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Abstract: A method is presented for efficiently computing small failure probabilities encountered in seismic risk problems involving
dynamic analysis. It is based on a procedure recently developed by the writers called Subset Simulation in which the central idea is the
a small failure probability can be expressed as a product of larger conditional failure probabilities, thereby turning the problem of
simulating a rare failure event into several problems that involve the conditional simulation of more frequent events. Markov chain Monte
Carlo simulation is used to efficiently generate the conditional samples, which is otherwise a nontrivial task. The original version of
Subset Simulation is improved by allowing greater flexibility for incorporating prior information about the reliability problem so as to
increase the efficiency of the method. The method is an effective simulation procedure for seismic performance assessment of structur
in the context of modern performance-based design. This application is illustrated by considering the failure of linear and nonlinear
hysteretic structures subjected to uncertain earthquake ground motions. Failure analysis is also carried out using the Markov chain sampl
generated during Subset Simulation to yield information about the probable scenarios that may occur when the structure fails.
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Introduction relative plausibility of values that the set of uncertain parameters
0=[64,...,0,] may assuméCox 1962. Without loss of general-

In modern performance-based engineering design, the proper asity, it is assumed that these parameters are, or can be transformed

sessment of the performance of structures constitutes an importo  be, independent, i.e., q(Q)=Hj”:1qj(6,-), where

tant componentSEAOC 1995, 2000; Cornell 1996; Wen 2000 g : R"—[0») is the one-dimensional PDF for eaéj. The falil-

This includes realistic modeling of material constitutive behavior, ure probability can be formulated in a generic form as

structural components, loading conditions, mechanism of deterio-

ration, and so on, that are anticipated during the working life of a p(,:):j 1-(0)q(0)de 1)

structure. Due to incomplete information, uncertainty always exist

in the loading conditions as well as the structural behavior. A where FCR"=failure region; and Ig: R"—{0,1} =indicator

probabilistic approach allows scientific and engineering predic- function: [(8)=1 if 6 e F andIz(8)=0 otherwise. In Eq(1),

tions to be made with different degrees of confidence reflecting and throughout the papeR(F) denotes the probability thet

the incomplete information available. Application of probability e F where the probability distribution df is g(6). Much atten-

concepts to structural safety was initiated in the mid 1940s, due totion has been given to the evaluation of the failure probability in

the work of Freudenthal and his coworkeiFreudenthal 1947;  the past few decadés.g., Schiker and Stix 1987; Engelund and

Freudenthal 1956; Freudenthal et al. 1966 Rackwitz 1993; Schiiler et al. 1993, which constitutes the do-

Structural reliability is concerned with the probability that a main of reliability methods.

structure will not reach some specified failure state in some un-  Monte Carlo simulation methodéHammersley and Hand-

certain environment. This problem can be posed mathematically scomb 1964; Rubinstein 1981; Fishman 1988er a simple and

as follows. Letg € R" be a parameter vector containing all the robust means for estimating the failure probability for a specified

uncertain quantities of interest; in general, they will relate to the structure and loading conditions, regardless of the complexity of

structural behavior and the loading conditions. geti"—[0,) the problem. In this approach, the failure probability in EL).is

be a prescribed probability density functitPDF) quantifying the viewed as an expectation of the indicator functiptd) wheref

is distributed agy. “Random realizations,” or “samples,” of the

ISchool of Civil and Environmental Engineering, Nanyang uncertain parameters in the problem are generated according to

Technological Univ., Singapore 639798. their PDF. The failure probability is then estimated by the sample
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In view of the rare-event aspect of the standard Monte Carlo samples according to the conditional distributioroafiven that it
method, the importance sampling methdRubinstein 1981, liesinF,;, that is,q((j|Fi):q(Q)}IFi(Q)/P(Fi). This is in general
Schudler and Stix 1987 has been introduced, which basically a highly nontrivial task. Nevertheless, it is fouu and Beck
chooses an importance sampling distribution to generate sample®0014 that Markov Chain Monte CarltMCMC) simulation pro-
that lead to failure more frequently. The efficiency of the method vides a powerful method for simulating samples conditional on
relies on a proper choice of the importance sampling distribution, the failure regiorF; (i=1, ... m—1). A MCMC method based
which inevitably requires some knowledge about failure. Impor- on the modified Metropolis algorithm was developed in previous
tance sampling has been successfully applied to time-invariant orwork (Au and Beck 2001a This paper presents a generalized
static reliability problems where the number of uncertain param- MCMC scheme which is based on the Metropolis-Hastings algo-
eters in the problem is not too larg€chudler and Stix 1987;  rithm. The generalization allows more information about the reli-
Bucher 1988; Melchers 1989; Papadimitriou et al. 1997; Der Ki- ability problem to be incorporated into the simulation procedure
ureghian and Dakessian 1998; Au etal. 1999; Au and Beck so as to improve efficiency of the method.

1999. For time-dependent problems, which are often character-

ized by a large number of uncertain parameters with complexity

arising from its dynamic nature, the application of importance Markov Chain Monte Carlo Simulation

sampling is much more difficultAu and Beck 2002 By exploit- . ) .

ing knowledge of the failure region, Au and Bet2001b have Markov Chain Monte Carlo simulation is a class of powerful

developed a very efficient importance sampling method for the Simulation techniques for generating samples according to any
first-excursion problem for linear dynamical systems under 91VeN probability distribution. It originates from the method de-

Gaussian stochastic excitation. However, efficient and robust€!0P€d by Metropolis and his coworkers for applications in sta-
simulation methods for solving general time-dependent reliability fistical physicsMetropolis et al. 1958 A major generalization of

problems are still at their early exploration sta@ehtider et al. the Metropolis method was due to Hastings for applications in
1993. Bayesian statistic§Hastings 1970 See Fishmar(1996 for a

comprehensive discussion of MCMC methods. Applications to
reliability calculations and Bayesian system identification in civil
engineering include Au and Bedd999, Au and Beck(2001a
and Beck and Ay2002.

The significance of MCMC simulation to solving reliability
problems is that it provides a versatile way for generating samples
according to the conditional PDE(8|F), which has been the
main challenge in a simulation-based reliability method. Succes-
sive samples are generated from a specially designed Markov
chain. Assuming the algorithm is properly implemented so that

This study is based on a simulation-based reliability method,
called Subset Simulatignthat was developed recently to effi-
ciently compute the small failure probabilities encountered in en-
gineering reliability analysis of general dynamical systeias
and Beck 2001a The method presented in this paper is an im-
proved version of Subset Simulation that utilizes the Metropolis-
Hastings algorithm for generating conditional samples; it offers
greater flexibility for incorporating prior information about the
reliability problem into the simulation procedure in order to im-
prove efficiency of the method. Subset Simulation is an effective J . =
simulation procedure for seismic performance assessment ofi€ Markov chain is ergoditAu and Beck 2001a the distribu-
structures. This application is illustrated by considering the first- tion of the samples tends to the conditional PQ|F) as the

excursion failure of linear and nonlinear hysteretic structures sub-€ngth  of - the  Markov - chain increases. Specifically, let
jected to uncertain earthquake ground motions. {01,082, ... .} be the Markov chain samples, théq is distrib-
uted asq(0|F) asn—o. If the initial sampled, is distributed

exactly as the conditional PD&(0|F), then so are the subse-
quent sample$§,,034, .. .,} and the Markov chain is always in a
stationary state; as shown later, this is the case for Subset Simu-
lation. The Markov chain samples can be used for statistical av-
eraging to yield estimates for the conditional expectation of quan-
tities of interest.

The proposed MCMC scheme for generating samples with
limiting stationary PDF equal tq(9|F) is presented as follows.
In applications, the parameters in the uncertain parameter vector
0 naturally fall into groups, as will be seen later in the examples.

Basic Idea of Subset Simulation

Given a failure regiorf, let F;DF,D---DF,,=F be a decreas-
ing nested sequence of failure regions so Iﬁgdtﬂiklei, k
=1,... m. For example, if failure of a system is defined as the
exceedance of an uncertain demdhdver a given capacity,
that is, F={08: D(8)>C(8)}, then an appropriate sequence of
nested failure regions can simply be definedFRas-{6:D(0)
>C;(8)}, whereC,<C,<---<C,,=C. By definition of condi-

tional probability. we have Let I={l,, ... nG}, whereng is the number of groups, be the
P % grouping(or partition of the indices{1, . .. n} corresponding to
P(F)=P(Fn)=P(NM",F)=P(F /N FHP(NMF) the uncertain parametef8, , . .. ,0,}. Without loss of generality,

we can assume that the indices are numbered so that their numeri-
cal order is not affected by grouping. For example, a valid group-
=P(FplFmD)P(NF)==P(F) [ P(Fi 4F) ing of {1,....6 is ({1,2.{3},{4,5,8), for which 1,={1,2}, I,
1 ={3}, 13={4,5,6}, andng=3. Let 8" € R" be the set of the,
(2) parameters in thgth group (=1,...ng). The whole set of
uncertain parameters consists of members from all the groups,
that is,0=[0(), ... ,0("a)]e R". For each group, let q!’(91)

m—1

Eq. (2) expresses the failure probability as a product of a se-

quence of conditional probabilitie§P(F; ,|F;):i=1,... m - . T .

—1} andP(F,). The idea of Subset Simulation is to estimate the __Hrj'jqf(ef) be the"P[*)F E?)r tz?t_h gnr.oup.n.The final |ng.red|.ent

failure probabilityP(F) by estimating these quantities. is a “proposal PDF”pf(£7[6%): R"xRM—[0) Wh'?h 1S
Standard MCS can be used to estim@{&,) and it is natural ~ chosen for each group to generate a random “precandidate com-

to compute the conditional failure probabilities in E&) based ~ ponent” {10 e R" based on the current sample componefit
on a similar approach, which necessitates the simulation of e R" (see later for the choice of proposal PDFo generate the
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Fig. 1. lllustration of modified Metropolis-Hastings algorithm

.,0"e)] from the

,Qf(”G)], the following algorithm is

next Markov chain samplé®,.;=[0(",, ..
current sampleé, =[0(", . ..
applied:

Modified Metropolis-Hastings Algorithm

6("@)

1. Generate a candidate sta@g;=[0(%;, ... 0, % 1:

For each group=1, ... ng, . .
« Generate a precandidate componglt, from pi(-|6{)
e Compute the acceptance ratio:

gVl e eled)

) = - - - (3)
K g eR)pr 0
« Set§{)),, thejth component o, ;, according to
) g, with probability mir(1r{l},) @
S0 with probability 1—min(1r{),

2. Accept/reject candidate stafg .
If §,.,=6, (i.e., no precandidate components were ac-
cepted, setf, ., =0, . Otherwise, check the location f. ;
by performing a structural analysis.ff ., , € F, accept it as

the next state, i.e., s, ,=0,.,; otherwise, reject it and
take the current state as the next one, i.e.9get=10y.
Fig. 1 gives a schematic illustration of the algorithm.

dependent ok. We next show that i, is distributed as the target
PDF q(0|F), then so isf,.,, and hencey(0|F) is a stationary
distribution of the Markov chain.

As all the Markov chain samples lie i as enforced by Step
2, it suffices to consider the transition between the statds, in
which is governed by Step 1. According to Step 1, the transition
of the individual groups are independent, so the transition PDF of
the Markov chain between any two statesHrtan be expressed
as a product of the group transition PDFs

NG
P(0c-1/00 =11 py(0ill,l0l) (5)

i=
wherep, = transition PDF for thgth componeng{ of 9, . First,
consider the transition between distinct states for jtegroup,
ie.,0W=9l0) | then

pi(0114100) =pi (00} 110)min{1r)) 6)

Substituting Eg. (3) into Eg. (6), and using the identity
min{1,a/b}b=min{1,b/a}a for any positive numbera andb, it
is straightforward to show thag; satisfies the following “revers-
ibility condition” with respect toq(:

P01 l0W)a @) =p;(0 [0 gV (el ) (7)
Next, note that the equality in Eq7) is trivial when 8,
=0{). Thus, Eq.(7) holds in general, for each group
=1,...ng. Combining Eqgs.(5) and (7), and the fact that all

states lie inF, the transition PDF for the whole statg also
satisfies the following reversibility condition with respect to

a(-|F):

P(Ok+1/01) A0k F)=p(0x|0k+1)A(0k+1|F) (8)

Thus, if the current sampley is distributed asy(-|F), then

D(Qk+1)=f P(0k+1/01)a(0|F)dy
:f P(Ok/Ok+1)a(0k+1|F)dO, by Eq. (8)

:q(Qk+1|F)fp(@k|@k+1)d9k:q(9k+1||:) 9

sincef p(0|0x.1)d0,=1. This shows that the next Markov chain
sampled, ., will also be distributed ag(-|F), and so the latter is
indeed a stationary distribution for the generated Markov chain,
regardless of the choice of the proposal RifFfor each group in
the proposed MCMC algorithm.

Subset Simulation Procedure

Utilizing the modified Metropolis-Hastings method developed in

It should be noted that when every uncertain parameter is the |ast section, Subset Simulation proceeds as follows. First, we

grouped individuallyi.e., there are as many groups as the number gjmy|ateN samples( 6,

of uncertain parameterand the proposal PDFs are all symmetric
li.e.,pf(&:0;)=p;(0;:&;) forall j=1,... n], then the current

algorithm reduces to the modified Metropolis algorithm presented

in previous work(Au and Beck 2001a

Proof of Stationary Distribution

..,0n} by standard MCS to compute an
estimateP, for P(F,) by
1 N
P(F)~Pi=g 2 Tr, (60 (10)
=1

where{6,: k=1, ... N} are independent and identically distrib-
uted(i.i.d.) samples simulated according to the parameter BDF

Since the same rule is used to generate the next sample from thé&rom these MCS samples, we can readily obtain some samples

current one regardless of the Markov steghe transition prob-
ability p(0,.4/0,) of the Markov chain is stationary, that is, in-

distributed asq(-|F;), simply as those that lie iff,. Starting
from each of these samples, we can simulate Markov chain
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samples using the modified Metropolis-Hastings method. As samples so that the total number of samples generated at each

shown in the previous section, these samples will also be distrib-

uted agy(-|F;) because the Markov chain is in a stationary state.
They can be used to estimalR{F,|F,) using an estimatoP,
similar to Eq. (10). Observe that the Markov chain samples,
which lie in F, are distributed ag(-|F,) and thus they provide
“seeds” for simulating more samples according d¢- |F,) to
estimateP(F3|F,). Repeating this process, we can compute the
conditional probabilities of the higher-conditional levels until the
failure region of interesF (=F,) has been reached. At théh
conditional level, ki=m—1, let {0;,: k=1,... N} be the
Markov chain samples with distributiar(- |F;), possibly coming
from different chains generated by different “seeds.” Then

N
- 1
P(Fi+1|Fi)“Pi+1:NkZl Ir, (81 k) (11)

Finally, combining Eqgs(2), (10), and(11), the failure probability
estimator is

TDF:i]:[l P, (12)

Notice that the total number of samples generatedNis
=mN wherem is the number of levels anN is the number of
samples generated for each level.

Statistical Properties of Estimators

In this section, we present results on the statistical properties of

the estimator®; (i=1, ... m) andPr. The detailed derivation
of these results can be found in Au and Be@001a or Au
(2001.

Monte Carlo Simulation Estimator P~

As is well-known, the MCS estimatd?, in (10) computed using
the i.i.d. sampleq64, ...,05} is unbiased. The coefficient of

variation (c.0.v) of ﬁl, d,, defined as the ratio of the standard
deviation to the mean d®,, is given by

N =
1= VBFN

Conditional Probability Estimator P ~; (2<i<m)

(13)

Since the Markov chains generated at each conditional level are
started with samples distributed as the corresponding target con-
ditional PDF, the Markov chain samples used for computing the

conditional probability estimators based on Etjl) are all iden-
tically distributed as the target conditional PDF. It follows that the

conditional probability estimator®; (2<i<m) are unbiased.
The c.o.v. ofP;, denoted by, is given by

1-P(Fi|Fi-1)
5i=\/m(1+vi) (14)
where
N/Ng—1 KN,
vi=2 2, (1—W)pi<k> (15)
k=1

simulation level isN.XN/N.=N (the question of how to main-
tain a fixed number of chaind, will be discussed latgr In Eq.
(19,

pi(k)=Ri(k)/R;(0) (16)
is the correlation coefficient at laky of the stationary sequence
{]IFi((ji,lyj'k): k=1,... N/Nc}, where@;_,;, denotes thekth

sample along thgth chain (started from thejth seed at the
(i—1)-th simulation level

Ri(K)=E[l¢,(8i-1j0) —P(FilFi- D11 (8i-1j,144)
—P(Fi|Fi_p]

=E[lE(0i-1j)1F (8i-1j100] - P(Fi|Fi—1)? (17)

is the covariance betwedai((ji,lvjy,) and| Fi(Qi,lJYHk), for any
I=1,... N/N;, and it is independent d¢fdue to stationarity. It is
also independent of the chain indgsince all chains are proba-
bilistically equivalent.

The covariance sequen¢B;(k): k=1, ... N/N.—1} can be
estimated using the Markov chain sample®;_,;:
=1,...N¢g;k=1,... N/Ng} at the {—1)-th conditional level
by

Ri(k)=R(k)
Ne N/N.—k

1 ~
s o —P?
N_chjzl ;l IFl(th,],I)lFI(Qlfl,],Hk) P|

(18)

from which the correlation sequendg;(k): k=1,... N/N,
—1} and hence the correlation factgr in Eq. (15) can also be
estimated. Consequently, the c.@vfor the conditional probabil-

ity estimatorP; can be estimated by E¢l4), whereP(F|F;_,)
is approximated by, using Eq.(11).

Failure Probability Estimator P~ ¢

Due to the correlation among the estimatfFs: i=1, ... m},
P given by Eq.(12) is biased for everi. This correlation is due
to the fact that the samples used for compufhgvhich lie in F,
are used to start the Markov chains to compBte;. It can be
shown that the fractional bias - is bounded by

Pe—P(F)

—5E <> 83;+0(1N)=0(1NN)

>

(19)

which means thaPy is asymptotically unbiased and the bias is
O(1/N).

On the other hand, the c.0&.0f P may be bounded above
by using

P—P(F)

=E TR

2 m
< > 83;+0(1N)=0(1/N) (20)
ij=1

showing thatPg is a consistent estimator and its c.odv.is
O(1/yN). Note that the c.0.\5 in Eq. (20) is defined through the
expected deviation about the target failure probabifiyF) in-

is a correlation factor. It has been assumed that at each simulatiorstead ofE[F’F] so that the effects of bias are accounted for. The

level, there areN. Markov chains developed, each haviNgN,
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ability estimators{P;: i=2, ... m} are fully correlated. The ac-
tual c.0.v. depends on the correlation betweenRj® If all the
P;s were uncorrelated, then

m
52=2, 57
i=1
Although theP;s are generally correlated, simulations show that

52 may be well approximated by E¢1). This will be illustrated
in the examples.

(21)

Implementation Issues

Choice of Intermediate Failure Regions

The choice of the intermediate failure regiofs;: i=1,...,

fined using “max” and “min” in the same order corresponding to
each occurrence of uniofty) and intersectioqN) in F, respec-
tively.

Choice of Intermediate Threshold Levels

The choice of the sequence of intermediate threshold values
{Y1, - .. .¥Ym} appearing in the parameterization of intermediate
failure regions affects the values of the conditional probabilities
and hence the efficiency of the Subset Simulation procedure. If
the sequence increases slowly, then the conditional probabilities
will be large, and so their estimation requires less samiles
slow sequence, however, requires more simulation lenel®
reach the target failure region, increasing the total number of
samplesN=mN in the whole procedure. Conversely, if the se-
quence increases too rapidly that the conditional failure events
become rare, it will require more samplddo obtain an accurate

m— 1} plays a key role in the Subset Simulation procedure. Two estimate of the conditional failure probabilities in each simulation
issues are basic to their choice. The first is a parametrization oflevel, which again increases the total number of samples. It can
the target failure regior which allows the generation of inter-  thus be seen that the choice of the intermediate threshold values is
mediate failure regions by varying the value of the defined pa- a trade-off between the number of samples required in each simu-
rameter. The second issue is the choice of the specific sequence dhtion level and the number of simulation levels required to reach

values of the defined parameter, which affects the values of thethe target failure region.

conditional probabilities {P(F;4|F)):i=1,... m—1} and
hence the efficiency of the Subset Simulation procedure.

Generic Representation of Failure Regions

One strategy for the choice of the intermediate threshold val-
ues is to choose thg a priori, but then it is difficult to control
values of the conditional probabilitie®(F;|F;_;). In this work,
they; are chosen “adaptively” so that the estimated conditional

Many failure regions encountered in engineering applications are probabilities are equal to a fixed valpge (0,1). This is accom-
a combination of the union and intersection of failure regions of plished by choosing the intermediate threshold level (i

components. In particular, consider a failure regioof the fol-
lowing form:
L L
F=U N{0: Djx(8)>Cj(9)}
j=1k=1

(22)

where D (8) and Cj(0) may be viewed as the demand and
capacity variables of thej(k) component of the system. The
failure regionF in Eq. (22) can be considered as the failure of a
system withL subsystems connected in series, whergj thesub-
system consists df; components connected in parallel.

In order to apply Subset Simulation, it is desirable to param-
eterizeF with a single parameter so that the sequence of interme-

diate failure regiondF;: i=1,... m—1} can be generated by

varying the parameter. This can be accomplished as follows. For

the failure regionF in Eq. (22), define the “critical demand-to-
capacity ratio”(CDCR) Y as

. Du(9)
Y(Q):i:T?)f,L k:T.I.n. L Cik(9) @9
then it can be easily verified that
F={0: Y(0)>1} (24)

=1,...m—1) as the (k py)Nth largest valug(i.e., an order
statistio among the CDCR$Y(0;_1x): k=1, ... N} where the
0;_,x are the Markov chain samples generated at thel(th
conditional level fori=2, ... m—1, and thef oy are the samples
from the initial Monte Carlo simulation. This choice of the inter-
mediate threshold levels implies that they are dependent on the
conditional samples and will vary in different simulation runs. For
a target probability level of 10° to 10°°, choosingp,=0.1 is
found to yield good efficiency.

Using this adaptive choice of the proposal PDF, the Subset
Simulation procedure is illustrated in Fig. 2 for simulation Level
0 (MCS) and Level 1(MCMC).

Grouping of Uncertain Parameters and Choice of
Proposal Probability Density Functions

The Subset Simulation method presented here differs from the

previous versiorfAu and Beck 2001gin that it allows grouping

of uncertain parameters; the previous version corresponds to the

special case where each uncertain parameter is in its own group.
The grouping of uncertain parameters and the choice of the

group proposal PDFs affect the distribution and the acceptance

and so the sequence of intermediate failure regions can be genertate of the candidate state. These in turn affect the correlation

ated as
Fi={0: Y(0)>yi} (25)
where 0<y,<---<y,,=1 is a sequence g¢hormalized interme-

among the Markov chain samplgthrough the factory; in Eq.

(15)] and consequently the efficiency of the Subset Simulation
procedure. They are the major channels through which prior
knowledge about a particular problem can be used to improve the

diate threshold values. It is noted that although the intermediate efficiency of the MCMC method.

failure regions are introduced purely for computational reasons in

Ideally, all uncertain parameters should be collected in one

Subset Simulation, they may be viewed as corresponding to fail- group and the proposal PDF should be chosen as the conditional

ure if the component capacities;, were all less by the same
factory; than the specified values.

It is straightforward to generalize to failure regions consisting
of multiple stacks of union and intersection. Essentiallys de-

PDFq(0|F;), in which case all states generated by the proposal
PDF will be i.i.d. and accepted. Of course, this choice is not
feasible, because an efficient algorithm for generating conditional
samples is generally not available. The art of choosing the pro-
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Fig. 2. lllustration of subset simulation procedure

whenn is large (Au 2001; Au and Beck 200)aand therefore
grouping of the uncertain parameters is inevitable.

Note that the components of the candidate state corresponding
to different groups are generated independently in Step 1. This is
the key mechanism which makes the algorithm applicable even in
high-dimensional problem#u 2001; Au and Beck 200)abut at
the expense of implicitly enforcing independence among the un-
certain parameters of different groups in the generation of the
candidate state. If some uncertain parameters belonging to differ-
ent groups are strongly correlated when conditional on the failure
region, the distribution of the candidate state will not be close to
the conditional PDF, at least in terms of the correlation structure
among the uncertain parameters. Consequently, the acceptance
rate with respect to the conditioning I&y for the candidate state
will be small. Thus, uncertain parameters that are strongly corre-
lated with each other when conditional &n should be grouped
together. In any case, the number of uncertain parameters in a
group should be kept small to avoid high-dimensional problems.

Deciding what type of proposal PDF to use for a particular
group depends on the role that the group of uncertain parameters
has in affecting failure and on the information available for con-
structing the proposal PDF. Three types of groups are now dis-
cussed and are summarized in Table 1.

Type I: Insensitive Parameters

If failure is insensitive to a particular group of uncertain param-
eters, then the proposal PDF should be chosen as the original
parameter PDF for that group, so that the precandidate component
generated by the proposal PDF is always accepted into the can-
didate state in Step 1.

Type II: Large Number of Independent and Identically

Distributed Uncertain Parameters

When there is a large number of uncertain parameters that all play
a similar role in affecting failure, it often happens that these un-
certain parameters as a whole affect failure significantly, but not
individually. One common example is the set of i.i.d standard
normal parameters in the discrete-time representation of Gaussian
white noise in the first-excursion problem. In this case, each of
these uncertain parameters should be grouped individually to
avoid high-dimensional problems. For each uncertain parameter,

posal PDF lies in how it can be chosen so that the candidate stateone can choose a one-dimensional adaptive symmetric proposal

has a distribution close to this conditional PDF in order that the
simulation process is still efficiertvith small correlation among
Markov chain samplgs Choosing ann-dimensional proposal
PDF (i.e., with only one group of uncertain parameterswill

PDF that is local to the current sample. The advantage of this
choice is that a reasonable acceptance rate of the candidate state
can often be guaranteed when the spread of the proposal PDF
about the current sample is not too large, since then the corre-

generally lead to “zero acceptance rate” of the precandidate statesponding components of the candidate state are generated in the

Table 1. Different Types of Proposal Probability Density Functions

Description Advantage

Type

Disadvantage Suitable for

| Parameter probability density

function, nonadaptive
current sample

One-dimensional chain-adaptive

symmetric(Metropolig

1l

n;-D Metropolis-Hastings, High-acceptance rate possible

chain-nonadaptive, level-adaptive uncertain parameters are influential, and uncertain parameters

Good acceptance rate of candidate
state without prior information oft;

100% acceptance in Step 1; precandidat®oes not improve acceptance Insensitive parameters
component does not depend on

with respect to conditioning
by F; in Step 2

Correlation between current
sample and candidate state
may be high

Only for a small number of

Uncertain parameters
which are abundant and
influential as a group

A small group of influential
parameters

if

conditional probability density function

well approximated by proposal
probability density function
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Table 2. Recommended Types of Proposal Probability Density Func- The first category includes the additive excitation parameiers
tions for Different Parameters in First-Excursion Problentsy (- in the discrete representation of the stochastic excitation. The
= Additive Excitation Parameter§g = Excitation Model Parameters number of uncertain parameters in this category is often very

Type of proposal probability large. For example, discretizing Gaussian white noise in the time
Uncertain parameters density function for do_maln of duratloan=:_%(_) s and sampling timat=0.02 S re-
in the problem 0, 0c quiresTy/At+1=1,501i.i.d. standard normal random variables,
assuming the time instants at time 0 and 30 s are both represented.
82 I These uncertain parameters are often influential as a group, but
07,0 I i they are insensitive individually, because the dynamic response is

affected by the “integral”(in continuous-timg or “summation”

(in discrete-timg effect of these parameters, and the effect of

each individual uncertain parameter on the response is infinitesi-
neighborhood of those of the current sample. This choice of the mally small[e.g., O(At) in discrete-tim¢ For this category of
proposal PDF will also cause the components of the candidateuncertain parameters, it is recommended that they be treated in-
state to be positively correlated with those of the current sample, dividually using a Type Il proposal PDF.
thereby slowing down convergence of the conditional failure  The second category includes the stochastic excitation model
probability estimate for the level, although this seems to be the parameter$ ¢ involved in the stochastic excitation model, which
best one can do in the absence of further prior knowledge aboutoften have a “multiplicative effect” on the response. Examples

the failure region. are the spectral intensity of white-noise excitation or the moment
) ) magnitude and epicentral distance in a stochastic ground motion
Type lll: Small Number of Influential Uncertain Parameters point-source model. Due to their multiplicative effect and their

Consider the case where failure is sensitive to the uncertain pa-jarge variability assumed in applications, these uncertain param-
rameters of a particular group. If there is some information about gters often have a dominant effect on the uncertain response, ren-
the _fa|Iure reglorFi_so that a PD_F can be constructed Whl_ch is dering other uncertain parameters, such as thoge jriess sen-
similar to the conditional PDF with respect to the uncertain pa- gjtive - Since these uncertain parameters control failure, their

rameters of this group, then such a PDF may t_)e use_d as theonditional distribution given failure is often significantly differ-
proposal PDF, assuming that an efficient method is available for ent from their parameter PDF. Capturing the conditional distribu-

evgluatmg its value and.for generat!ng ra'f!do”? samplgs afpordmgtion of these uncertain parameters can lead to significant improve-
toit. The proposa_l PDF n this case is not c_haln-adaptlve, in the ent in the efficiency of the simulation procedure, and hence a
sense that the distribution of the precandidate state componen ype Il proposal PDF is recommended, keeping in mind the

remains unchanged as the Markov chain develops. It plays a simi- . : .
lar role to that of an importance sampling density with respect to requirement that the numbgr Of. uncm_artaln parameters in the group
should be kept small to avoid high-dimensional problems. Table 2

the group of uncertain parameters. Similar methods to those for . the t ¢ | PDF ded for th
constructing importance sampling densitiéSDs) can be used summarizes the ypes ot proposa s recommended for the
uncertain parameters of different categories in first-excursion

for constructing the proposal PDF.

Regarding the information available for constructing the pro- problems.
posal PDF, it should be noted that the Markov chain samples from
the last simulation level that lie in the failure regién are dis-
tributed as the conditional PDE{ - |F;). In fact, they are used as

the initial samples for starting individual Markov chains for the The computational efficiency for Subset Simulation relative to
current simulation level. One way of utilizing these samples is to standard MCS increases with decreasing failure probability be-
construct the proposal PDF as a normal PDF with mean and co-cayse the computational effort depends roughly on the logarithm
variance matrix estimated from the samples. Another strategy iSof p(F) and so grows more slowly a&&(F) decreases than for

to construct the proposal PDF as a kernel sampling density usingstandard MCS. If the conditional failure regions are chosen so
the samples(Silverman 1986; Ang etal. 1992; Au and Beck hat the corresponding estimates of the conditional failure prob-
1999. Since the information from the last simulation level is abilities are all equal tg, (0.1 is recommendeédand the same
utilized to construct the proposal PDF at the current level, this number of samplesl is used in the simulation at each level, then

choice is “level-adaptive.” It should be noted, however, that suc- ., Egs.(14) and (21), the c.o.v. of the estimator for a failure
cessful use of a level-adaptive proposal PDF is based on the babili M (e i P

. - : tyP(F)= level b
premise that the conditional PDF with respect to the group of probability P(F)=pq’ (requiringm levels is given by

Computational Efficiency

uncertain parameters can be approximated by the chosen type of . m(1—py)(1+7)

PDF. Also, they should be used only when the number of uncer- BZZT (26)
tain parameters in the group is not large, for otherwise high- 0

dimensional problems may occur as the number of memiyers wherey = average value of the correlation parametersiefined
the group increases. in Eq. (15) for the simulated samples at each level. The minimum

number of samples required to give a c.0.va0is therefore
Group Types for First-Excursion Problems
m?(1-po)(1+7)

For applications to solving the first-excursion problem, it is useful Nr=mN= —————————= (27)

to group the uncertain parameters in the stochastic excitation Pgd?2

model into two categories o )

1. Additive excitation parametess; ; and For standard MCS the minimum number of samples required to
2. Stochastic excitation model parametégs give a c.o.v. of is N0=(1—p3“)/pgf52. A measure of the effi-
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Fig. 3. Radiation spectrurd(f;M,r) for r=20 km andM =5,6,7 Fig. 4. Envelope functiore(t;M,r) for r=20 km andM =5,6,7
ciency of Subset Simulation relative to standard MCS is then 1 N
given by E[h<@>|Fi]:f h(8)a(6|F)de~5 > h(di  (30)
k=1

No 1-pg
Ny~ m2pl L(1—po)(1+7)

It is noted that the computational overhead required for SubsetApp“Ca_ltlons to Seismic Risk Based on Dynamic
Simulation, beyond that due to the system analysis for eachAnaIySIS

sample that is also required in standard MCS, is negligible. Tak-
ing pp=0.1, form=3 and 6 that correspond to a target failure
probability of P(F)=10"2% and 108, the above equation gives
No/Nt=4 and 1,03(sincey is about 2. This shows that Subset
Simulation becomes much more efficient than standard MCS for
smaller values oP(F). This gain in efficiency is based onnot
being large, which can be achieved if the proposal distribution is
chosen properly. Stochastic Ground Motion Model

(28)

To illustrate the application of Subset Simulation to seismic risk,
two structural systems are considered that are subjected to uncer-
tain ground motions. The stochastic ground motion model and the
seismic hazard are first described, then the results for the two
structural systems are given.

The seismic risk problem is formulated using a stochastic ground
motion model to describe the uncertainty associated with the
ground motion at the site in a seismic event of given magnitude
and earthquake source location. In this work, the stochastic
ground motion model developed by Atkinson and Si2800 is
adopted, which belongs to the class of point-source models char-
acterized by the moment magnitutie and epicentral distance
(Brune 1971a,b; Hanks and McGuire 1981; Boore 1983r
easy reference, we will call this the A-S model. To generate a time
history for the ground acceleration for given moment magnitude
M and epicentral distanae a discrete-time white noise sequence

the probable cause of failure should it occur. Also, the marginal {Wj=v2n/AtZ;: j=1,... 0} is first generated, where

PDF q(6,|F) for the uncertain parametér, when compared to I 'Z“t are i.i.d. standard normal \./ar|ab.les, and then it is
marginal PDFq(6;) corresponding to the parameter PQE), modulated by an envelope functiore(t;M,r) at the
shows how important the corresponding uncertain paraneisr

Failure Analysis Using Markov Chain Samples

The Markov chain samples generated during Subset Simulation
can be used not only for estimating the conditional probabilities
but also to infer the probable scenarios that will occur in the case
of failure. Essentially, they yield information for “failure analy-
sis” to address the questioWhat is expected to happen when the
system fail8

The distributionq(0|F) of the uncertain parameters corre-
sponding to the conditional samples for failleives an idea of

in affecting failure. In fact, by Bayes’ theorem, for a given value a3
of §; ssim | C3 o8] oo [o6 o3
q(6i[F) 381m | c3|  Cs c6  |o3
P(Fl6;)= TL)_)P(F) (29) 1 G2
[ 38lm | C2 C5| gp |CB G2
and henceP(F|0;) will be insensitive tod; when the conditional T
T 3.81 C2 C5 (o} Cc2
PDF q(0;|F) is similar in shape to the PD&(;). "L Gl
The distribution of some response quantity of interégg), 38im | C1 c4| g |ca c1
evaluated at the Markov chain sample_s also gives |nformat|on s49m | o1 o4 4 1
about the system performance when failure occurs. In particular,
using the Markov chain sampl¢8; ,: k=1, ... N} conditional T et mem
on the failure regior; (i=1, ... m), the conditional expecta- Il t
tion of h(8) when the failure regioifr; has occurred can be esti- . - .
mated by Fig. 5. Moment-resisting frame structure in Example 1
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Table 3. Sections(AISC) for Frame Members in Example 1 10°

Story Exterior column Interior column Girder

12 C1: W14x 159 C4: W27x 161 G1: W24X 94
3.4 C2: W14x 132 C5: W27x 114 G2: W24X 76
5,6 C3: W14x99 C6: W24X 84 G3: W24X 55

o
)

discrete time instants. A discrete Fourier transform is then applied
to the modulated white noise sequence. The resulting spectrum is
multiplied with the “radiation spectrumA(f;M,r), after which — Subset Sim. (N = 1,400)
the discrete inverse Fourier transform is applied to transform the --- MCS (N = (1070&)) ’
sequence back to the time domain to yield a sample for the 107 . .
ground acceleration time history. The synthetic ground motion ° %, %) ! 15
a(t;Z,M,r) generated from the A-S model is thus a function of

the additive excitation parametefs=[Z,, ... ,Z,] and the sto- Fig. 6. Failure probability estimates for Example 1, Case 1

chastic excitation model parametévisandr.

o

Failure probability
o

between 0.4 and 4 H@Boore and Joyner 1997The term 1R is
the geometric spreading factor, wheRe= h?+r? is the radial
The A-S model is characterized by the radiation spectrum distance from the earthquake source to the siitg the epicentral
A(f;M,r) and the envelope functioe(t;M,r). The radiation distance(in km), andh is the nominal depth of faulin km). It is
spectrumA(f;M,r) consists of several factors which account for assumed thai=10"%%"9%15M 'which ranges from about 5 km at
the spectral effects from the source as well as propagation throughM =5 to 14 km atM=8. The term exp-v(f)R] in Eqg. (31)
the earth crust. It is given by accounts for an elastic attenuation, wheid )==f/QB andQ
1 =180f%® is a regional quality factor. The term expfrfk) ac-
A(f;M,r)=A(F V(T )ﬁexq—'y(f YRlexp(—mwfk) (31) counts for the near surface attenuation of high-frequency ampli-
tudes, wherex is assumed to be 0.04.

Here,A, is the “equivalent point-source spectrum” based on two Fig. 3 illustrates the dependence of the radiation spectrum on

Radiation Spectrum

corner frequencies, given by the moment magnitude for a nominal epicentral distance of
. . =20 km. From Fig. 3, it can be seen that as the moment magni-
— 2 tude increases, the spectral amplitude in general increases at all
Ao(f)=CMo(2mT) 1T (f/T)2 " T+ (T/fp)2 (32) frequencies, with a shift of dominant frequency content towards
where M, = seismic momentin dyn-cm given by (Kanamori the lower-frequency regime, as expected. It should be noted that,
1977; Hanks and Kanamori 1979 roughly speaking, botM andr have a multiplicative effect on the
synthetic ground accelerati@{t;Z,M,r) and hence on the struc-
Mo=10t5M*+10.9 (33) tural response. This observation implies tNaandr are influen-
and C=CrCpCrs/(4mpPp3); Cr=0.55 is the average radiation tial parameters for failure and so a Type Il proposal RD&ble
pattern coefficient(over all azimuths for shear waves;Cp 1) is chosen for them in the Subset Simulation.

=1M2 is a coefficient to account for the partition of waves into

two horizontal component§F5=2 is the free surface' amplifica-' Envelope Function

tion; p and B are the density and shear-wave velocity in the vi- ) ) ) )

cinity of the earthquake source, respectively, assumed to be 2.8The envelope functioe(t;M,r) is the major factor affecting the
glen? and 3.5 km/s. In EQ.32), f,=10%1804%M gnqg f duration of simulated ground motions for givéh andr. It is
=10>41"0408M Zre the lower and upper corner frequencies assumed to be

Hz) for the equivalent point-source spectrum, respectively. The

parameter = 10°695-025M ig 5 weighting parameter.

In Eq. (31, V(f) describes the amplification through the 10°
crustal velocity gradient as well as soil layers. Without detailed
specification of the soil properties at the site, it is assumed that .
V(f)=2, which lies in the range of values for NEHRP cl&3s 2 .
(corresponding to a mix of rock and soil sitfer frequencies iz:,w"

=5 S

Table 4. Point Masses for Steel Frame in Example 1 EE, \‘\
Floor Exterior column (K 10° kg) Interior column (< 10° kg) E’é"’z \..‘
2 60.4 81.0 . R
3 53.3 78.1 o A (L R AN
4 51.9 76.0 10° . . .
5 51.7 75.8 0 05 1 b 1(%)) 2 25 3
6 50.1 73.5
Roof 44.6 63.1 Fig. 7. Failure probability estimates for Example 1, Case 2
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Fig. 8. Sample mean of failure probability estimates over 50 runs, rig 10. Sample c.o.v. of failure probability estimates over 50 runs,

Case 1

e(t;M,r)=cst® exp(—c,ot)U(t) (34)
whereU(t) = unit-step function,
€1 |Og €o
Cl__1+81(|0981_1) (35)
S 36
02_81TW ( )

andc;=normalizing factor, chosen to be

(2C2)261+1
=" NTe 1) 0

Case 1

Choice of Seismic Hazard for Examples

For each structural example, two seismic hazard cases are consid-
ered: Case 1 is a large-event scenario and Case 2 is based on a
probabilistic seismic hazard that explicitly considers the uncertain
regional seismicity. In both cases, the A-S model is used to gen-
erate a synthetic ground acceleratai; Z,M,r) for givenM and

r, whereZ=[Z,, ... .Z,] is a standard normal vector amg is

the number of time instants. In Case 2, where the regional seismic
hazard is considered, the uncertaintyNhandr also has to be
addressed. The time step and duration of interest are taken to be
0.02 and 30 s, respectively, for both the simulation of ground
motions and the dynamic structural analyses. The number of ad-
ditive excitation parameterg involved in the generation of

so that the envelope function has unit energy, in the sense thaiground motion for a given stochastic model is thys-30/0.02

Joe(t;M,r)2dt=1. Here,I'(:) is the gamma function, and,,

=1/f,+0.1R is related to the duration of the envelope function.
The parameters; ande, are taken to be,;=0.2 ande,=0.05

(Boore 1983.

The envelope functioe(t;M,r) is shown in Fig. 4 for differ-
ent magnitudes at=20 km. From Fig. 4, it can be seen that
increasing the moment magnitude generally increases the duratior=[Z1, . . .

of the envelope function, as expected.

— Subset Sim. (lAvera e of 50 runs)
72 MCS (N = 10,000y

o
L

[

Failure probability
o

15
b (%)

+1=1501, where the time instants t&0 andt=30 are also
represented.

Case 1: Large-Event Scenario

In Case 1, only the additive excitation parameters
Zn ] for generating the ground motioa(t;Z,M,r)
are assumed to be uncertain; the moment magnikdidend epi-
central distance are fixed at the valuesv=7 andr =20 km.

- ga%ert/ Ef)per estimates
. 1m.
s MCS

_ N =1,400
>
S =
3 .. /NT = 950
_____ "“~E//‘ Ny = 500
0.2} s VR /
0 .
10° 107 ' 10°

10”
Failure probability

Fig. 9. Sample mean of failure probability estimates over 50 runs, Fig. 11. Sample c.o.v. of failure probability estimates over 50 runs,

Case 2

Case 2
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Fig. 12. Ground motions for Example 1, Case 1, conditional levels ¢ 1 2
1,23

the structure is situated. This leads to a triangular distribution for
This case corresponds to the classical first-excursion problemthe epicentral distanceconfined to the intervalOyr a
with a given stochastic excitation model defined by fikéandr. 2r/r2 1 e[0f mad
max 7 ma

=1, (39)

otherwise
Case 2: Uncertain Regional Seismicity

In Case 2, in addition to the uncertain additive excitatiovvignd
r are also considered to be uncertain with specified probability o ] o
distributions. This corresponds to a full seismic risk problem In the application of Subset Simulation in the examples, the con-
where the uncertainty in the regional seismicity is also addressed,ditional failure regions are chosen such that a conditional failure
In the examples, the uncertainty in the moment magnitude is Probability of po=0.1 is attained at all simulation levels. At each
modeled by the Gutenberg-Richter relationship, truncated on theSimulation level,N=500 samples are simulated. Failure prob-
interval [M yin,Mmad (Gutenberg and Richter 1958; Kramer abilities ranging from 10° to 1 will be estimated, or in other
1996 words, the response level corresponding to failure probabilities as
small as 10° will be estimated. The total number of samples

Subset Simulation Parameters

q(M) = B’ exp(—p'M) M. <M<M required to produce the failure probability versus threshold level
exp(—B'M i) —eXp(— B’ M pay) | min max curve is thusN;=500+ 450+ 450= 1400, because 50 failure
(38) events from one level are used to start the next higher level and so
wherep’ =b log,(10) andb= coefficient appearing in the annual  Only & further 450 samples are required for that level.
relative frequencyX,,) description of the number of earthquakes For the additive excitationZ=[Z,, ... Z,], eachZ; is
with magnitude up taVl: \y=10"° M. It is assumed thal ,, grouped as a single component, for which the proposal PDF is
=5, M1=8, b=1. chosen as a one-dimensiortehain-adaptivesymmetric uniform

For the uncertainty in event location, earthquakes of magni- distribution (Type Il in Table 2 with maximum step lengtt,
tude betweeM ;, andM ., are assumed to occur equally likely =1, that is,p* (&][6,)=1/2 if [£;—6;[<1 and 0 otherwise. For
in a circular area of radius,,,=50 km centered at the site where the stochastic excitation model parametévs,andr, a level-

Ground acceleration in g

. Interstory drift ratio in % 05
—
g s AAAANNMAAA~———————
[}
=
2 R A . . .
0 5 10 15 20 25 30
2 . . . . .
(o]
3 ] .
0
g ‘VMM-NMV___
=
- - X . . ,
0 5 10 15 20 25 30
2 . r " .
o
) . e
0
2 A\‘A/\A/W\AN\NW ‘ ‘ . . .
= 0 5 10 15 20 25 30
_2 n L 1 i 1 1
) 5 10 15 20 25 30 Time ¢ (s)
Time ¢t (s)

Fig. 15. Ground motions for Example 1, Case 2, conditional levels
Fig. 13. Response of all stories, Case 1, conditional levels 1,2,3 1,2,3
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Level 1

adaptive proposal PDFType Il in Table 1 is used, which is
constructed as a kernel sampling density using the Markov chain
samples from the last simulation level.

Example 1: Linear Moment-Resisting Steel Frame

Consider a six-story moment-resisting steel frame as shown in
Fig. 5 with member sections given in Table 3. For each floor, the
same section is used for all girders. The structure is modeled as a
two-dimensional linear frame with beam elements connecting the
joints of the frame. Masses are lumped at the nodes of the frame,
which include the contributions from the dead load of the floors
and the frame members. They are tabulated in Table 4. The natu-
ral frequencies of the first two modes are computed to be 0.552
and 1.56 Hz, respectively. Rayleigh damping is assumed so that
the first two modes have 5% of critical damping. Failure is de-
fined as the exceedance of a specified interstory drift fata

any one of the(twenty foup columns within the duration of in-
terest(30 9. (The columns within a story experience essentially
the same drift

Failure Probability Estimation

Figs. 6 and 7 show the estimates of failure probability for differ-
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ent threshold levelb for Cases 1 and 2, respectively. Note that a rjg 18 Conditional samples of andr for Example 1, Case 2, at
total of N+=1,400 samples, i.e., dynamic structural analyses, are cqngitional levels 0,1,2

4 6
Frequency f (Hz)

Fig. 17. Spectra of white noise sequence, Case 2, conditional levels

0,12
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performed to compute the resulisolid line) in each figure. The
results computed by standard Monte Carlo simulatipfCsS)

with 10,000 samplesso that the c.o.v. at a failure probability of
102 is about 30%is also shown in the figures for comparison.
These figures give an idea of how the results computed using
Subset Simulation in a single run approximate the “exact” failure
probabilities(of MCS).

To assess quantitatively the statistical properties of the failure
probability estimates produced by Subset Simulation, 50 indepen-
dent runs are carried out and the sample mean and sample c.o.v.
of the failure probability estimates are computed. The results for
the sample mean for the seismic hazard of Cases 1 and 2 are
shown in Figs. 8 and 9, respectively. These figures show that the
sample mean of the failure probability estimates are generally
close to the results computed by standard Monte Carlo simula-
tion, except for small failure probabilities near Fowhere the
results by MCS are inaccurate due to the number of samples used.
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It can be concluded from the figures that the failure probability that Subset Simulation can lead to a substantial improvement in
estimates by Subset Simulation are practically unbiased. efficiency over standard Monte Carlo simulation when estimating
The sample c.o.v. for the failure probability estimates are small failure probabilities.
shown in Figs. 10 and 11. The results are plotted versus different
failure probability levels. The average results for the estimates of
c.0.v. based on Eq$20) and(21) are also shown in the figures.
Recall that Eq(20) is an upper bound on the c.o.v. that assumes The Markov chain samples at the different failure levels simu-
full correlation among the conditional failure probabilities at dif- lated in a single run of Subset Simulation are next examined for
ferent simulation levels, while Eq21) assumes that they are the purpose of failure analysis. Fig. 12 shows the typical samples
independent. From Figs. 10 and 11, it can be seen that the trend irof ground acceleratiora(t;Z,M,r) that correspond to failure
the actual c.o.v. estimated from the 50 runs follows more closely probabilities 10*, 1072, and 10 (failure levels 1, 2, and 3,
the lower estimate based on Eg1), suggesting that this formula  respectively for Case 1. Note that only the additive excitation
can be used to assess the c.o.v. of the failure probability estimateparametersZ are uncertain in this case. The interstory drift re-
in a single run. sponse of all stories corresponding to these ground excitations are
The computational efficiency of Subset Simulation is next shown in Fig. 13. Since samples of acceleration time histories are
compared with that of standard Monte Carlo simulation in terms generated for given moment magnitudle=7 and epicentral dis-
of the c.o.v. of failure probability estimates computed from the tancer =20 km, there is not much difference in their duration as
same number of samples. Note that the number of samples rewell as mean square values. In terms of peak acceleration, they do
quired by Subset Simulation at the probability levet§F) not differ significantly, either. The major difference among these
=101, 10 2, 10 % areN;="500, 950, 1,400, respectively. Using samples of ground acceleration that lead to different levels of
5=\[1—P(F)]/P(F)N, the c.o.v. of the Monte Carlo estimator failure lies in the frequency content. Fig. 14 shows the average
using the same number of samples at probability levels'10  spectrum(power spectral densityof the additive excitation pa-
1072, and 102 are computed to be 0.13, 0.32, and 0.84, respec- rametersZ corresponding to the 500 samples of acceleration time
tively, which are also shown as squares in Figs. 10 and 11. Thesehistories at different levels of failure. Here, Level 0 refers to the
figures show that as the failure probability decreases, the c.o.v. ofinitial phase of Subset Simulation where samples are generated
the Monte Carlo estimator increases rapidly, while the c.o.v. of directly from their parameter PDF, that is, standard Monte Carlo
Subset Simulation increases at a much slower rate. This showssimulation.

Failure Analysis Using Conditional Samples

10
10°

2
2 Ew"
=10 <
£ Q£
g g
2 &
& g
& =107
2% £ Subset Sim. (A £ 50 runs)
ot — Subset Sim. (Average o Tuns

= Subset Sim. (N7 = 1,400) ~ NG 1075665
--- MCS (N7 = 10,000)
107 y v : ,
) ) . . . 0.2 04 06 0.8 1 1.2
100.2 04 0.6 0.8 1 1.2 b (%)
b (%)
Fig. 22. Sample mean of failure probability estimates over 50 runs,
Fig. 20. Failure probability estimates for Example 2, Case 1 Case 1
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The spectrum at Level (top plot of Fig. 14 is almost flat, tent near the natural frequency of the structure to create a reso-

because there is no conditioning on the samples at this level andnance effect, while the Euclidean norm of the whole veztstill
therefore the spectrum theoretically corresponds to that of white remains more or less the same.
noise, which is flat up to the Nyquist frequency, beingAlt/2 The situation is different when the stochastic excitation model
=25 Hz. As the simulation level increases, the spectrum developsparametersy andr, are also uncertain. Figs. 15, 16, and 17 show
a peak near 0.55 Hz, which is the natural frequency of the struc-the conditional samples and the average spectra at different simu-
ture. This illustrates an important statistical feature of the additive lation levels for Case 2, whe®, M, andr are considered uncer-
excitations that lead to failure in the classical first-excursion prob- tain in the problem. Fig. 15 shows that in this case the excitation
lem (with deterministic structure and stochastic excitation mpdel intensity and duration of the ground acceleration differ signifi-
The additive excitation tends to “tune” itself to the natural fre- cantly at different simulation levels. Both the excitation intensity
quency of the structure to cause first-excursion failureother and duration increase as the simulation level increases. From Fig.
words, when the stochastic excitation model parameters are fixed 17, it can be seen that the spectral peak at 0.55 Hz for Levels 2
the probable cause of failure for the structure is due to resonanceand 3 is not as significant as observed in Cag€id. 14). This
effects, especially when the threshold level is high. indicates that the frequency content of the additive excitaZion
This phenomenon can be explained as follows. The probability when failure occurs is not significantly different from its original
of a particular excitation decreases exponentially with the squarespectrum(flat), although this does not imply that the frequency
of its Euclidean normenergy. When the stochastic excitation —content of the ground acceleration will be the same irrespective of
model, and hence the excitation intensity, is fixed, it is not prob- whether failure occurs, since the radiation spectifi(fi;M,r)

able that the excitation will have a significantly large endigy., could be different because of the change in the distributiol of
in terms of mean square valuahen failure occurs, since this andr when failure occurs.
will mean that the vector of additive excitation parame@naill When the moment magnitudé and the epicentral distance

have an Euclidean norm in thg-dimensional standard normal are uncertain, they are the parameters that control failure. Fig. 18
space significantly larger than other “typical” configurations. shows the scattering of samples(M, r) at different levels. Note
Rather, a more probable configuration #to cause failure is to  that the samples oM, r) at Level 0 are simulated according to
have its components “tuned” so that they have a frequency con- their PDF. Also, for Levels 1 and 2, some of the locations shown

Ground acceleration in g

— Subset Sim. o
- -- Lower/upper estimates
= MCS

Np =1,400 0 5 10 15 20 25 30

C.0.V.

> ~ Nt =500
~
- -~ N~~ o.ﬂ
0.2 '*~::~~ J

10° 107 07 10° "o 5 10 15 20 25 30
Failure probability Time ¢ (s)

Fig. 24. Sample c.o.v. of failure probability estimates over 50 runs, Fig. 26. Ground motions for Example 2, Case 1, conditional levels
Case 1 1,2,3
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12,3

in the figure contain repeated samples. Since the Markov chain
samples are not all distinct, to show the population of the samplesPark model(Kent and Park 1971is used for modeling the con-
consistently, the dots are shown with area proportional to the crete material, with degraded linear unloading/reloading accord-
number of points situated at the particular location. Fig. 18 clearly ing to the work of Karsan and Jira969. Reinforcing steel bars
indicates that as the simulation level increases, that is, when fail-are placed around the interface boundary of the confined and
ure becomes more severe, the sample@vbf) shift towards the unconfined concrete regions. The reinforcing steel is modeled as a
“large magnitude, small distance” regime. bilinear material with kinematic hardening.

The gravity load consists of two point loads of 801 kh8O
kips) at each of the columns. Fig. 19 shows a pushover curve of
the structure. The small-amplitude natural frequency of the struc-
The structural model in this example is a nonlinear concrete por-ture is 2.6 Hz. Viscous damping is included with the damping
tal frame. It corresponds to Example 3 of the illustrative examples ratio for the first mode of vibration at small amplitudes being
for the nonlinear finite element software OpenSees developed atapproximately 0.5%. Additional hysteretic damping develops in
the PEER(Pacific Earthquake Engineering ReseaiCbnter. The the structure during vibration at higher amplitudes.
finite element model of the structure and its detailed description
can be obtained from the websitbttp://opensees.berkeley.edu/
OpenSees/examples.hjmThe general properties of the structural
model are briefly described here. The frame is 3.66 m high by Failure is defined as the exceedance of a specified story drift ratio
9.15 m wide. An elastic beam element is used to model the beamb. Figs. 20 and 21 show the estimates of failure probability for
connecting the two columns. The reinforced concrete section of different threshold leveld for Cases 1 and 2, respectively. The
the columns are modeled using steel and concrete fibers. Thesample mean of failure probability estimates over 50 independent
section of each column is 61 c(@4 in.) by 38 cm(15 in.) wide, simulation runs for Cases 1 and 2 are shown in Figs. 22 and 23,
with its strong axis perpendicular to the frame, that is, the col- respectively. These figures show that the failure probability esti-
umns deform in their strong direction during in-plane motion. The mates by Subset Simulation are practically unbiased. The sample
section is divided into confined and unconfined concrete regions, c.0.v. for the failure probability estimates computed using 50 in-
for which the fibers are discretized separately. The Kent-Scott- dependent simulation runs are shown in Figs. 24 and 25. In gen-

Example 2: Nonlinear Concrete Portal Frame

Failure Probability Estimation
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Fig. 28. Spectra of white noise sequence, Case 1, conditional levels
0,1,2 Fig. 30. Response, Case 2, conditional levels 1,2,3

JOURNAL OF ENGINEERING MECHANICS © ASCE / AUGUST 2003 /915



S0

45t ' T

gof e s T T T T T .

30f, .
asf "

20F L. L

5 5.5 6 6.5 7 75 8

FYe;uency f 6(Hz)
Fig. 31. Spectra of white noise sequence, Case 2, conditional levels j:
012 o Level 1 . *
35
eral, it is observed that the performance of Subset Simulation in 2
the current example for a nonlinear structure is similar to Ex- .
ample 1 for a linear structure, showing that the performance of .
Subset Simulation is robust to the type of structural model as- 20 I
sumed in the analysis. 15 A R R
The trend of the failure probability versus threshold lekel 10 L -,""::3‘. . :
shown in Fig. 23 for Example 2 is qualitatively different from that 5 . e
in Fig. 9 for Example 1. In particular, in Example(Big. 23), the o . . L L ’
decay rate of failure probability with increasing threshold level 5 85 & 65 7 78 8
increases at arounol=0.5%. This is due to hysteretic damping
which starts to become important at an interstory drift ratio of 5°
0.5% where significant yielding occurs. The stiffness-softening of “r
the structure in Example 2 starts to become dominant and out- of  Level 2
weighs the hysteretic damping effect at a drift ratio of around 1%, 3sp
at which point the decay rate decreases. —a0l
,E 25
Failure Analysis Using Conditional Samples \:20. .
Fig. 26 shows the typical samples of ground acceleration that sk R 3'.
correspond to different levels of failure with failure probabilities 1o} o . Titenin o |
10", 102, and 102 for Case 1, where only the additive exci- s o o o FIET
tationsZ are uncertain. The interstory drift ratio of the left col- 0 , , et et
umn (which is essentially the same as that of the right column s 55 6 ]5\} 7 75 8

corresponding to these ground excitations is shown in Fig. 27.

Fig. 28 shows the average spectrum of the additive excitatiah Fig. 32. Conditional samples dfl andr for Example 2, Case 2, at

different levels of failure. As the simulation level increases, the conditional levels 0,1,2

spectrum develops a peak near 2 Hz, which is near the natural

frequency of the structur@.6 H2). These observation are similar

to those in Example 1. Nevertheless, the spectral peak in this casgproved MCMC algorithm presented in this paper allows greater

is less distinct and does not occur at the small-amplitude naturalflexibility for incorporating prior information about the problem

frequency of the structure. This is presumably due to the soften-in the simulation procedure so as to improve efficiency of the

ing behavior of the structure at large amplitudes of vibration, method. During Subset Simulation, the Markov chain samples are

which results in an apparently smaller “resonance frequency” gradually adapted to failure regions of small failure probabilities.

adapted by the Markov chain samples of the additive excitation. In addition to estimating failure probability, the Markov chain
The system behavior for Case 2 of Example 2 is essentially samples can also be used for failure analysis, which yields infor-

similar to that of Example 1, as shown in Figs. 29, 30, 31, and 32. mation about the probable scenario that will occur in a failure

event.
The applicability and efficiency of Subset Simulation for com-
Conclusions puting the failure probabilities of structures during seismic risk
studies using dynamic analysis have been demonstrated for both
Subset SimulatioriAu and Beck 200Dautilized in this study is linear and nonlinear hysteretic models of structures. Failure
based on1) the representation of small failure probabilities as a analysis has been carried out using the samples generated during
product of larger conditional failure probabilities; a(& Markov Subset Simulation to gain insight into the system behavior when

chain Monte Carlo(MCMC) simulation to efficiently generate  failure occurs. The analysis shows that when only the seismic
samples conditional on intermediate failure regions. The im- ground acceleration time history is uncertain, the rare failure sce-
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narios correspond to resonance of the excitation with the struc-Brune, J. N.(19714. “Correction.” J. Geophys. Res76, 5002.
ture. On the other hand, when the earthquake magnitlicend Brune, J. N(1971b. “Techonic stress and spectra of seismic shear waves
epicentral distance defining the stochastic excitation model are from earthquakes.J. Geophys. Res75, 4997-5009.
also uncertain, they tend to control failure, due to their multipli- Bucher, C. G(1988. "Adaptive sampling-An iterative fast Monte Carlo
cative effects on the response. The conditional distributiom of procedure.”Struct. Safetys, 119-126. _ _
andr given that failure occurs is significantly different from their - C0rnell. C. A.(1996. “Reliability-based earthquake-resistant design: the
original PDF. fgture." Proc-., .11th World Conf. on Ea'rthqu.ake Englnee[mgerpa—
It should be noted that the observations from the failure analy- tional Association of Earthquake Engineering, Acapuico, Mexico.

. o . . Cox, R. T.(196)). The algebra of probable inferencdohns Hopkins,
sis, such as the distribution of the moment magnitudes and epi- Baltimore
central distance when failure occurs, are based on the assumed, .. Kiureghién,A., and Dakessian, (1998 “Multiple design points in
probability models for the ground acceleration. The results should <t and second-order reliability.Struct. Safety20, 37—49.
be interpreted bearing in mind the inherent limitations of these gpgejung, s., and Rackwitz, RL993. “A benchmark study on impor-
models. For example, the Atkinson-Silva model used in this study  tance sampling techniques in structural reliabilitgtruct. Safety]2,
is a point-source model that does not directly account for the  255_276.
geometry of the fault and the characteristics of near-source Fishman, G. S(1996. Monte Carlo: Concepts, algorithms, and applica-
ground motions. Nevertheless, on the premise that the quality of tions Springer-Verlag, New York.
stochastic ground motion models will continue to improve, Subset Freudenthal, A. M(1947. “The safety of structures.Trans. Am. Soc.
Simulation provides a useful tool for seismic performance assess- Civ. Eng.,112, 125-180.
ment through efficient estimation of failure probabilities and stud- Freudenthal, A. M(1956. “Safety and the probability of structural fail-

ies of failure analysis behavior based on dynamic analysis.
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