differs
between selective and non-selective cortical areas.

Conclusion

In summary, this application of optimal synaptic development to human
neurobiology provides useful knowledge which suggests that there may be a
general set of rules governing the laminar development of the number of synapses
per neuron in different areas of the cerebral cortex in humans, and perhaps other
mammals. Direct examination of synaptic development data in various primate
and nonprimate species is an important next step in the testing of this new
hypothesis.
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Appendix

Appendix

Part I, Maximizing the Increase in Kolmogorov Structure of an
Ensemble of Developing Neurons is Equal to Minimizing its Entropy
Rate.

Consider a very large (~10,000) group of developing neurons. Assume that
for a small, fixed period of time, At;, each neuron can do one of three things:
1) Add a new synapse, 2) Prune a synapse or 3) Neither prune nor add a new
synapse. Note that the exact length of this time period, At; may be different
at different times of development. However, it is chosen in such a way that the
probabilities of other synaptic development events (than the three listed above)
are negligible. Then in terms of the number of synaptic connections for a given
neuron, (denoted as S), this number is changed by either -1, 0, or 1. For the
ith neuron, that change is denoted by s.

Thus, for a group of n neurons, we can describe the change in synaptic
connectivity as a Bernoulli sequence of length n, e.g., 1,0,-1..., and denoted as
s™. (It is important to note that this is a zeroth order description based on the
assumption that the outcomes are i.i.d. as well as the zeroth order assumption
of synaptogenesis being uniformly random for a fixed time period, At;.)

These assumptions allow us to perform a Kolmogorov structure analysis
of this group of neurons. Much of the analysis described in this section of the
Appendix is taken from Cover and Thomas (1991, Ch. 7). The reader is referred
to this excellent text for important details. [3] defines the Kolmogorov structure
function as’:

n .
Ki(s"|n) = ,min log|C| (18)
U(p,n)=C
z"eS C{—1,0,1}"

Here, U is a universal Turing machine, p is a program, [ (p) is its length, z™is
a Bernoulli sequence of length n drawn from {—1,0,1}"™. C is a set containing
s™, |C| is its cardinality and k is a constant. The conditionality on n refers to
the computer having prior knowledge of the value of n. The minimum sufficient
statistic for the Kolmogorov structure is defined as the minimum k& such that:

Ki(s"|n) + k= K(s"|n) (19)

Here, K(2™|n) is the Kolmogorov complexity function which is defined as K =
n%ir)l I(p). For the rest of the Appendix, ‘&’ will refer to this minimum value.
p:U(p)=x
Let s7, refer to the value of the Bernoulli sequence at time t,, = Z:ll At;.
Also, let k,,, denote the value of k at time ¢,,. Then the difference in Kolmogorov
structure between the times ¢,, and £z, is:
Ky (syq1ln) — Ky (sp[n) = K(s7, [n) = kg1 — K(s75,|n) + km (20)

m1

5This structure function, K should not be confused with the Kolmogorov third order
structure function used in atmosphere and turbulence research. Also, note that this function
is not the same as the Kolmogorov complexity function, though the two are closely related.
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Thus, the mean value of this difference is:

K n - K n
n— oo n
K(s" |n)—kpp1—K(s]|n) + kn,
— limE{ (52 1) +1 — Klsln) ] (22)
n— oo n

K(sl . {|n K (s k. —k

— limE [M] _ limE [M] + lmE [m—m+1:| (23)
n—00 n n— 00 n n—00 n

Here, F is the expected value. Since the actual number of neurons is very large,

the infinite limit provides a good approximation. There is a basic relationship

between the mean value of the Kolmogorov complexity and the entropy H.

Mathematically, this relationship is: lim F [ﬂ%lﬂl} = H(S) (Theorem 7.3.1,

n—oo
Cover & Thomas, 1991). Here, S is the random variable with outcomes s;.

Applying this theorem to Eq.(23) yields:

km — km
— H(S) - H(S,) + linp |2t (24)
n—oo n
Note that k,, and k,,+; are the lengths of the programs used to write the
indexed sets, s,, and s,,+1. Members of these sets have the exact same number
of elements, n. Furthermore, the members of both sets are taken from the same
(or very similar) Bernoulli sequence. Thus, the difference k,, — ki1 will be
a relatively small number compared to n. Therefore, limFE {%} = 0.

Applying this to Eq.(24) yields:
= H(Sy41) — H(Swm) (25)

Thus, the average change in Kolmogorov structure is equal to the difference in
entropies. This fact can be rewritten in terms of rates by dividing by the time
step value, At; :

o1 Kymi1(5"n) — Kim(s™|n) - H(Spy1) — H(Sr)
lim AtE - = AL (26)

aH (St = S Ar))
dt

(27)

~
~

Somewhat counterintuitively, the greater the value of the Kolmogorov structure
function, the less structure there is. Therefore, to maximize the increase in
synaptic structure over time, we wish to minimize Eq.(26) . This is done in the
standard way, i.e., by taking its derivative and setting it equal to zero:

g [af (St =t an)]  ar (S@ =2t an))
dt dt B dt?

(28)
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=0

Thus, maximizing the increase in average synaptic structure over time is equiv-
alent to minimizing its entropy rate.

Part II, Differential Equation for Synaptic Development
The entropy for a discrete probability distribution is defined as H(S) =

Zf;l —p(s;)In[p(s;)] [3]. Here, p(s;) is the probability of a particular outcome,
s;. Inserting Eqs.(??-77?) into H(S) yields:

H(t) = — <1 - ?) 1 — 20 (29)

M Sm
() )
— <(1 — b)§> Inf(1 — b)ﬁ}

Note that the random variable, S(t = Z:l? At;) is time-dependent, that is,
nonhomogeneous. To solve for a continuous function of synaptic development,
we will approximate S(t) as a continuous function of time, i.e., S(¢). This
allows us to find a differential equation for the maximum Kolmogorov structure
increase by inserting Eq.(20) into Eq.(19). To solve this equation, we define

f(t) = ln[b%ﬁl]. This yields the differential equation:
M

Fr+frn- ! - =0 (30)
£ +k—mm1—)] (1 —e)

Here, k = bln[b] 4+ (1 — b) In[1 — b].
Part III, The linear approximation to Eq. (30)

The linear approximation to Eq. (30). can be computed using Taylor series
expansions. Dividing both sides of Eq.(30) by f yields:

1 , 1
4 1— =0. 31
f / f+k—In[l— ]| (1-ef) 3

Then a Taylor series expansion of the fl portion of the first term of Eq. (31)

/
(&), yields:

Lol Lo (32)
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Here, f(; is shorthand notation for f ' (to), i.e., the function evaluated at a fixed
time. This term is further approximated by inserting the first-order value for
/" into the second term of Eq. (32), yielding:

f_l/ ~ //z _ fO fl

I fo 17
To approximate the second term, define K as
/

1
((ln[l—ef]—f—k)(l—ef))o

_ of
= T [ ) 1) P o+ k(1 )

as —H. Then, Eq. (30) can be written as:

(33)

1

(fot+k—In[l—efo])(1—el0) and

Af' +Bf'+Cf-D=0 (34)

where,

:l

A_f(/)7 124

=1_d0 _

B_1, g H

C=fH

D= fyK

This equation has the well-known damped harmonic oscillator solution:

. D
f=Ge " cos(wt + ¢) + vl (35)
Here, t. = % and w = ,/% — % . GG and ¢ are parameters.

Rewriting in terms of In [s(¢)] this equation becomes:
In[s(t)] = Ge_tlr:cos(wt +¢)+F (36)
Here, F' is defined as F' = % +In [%‘L}
Part IV, Asymptotic solution for 0 < s(t) << Sy

At this asymptote, ef ~ gL(f +In[Sy/]) and In[l — ef] ~ g_—e(f + In[Sy]) -
M M
Inserting these values into Eq. (30) and dividing by f’ yields:

In[f) + f |1 - ! — =0 (37)
f+k+g=(f + )] [1 = g (f +Eu)
This equation can be rewritten as:
11/ / 1 —
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Here, A = 1+ &)=, B = (1 + = )—ehi[EM] + ke 4 SQ%SM] and C =

Sn’ Sm S S S

keg[sM L4+ (Eln[ ] ). Integrating Eq. (38) and exponentiating yields:
M M
i ()
f’ = De (39)
Here FF = C — $ A, D is an integration constant. A good approximation is

= 7. Using this approximation and integrating a second

11V % +2 IV FE T ovAr
tan NG £
time yields:
f = LIn[Mt+ N (40)
Here, L, M and N are arbitrary constants.

Part V, Comparison of the oscillator solution to the asymptotic
solution for 0 <t

The second order Taylor series expansion of Eq. (40) is
LM M? t2
Lln[Mt—&—N]%Lln[N]—&-Tt—LN2 5 (41)
This can be compared to the Taylor series expansion of Eq. (35) for ¢ ~ 0:

f(t) = =L cos(p)

+L [%@S) + wsin(qﬁ)} t
L [eos(d) | 2wsin(d) ﬁ

L [ 2 + P w?cos(¢) 5 (42)
Choosing ¢ such that:

¢ = cos™(In[N]) (43)
as well as w such that:

M In|N]
w= N k (44)

sin(cos~1(In[N]))
equates the first two terms of the series expansions. The third terms are ap-
proximately equal if one of the following two conditions hold:

L p~0and - >>w
~ I 2 ~
2. ¢ = 5 and =~

At this asymptote, e/ ~ 1+ f and In[1 — ef] & — In[S,
into Eq. (30) and dividing by f’ yields:

Part VI, Asymptotic solution for 0 << s(t) S Sus
1]

Inserting these values

11/ / 1 —
S s en) )
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Using the approximation f? = 0, integrating and exponentiating yields:

i "

Here, L is an integration constant. In general, this equation cannot be inte-
grated. However, it is clear that it has a vertical asymptote to —oo at f = 0.
To illustrate this, set k& 4 In[Sy/] = 1. In this case, an implicit solution for f is:

ff=Le 12

w;/ S de=Lt+M (47)
f xr

Here, M is a second constant. Fig. 3 shows a graph of this function. Note the
vertical asymptote at zero (s = S, M = 0). This corresponds to a horizontal
asymptote for f(t). A zeroth-order approximation demonstrates this directly.
Approximate ef ~ 1. Then Eq. (30) becomes:

f2=0 (48)

This equation solves to:

=L (49)

i.e., a horizontal line. Note that Eq. (35) also has a horizontal asymptote.
Part VII, Critical points of the function f, as given by Eq. (30).

An examination of Eq. (30) demonstrates that the solution, f has an critical
point (f' =0) when:

f—&-k—ln[l—%} (1-ef)y=0 (50)

The two factors yield two possible solutions. The first factor becomes a zero
when:

ef
f+k=In[1- ?] (51)
Where f is defined as:
S(t
£(8) = mp 2 (52)
Sum
Solving for S%t;) yields:
1 St)
bek +1 Sy, (53)

Here, t; denotes a point in time where the first factor in Eq. (50) yields an
critical point. Numerically speaking, this inversion point occurs when S(t1) is
between % and 1 of Sy; (depending on the value of b), i.e., intermediate values
of f. Examining the second factor becomes a zero when:

1=¢ (54)
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The definition of f (Eq. 52) yields the zero condition:
S(t2) = Su (55)

This zero point can only be reached when b = 1.
Thus, for b # 1,there is at most, one possible critical point. On the other
hand, for b = 1, Eq. (52) yields an exact solution to Eq. (53):

S(h) =22 (56)

Thus, for b = 1 there are critical points at S(tz) = Sy and at S(t;) = %M

Critical points as contraints to Eq. (30)

There appears to be no clear way to assign the critical points the status of
maximum, minimum or inflection without assuming a solution to the Eq. (30).
However, if the linear approximation solution, as given in Eq. (15) is assumed,
then it is accurate, with added constraints. These constraints yield five possible
solution forms. These are:

1. An over-damped harmonic oscillator, i.e., no local maxima or minima.
2. An over-damped harmonic oscillator, i.e., no local maxima or minima,

but an inflection point at S(t) = S (b=1).

3. A critically damped harmonic oscillator, i.e., one local maximum.

4. A critically damped harmonic oscillator, i.e., one local maximum and an
initial inflection point at S(t) = 94 (b =1).

5. A damped harmonic oscillator with an inflection point at the first time
that S(t) = %M, a maximum at S(¢) = Sy and a minimum at the second point

where S(t) = Eé” (b =1). This is followed by a horizontal asymptote.

It should be noted that the initial critical point — a saddle point is smoothed
over by a growing exponential. That is, the saddle point behavior does not
actually occur in the linear approximation solution. There appears to be no
good way to get around this by-product of the approximation.

Part VIII, Eq. (15) yields a minimum

In order to show that Eq. (15) is a minimum, it is necessary to show that
the third derivative of the entropy is positive, i.e.,

H"[S(t)] >0 (57)

This differential inequality does not have an analytical solution. However, use
of the linear solution (Eq. 36) and numerical analysis yields H"” as a function
of gi, i.e., a ratio between zero and one. As an example, area 17, layer 6 is

M
shown in Fig. 4
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The parameter values used to compute this curve are the same as those used
to fit area 17, layer 6 data, with the additional assumption of the parameter
b being b = 0.5. In general, the third derivative of the entropy was positive.
However, an important exception is when the parameter b is below about 0.08.
See Fig. 5 below, for an example. This finding is discussed in the main text.

Part IX, An F statistic is equal to an F statistic with logarithmic
values

Let S; denote the ith synaptic number computed using hypothesis é, S; be
the ith synaptic number computed using hypothesis 0 and S; be the ith value
of the measured synaptic number. Then, Eq.(17) becomes:

LR = 2] Dl (nl8 = W8] 3L, (0(S) - nf5)*
q Tl - (5]

8 p) T (&) - SF, ()2

|

(58)

“ S (n[£))?
_ (3—p) T (ol + 553?58 (nf1 + %))
1 Z?=1(ln[1 + 575;787])2

Using two approximations, first, In(1 + z) &~ « and then S—lz ~FE [é} , where F/
is the expected value, yields:
_8-p) Zi:l(T)2 =2 i S; )
~ 8 (8i-S;
4 2= (g )?

(59)

B8P (S-8) =30 (S —8)?
a S8 (S —Si)?

which completes the proof.
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Table 1. Goodness of fit for 3 parameter model by area, layer and

data type.
Area 10 Area 17 Area 41
Data: Raw Corrected Raw Corrected Raw Corrected
Layer

Fit Fit Fit Fit Fit Fit
1 99% 99% 99% 99% 99% 99%
2 99% 99% 99% 99% 99% 99%
3 99% 99% 96% 99% 98% 82%
4 99% 99% 99% 99% 99% 98%
) 99% 99% 99% 99% 99% 93%
6 99% 99% 99% 99% 99% 99%
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Table 2. Goodness of fit for 5 parameter model by area, layer and

data type.
Area 10 Area 17 Area 41
Data: Raw Corrected Raw Corrected Raw Corrected
Layer

Fit Fit Fit Fit Fit Fit
1 98% 99% 99% 99% 98% 97%
2 99% 99% 99% 99% 99% 97%
3 98% 97% 99% 99% 70% 53%
4 99% 99% 99% 99% 97% 92%
5 97% 98% 99% 96% 99% 95%
6 99% 97% 97% 99% 92% 94%
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Table 3. Comparison of Maximum Structure Model to Other

Models.
Comparison Model = Number of Parameters # of better fits for Significance
our theory (out of 18)
Exponential Growth 2 18 p<4x1076
Logistic Growth 3 18 p<4x10
Lotka-Volterra 5 17 p<T7x107°
Modified Logistic 5 14 p < 0.02

Polynomial 5 16 p < 0.0007
Fourier 5 18 p<4x107
Sinusoidal 5 18 p<4x10

28



Ln # of Synapses

11 ~

10.5 A

10 4

9.5 1

Area 17
Layer 2

¢ Measured
— Predicted

12 24 36 48 60
Time in Months

Figure 1:

Fig. 1 Best Predicted Area and Layer
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Figure 2:

Fig. 2 Worst Predicted Area and Layer
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Figure 3:

Fig. 3 An example of Eq. (47)
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Figure 4:

Fig 4 An example of H"’
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Figure 5:

Fig. 5 An example of H"” < 0 for b =0.05
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