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Abstract: In a full Bayesian probabilistic framework for “robust” system identification, structural response predictions and performance
reliability are updated using structural test d&aby considering the predictions of a whole set of possible structural models that are
weighted by their updated probability. This involves integratir{®)p(0|D) over the whole parameter space, whéres a parameter

vector defining each model within the set of possible models of the strutii@kjs a model prediction of a response quantity of interest,
andp(0|D) is the updated probability density fé& which provides a measure of how plausible each model is given thetathe
evaluation of this integral is difficult because the dimension of the parameter space is usually too large for direct numerical integration anc
p(0|D) is concentrated in a small region in the parameter space and only known up to a scaling constant. An adaptive Markov chain
Monte Carlo simulation approach is proposed to evaluate the desired integral that is based on the Metropolis-Hastings algorithm and
concept similar to simulated annealing. By carrying out a series of Markov chain simulations with limiting stationary distributions equal
to a sequence of intermediate probability densities that convergé@®), the region of concentration @f(0|D) is gradually portrayed.

The Markov chain samples are used to estimate the desired integral by statistical averaging. The method is illustrated using simulate
dynamic test data to update the robust response variance and reliability of a moment-resisting frame for two cases: one where the mod
is only locally identifiable based on the data and the other where it is unidentifiable.
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Introduction flexibility; errors because of the spatial discretization of distrib-
uted structural systems and loads; variation of material properties

There has been increasing interest in using a Bayesian statisticaliuring manufacture; and uncertainties introduced by the construc-

framework(Box and Tiao 1992; Sivia 1996o treat the challeng-  tion process. Because of these modeling errors and uncertainties,

ing problem of updating a structural model based on test datamodel updating is best tackled as a Bayesian statistical inference
from a structurgBeck and Katafygiotis 1998; Engelund and So- problem(Beck 1989.

rensen _19_98; Geyskens et_al. 1998; Kat_afyg_io_t_is and Beck 1998; Tpe paper by Collins et a1974 is a pioneering effort in
Katafygiotis et al. 199_8; Singhal and Kiremidjian 1998; Zheng pgayesian structural model updating using identified modal param-
and Ellingwood 1998; Enright and Frangopol 1999; Papadimi- e(ers. A more rigorous and comprehensive Bayesian framework
triou et al. 2000; Papadimitriou et al. 2001; Vanik et al. 2000 5 model updating is described by Beck and Katafygiétig98.

Th% r;_%d for model gpdztingharises because ;[]here _arel alwfﬁsl' hey define the concept of system identifiability and show how to
modeling errors associated with constructing a theoretical model ooy e ill-conditioning and lack of identifiability that often char-

.Of the behaylor of a structure, and this leads to uncertain accuracy, terizes the updating problem. Using this methodology, one does
in the predicted response. There are many sources of modelin

errors, such as inexact modeling of material constitutive behavior ot identify a single "best” model butinstead updates a probabil-
’ - 9 ) ity distribution over a specified set of structural models and a

and boundary conditioné.g., there are no perfectly pinned or oo - .

. RN - - specified set of prediction-error probability models for the uncer-

fixed jointy; unmodeled features such as in-plane diaphragm

flexibility, neglected “nonstructural” components and foundation tain error between the .actual structural response and the corre-
sponding model predictions.

Model updating is not an end in itself; it is usually motivated
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tic). The essence of Bayesian statistical system identification isand so methods for evaluatitRy, are differentiated according to

that it gives a rigorous method of usifg to update an initial

the shape opp, which depends on the information that the avail-

description of how plausible each model is as a representation ofaple dataD produce about the model paramet@rs

the structure, that is, the informationImmodifies the knowledge
about the relative plausibilities of the different models specified
by M (Beck and Katafygiotis 1998The plausibility of a model

is quantified by a probability distribution over the model param-
etersd=[6,,...,0,,] that define a model within the set of possible
models(Cox 1961; Jaynes 1978The updated probability distri-
bution pp(0) =p(6|D, M) is obtained using Bayes’ theorem

Pp(0)=p(D|6, M)po(8|M)/p(DIM)= cp(Dlﬂ,M)po(GIA/(li)

where po(0| M) =initial (“prior” ) probability distribution speci-
fied by M, which reflects the relative plausibility of each model
before utilizing the data D, and c¢ *=p(DIM)

=[ p(D]|0, M)py(0] M)dBé=normalizing constant. The term
p(D|0, M) gives the probability of obtaining the dafabased on

a model specified by the model paramet@rét is formulated by
using a probability model for the prediction error relating the
“output” of the model specified by® to the actual measured
structural outpu® (Beck and Katafygiotis 1998 The condition-
ing on M is included here to stress the fact that all probabilities
involved in model updating are always conditional on the choice
of the modeling assumptions.

Better response predictions can be made by utilizing the infor-
mation in the datéD through the use op,, given by Eq.(1). For
example, ifh(0) is a structural response quantity of interest, then
many useful performance measures can be formulated as

@)

where the theorem of total probability is used. One example is
h(0)=Var y|0, M], the conditional variance of a given structural
responsg computed with specified model paramet@rshen the
structure is subjected to an uncertain excitation. In this dage,

in Eq. (2) is the variance V4y|D, M] of the response given the
set of structural modeld and the dateD, which addresses the
uncertainty in which model best represents the structure while
incorporating information from the dat®. Another example is
h(0)=P(F|0, M), the probability of a failure evenE of the
structure, predicted using model paramet@rsthen R, is the
robust failure probability?(F|D, M) which incorporates knowl-
edge fromM and updated information fror®® (Papadimitriou

et al. 200).

Suppose the model parametérdelong to a continuous pa-
rameter space of dimension 3 or more, then the evaluatidy,of
by direct numerical integration is inefficient or infeasible. Also,
the updated probability density functigRDF pp is known only
up to a multiplicative constant because the normalizing constant
in Eq. (1) is given by an integral that is also difficult to evaluate.
In fact, in terms of quantities whose values can be computed
explicitly for a given®, Ry, can be expressed édgaving depen-
dence onM implicit)

_Ih(8)p(D|6)po(6)d6
P [ p(D]0)po(0)de

and so its evaluation involves two multidimensional integrals. Ad-
ditional difficulties come from the nature of the updated Ri}5;
which is usually concentrated in a small volume of the parameter
space. In practical applications, the variationpgfin the param-
eter space is more dominant than that of the response quantity

RD:J' h(6)pp(6)de

3

The characterization gb, has been studied for model identi-
fication of structures using as dynamic data the measured time
histories of response and excitati@eck and Katafygiotis 1998;
Katafygiotis and Beck 1998; Katafygiotis et al. 199®ut the
results can be applied in general. For a large amount of(éada
the number of data points! in the measured time histories is
large), pp is concentrated in the neighborhodd of a lower-
dimensional manifoldS in the parameter space on whipfD|0)
is globally maximized. The thickness @ aroundS is of the
order ofe=1/J/M. The characterization gf,, can be made ac-
cording to the dimension af, which depends on the amount of
data available compared to the information to be extracted from
them. In the “identifiable” case where the number of model pa-
rameters is less than or equal to the number of “effective con-
straints” from the dataD, the dimension of is zero, that is, the
updated PDF is concentrated in the close neighborhgoof a
finite number of isolated points, referred to as “optimal param-
eter” points. In this casep, can be well approximated by a
weighted sum of Gaussian PDFs with spread¢é) centered at
the optimal parameter pointBeck and Katafygiotis 1998 Con-
sequently, an asymptotic approximation®f can be expressed
as a weighted sum of values lofevaluated at the optimal param-
eter points, and the problem of calculatiRg in the identifiable
case is reduced to finding the optimal parameter points and their
associated probability weights. This leads to a nonconvex global
optimization problem, which is not trivial to solve.

In the locally identifiable casé&atafygiotis and Beck 1998
there are multiple optimal parameter points and “global” optimi-
zation algorithms must be used to find théhorn and Zilinskas
1989; Yang and Beck 1998The computational effort is often
much greater than is needed in a local optimization problem, es-
pecially when the dimension of the parameter space is not small
and the number of optimal parameters is unknown, as is usually
the case.

In the “unidentifiable” case where the number of model pa-
rameters is larger than the number of effective data constraints,
the dimension of the manifol& is greater than zero, and there
exists a continuum of optimal parameter points lying®which
give the same global maximum value p¢D|0). Deterministic
search methods for computing an asymptotic approximation of
Rp have been developeatafygiotis et al. 1998 which dis-
cretize the manifoldS using a finite number of representative
points and then approximate, as a discrete probability mass
distributed among the representative points. The main computa-
tional effort is spent on locating the representative pointsSpn
which requires a series of local optimizations in the parameter
space. The representative points have to be located over the re-
gion of S where the prior PDFp, is significant so that the con-
tributions from different parts of, and henceV, are accounted
for. Consequently, the complexity and computational effort are
expected to grow with the dimension of the manifold in a similar
manner to that of direct numerical integration, making the method
practical only when this dimension is no more than 2.

This paper presents a Markov chain simulation method to
evaluate the integral in Eq2) for R, without the need for opti-
mization to find the manifoldS. It is based on the Metropolis-
Hastings(MH) algorithm and a concept similar to simulated an-
nealing(Fishman 1996to gain information about the manifold in
an iterative manner. By carrying out a series of Markov chain
simulations with limiting stationary distributions equal to a se-
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quence of intermediate PDFs that convergepgf(0), the region
N of significant probability density op, is gradually portrayed.
The Markov chain samples can be used to estirRgidy statis-
tical averaging.

The difficulties in applying simulation methods to evaluate the
integral in Eq.(2) for R, are discussed in the next section, fol-
lowed by the proposed Markov chain simulation method. The
statistical properties of the estimator gy, are then studied. Fi-
nally, the method is illustrated with the problem of updating the

equal to the target PDF. In other words, the PDF of the Markov
chain sampled, simulated at thekth Markov step tends to the
target PDF ak—o. The Markov chain samples, which are de-
pendent in general, can be used for statistical averaging as if they
were independent, although with some reduction of efficiency in
the estimator.

Let p*(&0) be a chosen PDF, called the “proposal PDF,”
which is a PDF for§ that depends o). The role of p* will
become clear shortly. For convenience in notation, dée)

robust response variance and reliability of a moment-resisting = P(D|8)po(8)=c'pp(8). Note that the value af can be com-

frame with measured modal properties.

Difficulties in Evaluating Rp by Simulation

Egs.(2) and(3) suggest two ways of evaluatiriRy, by simulation.
The former suggests estimatirig, as the average ofi over
samples simulated frorp,, while the latter indicates that the

puted readily for a give®, while the same is not true fqr,. The

MH algorithm to simulate Markov chain samplg®,,...,04}
with limiting stationary distribution equal to the target PPk is
described as follows. To start the Markov chain,fetbe a point
either chosen deterministically or simulated according to some
PDF that approximatep,. In general, to simulate the next
sample 0, , from the current sampl®,, k=1,..N—1, first
simulate a “candidate statef from the proposal PDB* (£/0,).

integrals in the numerator and denominator could be estimatedcompute the ratio

individually and then combined to give an estimateRgy. Since
pp is known only up to a multiplicative constant and in general a
method for simulating independent samples frppis not avail-
able, the first option of using E@2) is not feasible for existing
methods such as Monte Carlo simulatitMCS) or importance
sampling(Rubinstein 198]L Therefore, consider the application
of these existing methods to evalu&g based on Eq(3). Using
MCS, the numerator is estimated as the averagle(6jp(D|0)
over samples drawn from the prior Pi; (assuming a method
for simulating samples fromp, is available. The resulting esti-
mate, however, is very likely to be biased, sinmeD|0) is con-
centrated in the small neighborhoadof thicknessO(e) wheree

. a(&)p* (0,/&)
a(0,) p* (£/6y)

Then, accept the candidate st&tevith probability miql,r} and
reject with the remaining probability 2min{1r}. If accepted,
the candidate state will be taken as the next state of the Markov
chain, i.e.,0,, ;=§&. Otherwise, the current state is taken as the
next state, i.e 9, ,=0,. The process is repeated urtilMarkov
chain samples have been simulated.

We now show that the next sampe, ; will be distributed as
pp if the current sampld, is. From the theorem of total prob-

(4)

is very small, and hence the chance of generating a sample fromability, the PDF of the next sample is given by

po that lies in N is extremely small. Similar difficulties will be

encountered in evaluating the denominator. Using importance
sampling, it is necessary to choose a sampling density that is

concentrated inV, otherwise similar problems as in a MCS will
be encountered. However, this is extremely difficult since infor-
mation about the manifold where the probability density is
concentrated is not directly available.

Next, consider again evaluatifiy, based on Eq(2). Although
a method for generating independent samples accordiipg, ie
generally not available, it is noted that Markov chain Monte Carlo
simulation, in particular, the MH algorithm, offers a feasible way

p(0k+1):f P(Oy+ 1/0) P(0))dOy %)

wherep(0,,1|0,) is the transition PDF governing the probabilis-
tic properties of the Markov chain. From the MH algorithm, the
transition PDF is given by, o8, ;# 0,

P(By1/0) =p* (B 1|0 MIn{L1r (0, 1,0,)} (6)

Using Egs.(4) and (6), along with the identity mifl,a/b}b
=min{1,b/a}a for any positive numbera andb, and the fact that

to simulate samples according to an arbitrary distribution, at the 9 differs from pp_only by a nqr_rn?Iizing_c_onstant, one can readily
expense of introducing dependence among the samples. Howeveghow the following “reversibility” condition:

direct application of the MH algorithm to simulate Markov chain
samples according to,, is not feasible due to the small regid

of probability concentration gb,. Nevertheless, as our proposed
method is built on the MH algorithm, we first discuss its imple-
mentation.

Metropolis-Hastings Algorithm

The Metropolis-Hastings algorithm is a simple procedure to simu-

late samples according to an arbitrary PDF where the target PDF

need only be known up to a scaling constant. It was originally
developed by Metropolis and his co-workers for computing ca-
nonical ensembles in statistical physid®detropolis et al. 1958
and later generalized by Hastings in Bayesian statigkiestings
1970. Its potential use for solving reliability problems has been
recently demonstrated by Au and Be@999.

P(O+ 1|0k Pp(0k) = P(Oy |0y 1) Pp(Ok+ 1) (7

which basically says that the transition rates between the two
states®, and 0, ., are equal whemp(0,)=pp(0,) and p(0,. )
=pp(0x.1), that is, the Markov chain is stationary with station-
ary PDFp,. Note that Eq(7) is trivial for 0, ;= 0, . Assuming

the current sampl®, is distributed ap, i.e., p(0,) =pp(0,),

and using the reversibility condition in E€Y), p(0,.1) in Eq. (5)
becomes

P(Oyy1)= f P(04| 0+ 1) Pp( Oy 1)dO,

= pD(0k+1)J’ P(0y/ 0, 1)dO=pp(0.1)  (8)

sinceS p(0,]0,.,)d0,=1. This means that if the current sample

In the MH method, samples are simulated as the states of a0, is distributed as the target POf,, then so is the next sample

special Markov chain whose limiting stationary distribution is

382 / JOURNAL OF ENGINEERING MECHANICS / APRIL 2002

0.1, and hence;, is the stationary PDF of the Markov chain.



In an actual implementation, the Markov chain is started with Direct application of the MH algorithm to simulate samples
the initial state®, simulated from a PDF different from,, so according to the target PDp is not feasible, however, due to
the Markov chain is in a transient state and its samples will not be the problems arising from the small regigfiof probability con-
distributed exactly ap,. Under the assumption of ergodicity, centration ofpp, as described for the other methods discussed in
however, the Markov chain will converge to the stationary state, the last section. In particular, it is difficult to choose the proposal
and so the PDF o, will tend to pp ask— <. Theoretically, the PDF p* so that the acceptance rate of the candidate state is not
assumption of ergodicity is usually satisfied if the proposal PDF too small while at the same time the Markov chain samples ef-
p* has a positive density on the support of the target PDF. It is fectively exploreN. To see this, first note that it is not possible to
also usually satisfied even [f* has a restricted support. With a choose a nonadaptiveg* that can generate samples lying A
finite sample size\ used in an actual implementation, ergodicity since the information about the manifafiwhich localizesV is
often becomes an issue of whether téMarkov chain samples  not directly available. Thus, consider choosing an adaptit/e
can populate sufficiently well the region of significant probability such as a symmetric one in the original Metropolis algorithm. If
of the target PDFpp. See Au and Beck1999 for a more de- the Markov chain is started in a region not ne¥r then the
tailed discussion of ergodicity in applying the MH method to chance of generating a candidate state figimthat visits N is

reliability problems. extremely small, and most of the candidate states will be rejected.
As a result, most of the Markov chain samples are repeated, and

Difficulties in Applying Metropolis-Hastings clearly they cannot be used to estim&g. On the other hand, if

Algorithm to Reliability Updating the Markov chain is started iV, then in order for the simulated

. . candidate state to remain i and have a high probability of
Using the Markov _chaln_ sampld, ,... 0y} generated from the being accepted, the spreadpsf around the current sample has to
MH procedureRy, is estimated as the averagg of h over the e (), because the direction along whishextends around the

samples, which is the same as the usual MCS estimator, exceptyrrent sample is not known. But this means the candidate state
that the samples are simulated from a Markov chain instead of i pe very close to the current sample, and as a result the Mar-

being independent and identically distributéd.d.). Neverthe- oy chain samples will not efficiently explor/. In all these
less, the estimatdR,, has similar statistical properties to those of cases, the region visited by the Markov chain samples will be
MCS estimatorgsee |at6)] In order to reduce the initial transient small Compared toV, |eading to Significant bias in the estimate
effect of the Markov chain on the estimate, the first few samples for R,, .

(say 10 are often not used to compute the estim@je In this

work, the Markov chain samplg®,...,0y} used for computing Proposed Adaptive Simulation Method

the estimateR;, are those simulated after the initial transient
stage.

The proposal PDp* in the MH algorithm affects the distri-
bution of the candidate stagegiven the current state, and conse-
quently the convergence rate of the estimd®grto Rp. If the of pp. The process of adapting samples/Ain the MH algo-
candidate state is rejected too often because small valuegof  \iihm is inhibited by the small scale of the thickness of\/

Eq. (4) are encountered during simulation, the Markov chain Wiil compared to the size of the proposal PDF required to cover
consist of many repeated samples. As a result, the correlationyity an affordable number of samples. This suggests that direct
among samples will be increased, slowing down the convergence,qaptation using a proposal PDF which varies with a vastly dif-
of Rp. To understand how* affects the acceptance rate of the ferent length scale from that of the target PDF will not be effec-
candidate state, first note thatpf (§0) = pp(§), then according  tive. In view of this, we introduce a sequence of intermediate
to Eq.(4), r=1 and hence the candidate state is always accepted.ppFs which bridge the gap in length scale between the prior PDF
In this case, the MH algorithm reduces to a standard Monte Carlo p  and the target updated P, . By successively using the MH
procedure with i.i.d. samples simulated frgm . Although this algorithm to utilize the information from the previous adapted
choice is not possible, it indicates that, pf is chosen to be  intermediate PDFs, the region populated by the Markov chain

The problems encountered in applying the simulation methods
discussed in the previous sections, including the MH algorithm,
arise from the fact that the updated PPF is concentrated in a
small neighborhoodV of the manifoldS containing the maxima

“nonadaptive,” i.e.,p* (0) = p* (&), then the closer thp* isto  samples gradually evolves into the desired reghdnConceptu-
the target PDF, the better the acceptance rate of the candidateyly, this is similar to “simulated annealing(Fishman 1995
state, and the faster the convergence. Let p;,...,.om be a chosen sequence of PDFs converging to

Choosing a nonadaptive proposal PPF means that the in-  p (=p ) so that their region of significant probability content
formation from the current sample is not used to explore the gradually diminishes to that qf,. For examplep; may be cho-

important region of significant probability density of the target sen as the updated PDF from Bayes’ theorem based on an increas-
PDF during simulation. When information about the important jng amount of data, i.ep;=pp, WhereD,C---CD,,=D. The
I

region is not available, constructing a nonadapp¥eso that the
candidate state simulated from it will lie iN is similar to con-
structing an importance sampling density concentratety,imnd

|s thus_ ve"ry*dlfﬂc_ult. It is therefore more desirable to choose an sampling density, is constructed as a weighted sum of Gaussian
adaptive” p* which depends on the current sample. One popular PDFs centered among these samples to approxipat&ilver-

choice is to havep* localized and symmetric, i.ep*(§|0) ' man 1986; Ang et al. 1992; Au and Beck 1999
=p*(0]€), which corresponds to the one used in the original

proposed method is described as follows. Starting with the prior
PDF p, as the proposal PDF, the MH algorithm is carried out to
simulate sampleg6{®,...,8("} with target PDFp,. A kernel

Metropolis algorithm(Metropolis et al. 1958 In this casep* N @

can be interpreted as a PDF localized at the current sample. The K1(9):k21 Wb (60;6,7,Cy) 9)
Markov chain simulation process can then be viewed as a “local -

random walk” in which the region of probability concentration of whered(0;0" ,C,) =multidimensional Gaussian PDF evaluated
the target PDF is adaptively explored. at ® with mean 6 and covariance matrixC,; and
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w, =probability weights associated with the Gaussian PDFs, global covering of the important region of the target PDF at each

which satisfyw, =0 and=}_,w,= 1. The choice ofv, andC, is simulation level even with a relatively small number of samples,
completely defined by the samplée(kl)} (Au and Beck 1999 since the Markov chain develops globally rather than locally.
and therefore so is the choice wf. Sincexk, is a weighted sum The success of the proposed strategy relies on effective appli-

of Gaussian PDFs, the kernel marginal PDF for a particular com- cation of the MH algorithm at each simulation level, which re-
ponent6;(j=1,..n) of 6 can be obtained by analytically inte-  quires thatp,_, (which is approximated bk;_,) varies with a
grating Eq.(9) with respect to all other componerts, | # | similar length scale t; for i=1,...m. The choice of the se-
N quence{p;} (corresponding to the “annealing schedule” in the
_ (L) o simulated annealing algorithns thus important to the success of
K1<9J)—k21 Wi (0;:0,7°()), Cu()) (10) the proposed method. The slower the “adaptation” schedule is,
that is, the les;, 1 is changed compared o, the higher the
where ¢ (6, ;0&1)(j),ck(j ,j))=one-dimensional Gaussian PDF acceptgnce rgte of the candidate state, and the better the result at
evaluated ath;, with mean e(kl)(j) and variance Cy(j,j): efach S|.mulat|on level. Howevgr, a slow schedule requires more
0(k1)(j)=jth component of the vectd]{(l); andC,(j,j)=jth diag- simulation levels to reach the final level for the updated PDF, and

onal entry of the covariance matr®, . Similarly, the kernel mar-  hence more Markov chain samples to be simulated. The prudent
ginal cumulative distribution functiofCDF) of 6; can be readily choice of an adaptation schedule is a trade-off between the effi-
computed in terms of a weighted sum of Gaussian CDFs. More ciency of the MH algorithm at each simulation level and the total
importantly, independent samples distributedcagan be readily =~ number of simulation levels required.
simulated that are approximately distributedmgsand so lie in The choice of the adaptation schedule can be made by inves-
the region of significant probability gf,. In particular, to simu- tigating the probabilistic properties of the ration the MH algo-
late a sample from, in Eq.(9), first draw an index from the set rithm appearing in Eq(4), which governs the acceptance rate of
{1,...N} with corresponding probabilitie§w, , ..., wy}, and then  the candidate states. It is found that a good choice{fs} is
simulate the sample as a Gaussian vector with mean vegtor Pi+1~ P? (up to a normalizing constantin this case, the size of
and covariance matri, . the region of probability concentration fqr_ ; is roughly 142

To proceed,k; is used as the proposal PDF for simulating that of p,. When the dateD consist of measured response time
Markov chain sample$6{”),... ('} with target PDFp,. These pistories (Beck and Katafygiotis 1998 this schedule can be
samples are then us.ed to construct the.kernel sampling density  5cpieved by choosing; = py,, where the duration of time history
as in Bq.(9), which gives an approximation {,. In general, the data is doubled in successive simulation levels frBpto D;, ;.

kernel sampling density; (which approximatesp;) is con- On the other hand, when the updated PDF with datis of the

structed using the Markov chain samples at tthe simulation - 5 .
level, which is then used as the proposal PDF for simulating M Pp(0)=c exr—J(0)/2e”] (Vanik et al. 2000, whereJ(0)

Markov chain samples for the next level with target PRF ;. is a measure-of-fit function between data and model, aigla
This is continued until thenth simulation level, where Markov ~ Measure of the size of the prediction error, then ';he Sefqb{gn]_te
chain samples for the target updated P#= p,, are simulated. ~ ¢an be obtained bp; = c; exf{ —J(0)/2e[] whereef=2"""e%, i

Let R, be the expectation of the response quarttit9) when =1,..m, with 2™~e"?, if the length scale of the prior PDF
0 is distributed a®; , that is Po(6) is O(1).
Ri= j h(8)p;(6)do (1) statistical Properties of Estimators
Sincep; converges t@y, as the simulation levélincreases tan, The statistical properties of the estimaRyrin Eq. (12) are pre-
R converges td?%)deflne_d by Eq(2). Using the Markov chain  sented in this section, assuming the Markov chain generated ac-
samples{0;”’,....0\’}, R is estimated at théth simulation level  ¢ording to the MH algorithm at each simulation level is ergodic.
by R; where In spite of the fact thatR; is computed using dependent

samples from a Markov chain, it still has the usual properties of
Rimﬁizéz h(ﬁ(k”) (12) MCS estimators usirllg ii.d. sar.r?pl(aBoob 1953. For example,
=1 R; converges tdR; with probability 1 asN—« (strong law of
large numbers an~d under similar conditions as those for Monte
The proposed strategy makes use of the fact that, if a nonadap-Carlo estimatorsR; is normally distributed asN—oo (central
tive proposed PDF is similar in shape to the target PDF, then thelimit theoren). If the Markov chain is started with the initial state
acceptance rate of the candidate state will not be small, and thep{") distributed as the target PD#5;, then the Markov chain is
MH algorithm will be effective in generating samples populating stationary, and~Qi is unbiased, that if[ﬁi]: R;. Otherwise,ﬁi

the important region of the target PDF. Thus, instead of using anis only asymptotically unbiased, although the bias decays expo-
adaptive proposal PDF within each simulation level, the adapta- nentially with the number of Markov steps.

tion is done from one simulation level to the next, where the latest An expression for the coefficient of variatigCOV) of ~Ri ,

kernel sampling density transfers the information about the im- ) o .
portant region from the current level to the next level. At each defined as the ratio of the standard deviation to the me&g ois

simulation level, since the candidate state is simulated indepen-next derived assuming that the Markov chain has settled into its
dently of the current sample, successive Markov chain samplesstationary state and the proposal PDF for itiiesimulation level

are correlated only if the candidate state is rejected. With a rea-is fixed. As a result of stationarit{[ R;]=R; . The variance oR;
sonable acceptance rate of the candidate states, this leads to is thus given by
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N
E[R-RIP=E| 3, [h(6()~R]
k=1
1 N N ‘ ‘
:Wz E{(h(6")~R)[h(6}) ~ R ]}
j=1k=1
1 N N
—Nz 2 2 itk (13)

1

wherec;(j k) =covariance between(6{") andh(6{"). Since the
Markov chain is stationary and(j,k) is symmetric inj andk,
ci(j,k) depends only on the absolute difference between the in-
dexesj andk, that is,c;(j,k)=c;(|j —k|). Using this result and
carrying out the double sum in E¢L3) with respect to [ —k),

we have

N—-1
Nci(0)+2k2 (N—=K)c;(K)
=1

~ 1
E[R-RI*=

_ci(0)

N (14)

N-1 k
1+2, (1— —)pi(k)
k=1 N

where p;(k)=c;(k)/c;(0)=correlation coefficient at lag, k
=1,..N—1. The COV ofR;, denoted byp;, is then given by

E[R-R]? A?
8z:u_ﬁl(l+w

i RZ (15)

whereA;=/c;(0)/R; is the COV ofh(0) when® is distributed as
pi(0), andw;, is a correlation factor

k

1= eik) (16)

N-1
vi=2,
=}

By estimating the covariance sequerfog(k):k=0,...N—1}
from the Markov chain sample®{’ :k=1,...N}

13 L
&~k 2, ) -RINOY-R] (17

the COV A, and the correlation sequen¢g;(k):k=1,...N—1}
can be estimated. Consequentlyjn Eq.(16) and hence; in Eq.

(15 can be estimated, providing a means for assessing the vari-

ability of the estimatdR; using information from a single simula-
tion run.

The termA?/N in Eq. (15) is the familiar term for the square
of the COV in MCS withN independent samples. The COVRf
is thus equivalent to the COV in MCS with an effective number
of independent sampléé/(1++;). The efficiency of the estima-
tor using correlated samples of a Markov chain>0) is re-

that this additional variability is of the order of the biasRp, and
hence is often small. The numerical example shows that the COV
predicted by Eq(15) is quite close to the actual COV, and hence
it can be used for assessing the variabilityRyf

lllustrative Example

The proposed methodology is applied to updating the response
variance and reliability of a structure using its identified natural
frequencies for two cases: locally identifiable and unidentifiable.
The actual structure is a two-dimensional finite-element model of
a two-story one-bay moment-resisting frame with a bay width of
8 m and equal story heights of 3 m. The columns have cross-
sectional area of 18:810 3m? and moment of inertia 0.167
x1073m* The beams have cross-sectional area of 10.5
X103 m? and moment of inertia 0.56210 3m®*. The elastic
modulus and mass density of steel are assumed to be 2
X 10'*N/m? and 7,850 kg/my respectively. Lumped masses of
15x 10°kg are put on the first and second floors. The natural
frequencies of the first two modes are computed to be 3.16 and
9.67 Hz, respectively. Using noisy simulated response time histo-
ries, the identified natural frequencies drg=3.13 Hz andf,
=9.83 Hz, which are used as the d&¥an the updating.

Locally Identifiable Case: Uncertain Stiffness Param-
eters

A two-degree-of-freedom shear building model is used to model
the moment-resisting frame structure in order to identify the in-
terstory stiffnesses and to predict the response of the structure.
The story masses are assumed to be 46®& and 16.1x 10° kg
for the first and second stories, respectively, which are computed
based on lumping half of the mass of the columns on the floors
they are connected to. The interstory stiffnesses are parameterized
as k;=k;0; and k,=k,0,, where6,; and 6, are the stiffness
parameters to be identified, akg=k,=29.7x 10° N/m are the
nominal values for the interstory stiffnesses of the first and second
stories, respectively. The nominal values are computed assuming
the beams are rigidshear building assumptipnThey do not
correspond to the interstory stiffnesses of the actual structure,
however, due to the flexibility of its beams.

The prior PDFpq for 6, and6, is given by the product of two
lognormal PDFs with most probable valu@dPVs) 1.3 and 0.8
for 6, and6,, respectively, and unit standard deviation for both
0, and6,. These MPVs for the prior PDF reflect a 30% overes-
timation of the first-story stiffness and a 20% underestimation of
the second-story stiffness relative to the nominal shear building
model. The standard deviations for the prior PDF are chosen rela-
tively large to express large initial uncertainty in the structural
model.

Using the modal dat®, the updated PDF for the stiffness

duced compared to the case when the samples are uncorrelategarameter®=[6,,0,] is formulated agVanik et al. 2000

(vi=0), and smaller values of; imply higher efficiency.
The result ford; in Eq. (15) is derived assuming that the pro-
posal PDF is fixed in independent simulation runs. According to

Pp(8)=c exp —J(8)/2¢*]py(0) (18)
where c=normalizing constant; and(0) =modal measure-of-fit

the proposed methodology, however, the proposal PDF is chosernction

as the kernel sampling densiky constructed using the Markov
chain samples from the previous simulation le{etcept for the
first simulation level where the prior PDF is used as the proposal
PDP), and sox; is different for each independent simulation run.
This gives rise to additional variability iR; , and the actual COV

of R; will be greater than that given by E(L5). It can be argued

2

J(0)= >, NZ[f3()/f?—1]2 (19)
j=1

In Egs.(18) and (19), e/\; is the coefficient of variation of the
prediction error between eadlf and the corresponding model
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Fig. 1. Markov chain samples fo#,; and 6, at simulation levels
=1,59

squared frequencyjz(e). The prediction error includes the uncer-
tainty in the identified frequencies as well as the uncertainty in
predicting the natural frequencies of the structure using the shear
building model. We take\;=\,=1 and explore the effect of

different values fore on the updated PDF for the model param- 6 10
eters and the corresponding updated robust reliability. Decreasing
prediction error levels?=1/2~* for successive simulation levels 4 i=9 — Exact
i=1,..,9 are investigated. The sequence of intermediate PDFs 5 : S AT Sim.
{p;:i=1,...,.9 is constructed by successively substituting the se- R
quence of values?=1/2 ! into Eq. (18). 0 A o L

0 1 2 3 0 1 2
Updated Joint Probability Density Function for Model 6 0

Parameters0, and 0,
Fig. 1 shows the Markov chain samples at simulation levels Fig. 2. Prior probability distribution function and updated marginal
=1, 5, 9, corresponding te=1, 1/4, 1/16 in Eq(18). For each probability distribution functions fof,; and 6, at simulation levels
simulation level, after the first 10 Markov chain samples are ig- i=1, 5, 9
nored,N=300 Markov chain samples are simulated, which are
shown with dots in Fig. 1. Note that the Markov chain samples
are not all distinct. To show the population of samples consis- resulting estimators. The reason for this is that, in order to main-
tently, the area of the dots is shown proportional to the number of tain a reasonable acceptance rate of the candidate state, the sup-
samples at each location. The numbers of distinct samples areport size of the proposal PDF has to be similar to the size of the
149, 187, and 142 for simulation levels-1, 4, and 9, respec-  important region where the Markov chain is initiated. However,
tively. The contour lines for each updated PDF are plotted at this results in a small chance of generating a sample lying in the
levels 0.01, 0.1, 0.5, and 0.9 relative to the peak value of the other important region, since the spread of the proposal PDF is
updated PDF in each figure. It can be seen that the area enclosedot large enough. In contrast, in the proposed strategy, the pro-
by the outermost contou0.01), and hence the region of prob- posal PDF has significant probability content in the two important
ability concentration of the updated PDF, diminisheseade- regions since it is constructed using the Markov chain samples
creases. The samples populate well the important region of thefrom the previous simulation leveli€8) which are clustered
updated PDFs. More importantly, the density of the population is around the two regions. Consequently, the candidate states and
consistent with the exact updated PDF. hence the Markov chain samples at simulation lewe® are also
The updated PDF bifurcates into two peakseadecreases  clustered around the two important regions. Here, one sees the
because there are two “optimal” models that give the identified advantage of adapting from one simulation level to the next
frequencies, showing that the class of model is only locally iden- (using a kernel sampling densjtsather than within each simula-
tifiable based on the modal data. In spite of this complexity, the tion level (using an adaptive proposal PPfer updating robust
samples still populate the important neighborhood of the two reliability problems.
peaks, which are essentially disconnected from each other. This
ability to populate samples in disconnected regions of significant Updated Marginal Distributions
probability density offers a robust and powerful way of locating The marginal kernel PDFs fa¥; and 6, constructed from the
the domain of influence of the optimal parameter points in Baye- Markov chain samples are shown in Fig. 2. The corresponding
sian model updating problems, even when the model igglot marginal kernel CDFs are shown in Fig. 3. The prior PDFs and
bally) identifiable based on the available data, as in the presentCDFs in Figs. 2 and 3, respectively, are included for reference.
example. It should be noted that, if the Markov chain samples is The results from three independent simulation runs are shown
generated using an adaptive proposal PDF, either one of the im-with dashed lines. Recall that the estimated marginal PDFs and
portant regions at simulation levet+9 is likely to be missed by =~ CDFs are readily obtained from the joint kernel PDF without
the Markov chain samples, resulting in significant bias in the numerical integration. For comparison purposes, the exact mar-
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Fig. 4. Estimates?ryj(D), j=1, 2, for updated robust drift standard
deviations(uncertain stiffnegs

Lyapunov equationSoong and Grigoriu 1993 Using the up-
dated PDFpp, the robust variances of the interstory drifts are
given by Eq.(2) with h(0)=o§j(0)

oy (D)= f o} (0)po(6)d6 (20)

wherej=1, 2 for the first and second stories, respectively.

The robust failure probability that the interstory drift of title
story exceeds the threshold lex®+ 15 mm within a duration of
T=10s is also computed

Fig. 3. Prior cumulative distribution function and updated marginal
cumulative distribution functions fo#; and 6, at simulation levels p(|:j|p)=f P(Fj|0)pD(0)d0 (21)
i=1,5,9

where P(Fj|0) is the first excursion probability for given model
parameter®. Assuming the out-crossing events follow a Poisson
ginal PDFs and CDFs obtained by numerical integration are alsoprocess,P(F;|0) can be approximated b§Soong and Grigoriu
plotted with solid lines in Figs. 2 and 3, respectively. The results 1993
for the PDFs can be considered acceptable if fine detail is not
required. The results for the CDFs shown in Fig. 3 exhibit a better P(Fj|D)=1—ex —2v;()T] (22)
match with the exact results, as the spurious noise in the PDFs iswherev;(9) is the up-crossing rate for given model parameégrs
filtered out by integration in the CDFs. The errors in the marginal given by Rice’s formula
PDFs and CDFs come from two sources. The first source is that
the finite number of Markov chain samples is not distributed ex- 0y,(0) b2
actly as the target PDF, which introduces bias in the estimates. vj(0)= 2ma, (0) ex;{ T 20 (9)2>
The second is due to the approximate nature of the kernel PDF Vi Yi
using a finite number of samples. Thus, even if the samples are The estimates for updated robust standard deviakTqrj\(sD)
exactly distributed like the target PDF, there will still be discrep- (j=1,2) are shown in Fig. 4 and the estimates for the updated
ancies between the kernel density estimates and the exact resultggopyst failure probabilitie$~3(Fj|D) (j=1,2) are shown in Fig.

The dependent nature of the Markov chain samples in generals, |n these figures, three sample estimates, corresponding to the
does not bias the kernel PDF, but it does slow down the conver- same simulation runs as in Figs. 2 and 3, are shown with circles.

gence of the kernel PDF compared to the case when the sampleshe exact results obtained by numerical integration are shown

(23)

are independent. with solid lines. Simulation levell=0 refers to the case when no
_ o data are available and the robust response quantities are computed
Updated Robust Variance and Reliability based on the prior PDp, only, that is, by Eq(2) with p, re-

The response of the structure when it is subjected to stochasticp|acingp,,. To investigate the bias of the simulation results, the
excitations is predicted using the shear building model. Of inter- ayerage of the estimates over 50 independent simulation runs is
est are the interstory drift responsgs andy, of the first and  computed and shown with dashed lines in the figures. In both
second stories, respectively. The structure is assumed to be SUbFigs. 4 and 5, the results from averaging 50 simulation runs
jected to earthquake motion modeled by stationary Gaussian(dashed linesalmost overlap with the exact resultsolid lines,
white noise with spectral intensitg=1x10">m?/s’. The sta-  showing that the bias from the initial transient stage of the simu-
tionary variancessj (8) and o (8) of the interstory drifts for  |ated Markov chains is negligible, and the estimates are practi-
given model parameter® can be obtained by solving the cally unbiased.
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Fig. 5. Estimatesla(Fj|D), j=1, 2, for updated robust failure prob-

abilities (uncertain stiffness Fig. 7. Coefficient of variation of updated robust failure probability

estimatequncertain stiffnegs

Variability of Estimates . o o )
The sample COV of the updated robust drift variance and failure (Nere is an infinite set of “optimal” mass and stiffness parameter
values that give the two identified frequencies.

probability estimates computed from the 50 independent runs are X -
The prior PDFp, for 8, to 6, is given by the product of four

shown in Figs. 6 and 7. Also, the COV estimates based on Eg. )
(15), which does not include the variability of the proposal PDF, qunormal PDFs with MPVS, 1'3'0'8'0'9,5'0'95' and standard de-
viations 1,1,0.1,0.1, respectively. Relatively small values of the

are computed and shown in these figures: the COV estimates for T
the three simulation runs in Figs. 2 and 3 are shown with circles, stand_ard deylat|ons are assumed for the mass parameters to reflect
while the averages of the COV estimates based on(Eg).over that, in practice, they can usually be de_termlned more accurately
50 simulation runs are shown with dashed lines. From Figs. 6 andTom the structural drawings than the stiffness parameters.

7, it can be seen that the actual COV of the robust drift variance . Fig. 8 shows the Markov chain samplgs at simulation levels
and failure probability estimatesolid lines are quite close to | =~ 1 5, 9 corresponding te=1, 1/4, 1/16 in Eq(18). At each

those predicted by Eq15) (circles and dashed lingsndicating level, N=500 Markov chain samples are simulated. The four
that the additional variability due to the randomness of the pro- COMPonents of the samples are shown in two gro@psersusy,

posal PDF is negligible and Eq15) is useful for assessing the N the first column and,, versusbs in the second column of Fig.
variability of the updated robust estimates. 8. The distribution of the samples for the stiffness parameters as

shown in the first column of the figure is qualitatively similar to
that shown in Fig. 1 but with more spread. There is no significant
Unidentifiable Case: Uncertain Stiffness and Mass Pa- pattern in the distribution of the mass parameters as shown in the
rameters second column of Fig. 8, as a result of the small uncertainty
tr.assumed in their prior distribution. In fact, the prior distributions
nesses. The story masses are parametrized, as;m, andm, on the.mas.s.and stlffness.parameters serve as a “regularlzer" for
—9,m,, wherefs and@, are the mass parameters to be updated, this unidentifiable problentin the sense of Tikhonov and Arsenin
and m,=16.5< 10°kg and m,=16.1x 1 kg are the nominal 1977
values for the first- and second-story masses, respectively. There

are thus four parametetsvo stiffness parametefs, and6,, and

two mass parametefs; and6,) to be updated. In this example,

the class of models is unidentifiable based on the data because

Next, the story masses are also updated, in addition to the sti

|
1 y ’
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Fig. 6. Coefficient of variation of updated robust drift variance esti- Fig. 8. Markov chain samples foé, to 6, at simulation leveld
mates(uncertain stiffness =1,5,9
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The marginal kernel PDFs fdr, to 6, constructed using the  shown in Fig. 11 and their COV is shown in Fig. 12. These results
Markov chain samples are shown in Fig. 9. The corresponding demonstrate the robustness of the proposed method to problems
marginal kernel CDFs are shown in Fig. 10. Calculation of the of higher dimensions.
exact marginal PDFs and CDFs involves three-dimensional nu-
merical integration, and was not attempted. Instead, the sample
average over 50 simulation runs of the marginal kernel distribu- Conclusions
tions are computed and are shown as solid lines in Figs. 9 and 10.

Finally, the estimates for the updated failure probabilities of The usual practice in system identification is to use system data to
the interstory drifts for the first and second stories are computedidentify one model from a set of possible models and then to use
using the Markov chain samples. The results for the estimates arethis model for predicting system behavior. In contrast, the present
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Fig. 10. Prior cumulative distribution function and updated marginal cumulative distribution functiors for6, at simulation levels=1, 5,
9 (solid lines: average over 50 runs; dashed lines: three) runs
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107 . . . . samples are practically unbiased, and their variability can be con-

N . . sistently estimated by an available formula using information
8 102 g 3 T ] from a single simulation run.
,ég °e The success of the proposed methodology relies on a good
N ° choice of the intermediate PDFs and their approximation by ker-
1075 2 ) 5 ) 10 nel PDFs. Future research may focus on developing better inter-
10° . , . . mediate PDFs as well as enhancing the performance of the kernel
PDF approximations.
8 M
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