Physics 106¢ — Problem Set 3 — Solutions

April 28, 2012

Problem 1

B=~t
L=30 c¢m
R=3 mm

¥=.001T/s

p=1.6x10—6 ohm-meter (\Wrong -- see below

First, split the copper rod into rings, with width dr r and height dz. A given ring is located at a length # along the
rod and at a radius r, with # and r varying from 0<r<R and 0<z<L. The flux through the ring is

&=Bnrr?

Due to the symmetry of the problem, the electrical field induced by the varyving magnetic field should be eonstant
around the ring. Thus, the line integral of the electrical field around the ring will just be the product of the field
strength and ring cireumference. Note for later that this line integral is literally the voltage around the ring. This gives

A /dt=LE mr?=ymr?=E2rr=V

E=(-1vy/2)8

Using the previous week's derivation of the relation between o, E",I and E, and if we recognize that only the 8
—
portion of the J will be relavent, we find that

J=o/(1+(42)%))(-36)

o=1/p

Using the relation that the power dissipated P is P=VI, and integrating & from 0 to 27, we find
Ploop=V [ J - fdA—yrrdrdz/2p(1+(2)?))

The power dissipated in the entire rod is simply the integral of this quantity over all applicable z and r values.
This gives

P=y?nLr? /8p(1+(E)%))
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.5 = 10 ~ (28);

.6 » 10 ~ (-19);

P[B] :=Pixy"“"2*xR*“4+xL/8/p/ (1L+(B/n/e/p)r2);
Plot[P[B], {B, 0, 10}, AxesLabel -» {B, P}, AxesOrigin - {0, 0}]
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NOTE: | gave you the wrong value of the resistivity!! At low
temperatures (T<10K) the typical resistivity of copper is about
1074 times smaller than the value | gave. For this reason, the
heating calculation showed extremely little dependence on B.
In reality, the heating drops off quickly at high fields due to the
B”2 term in the denominator. Mea culpa!



jpe
Text Box
NOTE:  I gave you the wrong value of the resistivity!! At low temperatures (T<10K) the typical resistivity of copper is about 10^4 times smaller than the value I gave.  For this reason, the heating calculation showed extremely little dependence on B.  In reality, the heating drops off quickly at high fields due to the B^2 term in the denominator.  Mea culpa!


Problem 2

—
a) Vx E=dB /dt
Inside a perfect conductor, E is the 0 function on the microscopic level, so dB/dt is as well.

b) Vx E=dB /dt
Consider a loop of perfectly conducting wire of radius a. The line intergral of the electrical field around the loop

is equal to the time derivative of the magnetic flux in the loop. Since we have a perfect conductor, E = 0, the line
intergral is 0, which requires the derivative of the flux to be 0, i.e. it is constant.

¢)Since a superconductor is among other things a perfect conductor, the conductivity o is infinite. A current of
=
any magnitude can flow within the conductor with 0 E field, hence the electrical field must be 0.

d) As the sphere goes through it’s superconducting transition, the superconductor must generate a current to cancel
the B = Boz field at each point inside the sphere, and that current must be confined to the surface of the sphere due
to the arguments of the previous parts of the problem. Note from Ex 5.11 the magnetic field of a sphere with charge
density o, radius R, and rotating at an angular velocity w generates a uniform magnetic field with the sphere of strength

B=2p90Rw/3

directed in the 42 direction.

o=3B,/(2poRw)

The current at an angle # on the surface of the sphere is

J=ov=0Rsinfw=3B,sinf /(21)
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Problem 4

)
For the upper plate only, B = —(uo/2)K2 above the plane, and B = +(uo/2)K#
below the plane. For the lower plate only, B = +(pup/2)K# above the plane, and
B = —(p0/2)K & below the plane. So together we have
B— po & between the plates
0 everywhere else
b)

First choose our coordinate system such that the upper plate is at y = d/2 and the
lower plate is at y = d/2 . The induced electric field satisfies:

0B
VXE=-— 5 — ot

In analogy with Maxwell’s eqn V x B = pqj , we can take —ad to be the “body current”
that generate E . Furthermore, if we think of this “body current” as composed of stack
of parallel infinite planes with surface current K’ , we can conclude that E has only 2
component , is antisymmetric for z = 0 plane, is in —2 direction for z > 0 and in 2
direction for z < 0.

To calculate the electric field between the plates, draw a rectangle perpendicular to B
and symmetrically cross 2z = 0 plane, we have:

= 2Fz=p,a22y
= FE = pupay (1)

To calculate the electric field outside the plates, let the rectangle cross the two plates,
we then have:
2Ez2 = pyozd
= E = ppad/2 (2)



c)
Outside the plates the Poynting vector is zero because there is no magnetic field. Be-
tween the plates:

1
S = —ExB
Ho

= —poa’yty (3)
The flux into the region between the plates is then
—S(2 =d/2) + S(z = —d/2) = poc’dt
The magnetic energy per unit area stored between the plates are:

I
E = —B%
21

= poa’t?d/2 (4)

E is constant, so it won’t contribute to the energe change rate. The energe change rate
is then:
dE 2
— = pportd 5
a Mo (5)
We see the flux matches the energy change rate.
d)
Here we can simply change o« — 9K /0t and get:

B— poKt  between the plates
10 everywhere else
oK
- : y2 between the plates
ot
pod OK
2 Ot
§=4 = Jo K QE% yZ between the plates
10 everywhere else

E = —,uo
E=+ outside the plates, - for 2 > 0
The flux into the region between the plates is then

IR
—S(z=d/2) + S(z = —d/2) = ,UUKT:GI
7

The magnetic energy per unit area stored between the plates are:

B%d
2410
= poK?d/2 (6)

B =



The magnetic energe change rate is then:

dFE OK
E = poKK Ed (

We see the flux matches the magnetic energy change rate only.

-1
=2

This does not mean that total energy is not conserved, it’s just the consequence of
quasistaic approximation, where we can ignore the electric energy compared to the
magnetic energy if the current variation frequency is very low. Total energy is always
conserved. When the current variation is so fast that the electric energy is comparable
to the magnetic energy, the quasistatic approximation breaks down and we need to
take into account the displacement current. which infact reduces the original magnetic
field.





