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Wall-modeled large-eddy simulation (WMLES) has attracted significant attention in engi-

neering applications as a high-fidelity simulation technique not limited by near-wall resolution

requirements. It significantly reduces computational costs by resolving the energy-containing

and dynamically important scales of turbulence far from the wall while modeling the effects

of near-wall eddies. However, the inherent grid dependence of WMLES results raises the

question of how to determine an adequate yet minimal resolution for the outer region. To

address this question, we propose an approach to assess grid resolution that does not rely

on a priori knowledge of domain-specific flow statistics. This approach leverages the velocity

gradient partitioning, which provides an expressive, broadly applicable, and Galilean invari-

ant description of local flow features. The error metric we define represents the deviation of

the partitioning far from the wall in WMLES from the partitioning associated with isotropic

turbulence. Using simulations of turbulent channel flow, we compare the convergence trends

of this metric with those of conventional metrics representing turbulence kinetic energy errors.

The partitioning metric effectively captures the response of resolved small-scale flow features to

grid resolution and various other mesh and simulation parameters. It is particularly sensitive

to the mesh-cell aspect ratio and subgrid-scale modeling; however, it is less sensitive to the

friction Reynolds number and wall boundary conditions, which primarily impact large-scale

flow features. Hence, the metric provides valuable and inexpensive insight into the sensitivity

of small-scale flow features. While it alone cannot be used to holistically validate the accuracy

of simulation results, coupling it with a metric that diagnoses large-scale flow features would

provide a more complete picture. Beyond turbulent channel flow, preliminary results for flow

over a Gaussian bump highlight the potential for the present approach to be applied to WMLES

in more complex geometries.

I. Introduction

A. Grid resolution assessment in wall-modeled large-eddy simulation

High-fidelity numerical simulations of turbulent flows are becoming increasingly pragmatic due to advances in

computing power and computational algorithms. Particularly, large-eddy simulation (LES) has enabled high-fidelity

analyses of complex flows by resolving energetic and dynamically relevant turbulent scales while retaining modest

computational costs compared to direct numerical simulation (DNS). However, for wall-bounded flows, the prohibitive

computational costs incurred by resolving all relevant scales in near-wall turbulence have limited the ability of LES to

inform many practical (e.g., industrial) applications. Wall-modeled LES (WMLES) provides a practical and efficient

solution to this issue. It significantly reduces computational costs for wall-bounded flows by employing a reduced-order

model on a relatively coarse computational mesh to represent the effects of energetic near-wall eddies. For example,

recent studies [1, 2] have reported cost reductions of one to two orders of magnitude with respect to wall-resolved

LES (WRLES) for attached flows over finite aspect ratio wings at various Reynolds numbers. WMLES has also

been successfully applied to complex flow configurations in a broad range of practical engineering applications [3–

5]. Therefore, coupled with computational advances, WMLES offers a promising avenue for enabling fast, low-cost,

high-fidelity analyses of realistic engineering problems.
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However, mesh generation remains a significant challenge in applying WMLES to the complex, three-dimensional

geometries that characterize many applications of interest. Modern tools, such as the OpenFOAM® snappyHexMesh

utility and the Cadence® Fidelity Voronoi-diagram-based mesh generator [6], can address this issue by generating self-

similar and isotropic mesh elements around these geometries. Although these tools automate many aspects of mesh

generation, determining appropriate grid resolution still relies heavily on domain expertise. Coupling mesh generators

with solution-based mesh adaptation techniques offers a flexible approach to address this limitation. Regardless of

how the mesh is generated, its design requires a robust approach to assess grid resolution. To be practically relevant,

such an approach should employ metrics that (i) comprehensively reflect how well the mesh captures flow features of

interest, (ii) do not depend on a priori knowledge of domain-specific flow statistics or higher-fidelity simulations, and

(iii) can be applied to different flow configurations and solvers.

Various approaches for evaluating grid resolution and mesh quality in LES have been proposed. For example, the

grid resolution can be compared with the Kolmogorov scale derived from separate Reynolds-averaged Navier–Stokes

(RANS) simulations [7]; however, this approach depends strongly on the accuracy of RANS results. Another common

approach evaluates grid resolution by characterizing LES errors in terms of a ‘subgrid activity’ parameter that captures

the subgrid-scale (SGS) dissipation rate relative to the total dissipation rate [8]. Metrics based on the resolved and

unresolved turbulence kinetic energy (TKE) have also been used to assess grid resolution in terms of both modeling

and numerical errors [9–11]. Beyond purely statistical assessments, an approach based on the Lyapunov exponent has

also been proposed [12] to characterize the ability of LES to capture dynamic processes inherent to turbulent flows.

While these approaches provide valuable insights into LES errors and grid resolution, there is no general consensus on

which approach is most appropriate for guiding mesh design for a particular application.

The fidelity of WMLES is sensitive to how well turbulent scales are resolved in the outer region (i.e., far from the

wall). Therefore, there is a delicate balance between maintaining a resolution that is sufficiently fine to ensure accurate

results but sufficiently coarse to be computationally feasible. In this setting, a metric that captures the effect of grid

resolution on small-scale flow features would be particularly valuable. Velocity gradients provide a useful candidate

for constructing such a metric since they reflect the local flow structure and capture ubiquitous features of small-scale

turbulence [13, 14]. Based on this premise, the objective of the present study is to develop a metric that captures the

effect of grid resolution on small-scale flow features using velocity gradients. Our approach exploits key advantages of

the velocity gradient partitioning [15–17] based on a recently-developed normality-based decomposition of the velocity

gradient tensor (VGT) [18–21].

B. Velocity gradient partitioning

The symmetry-based decomposition of the VGT, G = ∇u, into the (symmetric) strain-rate tensor, Y =
1
2
(G + G

T),

and the (antisymmetric) vorticity tensor,] =
1
2
(G−G

T), is commonly employed in turbulence modeling. For example,

in LES, eddy-viscosity models typically represent the effects of unclosed terms using the resolved strain-rate tensor.

Moreover, many such models (e.g., the Smagorinsky model) express the eddy viscosity in terms of the strain-rate tensor

[22–25]. However, despite its convenience and ubiquity in turbulence modeling, the symmetry-based decomposition

provides relatively limited information about local flow features.

A recently-developed normality-based decomposition has emerged as a more expressive extension of the symmetry-

based decomposition. This decomposition can be computed using the ordered real Schur form of the VGT [21] and it

can be expressed as

G = Gn + Gi + GW . (1)

Here, Gn , Gi , and GW represent normal straining (symmetric/normal), rigid rotation (antisymmetric/normal), and

pure shearing (non-normal). This decomposition is related to the symmetry-based decomposition via Y = Gn + YW

and ] = Gi +]W , where YW =
1
2
(GW + G

T
W) and ]W =

1
2
(GW − G

T
W) are the symmetric and antisymmetric parts of

pure shearing.

Using this decomposition, the strength of the velocity gradients can be partitioned as

�2
= tr

(
G

T
G

)
= �2

n + �2
i + �2

W + �2
iW , (2)

where �2
n , �2

i , and �2
W represent the strengths of the constituents in Eq. (1) and �2

iW represents the interaction between

shearing and rigid rotation. These strengths are all Galilean invariant quantities [16, 26]. Although the decomposition

in Eq. (1) requires computation of a Schur decomposition, the partitioning in Eq. (2) can be computed directly from the

eigendecomposition of the VGT [18–20]. Furthermore, Arun and Colonius [16] showed that the relative strengths of
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normal straining, pure shearing, and the sum of rigid rotation and shear-rotation interactions can be determined as exact

algebraic functions of the invariants of the VGT. Therefore, these contributions can be straightforwardly determined

directly from the components of the VGT, which may be advantageous in modeling applications (like LES) that require

rapid computations.

A primary advantage of the normality-based velocity gradient partitioning is its enhanced expressivity compared

to the symmetry-based partitioning. This expressivity is particularly pronounced in the relative contributions of the

constituents in Eq. (2) to the averaged velocity gradient strength. This averaged partitioning can be expressed as

〈
�2
Z

〉
�2 =

〈
�2
Z

〉/〈
�2

〉
, Z ∈ {n, i, W, iW}, (3)

where 〈 · 〉 represents averaging over homogeneous spatial directions and time (for stationary flows). In unbounded

and wall-bounded flows with appropriate symmetries and boundary conditions, the strain rate and vorticity tensors

are roughly (and sometimes exactly) equipartitioned in strength (i.e.,
〈
(2
〉
�2 ≈

〈
,2

〉
�2 ≈ 1

2
). By contrast, the

normality-based partitioning can produce pronounced variations that capture the evolution across temporal regimes

in transitional flows [16] and spatial regimes in sustained turbulence [17]. Moreover, the partitioning associated with

isotropic turbulence has been shown to apply far from the wall in wall-bounded turbulence [17] and, to a lesser extent,

for decaying turbulence [16]. The averaged partitioning statistics have also been shown to be relatively invariant

with respect to the Reynolds number in isotropic turbulence [15] and in the nearly-isotropic regime of wall-bounded

turbulence [17]. Arun and Colonius [16, 17] provide more comprehensive reviews of the advantages and applications

of this partitioning and the VGT decomposition that produces it.

C. Outline of present study

The velocity gradient partitioning has the potential to address the need for a metric that captures the effect of grid

resolution on small-scale flow features in WMLES. Its expressivity, broad applicability, and Galilean invariance are key

advantages for assessing the statistical imprint of these flow features. Moreover, the reference partitioning associated

with isotropic turbulence is well-known and does not require higher-fidelity simulations in complex flow configurations.

Motivated by these advantages, the present study proposes a novel method for grid resolution assessment in WMLES

based on the velocity gradient partitioning. We primarily evaluate its performance using WMLES of turbulent channel

flow at moderately high friction Reynolds numbers, Reg , with an extension to WMLES of flow over a Gaussian bump

in Appendix I. In the remainder of this paper, we discuss details of the simulations in Sec. II, introduce and evaluate

the proposed grid resolution assessment method in Sec. III, and summarize the takeaways and outlook in Sec. IV.

II. Mesh and simulation parameters
The simulations in the present study are conducted using an LES code designed for incompressible flows [27].

The code employs a second-order accurate finite volume scheme that is low-dissipative, conserves kinetic energy, and

solves the pressure Poisson equation using an algebraic multigrid method [28]. The LES code has been validated in a

broad range of turbulent flows, including rough-wall turbulent boundary layers (TBLs) [29], flow over an axisymmetric

body of revolution [30], and rotor interactions with a thick axisymmetric TBL [31].

We evaluate the proposed approach to grid resolution assessment using WMLES of turbulent channel flow between

two flat plates. The computational domain measures 4cℎ × 2ℎ × 2cℎ in the streamwise (G), wall-normal (H), and

spanwise (I) directions, respectively, where ℎ denotes the channel half-height, and periodic boundary conditions are

applied in the G and I directions. All simulations maintain a maximum Courant–Friedrichs–Lewy number of 1.0. Each

simulation is equilibrated by first prescribing a bulk velocity,*1 = 1, and subsequently switching to a constant imposed

pressure gradient in the G direction, which remains until the end of the simulation. The initial 200 flow-through times

are discarded to surpass the transient phase and the subsequent 100 flow-through times are used to obtain the velocity

fields and the corresponding velocity gradients, which are evaluated at cell centers.

As outlined in Table 1, we conduct simulations employing various different mesh configurations. These meshes

contain isotropic cells and anisotropic cells with different aspect ratios. For each mesh, the domain is uniformly

discretized in the G, H, and I directions. We evaluate each mesh at four levels of resolution and the meshes have

identical cell volumes at each level. We therefore define a characteristic mesh resolution using a geometric mean,

Δ6 =
3
√
ΔGΔHΔI, where ΔG, ΔH, and ΔI denote the mesh-cell sizes in the G, H, and I directions, respectively.
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Table 1 Computational mesh parameters for the present channel flow simulations, including the number of

cells (#G , #H , #I) and the cell sizes (ΔG, ΔH, ΔI) in each direction.

Case ( #G , #H , #I ) ΔG/ℎ ΔH/ℎ ΔI/ℎ

IM1 ( 74, 12, 37) 1.7 × 10−1 1.7 × 10−1 1.7 × 10−1

IM2 (148, 24, 74) 8.5 × 10−2 8.5 × 10−2 8.5 × 10−2

IM3 (296, 48, 148) 4.2 × 10−2 4.2 × 10−2 4.2 × 10−2

IM4 (592, 96, 296) 2.1 × 10−2 2.1 × 10−2 2.1 × 10−2

AM-a1 ( 74, 32, 14) 1.7 × 10−1 6.2 × 10−2 4.5 × 10−1

AM-a2 (148, 64, 28) 8.5 × 10−2 3.1 × 10−2 2.2 × 10−1

AM-a3 (296, 128, 56) 4.2 × 10−2 1.6 × 10−2 1.1 × 10−1

AM-a4 (592, 256, 112) 2.1 × 10−2 7.8 × 10−3 5.6 × 10−2

AM-b1 ( 28, 32, 37) 4.5 × 10−1 6.2 × 10−2 1.7 × 10−1

AM-b2 ( 56, 64, 74) 2.2 × 10−1 3.1 × 10−2 8.5 × 10−2

AM-b3 (112, 128, 148) 1.1 × 10−1 1.6 × 10−2 4.2 × 10−2

AM-b4 (224, 256, 296) 5.6 × 10−2 7.8 × 10−3 2.1 × 10−2

In addition to the mesh configuration, we also consider the effect of the friction Reynolds number, wall boundary

conditions, and SGS modeling on the LES error metrics. We consider two different friction Reynolds numbers,

Reg ≈ 1000 and Reg ≈ 2000, in the present study. We also consider two different wall boundary conditions: (i) the

no-slip boundary condition and (ii) the equilibrium stress wall model (EQWM) [32], which provides an approximate

wall-shear stress boundary condition. For the EQWM cases, the matching location of the wall model is set at the center

of the fourth off-wall cell. The value of Reg is more sensitive to the grid resolution for the no-slip boundary condition

than for the EQWM (see Appendix II for more details). The effect of the unresolved motions is modeled using three

SGS models based on the eddy-viscosity assumption. These models include the dynamic Smagorinsky model (DSM)

[22, 23], the Vreman model [24], and the anisotropic minimum dissipation (AMD) model [25]. For the Vreman model,

the model constant is set to 0.025, as recommended for complex wall-bounded turbulence [24]. For the AMD model,

the model constant is set to 0.3 and determined solely by the choice of numerical method [25].

III. Results and Discussion

A. Grid resolution assessment via velocity gradient partitioning

The metric we introduce for assessing grid resolution in WMLES is based on the velocity gradient partitioning

discussed in Sec. I.B. The partitioning is relatively easy to implement and provides an expressive, broadly applicable,

and Galilean invariant means of evaluating the effects of mesh and simulation parameters. Moreover, since velocity

gradients capture local flow features, we expect our approach to be particularly sensitive to mesh-cell parameters since

they operate at the smallest resolved scales. This sensitivity complements conventional approaches, which are typically

sensitive to parameters that influence larger-scale flow features.

Arun and Colonius [16] showed that the partitioning in channels and boundary layers at sufficiently high friction

Reynolds numbers collapses onto the isotropic partitioning far from the wall, where the mean shearing is relatively weak.

Based on this finding, we define the deviation of the partitioning in the outer region from the isotropic partitioning as a

metric to assess grid resolution in WMLES. For the present channel flow simulations, this metric can be expressed as

Y�2 =

∫ ℎ

0.3ℎ

∑

Z ∈{ n ,i,W,iW}

��〈�2
Z

〉
�2 −

〈
�2
Z

〉8B>
�2

��3H

∫ ℎ

0.3ℎ

∑

Z ∈{ n ,i,W,iW}

��〈�2
Z

〉8B>
�2

��3H
, (4)

where
〈
�2
Z

〉8B>
�2 denotes the isotropic partitioning and | · | denotes the absolute value. Since the integrand in the

denominator evaluates to unity, the metric averages the absolute deviations expressed in the numerator from the top
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Fig. 1 Velocity gradient partitioning profiles for WMLES of turbulent channel flow at Reg ≈ 1000 on isotropic-

cell (a) and anisotropic-cell meshes (b). In (a), the dashed and solid lines represent cases IM2 and IM3,

respectively, and, in (b), they represent cases AM-a2 and AM-a3, respectively (see Table 1). All cases shown

employ the DSM in the interior and the EQWM at the wall. The vertical dotted lines indicate the isotropic

partitioning values [17] and the black, red, blue, and green curves denote
〈
�2
n

〉
�2 ,

〈
�2
i

〉
�2 ,

〈
�2
W

〉
�2 , and

〈
�2
iW

〉
�2 ,

respectively.

of the log-law region (H/ℎ = 0.3) to the channel centerline (H/ℎ = 1). The integration limits capture a region where

the partitioning (from DNS) collapses onto the isotropic partitioning [17] and they are intentionally expressed in outer

units. We use the reference isotropic partitioning values reported by Arun and Colonius [17], which are consistent

with those reported by Das and Girimaji [15]. These reference values are given by
〈
�2
n

〉8B>
�2 = 0.240,

〈
�2
i

〉8B>
�2 = 0.106,

〈
�2
W

〉8B>
�2 = 0.520, and

〈
�2
iW

〉8B>
�2 = 0.134.

It is important to ensure that the reference partitioning statistics are consistent with expectations for the resolved

small-scale flow features in WMLES. For example, eddy-viscosity models have been shown to produce velocity

gradient statistics and structures that mimic those of an unfiltered DNS [33, 34]. Since we only consider eddy viscosity

models in the present study, we therefore use the velocity gradient partitioning values from an unfiltered DNS of forced

isotropic turbulence as our reference for evaluating the mesh resolution for WMLES. However, other SGS models, like

mixed models, are known to instead reproduce the velocity gradient statistics of an analogously filtered DNS [33, 34].

In these cases, it would likely be more appropriate to use the filtered partitioning as the baseline. Therefore, while

the choice of SGS model is typically based on the reproducing flow features and statistics of interest (e.g., dissipation,

energy transfer, etc.), the choice of evaluation metric should be tailored to the selected SGS model if it is based on

velocity gradient statistics.

Fig. 1 shows the velocity gradient partitioning profiles for WMLES of channel flow at Reg ≈ 1000 using isotropic-

cell and anisotropic-cell meshes with various resolutions. Consistent with the findings of Arun and Colonius [17],

the partitioning approaches the isotropic partitioning far from the wall even for WMLES. Moreover, the partitioning

in the outer region is much closer to the isotropic partitioning (i) when the mesh resolution is finer and (ii) when

the mesh cells are isotropic (as opposed to anisotropic). These results qualitatively validate our expectation that the

unfiltered isotropic partitioning is an appropriate baseline for the present study. They also illustrate that the partitioning

is sensitive to variations in mesh parameters that influence resolved small-scale flow features.

As discussed in Sec. I, mesh assessment and design is often critical for simulating flows in more complex geometries.

In Appendix I, we demonstrate the applicability of our approach to a more complex flow configuration by evaluating the

partitioning in a WMLES of flow over a two-dimensional Gaussian bump. The results demonstrate that the partitioning

collapses onto the isotropic values in the outer region even at locations that exhibit strong adverse/favorable pressure

gradients and separation/reattachment. They further support the use of the (unfiltered) isotropic partitioning as a

baseline for the eddy-viscosity models considered in the present study and they serve as a proof-of-concept for

extensions to non-canonical flow configurations.
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B. Grid resolution assessment for turbulent channel flow

We evaluate the sensitivity of the metric proposed in Eq. (4) to various parameters of the channel flow simulations,

including the friction Reynolds number, wall boundary conditions, SGS model, and mesh configuration. For compar-

ison, we use the streamwise, spanwise, and wall-normal TKE errors in the outer region to characterize the sensitivity

of flow statistics associated with larger-scale flow features. The streamwise TKE error is defined as

YD2 =



∫ ℎ

0.3ℎ

(
〈D′D′ 〉

*2
1

−
〈D′D′ 〉�#(

*2
1,�#(

)2

3H

∫ ℎ

0.3ℎ

(
〈D′D′ 〉�#(

*2
1,�#(

)2

3H



1/2

, (5)

where D′ denotes the fluctuating streamwise velocity and the subscript (·)�#( denotes data obtained from a DNS

of turbulent channel flow at the same Reynolds number [35]. Analogous metrics, YE2 and YF2 , are defined for the

wall-normal and spanwise TKE errors, respectively. The integration range matches the range in Eq. (4) and it is slightly

smaller than that considered in Eq. (25) of [36]. We normalize the velocity fluctuations by the bulk velocities since

the bulk Reynolds numbers are nearly identical for the present LES and DNS cases. Further, since *1 ≈ *1,�#( ≈ 1,

the integrands in Eq. (4) approximate those considered in Eq. (25) of [36]. Another option would be to normalize by

the friction velocities, but this makes the error metric sensitive to impact of the different wall boundary conditions (see

Appendix II). With either normalization, the error would approach zero when the LES resolution approaches that of

DNS since both the bulk and friction Reynolds numbers for LES would match those for DNS.

Fig. 2 shows how Y�2 , YD2 , YE2 , and YF2 vary with Δ6/ℎ for WMLES of channel flow at two different friction

Reynolds numbers, Reg ≈ 1000 and Reg ≈ 2000. The TKE errors are sensitive to Reg , and they increase with

increasing Reg . By contrast, the velocity gradient partitioning error is insensitive to Reg . These results reflect that

the partitioning is primarily sensitive to the resolved small-scale flow features, whereas the TKE reflects contributions

from larger scales in the outer region (which are more sensitive to Reg). These results are consistent with previous

findings, which suggest that TKE errors are typically associated with large-scale flow structures in WMLES [37].

Fig. 3 compares the error scalings for each metric using the no-slip boundary condition and the EQWM. The TKE

errors are also sensitive to the wall boundary conditions, with the EQWM reducing errors significantly compared to the

no-slip boundary condition. This sensitivity is even more pronounced for the TKE error metric that normalizes velocity

fluctuations by the friction velocity (see Appendix II). By contrast, the partitioning error is only mildly impacted by the

wall boundary condition at each level of resolution. These results are consistent with those in Fig. 2, and they reflect

that small-scale flow structures in the outer region are less sensitive to the wall model than large-scale flow structures

in the outer region [37]. Together, Figs. 2 and 3 highlight that the velocity gradient partitioning metric is relatively

insensitive to parameters that primarily affect large-scale flow features in the outer region, like the friction Reynolds

number and wall boundary conditions. As such, while the partitioning metric should not be used to evaluate the impact

of these parameters, it has the potential to distinguish sensitivities to parameters that more strongly impact small-scale

flow features.

Fig. 4 compares the error scalings for each metric using the different eddy-viscosity SGS models, including the

DSM, the Vreman model, and the AMD model. For relatively coarse meshes, the different SGS models produce

different velocity gradient partitioning errors. However, the partitioning errors for these models collapse as resolution

increases since the effect of the SGS motions is diminished. Moreover, the partitioning error scalings capture important

qualitative features observed in the TKE error scalings, such as the non-monotonic convergence for the Vreman model.

Therefore, for a given model, the partitioning error scaling may be a useful proxy for the TKE error scaling. However,

the partitioning error does not directly reflect how the TKE errors compare quantitatively to one another for different

models. Therefore, while it should not be used to compare the impact of different SGS models on large-scale flow

features, it provides a valuable comparison of how well each model captures small-scale flow features.

Fig. 5 compares the error scalings for each metric using different mesh-cell aspect ratios, including both isotropic

and anisotropic cells. The values of Δ6/ℎ are identical for each case since the isotropic and anisotropic cells all share

the same volume. Consistent with the results in Fig. 1(b), the partitioning error is sensitive to the mesh-cell aspect

ratio. The partitioning error increases significantly for anisotropic-cell meshes, especially for the AM-b meshes, which

are elongated in the streamwise direction and compressed in the wall-normal direction (see Table 1). These results are

insensitive to the grid resolution definition for anisotropic meshes (see Appendix III). By contrast, the TKE errors are

typically largest for the AM-a meshes, which are elongated in the spanwise direction and compressed in the wall-normal

direction. Therefore, while streamwise-elongated meshes may be useful for capturing typical large-scale flow features,
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Fig. 2 Error scalings for the velocity gradient partitioning (a) and the streamwise (b), wall-normal (c), and

spanwise (d) TKE. All simulations employ isotropic-cell meshes, the DSM, and the EQWM. Solid red and dashed

blue lines represent Reg ≈ 1000 and Reg ≈ 2000, respectively.
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Fig. 3 Error scalings as in Fig. 2. All simulations are run at Reg ≈ 1000 and they employ isotropic-cell

meshes and the DSM. Solid red and dashed blue lines represent the EQWM and no-slip boundary conditions,

respectively.
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Fig. 4 Error scalings as in Fig. 2. All simulations are run at Reg ≈ 1000 and they employ isotropic-cell meshes

and the EQWM. Solid red, dashed blue, and dash-dotted green lines represent the DSM, the Vreman model,

and the AMD model, respectively.
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Fig. 5 Error scalings as in Fig. 2. All simulations are run at Reg ≈ 1000 and they employ the DSM and

the EQWM. Solid red, dashed blue, and dash-dotted green lines represent the IM, AM-a, and AM-b cases,

respectively.
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they may not capture as well small-scale flow features associated with the resolved velocity gradients. Similar to Fig. 4,

these results highlight the role of the partitioning metric in evaluating the resolved small-scale flow features. They

therefore complement the results of previous studies [36–38], which considered the sensitivity of velocity statistics that

primarily reflect large-scale flow features. Moving forward, disentangling how the different mesh configurations affect

(i) the computation of the velocity gradients and (ii) SGS modeling may provide further insight into the error scalings

observed in Fig. 5.

IV. Conclusions
We propose a novel method to assess grid resolution in WMLES. This method is based on the normality-based

velocity gradient partitioning, which identifies the relative contributions of normal straining, rigid rotation, pure

shearing, and shear-rotation correlations to the strength of velocity gradients. For wall-bounded flows, these relative

contributions collapse onto those associated with isotropic turbulence in the outer region of the flow, where the mean

shearing is relatively weak. Leveraging this feature, we use the deviation from the isotropic partitioning in the outer

region as an error metric to assess grid resolution in WMLES. This metric is tailored to characterize how well a given

simulation can capture expected small-scale flow features far from the wall.

Using channel flow simulations, we evaluate the sensitivity of this metric to various mesh and simulation parameters.

Since the partitioning error metric captures variations in small-scale flow features, it is highly sensitive to SGS modeling

and the mesh-cell aspect ratio, which are directly tied to grid resolution. By contrast, it is less sensitive to the friction

Reynolds number and wall boundary conditions, which primarily impact larger-scale flow features. Beyond capturing

qualitative convergence trends, the metric provides key insights into the effect of SGS modeling and mesh-cell aspect

ratio that go beyond conventional analyses of TKE. These results have the potential to inform the design of WMLES

meshes that appropriately capture resolved small-scale flow features and their statistics. While we do not propose a

strict threshold for resolving these features, a partitioning error of less than 5% seems reasonable for initial assessments

of grid resolution.

The expressivity, broad applicability, and Galilean invariance of the proposed metric suggest it may be useful for

designing, assessing, and adapting meshes in more complex flow configurations. One particular advantage of this

metric for such flows is that it does not require a priori knowledge of domain-specific flow statistics obtained from high

resolution simulations. We provide preliminary evidence of this advantage by showing that the isotropic partitioning

also applies to the velocity gradients far from the wall in a WMLES of flow over a Gaussian bump, which includes

regions of separation and reattachment. Although the proposed metric is only applied to WMLES in the current study,

it also has the potential to assess grid resolution in WRLES. However, while this metric provides insight into the

resolution of small-scale flow features, it cannot be used to holistically capture the impact of mesh and simulation

parameters on large-scale flow features and statistics. Moreover, while the reference partitioning statistics we use

are appropriate for eddy-viscosity models, they must be tailored to reflect the behavior of the SGS model of interest.

As such, investigations of the proposed metric in more complex flow configurations, with other SGS models, and in

conjunction with complementary metrics would entail useful future work.

Appendix I: Velocity gradient partitioning for flow over a Gaussian bump
To demonstrate the applicability of our approach to more complex wall-bounded turbulent flows, we compute the

velocity gradient partitioning using a well-resolved WMLES of flow over a two-dimensional Gaussian bump [38].

This configuration mimics smooth junctions, such as those between the wing and fuselage of an aircraft. The flow

involves smooth-body separation of a TBL subject to pressure-gradient and surface-curvature effects. Fig. 6 depicts the

instantaneous streamwise velocity, DG , in an G− H plane obtained from a snapshot of the WMLES. A thin zero-pressure-

gradient (ZPG) flat-plate TBL enters the inlet at G/! = −0.85, where ! denotes the bump width. The boundary layer

gradually accelerates along the windward side of the bump, reaching a maximum velocity near the peak. Downstream,

the flow decelerates over the leeward side, causing rapid boundary layer thickening and a significant separation bubble,

which reattaches near the edge of the bump’s leeward side. The Reynolds number based on the freestream velocity

(*∞) and bump width is Re! = 2 × 106. The friction Reynolds number, based on the local boundary-layer thickness

and friction velocity, ranges from Reg ≈ 800 to Reg & 8000.

The WMLES was conducted on a hybrid mesh with 993 million cells using the same flow solver as the present

study (see Sec. II). It employed the Vreman model [24] with a model constant of 0.025 to represent the effect of the

SGS motions. For the bottom boundary, it applied an ideal wall model that incorporates the mean wall-shear stress
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Fig. 6 Instantaneous streamwise velocity, DG/*∞, in the G − H plane at I/! = 0 for the WMLES of flow over a

two-dimensional Gaussian bump at Re! = 2 × 106.
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Fig. 7 Velocity gradient partitioning profiles for the WMLES of flow over a two-dimensional Gaussian bump

at Re! = 2 × 106. In (a), the solid and long-dashed lines represent the results at G/! = −0.7 and G/! = −0.2,

respectively. In (b) the dash-dot-dotted, dash-dotted, and dashed lines represent the results at G/! = 0.05,

G/! = 0.2, G/! = 0.4. The vertical dotted lines indicate the isotropic partitioning values [17] and the black, red,

blue, and green curves denote
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obtained from a DNS of the same configuration. The WMLES accurately predicts of key flow features, including the

separation bubble on the bump’s leeward side. Zhou and Bae [38] provide a detailed description of the simulation

setup and an assessment of its fidelity.

In Fig. 7(a), we show partitioning profiles as a function of the wall-normal coordinate (=) for two stations located

upstream of the bump peak. The first station (G/! = −0.7) lies in the flat-plate region under ZPG and the second

station (G/! = −0.2) is on the windward side of the bump, where the favorable pressure gradient is strong. The

partitioning at these locations collapses well onto the isotropic partitioning above 30% of the local TBL thickness, X

(i.e., for =/X & 0.3). However, the partitioning at G/! = −0.7 begins to diverge from these values near the edge of the

boundary layer, which represents the transition to a potential flow near the freestream [17]. Fig. 7(b) shows results at

three locations downstream of the bump peak. The first (G/! = 0.05) is located in the region with a strong adverse

pressure gradient, the second (G/! = 0.2) is located within the separation bubble, and the third (G/! = 0.4) is located

downstream of the reattachment point. At each of these downstream locations, the partitioning again collapses well onto

the isotropic partitioning for =/X & 0.3. At locations within the separation bubble and downstream of reattachment,

this collapse extends even closer to the wall. Altogether, these results indicate that the isotropic partitioning is broadly

applicable in the outer region of TBLs even when complex geometry induces pressure gradients that can lead to

separation and reattachment.
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Fig. 8 Friction velocities (a) and error scalings for the streamwise (b), wall-normal (c), and spanwise (d) TKE

based on the metric in Eq.( 6). All simulations are run at Reg ≈ 1000 and they employ isotropic-cell meshes and

the DSM. Solid red and dashed blue lines represent the EQWM and no-slip boundary conditions, respectively.

In (a), the dash-dotted black line denotes the friction velocity from DNS [35].

Appendix II: Turbulence kinetic energy error scalings normalized by friction velocity
The TKE error metric defined in Eq. (5) normalizes the velocity fluctuations using bulk velocities. Here, we instead

normalize the velocity fluctuations using friction velocities. The corresponding streamwise TKE error is defined as

Yg
D2 =



∫ ℎ

0.3ℎ

(
〈D′D′ 〉

D2
g

−
〈D′D′ 〉�#(

D2
g,�#(

)2

3H

∫ ℎ

0.3ℎ

(
〈D′D′ 〉�#(

D2
g,�#(

)2

3H



1/2

, (6)

where Dg denotes the friction velocity. Analogous metrics, Yg
E2 and Yg

F2 , are defined for the wall-normal and spanwise

TKE errors, respectively. Since the friction velocity is sensitive to the effects of the wall boundary conditions, these

effects contribute to the TKE error metric defined in Eq. (6).

Fig. 8(a) shows the friction velocities obtained from simulations with isotropic-cell meshes and the DSM under

different wall boundary conditions. While the EQWM accurately captures the wall-shear stress from DNS, the wall-

shear stress is reduced when employing the no-slip boundary condition (especially for the coarser meshes). The TKE

error scalings in Figs. 8(b-d) are analogous to those in Fig. 3 but employ the metric in Eq. (6). Since the EQWM

accurately reproduces the wall-shear stress, it is not significantly impacted by the Dg normalization. Although not

shown here, this is also true for simulations involving different mesh configurations, friction Reynolds numbers, and

SGS models. By contrast, the TKE errors for the no-slip boundary condition are larger than those in Fig. 3 since the

no-slip boundary condition less accurately captures the wall-shear stress. These larger errors highlight that normalizing

by Dg makes the TKE error metrics more sensitive to the wall boundary conditions.
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Fig. 9 Error scalings from Fig. 5 plotted in terms of the quadratic-mean mesh-cell size (Δ@) in (a) and the

maximum mesh-cell size (Δ<) in (b).

Appendix III: Partitioning error scalings with alternative grid resolution definitions
While Figs. 2–5 show error scalings in terms of Δ6, which is based on the geometric mean cell size, alternative

definitions of the cell size can be used for anisotropic meshes. Here, we complement the results in Fig. 5 by

characterizing the error scalings for the isotropic and anisotropic meshes using two alternative definitions for the

grid resolution. In Fig. 9(a), we plot the error scalings using the quadratic mean of the mesh-cell sizes, Δ@ =√
(ΔG2 + ΔH2 + ΔI2)/3. In Fig. 9(b), we plot them using the maximum of the mesh-cell sizes, Δ< = max (ΔG,ΔH,ΔI).

The results for these two definitions are qualitatively similar to those in Fig. 5, but the error curves are slightly closer

to one another when using Δ<. Overall, these results further support the conclusion that anisotropic meshes have

noticeable impacts on small-scale flow features that are distinct from the impacts on large-scale flow features in

WMLES.
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