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Subset Simulation and its Application to Seismic Risk
Based on Dynamic Analysis

S. K. Au1 and J. L. Beck2

Abstract: A method is presented for efficiently computing small failure probabilities encountered in seismic risk problems invo
dynamic analysis. It is based on a procedure recently developed by the writers called Subset Simulation in which the central ide
a small failure probability can be expressed as a product of larger conditional failure probabilities, thereby turning the prob
simulating a rare failure event into several problems that involve the conditional simulation of more frequent events. Markov chain
Carlo simulation is used to efficiently generate the conditional samples, which is otherwise a nontrivial task. The original ver
Subset Simulation is improved by allowing greater flexibility for incorporating prior information about the reliability problem so
increase the efficiency of the method. The method is an effective simulation procedure for seismic performance assessment of
in the context of modern performance-based design. This application is illustrated by considering the failure of linear and no
hysteretic structures subjected to uncertain earthquake ground motions. Failure analysis is also carried out using the Markov chain
generated during Subset Simulation to yield information about the probable scenarios that may occur when the structure fails.
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Introduction

In modern performance-based engineering design, the prope
sessment of the performance of structures constitutes an im
tant component~SEAOC 1995, 2000; Cornell 1996; Wen 2000!.
This includes realistic modeling of material constitutive behavio
structural components, loading conditions, mechanism of dete
ration, and so on, that are anticipated during the working life o
structure. Due to incomplete information, uncertainty always ex
in the loading conditions as well as the structural behavior.
probabilistic approach allows scientific and engineering pred
tions to be made with different degrees of confidence reflect
the incomplete information available. Application of probabilit
concepts to structural safety was initiated in the mid 1940s, due
the work of Freudenthal and his coworkers~Freudenthal 1947;
Freudenthal 1956; Freudenthal et al. 1966!.

Structural reliability is concerned with the probability that
structure will not reach some specified failure state in some
certain environment. This problem can be posed mathematic
as follows. LetuI PRn be a parameter vector containing all th
uncertain quantities of interest; in general, they will relate to t
structural behavior and the loading conditions. Letq: Rn°@0,̀ )
be a prescribed probability density function~PDF! quantifying the
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relative plausibility of values that the set of uncertain parame
uI 5@u1 ,...,un# may assume~Cox 1961!. Without loss of general-
ity, it is assumed that these parameters are, or can be transfo
to be, independent, i.e., q(uI )5P j 51

n qj(u j), where
qj : Rn°@0,̀ ) is the one-dimensional PDF for eachu j . The fail-
ure probability can be formulated in a generic form as

P~F !5E IF~uI !q~uI !duI (1)

where F,Rn5failure region; and IF : Rn°$0,1%5 indicator
function: IF(uI )51 if uI PF and IF(uI )50 otherwise. In Eq.~1!,
and throughout the paper,P(F) denotes the probability thatuI
PF where the probability distribution ofuI is q(uI ). Much atten-
tion has been given to the evaluation of the failure probability
the past few decades~e.g., Schue¨ller and Stix 1987; Engelund an
Rackwitz 1993; Schue¨ller et al. 1993!, which constitutes the do
main of reliability methods.

Monte Carlo simulation methods~Hammersley and Hand
scomb 1964; Rubinstein 1981; Fishman 1996! offer a simple and
robust means for estimating the failure probability for a specifi
structure and loading conditions, regardless of the complexity
the problem. In this approach, the failure probability in Eq.~1! is
viewed as an expectation of the indicator functionIF(uI ) whereuI
is distributed asq. ‘‘Random realizations,’’ or ‘‘samples,’’ of the
uncertain parameters in the problem are generated accordin
their PDF. The failure probability is then estimated by the sam
average ofIF(uI ) which is just the fraction of the number o
samples that lead to failure. Checking whether the structure
failed for each sample usually requires a structural analysis. A
well known, standard Monte Carlo simulation~MCS! is not com-
putationally efficient for estimating small failure probabilitie
since the number of samples required to achieve a given accu
is inversely proportional to the failure probability when it
small. Essentially, estimating small probabilities requires inf
mation from rare samples which lead to failure, and on averag
requires many samples before one such failure sample occu
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-
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In view of the rare-event aspect of the standard Monte Ca
method, the importance sampling method~Rubinstein 1981;
Schuëller and Stix 1987! has been introduced, which basicall
chooses an importance sampling distribution to generate sam
that lead to failure more frequently. The efficiency of the meth
relies on a proper choice of the importance sampling distributi
which inevitably requires some knowledge about failure. Impo
tance sampling has been successfully applied to time-invarian
static reliability problems where the number of uncertain para
eters in the problem is not too large~Schuëller and Stix 1987;
Bucher 1988; Melchers 1989; Papadimitriou et al. 1997; Der K
ureghian and Dakessian 1998; Au et al. 1999; Au and Be
1999!. For time-dependent problems, which are often charac
ized by a large number of uncertain parameters with complex
arising from its dynamic nature, the application of importan
sampling is much more difficult~Au and Beck 2002!. By exploit-
ing knowledge of the failure region, Au and Beck~2001b! have
developed a very efficient importance sampling method for t
first-excursion problem for linear dynamical systems und
Gaussian stochastic excitation. However, efficient and rob
simulation methods for solving general time-dependent reliabil
problems are still at their early exploration stage~Schuëller et al.
1993!.

This study is based on a simulation-based reliability metho
called Subset Simulation, that was developed recently to effi
ciently compute the small failure probabilities encountered in e
gineering reliability analysis of general dynamical systems~Au
and Beck 2001a!. The method presented in this paper is an im
proved version of Subset Simulation that utilizes the Metropol
Hastings algorithm for generating conditional samples; it offe
greater flexibility for incorporating prior information about th
reliability problem into the simulation procedure in order to im
prove efficiency of the method. Subset Simulation is an effect
simulation procedure for seismic performance assessmen
structures. This application is illustrated by considering the fir
excursion failure of linear and nonlinear hysteretic structures s
jected to uncertain earthquake ground motions.

Basic Idea of Subset Simulation

Given a failure regionF, let F1.F2.¯.Fm5F be a decreas-
ing nested sequence of failure regions so thatFk5ù i 51

k Fi , k
51, . . . ,m. For example, if failure of a system is defined as th
exceedance of an uncertain demandD over a given capacityC,
that is, F5$uI : D(uI ).C(uI )%, then an appropriate sequence o
nested failure regions can simply be defined asFi5$uI :D(uI )
.Ci(uI )%, whereC1,C2,¯,Cm5C. By definition of condi-
tional probability, we have

P~F !5P~Fm!5P~ù i 51
m Fi !5P~Fmuù i 51

m21Fi !P~ù i 51
m21Fi !

5P~FmuFm21!P~ù i 51
m21Fi !5¯5P~F1! )

i 51

m21

P~Fi 11uFi !

(2)

Eq. ~2! expresses the failure probability as a product of a s
quence of conditional probabilities$P(Fi 11uFi): i 51, . . . ,m
21% andP(F1). The idea of Subset Simulation is to estimate th
failure probabilityP(F) by estimating these quantities.

Standard MCS can be used to estimateP(F1) and it is natural
to compute the conditional failure probabilities in Eq.~2! based
on a similar approach, which necessitates the simulation
902 / JOURNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003
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samples according to the conditional distribution ofuI given that it
lies in Fi , that is,q(uI uFi)5q(uI )IFi

(uI )/P(Fi). This is in general
a highly nontrivial task. Nevertheless, it is found~Au and Beck
2001a! that Markov Chain Monte Carlo~MCMC! simulation pro-
vides a powerful method for simulating samples conditional
the failure regionFi ( i 51, . . . ,m21). A MCMC method based
on the modified Metropolis algorithm was developed in previo
work ~Au and Beck 2001a!. This paper presents a generaliz
MCMC scheme which is based on the Metropolis-Hastings al
rithm. The generalization allows more information about the r
ability problem to be incorporated into the simulation proced
so as to improve efficiency of the method.

Markov Chain Monte Carlo Simulation

Markov Chain Monte Carlo simulation is a class of power
simulation techniques for generating samples according to
given probability distribution. It originates from the method d
veloped by Metropolis and his coworkers for applications in s
tistical physics~Metropolis et al. 1953!. A major generalization of
the Metropolis method was due to Hastings for applications
Bayesian statistics~Hastings 1970!. See Fishman~1996! for a
comprehensive discussion of MCMC methods. Applications
reliability calculations and Bayesian system identification in ci
engineering include Au and Beck~1999!, Au and Beck~2001a!
and Beck and Au~2002!.

The significance of MCMC simulation to solving reliabilit
problems is that it provides a versatile way for generating sam
according to the conditional PDFq(uI uF), which has been the
main challenge in a simulation-based reliability method. Succ
sive samples are generated from a specially designed Ma
chain. Assuming the algorithm is properly implemented so t
the Markov chain is ergodic~Au and Beck 2001a!, the distribu-
tion of the samples tends to the conditional PDFq(uI uF) as the
length of the Markov chain increases. Specifically,
$uI 1 ,uI 2 , . . . ,% be the Markov chain samples, thenuI n is distrib-
uted asq(uI uF) as n→`. If the initial sampleuI 1 is distributed
exactly as the conditional PDFq(uI uF), then so are the subse
quent samples$uI 2 ,uI 3 , . . . ,% and the Markov chain is always in
stationary state; as shown later, this is the case for Subset S
lation. The Markov chain samples can be used for statistical
eraging to yield estimates for the conditional expectation of qu
tities of interest.

The proposed MCMC scheme for generating samples w
limiting stationary PDF equal toq(uI uF) is presented as follows
In applications, the parameters in the uncertain parameter ve
uI naturally fall into groups, as will be seen later in the exampl
Let I 5$I 1 , . . . ,I nG

%, wherenG is the number of groups, be th
grouping~or partition! of the indices$1, . . . ,n% corresponding to
the uncertain parameters$u1 , . . . ,un%. Without loss of generality,
we can assume that the indices are numbered so that their nu
cal order is not affected by grouping. For example, a valid gro
ing of $1, . . . ,6% is ~$1,2%,$3%,$4,5,6%!, for which I 15$1,2%, I 2

5$3%, I 35$4,5,6%, andnG53. Let uI ( j )PRnj be the set of thenj

parameters in thej th group (j 51, . . . ,nG). The whole set of
uncertain parametersuI consists of members from all the group
that is,uI 5@uI (1), . . . ,uI (nG)#PRn. For each groupj, let q( j )(uI ( j ))
5P r PI j

qr(u r) be the PDF for thej th group. The final ingredien
is a ‘‘proposal PDF’’ pj* (jI

( j )uuI ( j )): Rnj3Rnj°@0,̀ ) which is
chosen for each group to generate a random ‘‘precandidate c
ponent’’ jI

( j )PRnj based on the current sample componentuI ( j )

PRnj ~see later for the choice of proposal PDF!. To generate the
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Fig. 1. Illustration of modified Metropolis-Hastings algorithm
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next Markov chain sampleuI k115@uI k11
(1) , . . . ,uI k11

(nG)
# from the

current sampleuI k5@uI k
(1) , . . . ,uI k

(nG)
#, the following algorithm is

applied:

Modified Metropolis-Hastings Algorithm

1. Generate a candidate stateuĨ k115@uĨ k11
(1) , . . . ,uĨ k11

(nG)
#:

For each groupj 51, . . . ,nG ,
• Generate a precandidate componentjI k11

( j ) from pj* (•uuI k
( j ))

• Compute the acceptance ratio:

rk11
~ j! 5

q~ j!~jIk11
~ j! !pj* ~uIk

~ j!ujIk11
~ j! !

q~ j!~uIk
~ j!!pj* ~jIk11

~ j! uuIk
~ j!!

(3)

• SetuĨ k11
( j ) , the j th component ofuĨ k11 , according to

uĨk11
~ j! 5HjIk11

~ j! with probability min~1,r k11
~ j ! !

uI k
~ j ! with probability 12min~1,r k11

~ j ! !
(4)

2. Accept/reject candidate stateuĨ k11 :
If uĨ k115uI k ~i.e., no precandidate components were a
cepted!, setuI k115uI k . Otherwise, check the location ofuĨ k11

by performing a structural analysis. IfuĨ k11PF, accept it as
the next state, i.e., setuI k115uĨ k11 ; otherwise, reject it and
take the current state as the next one, i.e., setuI k115uI k .

Fig. 1 gives a schematic illustration of the algorithm.
It should be noted that when every uncertain parameter

grouped individually~i.e., there are as many groups as the numb
of uncertain parameters! and the proposal PDFs are all symmetr
@i.e., pj* (j j ;u j)5pj* (u j ;j j) for all j 51, . . . ,n], then the current
algorithm reduces to the modified Metropolis algorithm presen
in previous work~Au and Beck 2001a!.

Proof of Stationary Distribution

Since the same rule is used to generate the next sample from
current one regardless of the Markov stepk, the transition prob-
ability p(uI k11uuI k) of the Markov chain is stationary, that is, in
JOUR
e

dependent ofk. We next show that ifuI k is distributed as the target
PDF q(uI uF), then so isuI k11 , and henceq(uI uF) is a stationary
distribution of the Markov chain.

As all the Markov chain samples lie inF as enforced by Step
2, it suffices to consider the transition between the states inF,
which is governed by Step 1. According to Step 1, the transiti
of the individual groups are independent, so the transition PDF
the Markov chain between any two states inF can be expressed
as a product of the group transition PDFs

p~uI k11uuI k!5)
j 51

nG

pj~uI k11
~ j ! uuI k

~ j !! (5)

wherepj5transition PDF for thej th componentuI k
( j ) of uI k . First,

consider the transition between distinct states for thej th group,
i.e., uI k

( j )ÞuI k11
( j ) , then

pj~uI k11
~ j ! uuI k

~ j !!5pj* ~uI k11
~ j ! uuI k

~ j !!min$1,r k11
~ j ! % (6)

Substituting Eq. ~3! into Eq. ~6!, and using the identity
min$1,a/b%b5min$1,b/a%a for any positive numbersa andb, it
is straightforward to show thatpj satisfies the following ‘‘revers-
ibility condition’’ with respect toq( j ):

pj~uI k11
~ j ! uuI k

~ j !!q~ j !~uI k
~ j !!5pj~uI k

~ j !uuI k11
~ j ! !q~ j !~uI k11

~ j ! ! (7)

Next, note that the equality in Eq.~7! is trivial when uI k11
( j )

5uI k
( j ) . Thus, Eq. ~7! holds in general, for each groupj

51, . . . ,nG . Combining Eqs.~5! and ~7!, and the fact that all
states lie inF, the transition PDF for the whole stateuI k also
satisfies the following reversibility condition with respect t
q(•uF):

p~uI k11uuI k!q~uI kuF !5p~uI kuuI k11!q~uI k11uF ! (8)

Thus, if the current sampleuI k is distributed asq(•uF), then

p~uI k11!5E p~uI k11uuI k!q~uI kuF !duI k

5E p~uI kuuI k11!q~uI k11uF !duI k by Eq. ~8!

5q~uI k11uF !E p~uI kuuI k11!duI k5q~uI k11uF ! (9)

since*p(uI kuuI k11)duI k51. This shows that the next Markov chai
sampleuI k11 will also be distributed asq(•uF), and so the latter is
indeed a stationary distribution for the generated Markov cha
regardless of the choice of the proposal PDFpj* for each group in
the proposed MCMC algorithm.

Subset Simulation Procedure

Utilizing the modified Metropolis-Hastings method developed
the last section, Subset Simulation proceeds as follows. First,
simulateN samples$uI 1 ,...,uI N% by standard MCS to compute an
estimateP̃1 for P(F1) by

P~F1!' P̃15
1

N (
k51

N

IF1
~uI k! (10)

where$uI k : k51, . . . ,N% are independent and identically distrib
uted~i.i.d.! samples simulated according to the parameter PDFq.
From these MCS samples, we can readily obtain some sam
distributed asq(•uF1), simply as those that lie inF1 . Starting
from each of these samples, we can simulate Markov ch
NAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003 / 903
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samples using the modified Metropolis-Hastings method.
shown in the previous section, these samples will also be dis
uted asq(•uF1) because the Markov chain is in a stationary sta
They can be used to estimateP(F2uF1) using an estimatorP̃2

similar to Eq. ~10!. Observe that the Markov chain sample
which lie in F2 are distributed asq(•uF2) and thus they provide
‘‘seeds’’ for simulating more samples according toq(•uF2) to
estimateP(F3uF2). Repeating this process, we can compute
conditional probabilities of the higher-conditional levels until t
failure region of interestF (5Fm) has been reached. At thei th
conditional level, 1< i<m21, let $uI i ,k : k51, . . . ,N% be the
Markov chain samples with distributionq(•uFi), possibly coming
from different chains generated by different ‘‘seeds.’’ Then

P~Fi 11uFi !' P̃i 115
1

N (
k51

N

IFi 11
~uI i ,k! (11)

Finally, combining Eqs.~2!, ~10!, and~11!, the failure probability
estimator is

P̃F5)
i 51

m

P̃i (12)

Notice that the total number of samples generated isNT

5mN wherem is the number of levels andN is the number of
samples generated for each level.

Statistical Properties of Estimators

In this section, we present results on the statistical propertie
the estimatorsP̃i ( i 51, . . . ,m) and P̃F . The detailed derivation
of these results can be found in Au and Beck~2001a! or Au
~2001!.

Monte Carlo Simulation Estimator P ˜
1

As is well-known, the MCS estimatorP̃1 in ~10! computed using
the i.i.d. samples$uI 1 , . . . ,uI N% is unbiased. The coefficient o
variation ~c.o.v.! of P̃1 , d1 , defined as the ratio of the standa
deviation to the mean ofP̃1 , is given by

d15A12P~F1!

P~F1!N
(13)

Conditional Probability Estimator P ˜
i „2Ï iÏm …

Since the Markov chains generated at each conditional level
started with samples distributed as the corresponding target
ditional PDF, the Markov chain samples used for computing
conditional probability estimators based on Eq.~11! are all iden-
tically distributed as the target conditional PDF. It follows that t
conditional probability estimatorsP̃i (2< i<m) are unbiased.
The c.o.v. ofP̃i , denoted byd i , is given by

d i5A12P~Fi uFi 21!

P~Fi uFi 21!N
~11g i ! (14)

where

g i52 (
k51

N/Nc21 S 12
kNc

N D r i~k! (15)

is a correlation factor. It has been assumed that at each simul
level, there areNc Markov chains developed, each havingN/Nc
904 / JOURNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003
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samples so that the total number of samples generated at
simulation level isNc3N/Nc5N ~the question of how to main
tain a fixed number of chainsNc will be discussed later!. In Eq.
~15!,

r i~k!5Ri~k!/Ri~0! (16)

is the correlation coefficient at lagk of the stationary sequenc
$IFi

(uI i 21,j ,k): k51, . . . ,N/Nc%, where uI i 21,j ,k denotes thekth
sample along thej th chain ~started from thej th seed! at the
( i 21)-th simulation level

Ri~k!5E@ I Fi
~uI i 21,j ,1!2P~Fi uFi 21!#@ I Fi

~uI i 21,j ,11k!

2P~Fi uFi 21!#

5E@ I Fi
~uI i 21,j ,1!I Fi

~uI i 21,j ,11k!#2P~Fi uFi 21!2 (17)

is the covariance betweenI Fi
(uI i 21,j ,l) andI Fi

(uI i 21,j ,l 1k), for any
l 51, . . . ,N/Nc , and it is independent ofl due to stationarity. It is
also independent of the chain indexj since all chains are proba
bilistically equivalent.

The covariance sequence$Ri(k): k51, . . . ,N/Nc21% can be
estimated using the Markov chain samples$uI i 21,j ,k : j
51, . . . ,Nc ;k51, . . . ,N/Nc% at the (i 21)-th conditional level
by

Ri~k!'R̃~k!

5S 1

N2kNc
(
j 51

Nc

(
l 51

N/Nc2k

I Fi
~uI i 21,j ,l !I Fi

~uI i 21,j ,l 1k!D 2 P̃i
2

(18)

from which the correlation sequence$r i(k): k51, . . . ,N/Nc

21% and hence the correlation factorg i in Eq. ~15! can also be
estimated. Consequently, the c.o.v.d i for the conditional probabil-
ity estimatorP̃i can be estimated by Eq.~14!, whereP(Fi uFi 21)
is approximated byP̃i using Eq.~11!.

Failure Probability Estimator P ˜
F

Due to the correlation among the estimators$P̃i : i 51, . . . ,m%,
P̃F given by Eq.~12! is biased for everyN. This correlation is due
to the fact that the samples used for computingP̃i which lie in Fi

are used to start the Markov chains to computeP̃i 11 . It can be
shown that the fractional bias ofP̃F is bounded by

UEF P̃F2P~F !

P~F !
GU<(

i . j
d id j1o~1/N!5O~1/N! (19)

which means thatP̃F is asymptotically unbiased and the bias
O(1/N).

On the other hand, the c.o.v.d of P̃F may be bounded abov
by using

d25EF P̃F2P~F !

P~F !
G2

< (
i , j 51

m

d id j1o~1/N!5O~1/N! (20)

showing that P̃F is a consistent estimator and its c.o.v.d is
O(1/AN). Note that the c.o.v.d in Eq. ~20! is defined through the
expected deviation about the target failure probabilityP(F) in-
stead ofE@ P̃F# so that the effects of bias are accounted for. T
upper bound corresponds to the case when the conditional p
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ability estimators$P̃i : i 52, . . . ,m% are fully correlated. The ac-
tual c.o.v. depends on the correlation between theP̃is. If all the
P̃is were uncorrelated, then

d25(
i 51

m

d i
2 (21)

Although theP̃is are generally correlated, simulations show th
d2 may be well approximated by Eq.~21!. This will be illustrated
in the examples.

Implementation Issues

Choice of Intermediate Failure Regions

The choice of the intermediate failure regions$Fi : i 51, . . . ,
m21% plays a key role in the Subset Simulation procedure. T
issues are basic to their choice. The first is a parametrization
the target failure regionF which allows the generation of inter
mediate failure regions by varying the value of the defined
rameter. The second issue is the choice of the specific sequen
values of the defined parameter, which affects the values of
conditional probabilities $P(Fi 11uFi): i 51, . . . ,m21% and
hence the efficiency of the Subset Simulation procedure.

Generic Representation of Failure Regions
Many failure regions encountered in engineering applications
a combination of the union and intersection of failure regions
components. In particular, consider a failure regionF of the fol-
lowing form:

F5 ø
j 51

L

ù
k51

L j

$uI : D jk~uI !.Cjk~uI !% (22)

where D jk(uI ) and Cjk(uI ) may be viewed as the demand an
capacity variables of the (j ,k) component of the system. Th
failure regionF in Eq. ~22! can be considered as the failure of
system withL subsystems connected in series, where thej th sub-
system consists ofL j components connected in parallel.

In order to apply Subset Simulation, it is desirable to para
eterizeF with a single parameter so that the sequence of interm
diate failure regions$Fi : i 51, . . . ,m21% can be generated by
varying the parameter. This can be accomplished as follows.
the failure regionF in Eq. ~22!, define the ‘‘critical demand-to-
capacity ratio’’~CDCR! Y as

Y~uI !5 max
j 51, . . . ,L

min
k51, . . . ,L j

D jk~uI !

Cjk~uI !
(23)

then it can be easily verified that

F5$uI : Y~uI !.1% (24)

and so the sequence of intermediate failure regions can be ge
ated as

Fi5$uI : Y~uI !.yi% (25)

where 0,y1,¯,ym51 is a sequence of~normalized! interme-
diate threshold values. It is noted that although the intermed
failure regions are introduced purely for computational reason
Subset Simulation, they may be viewed as corresponding to
ure if the component capacitiesCjk were all less by the same
factor yi than the specified values.

It is straightforward to generalize to failure regions consisti
of multiple stacks of union and intersection. Essentially,Y is de-
JOU
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fined using ‘‘max’’ and ‘‘min’’ in the same order corresponding
each occurrence of union~ø! and intersection~ù! in F, respec-
tively.

Choice of Intermediate Threshold Levels
The choice of the sequence of intermediate threshold va
$y1 , . . . ,ym% appearing in the parameterization of intermedi
failure regions affects the values of the conditional probabili
and hence the efficiency of the Subset Simulation procedur
the sequence increases slowly, then the conditional probabi
will be large, and so their estimation requires less samplesN. A
slow sequence, however, requires more simulation levelsm to
reach the target failure region, increasing the total numbe
samplesNT5mN in the whole procedure. Conversely, if the s
quence increases too rapidly that the conditional failure ev
become rare, it will require more samplesN to obtain an accurate
estimate of the conditional failure probabilities in each simulat
level, which again increases the total number of samples. It
thus be seen that the choice of the intermediate threshold valu
a trade-off between the number of samples required in each s
lation level and the number of simulation levels required to re
the target failure region.

One strategy for the choice of the intermediate threshold
ues is to choose theyi a priori, but then it is difficult to contro
values of the conditional probabilitiesP(Fi uFi 21). In this work,
the yi are chosen ‘‘adaptively’’ so that the estimated conditio
probabilities are equal to a fixed valuep0P(0,1). This is accom-
plished by choosing the intermediate threshold levelyi ( i
51, . . . ,m21) as the (12p0)Nth largest value~i.e., an order
statistic! among the CDCRs$Y(uI i 21,k): k51, . . . ,N% where the
uI i 21,k are the Markov chain samples generated at the (i 21)th
conditional level fori 52, . . . ,m21, and theuI 0,k are the samples
from the initial Monte Carlo simulation. This choice of the inte
mediate threshold levels implies that they are dependent on
conditional samples and will vary in different simulation runs. F
a target probability level of 1023 to 1026, choosingp050.1 is
found to yield good efficiency.

Using this adaptive choice of the proposal PDF, the Su
Simulation procedure is illustrated in Fig. 2 for simulation Lev
0 ~MCS! and Level 1~MCMC!.

Grouping of Uncertain Parameters and Choice of
Proposal Probability Density Functions

The Subset Simulation method presented here differs from
previous version~Au and Beck 2001a! in that it allows grouping
of uncertain parameters; the previous version corresponds t
special case where each uncertain parameter is in its own g

The grouping of uncertain parameters and the choice of
group proposal PDFs affect the distribution and the accepta
rate of the candidate state. These in turn affect the correla
among the Markov chain samples@through the factorg i in Eq.
~15!# and consequently the efficiency of the Subset Simula
procedure. They are the major channels through which p
knowledge about a particular problem can be used to improve
efficiency of the MCMC method.

Ideally, all uncertain parameters should be collected in
group and the proposal PDF should be chosen as the condit
PDF q(uI uFi), in which case all states generated by the propo
PDF will be i.i.d. and accepted. Of course, this choice is
feasible, because an efficient algorithm for generating conditi
samples is generally not available. The art of choosing the
RNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003 / 905
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when n is large ~Au 2001; Au and Beck 2001a! and therefore
grouping of the uncertain parameters is inevitable.

Note that the components of the candidate state correspon
to different groups are generated independently in Step 1. Th
the key mechanism which makes the algorithm applicable eve
high-dimensional problems~Au 2001; Au and Beck 2001a!, but at
the expense of implicitly enforcing independence among the
certain parameters of different groups in the generation of
candidate state. If some uncertain parameters belonging to di
ent groups are strongly correlated when conditional on the fail
region, the distribution of the candidate state will not be close
the conditional PDF, at least in terms of the correlation struct
among the uncertain parameters. Consequently, the accep
rate with respect to the conditioning byFi for the candidate state
will be small. Thus, uncertain parameters that are strongly co
lated with each other when conditional onFi should be grouped
together. In any case, the number of uncertain parameters
group should be kept small to avoid high-dimensional problem

Deciding what type of proposal PDF to use for a particu
group depends on the role that the group of uncertain parame
has in affecting failure and on the information available for co
structing the proposal PDF. Three types of groups are now
cussed and are summarized in Table 1.

Type I: Insensitive Parameters
If failure is insensitive to a particular group of uncertain para
eters, then the proposal PDF should be chosen as the orig
parameter PDF for that group, so that the precandidate compo
generated by the proposal PDF is always accepted into the
didate state in Step 1.

Type II: Large Number of Independent and Identically
Distributed Uncertain Parameters
When there is a large number of uncertain parameters that all
a similar role in affecting failure, it often happens that these u
certain parameters as a whole affect failure significantly, but
individually. One common example is the set of i.i.d standa
normal parameters in the discrete-time representation of Gaus
white noise in the first-excursion problem. In this case, each
these uncertain parameters should be grouped individually
avoid high-dimensional problems. For each uncertain parame
one can choose a one-dimensional adaptive symmetric prop
PDF that is local to the current sample. The advantage of
choice is that a reasonable acceptance rate of the candidate
can often be guaranteed when the spread of the proposal
about the current sample is not too large, since then the co
sponding components of the candidate state are generated i
Table 1. Different Types of Proposal Probability Density Functions

Type Description Advantage Disadvantage Suitable for

I Parameter probability density
function, nonadaptive

100% acceptance in Step 1; precandidate
componentjI

( j ) does not depend on
current sample

Does not improve acceptance
with respect to conditioning
by Fi in Step 2

Insensitive parameters

II One-dimensional chain-adaptive
symmetric~Metropolis!

Good acceptance rate of candidate
state without prior information onFi

Correlation between current
sample and candidate state
may be high

Uncertain parameters
which are abundant and
influential as a group

III nj -D Metropolis-Hastings,
chain-nonadaptive, level-adaptive

High-acceptance rate possible if
uncertain parameters are influential, and
conditional probability density function
well approximated by proposal
probability density function

Only for a small number of
uncertain parameters

A small group of influential
parameters
posal PDF lies in how it can be chosen so that the candidate s
has a distribution close to this conditional PDF in order that t
simulation process is still efficient~with small correlation among
Markov chain samples!. Choosing ann-dimensional proposal
PDF ~i.e., with only one group ofn uncertain parameters! will
generally lead to ‘‘zero acceptance rate’’ of the precandidate s
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Table 2. Recommended Types of Proposal Probability Density Fu
tions for Different Parameters in First-Excursion Problems (uI Z

5Additive Excitation Parameters;uI E5Excitation Model Parameters!

Uncertain parameters
in the problem

Type of proposal probability
density function for

uI Z uI E
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d to
neighborhood of those of the current sample. This choice of
proposal PDF will also cause the components of the candid
state to be positively correlated with those of the current sam
thereby slowing down convergence of the conditional failu
probability estimate for the level, although this seems to be
best one can do in the absence of further prior knowledge ab
the failure region.

Type III: Small Number of Influential Uncertain Parameters
Consider the case where failure is sensitive to the uncertain
rameters of a particular group. If there is some information ab
the failure regionFi so that a PDF can be constructed which
similar to the conditional PDF with respect to the uncertain p
rameters of this group, then such a PDF may be used as
proposal PDF, assuming that an efficient method is available
evaluating its value and for generating random samples accor
to it. The proposal PDF in this case is not ‘‘chain-adaptive,’’ in t
sense that the distribution of the precandidate state compo
remains unchanged as the Markov chain develops. It plays a s
lar role to that of an importance sampling density with respec
the group of uncertain parameters. Similar methods to those
constructing importance sampling densities~ISDs! can be used
for constructing the proposal PDF.

Regarding the information available for constructing the p
posal PDF, it should be noted that the Markov chain samples fr
the last simulation level that lie in the failure regionFi are dis-
tributed as the conditional PDFq(•uFi). In fact, they are used as
the initial samples for starting individual Markov chains for th
current simulation level. One way of utilizing these samples is
construct the proposal PDF as a normal PDF with mean and
variance matrix estimated from the samples. Another strateg
to construct the proposal PDF as a kernel sampling density u
the samples~Silverman 1986; Ang et al. 1992; Au and Bec
1999!. Since the information from the last simulation level
utilized to construct the proposal PDF at the current level, t
choice is ‘‘level-adaptive.’’ It should be noted, however, that su
cessful use of a level-adaptive proposal PDF is based on
premise that the conditional PDF with respect to the group
uncertain parameters can be approximated by the chosen typ
PDF. Also, they should be used only when the number of unc
tain parameters in the group is not large, for otherwise hig
dimensional problems may occur as the number of membersnj in
the group increases.

Group Types for First-Excursion Problems

For applications to solving the first-excursion problem, it is use
to group the uncertain parameters in the stochastic excita
model into two categories
1. Additive excitation parametersuI Z ; and
2. Stochastic excitation model parametersuI E .
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The first category includes the additive excitation parameteruI Z

in the discrete representation of the stochastic excitation.
number of uncertain parameters in this category is often v
large. For example, discretizing Gaussian white noise in the
domain of durationTd530 s and sampling timeDt50.02 s re-
quiresTd /Dt1151,501 i.i.d. standard normal random variabl
assuming the time instants at time 0 and 30 s are both represe
These uncertain parameters are often influential as a group
they are insensitive individually, because the dynamic respon
affected by the ‘‘integral’’~in continuous-time! or ‘‘summation’’
~in discrete-time! effect of these parameters, and the effect
each individual uncertain parameter on the response is infini
mally small @e.g., O(Dt) in discrete-time#. For this category of
uncertain parameters, it is recommended that they be treate
dividually using a Type II proposal PDF.

The second category includes the stochastic excitation m
parametersuI E involved in the stochastic excitation model, whi
often have a ‘‘multiplicative effect’’ on the response. Examp
are the spectral intensity of white-noise excitation or the mom
magnitude and epicentral distance in a stochastic ground mo
point-source model. Due to their multiplicative effect and th
large variability assumed in applications, these uncertain pa
eters often have a dominant effect on the uncertain response
dering other uncertain parameters, such as those inuI Z , less sen-
sitive. Since these uncertain parameters control failure, t
conditional distribution given failure is often significantly diffe
ent from their parameter PDF. Capturing the conditional distri
tion of these uncertain parameters can lead to significant impr
ment in the efficiency of the simulation procedure, and henc
Type III proposal PDF is recommended, keeping in mind
requirement that the number of uncertain parameters in the g
should be kept small to avoid high-dimensional problems. Tab
summarizes the types of proposal PDFs recommended fo
uncertain parameters of different categories in first-excurs
problems.

Computational Efficiency

The computational efficiency for Subset Simulation relative
standard MCS increases with decreasing failure probability
cause the computational effort depends roughly on the logar
of P(F) and so grows more slowly asP(F) decreases than fo
standard MCS. If the conditional failure regions are chosen
that the corresponding estimates of the conditional failure p
abilities are all equal top0 ~0.1 is recommended! and the same
number of samplesN is used in the simulation at each level, th
from Eqs.~14! and ~21!, the c.o.v. of the estimator for a failur
probability P(F)5p0

m ~requiringm levels! is given by

d̃25
m~12p0!~11g̃ !

Np0
(26)

whereḡ5average value of the correlation parametersg i defined
in Eq. ~15! for the simulated samples at each level. The minim

number of samples required to give a c.o.v. ofd̃ is therefore

NT5mN5
m2~12p0!~11g̃ !

p0d̃2
(27)

For standard MCS the minimum number of samples require

give a c.o.v. ofd̃ is N05(12p0
m)/p0

md̃2. A measure of the effi-

-
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Fig. 3. Radiation spectrumA( f ;M ,r ) for r 520 km andM55,6,7
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Fig. 4. Envelope functione(t;M ,r ) for r 520 km andM55,6,7
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ciency of Subset Simulation relative to standard MCS is th
given by

N0

NT
5

12p0
m

m2p0
m21~12p0!~11g̃ !

(28)

It is noted that the computational overhead required for Sub
Simulation, beyond that due to the system analysis for e
sample that is also required in standard MCS, is negligible. T
ing p050.1, for m53 and 6 that correspond to a target failu
probability of P(F)51023 and 1026, the above equation gives
N0 /NT54 and 1,030~sinceḡ is about 2!. This shows that Subse
Simulation becomes much more efficient than standard MCS
smaller values ofP(F). This gain in efficiency is based onḡ not
being large, which can be achieved if the proposal distribution
chosen properly.

Failure Analysis Using Markov Chain Samples

The Markov chain samples generated during Subset Simula
can be used not only for estimating the conditional probabilit
but also to infer the probable scenarios that will occur in the c
of failure. Essentially, they yield information for ‘‘failure analy
sis’’ to address the question:What is expected to happen when th
system fails?

The distributionq(uI uF) of the uncertain parameters corre
sponding to the conditional samples for failureF gives an idea of
the probable cause of failure should it occur. Also, the margi
PDF q(u i uF) for the uncertain parameteru i , when compared to
marginal PDFq(u i) corresponding to the parameter PDFq(uI ),
shows how important the corresponding uncertain parameteru i is
in affecting failure. In fact, by Bayes’ theorem, for a given valu
of u i

P~Fuu i !5
q~u i uF !

q~u i !
P~F ! (29)

and henceP(Fuu i) will be insensitive tou i when the conditional
PDF q(u i uF) is similar in shape to the PDFq(u i).

The distribution of some response quantity of interest,h(uI ),
evaluated at the Markov chain samples also gives informa
about the system performance when failure occurs. In particu
using the Markov chain samples$uI i ,k : k51, . . . ,N% conditional
on the failure regionFi ( i 51, . . . ,m), the conditional expecta-
tion of h(uI ) when the failure regionFi has occurred can be esti
mated by
t
h
-

r

s

n

e

l

n
r,

E@h~uI !uFi #5E h~uI !q~uI uFi !duI '
1

N (
k51

N

h~uI i ,k! (30)

Applications to Seismic Risk Based on Dynamic
Analysis

To illustrate the application of Subset Simulation to seismic ri
two structural systems are considered that are subjected to u
tain ground motions. The stochastic ground motion model and
seismic hazard are first described, then the results for the
structural systems are given.

Stochastic Ground Motion Model

The seismic risk problem is formulated using a stochastic gro
motion model to describe the uncertainty associated with
ground motion at the site in a seismic event of given magnit
and earthquake source location. In this work, the stocha
ground motion model developed by Atkinson and Silva~2000! is
adopted, which belongs to the class of point-source models c
acterized by the moment magnitudeM and epicentral distancer
~Brune 1971a,b; Hanks and McGuire 1981; Boore 1983!. For
easy reference, we will call this the A-S model. To generate a t
history for the ground acceleration for given moment magnitu
M and epicentral distancer, a discrete-time white noise sequen
$Wj5A2p/DtZj : j 51, . . . ,nt% is first generated, where
Z1 , . . . ,Znt

are i.i.d. standard normal variables, and then it
modulated by an envelope functione(t;M ,r ) at the

Fig. 5. Moment-resisting frame structure in Example 1



Table 3. Sections~AISC! for Frame Members in Example 1

Story Exterior column Interior column Girder

1,2 C1: W143159 C4: W273161 G1: W24394
3,4 C2: W143132 C5: W273114 G2: W24376
5,6 C3: W14399 C6: W24384 G3: W24355
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Fig. 6. Failure probability estimates for Example 1, Case 1
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discrete time instants. A discrete Fourier transform is then app
to the modulated white noise sequence. The resulting spectru
multiplied with the ‘‘radiation spectrum’’A( f ;M ,r ), after which
the discrete inverse Fourier transform is applied to transform
sequence back to the time domain to yield a sample for
ground acceleration time history. The synthetic ground mot
a(t;ZI ,M ,r ) generated from the A-S model is thus a function
the additive excitation parametersZI 5@Z1 , . . . ,Znt

# and the sto-
chastic excitation model parametersM and r.

Radiation Spectrum

The A-S model is characterized by the radiation spectr
A( f ;M ,r ) and the envelope functione(t;M ,r ). The radiation
spectrumA( f ;M ,r ) consists of several factors which account f
the spectral effects from the source as well as propagation thro
the earth crust. It is given by

A~ f ;M ,r !5A0~ f !V~ f !
1

R
exp@2g~ f !R#exp~2p f k! (31)

Here,A0 is the ‘‘equivalent point-source spectrum’’ based on tw
corner frequencies, given by

A0~ f !5CMo~2p f !2F 12«

11~ f / f a!2 1
«

11~ f / f b!2G (32)

where Mo5seismic moment~in dyn-cm! given by ~Kanamori
1977; Hanks and Kanamori 1979!

Mo5101.5~M110.7! (33)

and C5CRCPCFS /(4prb3); CR50.55 is the average radiation
pattern coefficient~over all azimuths! for shear waves;CP

51/& is a coefficient to account for the partition of waves in
two horizontal components;CFS52 is the free surface amplifica
tion; r and b are the density and shear-wave velocity in the
cinity of the earthquake source, respectively, assumed to be
g/cm3 and 3.5 km/s. In Eq.~32!, f a5102.1820.496M and f b

5102.4120.408M are the lower and upper corner frequencies~in
Hz! for the equivalent point-source spectrum, respectively. T
parameter«5100.60520.255M is a weighting parameter.

In Eq. ~31!, V( f ) describes the amplification through th
crustal velocity gradient as well as soil layers. Without detail
specification of the soil properties at the site, it is assumed
V( f )52, which lies in the range of values for NEHRP classC
~corresponding to a mix of rock and soil sites! for frequencies
h

.8

t

between 0.4 and 4 Hz~Boore and Joyner 1997!. The term 1/R is
the geometric spreading factor, whereR5Ah21r 2 is the radial
distance from the earthquake source to the site,r is the epicentra
distance~in km!, andh is the nominal depth of fault~in km!. It is
assumed thath51020.0510.15M, which ranges from about 5 km
M55 to 14 km atM58. The term exp@2g(f )R# in Eq. ~31!
accounts for an elastic attenuation, whereg( f )5p f /Qb andQ
5180f 0.45 is a regional quality factor. The term exp(2pfk) ac-
counts for the near surface attenuation of high-frequency am
tudes, wherek is assumed to be 0.04.

Fig. 3 illustrates the dependence of the radiation spectrum
the moment magnitude for a nominal epicentral distancer
520 km. From Fig. 3, it can be seen that as the moment ma
tude increases, the spectral amplitude in general increases
frequencies, with a shift of dominant frequency content towa
the lower-frequency regime, as expected. It should be noted
roughly speaking, bothM andr have a multiplicative effect on th
synthetic ground accelerationa(t;ZI ,M ,r ) and hence on the stru
tural response. This observation implies thatM andr are influen-
tial parameters for failure and so a Type III proposal PDF~Table
1! is chosen for them in the Subset Simulation.

Envelope Function

The envelope functione(t;M ,r ) is the major factor affecting th
duration of simulated ground motions for givenM and r. It is
assumed to be

Fig. 7. Failure probability estimates for Example 1, Case 2
Table 4. Point Masses for Steel Frame in Example 1

Floor Exterior column (3103 kg) Interior column (3103 kg)

2 60.4 81.0
3 53.3 78.1
4 51.9 76.0
5 51.7 75.8
6 50.1 73.5
Roof 44.6 63.1
RNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003 / 909
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e~ t;M ,r !5c3tc1 exp~2c2t !U~ t ! (34)

whereU(t)5unit-step function,

c152
«1 log«2

11«1~ log«121!
(35)

c25
c1

«1Tw
(36)

andc35normalizing factor, chosen to be

c35A~2c2!2c111

G~2c111!
(37)

so that the envelope function has unit energy, in the sense th
*0

`e(t;M ,r )2dt51. Here,G~•! is the gamma function, andTw

51/f a10.1R is related to the duration of the envelope function
The parameters«1 and«2 are taken to be«150.2 and«250.05
~Boore 1983!.

The envelope functione(t;M ,r ) is shown in Fig. 4 for differ-
ent magnitudes atr 520 km. From Fig. 4, it can be seen that
increasing the moment magnitude generally increases the durat
of the envelope function, as expected.
ns s,
Fig. 9. Sample mean of failure probability estimates over 50 ru
Case 2
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, Fig. 10. Sample c.o.v. of failure probability estimates over 50 run
Case 1
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Choice of Seismic Hazard for Examples

For each structural example, two seismic hazard cases are co
ered: Case 1 is a large-event scenario and Case 2 is based
probabilistic seismic hazard that explicitly considers the uncert
regional seismicity. In both cases, the A-S model is used to g
erate a synthetic ground accelerationa(t;ZI ,M ,r ) for givenM and
r, whereZI 5@Z1 , . . . ,Znt

# is a standard normal vector andnt is
the number of time instants. In Case 2, where the regional seis
hazard is considered, the uncertainty inM and r also has to be
addressed. The time step and duration of interest are taken t
0.02 and 30 s, respectively, for both the simulation of grou
motions and the dynamic structural analyses. The number of
ditive excitation parametersZI involved in the generation of
ground motion for a given stochastic model is thusnt530/0.02
1151501, where the time instants att50 and t530 are also
represented.

Case 1: Large-Event Scenario

In Case 1, only the additive excitation parametersZI
5@Z1 , . . . ,Znt

# for generating the ground motiona(t;ZI ,M ,r )
are assumed to be uncertain; the moment magnitudeM and epi-
central distancer are fixed at the values:M57 and r 520 km.
, Fig. 11. Sample c.o.v. of failure probability estimates over 50 run
Case 2
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This case corresponds to the classical first-excursion probl
with a given stochastic excitation model defined by fixedM andr.

Case 2: Uncertain Regional Seismicity

In Case 2, in addition to the uncertain additive excitations,M and
r are also considered to be uncertain with specified probabi
distributions. This corresponds to a full seismic risk proble
where the uncertainty in the regional seismicity is also address

In the examples, the uncertainty in the moment magnitude
modeled by the Gutenberg-Richter relationship, truncated on
interval @Mmin ,Mmax# ~Gutenberg and Richter 1958; Krame
1996!

q~M !5
b8 exp~2b8M !

exp~2b8Mmin!2exp~2b8Mmax!
, Mmin<M<Mmax

(38)

whereb85b loge(10) andb5coefficient appearing in the annua
relative frequency (lM) description of the number of earthquake
with magnitude up toM: lM510a2b M. It is assumed thatMmin

55, Mmax58, b51.
For the uncertainty in event location, earthquakes of mag

tude betweenMmin andMmax are assumed to occur equally likely
in a circular area of radiusr max550 km centered at the site where
,3
ls
Fig. 13. Response of all stories, Case 1, conditional levels 1,2
JOU
Fig. 14. Spectra of white noise sequence, Case 1, conditional l
0,1,2
.

e

the structure is situated. This leads to a triangular distribution fo
the epicentral distancer confined to the interval@0,r max#

q~r !5H 2r /r max
2 r P@0,r max#

0 otherwise
(39)

Subset Simulation Parameters

In the application of Subset Simulation in the examples, the con
ditional failure regions are chosen such that a conditional failur
probability of p050.1 is attained at all simulation levels. At each
simulation level,N5500 samples are simulated. Failure prob-
abilities ranging from 1023 to 1 will be estimated, or in other
words, the response level corresponding to failure probabilities a
small as 1023 will be estimated. The total number of samples
required to produce the failure probability versus threshold leve
curve is thusNT55001450145051400, because 50 failure
events from one level are used to start the next higher level and
only a further 450 samples are required for that level.

For the additive excitationZI 5@Z1 , . . . ,Znt
#, each Zi is

grouped as a single component, for which the proposal PDF
chosen as a one-dimensional~chain-adaptive! symmetric uniform
distribution ~Type II in Table 1! with maximum step lengthl i

51, that is,p* (j i uu i)51/2 if uj i2u i u<1 and 0 otherwise. For
the stochastic excitation model parameters,M and r, a level-
Fig. 15. Ground motions for Example 1, Case 2, conditional leve
1,2,3
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Fig. 16. Response of all stories, Case 2, conditional levels 1,2,
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adaptive proposal PDF~Type III in Table 1! is used, which is
constructed as a kernel sampling density using the Markov ch
samples from the last simulation level.

Example 1: Linear Moment-Resisting Steel Frame

Consider a six-story moment-resisting steel frame as shown
Fig. 5 with member sections given in Table 3. For each floor, t
same section is used for all girders. The structure is modeled
two-dimensional linear frame with beam elements connecting
joints of the frame. Masses are lumped at the nodes of the fra
which include the contributions from the dead load of the floo
and the frame members. They are tabulated in Table 4. The n
ral frequencies of the first two modes are computed to be 0.5
and 1.56 Hz, respectively. Rayleigh damping is assumed so
the first two modes have 5% of critical damping. Failure is d
fined as the exceedance of a specified interstory drift ratiob at
any one of the~twenty four! columns within the duration of in-
terest~30 s!. ~The columns within a story experience essentia
the same drift!.

Failure Probability Estimation

Figs. 6 and 7 show the estimates of failure probability for diffe
ent threshold levelsb for Cases 1 and 2, respectively. Note that
total of NT51,400 samples, i.e., dynamic structural analyses,
f
n.
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sed.

els
Fig. 17. Spectra of white noise sequence, Case 2, conditional lev
0,1,2
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Fig. 18. Conditional samples ofM and r for Example 1, Case 2, at
conditional levels 0,1,2
performed to compute the results~solid line! in each figure. The
results computed by standard Monte Carlo simulation~MCS!
with 10,000 samples~so that the c.o.v. at a failure probability o
1023 is about 30%! is also shown in the figures for compariso
These figures give an idea of how the results computed u
Subset Simulation in a single run approximate the ‘‘exact’’ failu
probabilities~of MCS!.

To assess quantitatively the statistical properties of the fai
probability estimates produced by Subset Simulation, 50 indep
dent runs are carried out and the sample mean and sample
of the failure probability estimates are computed. The results
the sample mean for the seismic hazard of Cases 1 and 2
shown in Figs. 8 and 9, respectively. These figures show tha
sample mean of the failure probability estimates are gener
close to the results computed by standard Monte Carlo sim
tion, except for small failure probabilities near 1023 where the
results by MCS are inaccurate due to the number of samples u



Fig. 19. Pushover curve for structure in Example 2
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It can be concluded from the figures that the failure probabi
estimates by Subset Simulation are practically unbiased.

The sample c.o.v. for the failure probability estimates a
shown in Figs. 10 and 11. The results are plotted versus diffe
failure probability levels. The average results for the estimate
c.o.v. based on Eqs.~20! and ~21! are also shown in the figures
Recall that Eq.~20! is an upper bound on the c.o.v. that assum
full correlation among the conditional failure probabilities at d
ferent simulation levels, while Eq.~21! assumes that they ar
independent. From Figs. 10 and 11, it can be seen that the tre
the actual c.o.v. estimated from the 50 runs follows more clos
the lower estimate based on Eq.~21!, suggesting that this formula
can be used to assess the c.o.v. of the failure probability estim
in a single run.

The computational efficiency of Subset Simulation is ne
compared with that of standard Monte Carlo simulation in ter
of the c.o.v. of failure probability estimates computed from t
same number of samples. Note that the number of sample
quired by Subset Simulation at the probability levelsP(F)
51021, 1022, 1023 areNT5500, 950, 1,400, respectively. Usin
d5A@12P(F)#/P(F)NT, the c.o.v. of the Monte Carlo estimato
using the same number of samples at probability levels 1021,
1022, and 1023 are computed to be 0.13, 0.32, and 0.84, resp
tively, which are also shown as squares in Figs. 10 and 11. Th
figures show that as the failure probability decreases, the c.o.
the Monte Carlo estimator increases rapidly, while the c.o.v
Subset Simulation increases at a much slower rate. This sh
s,

Fig. 20. Failure probability estimates for Example 2, Case 1
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that Subset Simulation can lead to a substantial improvement
efficiency over standard Monte Carlo simulation when estimatin
small failure probabilities.

Failure Analysis Using Conditional Samples

The Markov chain samples at the different failure levels sim
lated in a single run of Subset Simulation are next examined
the purpose of failure analysis. Fig. 12 shows the typical samp
of ground accelerationa(t;ZI ,M ,r ) that correspond to failure
probabilities 1021, 1022, and 1023 ~failure levels 1, 2, and 3,
respectively! for Case 1. Note that only the additive excitation
parametersZI are uncertain in this case. The interstory drift re
sponse of all stories corresponding to these ground excitations
shown in Fig. 13. Since samples of acceleration time histories
generated for given moment magnitudeM57 and epicentral dis-
tancer 520 km, there is not much difference in their duration a
well as mean square values. In terms of peak acceleration, they
not differ significantly, either. The major difference among thes
samples of ground acceleration that lead to different levels
failure lies in the frequency content. Fig. 14 shows the avera
spectrum~power spectral density! of the additive excitation pa-
rametersZI corresponding to the 500 samples of acceleration tim
histories at different levels of failure. Here, Level 0 refers to th
initial phase of Subset Simulation where samples are genera
directly from their parameter PDF, that is, standard Monte Car
simulation.
Fig. 22. Sample mean of failure probability estimates over 50 run
Case 1
R

Fig. 21. Failure probability estimates for Example 2, Case 2
NAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003 / 913
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Fig. 23. Sample mean of failure probability estimates over 50 ru
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The spectrum at Level 0~top plot of Fig. 14! is almost flat,
because there is no conditioning on the samples at this level
therefore the spectrum theoretically corresponds to that of w
noise, which is flat up to the Nyquist frequency, being 1/2Dt
525 Hz. As the simulation level increases, the spectrum deve
a peak near 0.55 Hz, which is the natural frequency of the st
ture. This illustrates an important statistical feature of the addi
excitations that lead to failure in the classical first-excursion pr
lem ~with deterministic structure and stochastic excitation mod!:
The additive excitation tends to ‘‘tune’’ itself to the natural fre
quency of the structure to cause first-excursion failure. In other
words, when the stochastic excitation model parameters are fi
the probable cause of failure for the structure is due to resona
effects, especially when the threshold level is high.

This phenomenon can be explained as follows. The probab
of a particular excitation decreases exponentially with the squ
of its Euclidean norm~energy!. When the stochastic excitatio
model, and hence the excitation intensity, is fixed, it is not pr
able that the excitation will have a significantly large energy~e.g.,
in terms of mean square value! when failure occurs, since thi
will mean that the vector of additive excitation parametersZI will
have an Euclidean norm in thent-dimensional standard norma
space significantly larger than other ‘‘typical’’ configuration
Rather, a more probable configuration forZI to cause failure is to
have its components ‘‘tuned’’ so that they have a frequency c
s, s
Fig. 24. Sample c.o.v. of failure probability estimates over 50 run
Case 1
914 / JOURNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003
Fig. 25. Sample c.o.v. of failure probability estimates over 50 run
Case 2
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tent near the natural frequency of the structure to create a re
nance effect, while the Euclidean norm of the whole vectorZI still
remains more or less the same.

The situation is different when the stochastic excitation mod
parameters,M andr, are also uncertain. Figs. 15, 16, and 17 sho
the conditional samples and the average spectra at different sim
lation levels for Case 2, whereZI , M, andr are considered uncer-
tain in the problem. Fig. 15 shows that in this case the excitati
intensity and duration of the ground acceleration differ signifi
cantly at different simulation levels. Both the excitation intensit
and duration increase as the simulation level increases. From F
17, it can be seen that the spectral peak at 0.55 Hz for Level
and 3 is not as significant as observed in Case 1~Fig. 14!. This
indicates that the frequency content of the additive excitationZI
when failure occurs is not significantly different from its origina
spectrum~flat!, although this does not imply that the frequenc
content of the ground acceleration will be the same irrespective
whether failure occurs, since the radiation spectrumA( f ;M ,r )
could be different because of the change in the distribution ofM
and r when failure occurs.

When the moment magnitudeM and the epicentral distancer
are uncertain, they are the parameters that control failure. Fig.
shows the scattering of samples of~M, r! at different levels. Note
that the samples of~M, r! at Level 0 are simulated according to
their PDF. Also, for Levels 1 and 2, some of the locations show
Fig. 26. Ground motions for Example 2, Case 1, conditional level
1,2,3
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Fig. 27. Response, Case 1, conditional levels 1,2,3
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in the figure contain repeated samples. Since the Markov ch
samples are not all distinct, to show the population of the samp
consistently, the dots are shown with area proportional to
number of points situated at the particular location. Fig. 18 clea
indicates that as the simulation level increases, that is, when f
ure becomes more severe, the samples of~M,r! shift towards the
‘‘large magnitude, small distance’’ regime.

Example 2: Nonlinear Concrete Portal Frame

The structural model in this example is a nonlinear concrete p
tal frame. It corresponds to Example 3 of the illustrative examp
for the nonlinear finite element software OpenSees develope
the PEER~Pacific Earthquake Engineering Research! Center. The
finite element model of the structure and its detailed descript
can be obtained from the website^http://opensees.berkeley.edu
OpenSees/examples.html&. The general properties of the structura
model are briefly described here. The frame is 3.66 m high
9.15 m wide. An elastic beam element is used to model the be
connecting the two columns. The reinforced concrete section
the columns are modeled using steel and concrete fibers.
section of each column is 61 cm~24 in.! by 38 cm~15 in.! wide,
with its strong axis perpendicular to the frame, that is, the c
umns deform in their strong direction during in-plane motion. T
section is divided into confined and unconfined concrete regio
for which the fibers are discretized separately. The Kent-Sc
l
Fig. 28. Spectra of white noise sequence, Case 1, conditional leve
0,1,2
JOU
Fig. 29. Ground motions for Example 2, Case 2, conditional lev
1,2,3
R

t

e

,

Park model~Kent and Park 1971! is used for modeling the con
crete material, with degraded linear unloading/reloading acc
ing to the work of Karsan and Jirsa~1969!. Reinforcing steel bars
are placed around the interface boundary of the confined
unconfined concrete regions. The reinforcing steel is modeled
bilinear material with kinematic hardening.

The gravity load consists of two point loads of 801 kN~180
kips! at each of the columns. Fig. 19 shows a pushover curv
the structure. The small-amplitude natural frequency of the st
ture is 2.6 Hz. Viscous damping is included with the damp
ratio for the first mode of vibration at small amplitudes bei
approximately 0.5%. Additional hysteretic damping develops
the structure during vibration at higher amplitudes.

Failure Probability Estimation

Failure is defined as the exceedance of a specified story drift
b. Figs. 20 and 21 show the estimates of failure probability
different threshold levelsb for Cases 1 and 2, respectively. Th
sample mean of failure probability estimates over 50 independ
simulation runs for Cases 1 and 2 are shown in Figs. 22 and
respectively. These figures show that the failure probability e
mates by Subset Simulation are practically unbiased. The sa
c.o.v. for the failure probability estimates computed using 50
dependent simulation runs are shown in Figs. 24 and 25. In g
s
Fig. 30. Response, Case 2, conditional levels 1,2,3
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Fig. 31. Spectra of white noise sequence, Case 2, conditional le
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ral, it is observed that the performance of Subset Simulation
he current example for a nonlinear structure is similar to Ex
mple 1 for a linear structure, showing that the performance
ubset Simulation is robust to the type of structural model a
umed in the analysis.

The trend of the failure probability versus threshold levelb
hown in Fig. 23 for Example 2 is qualitatively different from tha

n Fig. 9 for Example 1. In particular, in Example 2~Fig. 23!, the
ecay rate of failure probability with increasing threshold levelb

ncreases at aroundb50.5%. This is due to hysteretic damping
hich starts to become important at an interstory drift ratio o
.5% where significant yielding occurs. The stiffness-softening

he structure in Example 2 starts to become dominant and o
eighs the hysteretic damping effect at a drift ratio of around 1%
t which point the decay rate decreases.

ailure Analysis Using Conditional Samples

ig. 26 shows the typical samples of ground acceleration th
orrespond to different levels of failure with failure probabilities
021, 1022, and 1023 for Case 1, where only the additive exci-

ationsZI are uncertain. The interstory drift ratio of the left col-
mn ~which is essentially the same as that of the right column!
orresponding to these ground excitations is shown in Fig. 2
ig. 28 shows the average spectrum of the additive excitationZI at
ifferent levels of failure. As the simulation level increases, th
pectrum develops a peak near 2 Hz, which is near the natu
requency of the structure~2.6 Hz!. These observation are similar
o those in Example 1. Nevertheless, the spectral peak in this c
s less distinct and does not occur at the small-amplitude natu
requency of the structure. This is presumably due to the softe
ng behavior of the structure at large amplitudes of vibration
hich results in an apparently smaller ‘‘resonance frequency
dapted by the Markov chain samples of the additive excitatio

The system behavior for Case 2 of Example 2 is essentia
imilar to that of Example 1, as shown in Figs. 29, 30, 31, and 3

onclusions

ubset Simulation~Au and Beck 2001a! utilized in this study is
ased on~1! the representation of small failure probabilities as
roduct of larger conditional failure probabilities; and~2! Markov
hain Monte Carlo~MCMC! simulation to efficiently generate
amples conditional on intermediate failure regions. The im
16 / JOURNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003
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Fig. 32. Conditional samples ofM and r for Example 2, Case 2, a
conditional levels 0,1,2
se
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proved MCMC algorithm presented in this paper allows gre
flexibility for incorporating prior information about the proble
in the simulation procedure so as to improve efficiency of
method. During Subset Simulation, the Markov chain samples
gradually adapted to failure regions of small failure probabilit
In addition to estimating failure probability, the Markov cha
samples can also be used for failure analysis, which yields in
mation about the probable scenario that will occur in a fai
event.

The applicability and efficiency of Subset Simulation for co
puting the failure probabilities of structures during seismic
studies using dynamic analysis have been demonstrated for
linear and nonlinear hysteretic models of structures. Fa
analysis has been carried out using the samples generated
Subset Simulation to gain insight into the system behavior w
failure occurs. The analysis shows that when only the seis
ground acceleration time history is uncertain, the rare failure
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narios correspond to resonance of the excitation with the st
ture. On the other hand, when the earthquake magnitudeM and
epicentral distancer defining the stochastic excitation model a
also uncertain, they tend to control failure, due to their multip
cative effects on the response. The conditional distribution oM
andr given that failure occurs is significantly different from the
original PDF.

It should be noted that the observations from the failure an
sis, such as the distribution of the moment magnitudes and
central distance when failure occurs, are based on the assu
probability models for the ground acceleration. The results sho
be interpreted bearing in mind the inherent limitations of the
models. For example, the Atkinson-Silva model used in this st
is a point-source model that does not directly account for
geometry of the fault and the characteristics of near-sou
ground motions. Nevertheless, on the premise that the qualit
stochastic ground motion models will continue to improve, Sub
Simulation provides a useful tool for seismic performance ass
ment through efficient estimation of failure probabilities and stu
ies of failure analysis behavior based on dynamic analysis.
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