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Abstract: For propeller-driven Mars airplanes operating at low Reynolds numbers, the speed of the rotor tips may reach transonic. To date,
only a few studies have investigated the transonic buffet in flow past low-Reynolds-number airfoils. In this study, direct numerical sim-
ulations of high-speed flow (M ¼ 0.2, 0.6, and 0.8) past a NACA 0012 airfoil are performed with a low Reynolds number of Rec ¼ 23,000,
where transonic buffet is observed atM ¼ 0.8. We first investigated the effects of Mach number on the aerodynamic performance and flow
fields. Dynamic mode decomposition (DMD) and linear stability analysis (LSA) are used to analyze the flow instability mechanisms of
the transonic buffet. Results showed that the multiple high-frequency oscillations are related to the vortex shedding at the trailing edge of the
airfoil, and the low-frequency oscillation is caused by Type C shock motions. Both of them are confirmed to be self-sustained in feedback
cycles. DOI: 10.1061/JAEEEZ.ASENG-4978. © 2024 American Society of Civil Engineers.

Introduction

The mission of airplanes on Mars has benefits of exploring and
characterizing potential human landing sites and demonstrating ap-
proaches to precision landing and hazard avoidance. In order to
produce sufficient lift, long-span propeller-driven Mars airplanes
are mostly considered for these purposes (Oyama and Fujii 2013;
Yonezawa et al. 2016; Koning et al. 2019, 2020). The flight con-
ditions on Mars are unlike those encountered on Earth due to the
lower atmospheric density and speed of sound, which lead to tran-
sonic aerodynamic effects at low Reynolds numbers (103 to 105),
especially near the tip of the propeller blades. Therefore, it is of
importance to understand the airfoil aerodynamics at such high-
speed and low-Reynolds-number conditions.

At transonic flight conditions, the interaction between shock
waves and boundary layer on airfoils may cause large-amplitude,
low-frequency, autonomous shock oscillations, which are com-
monly known as transonic buffet (Lee 2001; Giannelis et al. 2017).
Most previous studies (Bendiksen 2011; Hartmann et al. 2013;
Fukushima and Kawai 2018, 2019) on transonic buffet focused
on high Reynolds numbers to account for conditions on Earth.
After the transonic buffet was first observed by Hilton and Fowler
(1947), many researchers have paid attention to its physical
mechanisms.

Tijdeman (1977) divided the shock oscillation into three types:
(1) Type A, which consists of small-amplitude near-sinuous
streamwise shock motion; (2) Type B, which is similar to Type A,
but the amplitude of the streamwise oscillation is larger and the
shock wave disappears in some phases within one cycle; and

(3) Type C, which is fundamentally different from the previous
two, has large-amplitude oscillations, and the main wave structure
changes from compression waves to shock waves, then weakens
to compression waves. Lee (1990) proposed a model to predict the
self-sustained shock oscillation of the Type A motion, which was
validated extensively (Lee 2001; Hartmann et al. 2013; Xiao et al.
2006). Nonetheless, some studies also argued that the Lee (1990)
model exhibited discrepancies in predicting the buffet frequencies
at different Reynolds numbers and airfoil geometries (Garnier and
Deck 2010; Jacquin et al. 2009).

Iovnovich and Raveh (2012) studied the instability of the tran-
sonic buffet with Reynolds-averaged Navier–Stokes (RANS) sim-
ulations. They stated that the buffet onset is not related to the
bursting of the separation bubble behind the shock (Pearcey 1958).
They proposed that the wedge and dynamics effects increase the
shock intensity as it moves upstream, whereas the airfoil surface
curvature effect decreases the shock intensity as it moves upstream.
Different from the turbulent regime, the laminar transonic buffet is
associated with dynamics driven by vortex shedding (Brion et al.
2017) and the breathing dynamics of the laminar separation bubble
under the shock foot (Dandois et al. 2018).

Brion et al. (2020) used two approaches, bumps and steady jet
blowing, to suppress the transonic buffet efficiently. Zauner et al.
(2023) reported that the frequency of the buffet is not sensitive to
the Reynolds number, but the oscillating amplitude is increased
as the Reynolds number decreases. Crouch et al. (2007, 2009a, b)
suggested that transonic buffet is related to the instability of global
aerodynamic modes. Crouch et al. (2019) used global stability
analysis to investigate the onset of transonic buffet of infinite swept
and unswept wings, and found that the buffeting-flow structure of
swept wings is more complex than that on unswept wings.

Although many studies have focused on the transonic buffet at
high Reynolds numbers, to date, very few works have investigated
the features of the transonic buffet at low Reynolds numbers.
At low Reynolds numbers, the effects of transition and laminar
separation are crucial to airfoil performance (Huang and Lin
1995; Laitone 1997; Anyoji et al. 2014; Elawad and Eljack 2019).
The conclusions for a transonic buffet obtained at high Reynolds
numbers can not be directly extended to the structure at low
Reynolds numbers because the types of buffet may differ at differ-
ent Reynolds numbers (Giannelis et al. 2017; Bouhadji and
Braza 2003a; Iovnovich and Raveh 2012). Numerical studies with
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direct numerical simulation (DNS) (Hua et al. 2005; Bouhadji and
Braza 2003a, b) and large-eddy simulation (LES) (Kojima et al.
2013; Almutairi et al. 2010, 2015) facilitated the counting of many
efforts on flow dynamics of airfoils at low Reynolds numbers.

Sandberg et al. (2009) numerically studied the noise generation
of flow past symmetrical NACA airfoils with different thicknesses
and angles of attack at M ¼ 0.4 and Rec ¼ 50,000, where Rec is
the Reynolds number based on the chord length c. Results showed
that the modified theory of Amiet (1976) appears to be suitable for
finite-thickness airfoils up to moderate incidence, but airfoil self-
noise prediction based on surface pressure differences seems not
to be generally applicable for higher angles of attack and thicker
airfoil thicknesses.

In addition to studies on subsonic flow, there are also studies on
transonic flow. Bouhadji and Braza (2003a) carried out the numeri-
cal simulation at the Mach number range 0.2–0.98 and a fixed
Reynolds number of Rec ¼ 1 × 104. They found that the flow is
governed by two instability processes in the Mach number range
0.75–0.8, where, apart from the von Kármán mode instability,
a lower-frequency mode appears due to the formation of weakly
supersonic alternating zones in the region upstream of the airfoil,
related to the buffeting phenomenon. Jones (2008) investigated
the flow around the NACA 0012 at Rec¼ 1 × 104 by DNS, but
did not observe the second low-frequency mode (Bouhadji and
Braza 2003a). They found a low-frequency mode at higher
Reynolds numbers, which is distinct from transonic buffet because
it appears over Rec¼ 1 × 104 to 5 × 104 andM ¼ 0.2–0.8. Kojima
et al. (2020) performed resolvent analysis over a NACA 0012 and
showed that with the appropriate forcing input, buffet can appear
even at a Reynolds number of Rec ¼ 2,000.

Most studies on Mars aircraft were conducted at lowMach num-
bers, yet the rotor blades of Mars helicopters may reach transonic
speeds at the tip regions. The objective of this study is to investigate
the instability mechanism of transonic flow past a NACA 0012 air-
foil at low Reynolds numbers, particularly focusing on the trailing-
edge vortex shedding and transonic buffet phenomenon that occur
simultaneously at low-Reynolds-number transonic conditions.

The paper is organized as follows. The section “Numerical Meth-
ods” describes the numerical methods and grid settings. The results
of DNS and modal analysis of the transonic flow field are presented
in the section “Results and Discussions.” Unlike the subsonic case,
both high- and low-frequency oscillations (i.e., trailing-edge vortex
shedding and transonic buffet) are present in the transonic case. Dy-
namic mode decomposition (DMD) and local linear stability analysis
(LSA) are applied to investigate the flow instability mechanisms. Fi-
nally, the section “Conclusions” summarizes the conclusions of this
study.

Numerical Methods

Flow Conditions and Governing Equations

High-speed and low-Reynolds-number flow past a basic symmetric
airfoil NACA 0012 is considered. Three simulations cases are per-
formed with the free-stream Mach numbers beingM ¼ 0.2, 0.6, and
0.8, respectively. The Reynolds number Rec based on the chord
length c is fixed to be 23,000, and the angle of attack (AOA) is
set to be 3.0°.

Kojima et al. (2013) reported that the two-dimensional DNS
could obtain good agreement with the results of experiments and
three-dimensional LES at Reynolds numbers less than 30,000.
Lissaman (2003) also stated that when the Reynolds number is less
than 30,000, the flow mainly consists of laminar flow. Thus, the

governing equations to be solved are two-dimensional compress-
ible Navier–Stokes equations

∂ρ
∂t þ

∂
∂xj

ðρujÞ ¼ 0 ð1Þ

∂
∂t ðρuiÞ þ

∂
∂xj ðρuiujÞ ¼ − ∂p

∂xi þ
1

Rec

qj
∂xj τ ij ð2Þ

∂e
∂t þ

∂
∂xj

ððeþ pÞujÞ ¼
1

Rec

∂
∂xj

ðτ ijuiÞ − 1

Rec

qj
∂xj

ð3Þ

where ρ = density; p = static pressure; e = total energy; and ui
(i ¼ 1, 2) = velocities corresponding to the xi direction. The var-
iables are nondimensionalized by chord length c, free-stream speed
of sound a∞, density ρ∞, and reference dynamic viscosity μ∞. The
static pressure p, viscous stress tensor τ ij, heat flux vector qj, and
the sound speed a satisfy the following relations:

p ¼ ðγ − 1Þ
!
e − 1

2
ρukuk

"
ð4Þ

τ ij ¼ 2μsij − 2

3
μδijskk ð5Þ

qj ¼
1

ðγ − 1Þ
μ
Pr

∂a2
∂xj ð6Þ

a ¼
ffiffiffiffiffiffiffi
γ
p
ρ

r
ð7Þ

where the specific heat ratio γ ¼ 1.4; and the Prandtl number
Pr ¼ 0.72. The rate of strain tensor sij is expressed

sij ¼
1

2

!∂ui
∂xj þ

∂uj
∂xi

"
ð8Þ

The dynamic viscosity μ is determined by Sutherland’s law as
follows:

μ ¼ μ%

μ∞
¼

!
T%

T∞

"3
2 T∞ þ C
T% þ C

ð9Þ

where μ% and T% = dimensional viscosity and temperature, respec-
tively; C¼ 110.5K; T∞ ¼ 273.1K; and μ∞ ¼ 1.716×10−5 Pa · s.

Numerical Algorithm

The convective terms in the two-dimensional compressible Navier–
Stokes equations are calculated with a modified seventh-order
weighted compact nonlinear scheme (WCNS) (Nonomura and Fujii
2009; Nonomura et al. 2010, 2011). The viscous terms are em-
ployed with a sixth-order central differencing scheme. A second-
order backward differencing converged by three subiterations of al-
ternative direction implicit symmetric Gauss–Seidel (ADI-SGS)
scheme (Nishida and Nonomura 2009) is implemented for the time
integration, and the time step is chosen to ensure maximum Cou-
rant–Friedrichs–Lewy number to equal one, approximately. The in-
house computational solver has been widely used for subsonic and
supersonic flow simulations (Kojima et al. 2013, 2020; Nonomura
and Fujii 2009; Nonomura et al. 2010, 2011; Chen et al. 2024;
Zhang et al. 2016).

A C-shaped mesh is utilized, as shown in Fig. 1. The computa-
tional domain has an extent of xc=c ∈ ½−100; 100' and yc=c ∈
½−100; 100', where xc and yc represent the lengths in the chordwise
direction and chord-normal direction, respectively. The leading
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edge of the airfoil is located at the origin of the grid. We have den-
sified the mesh around the airfoil surface and ensured that the grid
satisfy the inequality Δyþ < 1 and Δxþ < 10, where Δ denotes
the minimum grid spacing and a plus sign denotes a normalization
based on viscous units. A nonslip adiabatic condition is applied
to the wall surface, and a zero-gradient pressure condition is em-
ployed at the outer boundaries.

To examine the sufficiency of the grid resolution, a grid conver-
gence study is conducted at M ¼ 0.8 and Rec ¼ 23,000. Three
meshes with different grid points in the wall-parallel (Nξ) and
wall-normal direction (Nη) are given in Table 1. The distribution
of pressure coefficients simulated with three meshes are shown
in Fig. 2(a), and the spectra of the lift coefficients are plotted in
Fig. 2(b). No obvious difference was found in the distribution of

pressure coefficients, and the frequencies and amplitude of the
peaks in the spectra exhibited relatively small changes with the re-
finement of the grid resolution. Hereafter, we used the medium
(Grid 2) mesh to analyze the flow fields.

Result and Discussions

Effects of Mach Number

We use all simulated cases (M ¼ 0.2, 0.6, and 0.8) to discuss the
effects of Mach number first. Figs. 3(a–c) show the variation of lift
coefficients as a function of simulation time. The x-axis of the fig-
ure is the nondimensional time t ¼ t%a∞=c, where t% is the dimen-
sional time. It can be seen that when t > 50, the lift coefficients
oscillate periodically and tend to be statistical stable. Therefore,
the analyses hereafter only use the data in the range of 50 ≤ t ≤
100 unless otherwise mentioned.

It is obvious that the lift coefficients in the case of M ¼ 0.8, as
displayed in Fig. 3(c), oscillate differently from the other two cases.
Fourier analyses were performed to check their oscillation modes
by using fast Fourier transform (FFT). The FFT results are shown in

(a) (b)

Fig. 1. Computational grid: (a) whole computational domain; and (b) grid around the airfoil.

Table 1. Grid resolutions

Grid Nξ Nη Total points

Grid-1 681 151 102,831
Grid-2 901 231 208,131
Grid-3 1,201 331 397,531

(a) (b)

Fig. 2. Grid independence study: (a) distribution of time-averaged pressure coefficients; and (b) spectra of the lift coefficients at M ¼ 0.8
and Rec ¼ 23,000.
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Figs. 3(d–f). The Strouhal number is defined as St ¼ f%c=U∞,
where f% is the dimensional frequency. In the cases of M ¼ 0.2
and 0.6, only one single mode is observed. Other peaks are har-
monic modes. Whereas, in the case of M ¼ 0.8, several high-
frequency oscillation modes (not harmonic) are observed, coupling
with a low-frequency oscillation mode.

Table 2 lists the frequencies of the peaks shown in Figs. 3(d–f).
The frequencies of high-frequency modes are in the same order,
approximately at St≈ 2. Unlike the other two cases, a low-
frequency mode at St ¼ 0.1831 exists in the case of M ¼ 0.8.

(a) (b)

(c) (d)

(e) (f)

Fig. 3. (a–c) Variation of the lift coefficients as a function of time; and (d–f) spectra of the lift coefficients: (a and d)M ¼ 0.2; (b and e)M ¼ 0.6; and
(c and f) M ¼ 0.8.

Table 2. Frequencies of the low- and high-frequency oscillations at
different Mach numbers

Mach
number

High-frequency
mode

Low-frequency
mode

0.2 St ¼ 2.197 —
0.6 St ¼ 2.604 —
0.8 St1 ¼ 1.617 St ¼ 0.1831

St2 ¼ 1.801
St3 ¼ 2.014
St4 ¼ 2.197

© ASCE 04024082-4 J. Aerosp. Eng.
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This low-frequency mode is easily reminiscent of the transonic
buffet.

Zauner et al. (2018) used DNS to simulate transonic flow past
Dassault Aviation’s V2C laminar wing at a moderate Reynolds
number of Rec ¼ 500,000 and observed an obvious low-frequency
cycle at St ≈ 0.12. At high Reynolds numbers Rec ¼ 3 × 106, the
dominant buffet frequency in the studies of Jacquin et al. (2009)
and Sartor et al. (2015) were found to be approximately St≈ 0.07.
The reduced frequency of the low-frequency mode in the present
study is similar to those mentioned previously, and we denote the
low-frequency mode as the transonic buffet, which will be dis-
cussed subsequently.

As can be seen from Fig. 3(c), the lift coefficients in the case of
M ¼ 0.8 oscillate negatively, whereas the other two oscillate pos-
itively. This can be explained through the pressure coefficient, Cp.

We show the distributions of the time-averaged pressure coeffi-
cients Cp around the airfoil in Fig. 4. The three-dimensional
LES result (Kojima et al. 2013) at M ¼ 0.2 and Rec ¼ 23,000
is also shown in Fig. 4 to validate our result at the same conditions.
It can be seen that the predictions of Cp at M ¼ 0.2 are consistent
with the results of three-dimensional LES result by Kojima et al.
(2013). As Mach number increases, the distribution of Cp at M ¼
0.6 is similar to that at M ¼ 0.2; but at M ¼ 0.8, the negative in-
tegrate Cp in the range of 0.2 ≤ x=c ≤ 1 overcomes the positive
one, which leads to the negative lift coefficients.

Fig. 5 displays the contours of the time-averaged Mach number.
Solid lines in Fig. 5(c) bound the regions of supersonic flow, cover-
ing about 20% and 60% in regions of suction and pressure side,
respectively. For all cases, leading-edge separation existed on
the suction side of the airfoil. As Mach number increased, the mean
separation point moved upstream, from x ¼ 0.42 atM ¼ 0.2 to x ¼
0.32 at M ¼ 0.6, and x ¼ 0.25 at M ¼ 0.8. The leading-edge sep-
aration reached the trailing-edge of the airfoil without reattachment.
As the Mach number increased, the flow separation on the suction
side became increasingly severe. Consequently, the pressure differ-
ences on the suction and pressure side of the airfoil became more
evident, as displayed in Fig. 4, which is possible related to the
occurrence of negative lift.

Contours of dynamical fluctuations fð1=2Þ½ðu 0
xÞ2 þ ðu 0

yÞ2'g are
shown in Fig. 6. High-amplitude values were observed near the
trailing-edge of the airfoil, which is related to the formation of vor-
tical structures periodically shedding from the trailing edge. Unlike
the other two cases, notable dynamical fluctuations were detected
in the shear layer separated from the leading-edge of the airfoil at
transonic conditions. It indicates that the shear layer oscillates
upward and downward due to the interaction with the upstream-
propagating shock wave.

Because there have been many papers on the cases of subsonic
flow fields at low Reynolds numbers (Kojima et al. 2013; Anyoji
et al. 2014, 2015; Aono et al. 2020), next we will focus on the tran-
sonic case only.

0 0.2 0.4 0.6 0.8 1
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

Ma=0.2:suction side
Ma=0.2:pressure side
Ma=0.6:suction side
Ma=0.6:pressure side
Ma=0.8:suction side
Ma=0.8:pressure side
Ma=0.2(Kojima2013):suction side
Ma=0.2(Kojima2013):pressure side

Fig. 4. Distributions of time-averaged pressure coefficients Cp.

(a) (b)

(c)

Fig. 5. Contours of time-averaged Mach number: (a) M ¼ 0.2; (b) M ¼ 0.6; and (c) M ¼ 0.8. Solid lines in plot (c) denote the sonic lines.
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Type C Shock Motion at M ! 0.8

Hereafter, we will focus on the transonic buffet in the case of
M ¼ 0.8. Tijdeman (1977) divided the shock motion into three
types according to the amplitude and dynamic motions of the shock
waves. For the Type C shock motion, it is described that com-
pression waves, which generate on the suction side of the airfoil,
accumulate to form shock waves. The shock waves propagate up-
stream and leave the leading edge of the airfoil without downstream
(backward) motions. The self-sustained formation and leaving of
the shock waves dramatically impact the flow dynamics and aero-
dynamic performances of the airfoil.

The low-frequency mode observed in this study is regarded to
be associated with the Type C shock motion, and we describe the
shock motions in Fig. 7 by using the contours of the density
gradients. The snapshots of four representative phases were chosen
corresponding to one low-frequency oscillation cycle of CL in
Fig. 3(c).

Compression waves coalescing to form a shock wave near the
leading edge were taken as the initial phase. As shown in Fig. 7(a),
in the initial stage, the flow field distortion due to the vortex shed-
ding generates compression waves near the trailing edge of the air-
foil, which move upstream and coalesce near the supersonic region.
The line in the figure represents the sonic line, and CW denotes
compression waves. The compression waves coalesced gradually
near the supersonic region and increased the intensity, forming a
shock wave, indicated by SW in Fig. 7(b).

In Figs. 7(c and d), the shock wave intensified and moved up-
stream, eventually exiting from leading edge of the airfoil and going
back to the initial phase in Fig. 7(a). There was no downstream
motion of the shock wave, and this process repeats periodically.
According to the category by Tijdeman (1977), the low-frequency
shock motions observed in this study belong to the Type C shock
motion. Unlike the Type C shock motion mentioned by Tijdeman
(1977), the pressure side did not exhibit shock oscillations. This
could be attributed to the fact that Tijdeman (1977)’s investigation
were conducted at an angle of attack AOA ¼ 0°, whereas ours were

performed at AOA ¼ 3°, resulting in the absence of alternating
shock oscillations on the suction and pressure sides.

Dynamic Mode Decomposition

DMD is used to analyze the dynamics in the case of M ¼ 0.8.
Details of the DMD algorithm can be found in previous studies
(Schmid and Sesterhenn 2010; Jonathan et al. 2014; Kutz et al.
2016). In total, 3,001 snapshots of instantaneous pressure fields,
containing at least eight low-frequency oscillation cycles of the
lift coefficients, were employed for the DMD analysis. The spec-
trum of the DMD results is shown in Fig. 8. The energy is normal-
ized by the maximum amplitude. The low-frequency mode and
high-frequency modes are all marked. Recalling the CL oscillations
in Fig. 3(f), we compare their peak frequencies with the DMD ob-
servations, which are listed in Table 3. Good agreements of the
peak frequencies indicate that DMD has captured the resultant
dynamic features of the unsteady flow fields.

The low-frequency DMD mode at St ¼ 0.1874 is displayed
in Fig. 9, exhibiting differences from the Type A buffet modes
observed in high Reynolds number flows (Poplingher and Raveh
2023). Distinct wave patterns were observed ahead of the airfoil.
The wavelength is about λ≈ 1.4c, which corresponds to a fre-
quency of f% ¼ ða0 − U∞Þ=λ, and consequently, St≈ 0.18, when
the wave propagates upstream with speed of a0 − U∞. The pattern
ahead of the airfoil is expected to be the compression waves related
to the upstream propagation and attenuation of shock waves. It in-
dicates that the flow oscillations in the near region of the airfoil are
able to impact the pressure fields of the incoming flow.

A pair of strong-amplitude regions appears in the wake of the
airfoil, which may be related to the periodic interactions of the
shock waves with the separated shear-layer on the suction side
of the airfoil. Furthermore, the flow oscillations in the wake and
upper side of the airfoil are coupling with significant dynamics
on the lower side of the airfoil, which is also seen in Fig. 7.
The wave patterns in the low-frequency DMD mode provide more
evidence for the Type C shock motion, that is, the shock waves

(a) (b)

(c)

Fig. 6. Contours of dynamical fluctuations in the cases of (a) M ¼ 0.2; (b) M ¼ 0.6; and (c) M ¼ 0.8.
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formed near the leading edge propagate upstream and eventually
leave the leading edge of the airfoil to generate weak compression
waves in the incoming flow. There may exist a self-sustained feed-
back mechanism between shock motions and instabilities in the
separated boundary layer (Lee 1990), which will be discussed in
next subsection.

Four high-frequency DMD modes are shown in Fig. 10. Firstly,
unlike the low-frequency mode, the wave patterns are mostly
constrained near the trailing edge of the airfoil, indicating direct

(a) (b)

(c) (d)

Fig. 7. Shock motions illustrated by contours of density gradients: (a) ϕ ¼ 0ð2πÞ; (b) ϕ ¼ ðπ=2Þð5π=2Þ; (c) ϕ ¼ πð3πÞ; and (d) ϕ ¼ ð3π=2Þð7π=2Þ.
SW = shock waves, and CW = compression waves.

0 0.5 1 1.5 2 2.5 3
0

0.2

0.4

0.6

0.8

1

Low-frequency
oscillation

High-frequency
oscillations

Fig. 8. Spectrum of the DMD analysis. Fig. 9. Spatial distributions of the low-frequency DMD eigenmode.

Table 3. Frequencies of the low- and high-frequency oscillations using
DMD and FFT methods

Method Low-frequency mode High-frequency modes

DMD method St ¼ 0.1874 St1 ¼ 1.625
St2 ¼ 1.812
St3 ¼ 1.999
St4 ¼ 2.187

FFT method St ¼ 0.1831 St1 ¼ 1.617
St2 ¼ 1.801
St3 ¼ 2.014
St4 ¼ 2.197
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linkage to the classical trailing-edge vortex shedding in low-
Reynolds-number airfoils. Regarding the multiple high-frequency
modes exhibited by vortex shedding, Zhang et al. (2016) performed
two-dimensional DNS of flow (M ¼ 0.2 and Re ¼ 1 × 104 and
5 × 104) past a NACA 0012 airfoil. They observed that multiple
modes are detected in the higher-Reynolds-number cases, but only
one single tone in the cases at Re ¼ 1 × 104. They reported that all
modes are driven by the instabilities in the separated boundary
layer, which governing the formation of the trailing-edge vortex
shedding.

The vortical structures near the trailing edge are complex, and
we integrate the vorticity magnitude along a wall-normal straight
line from wall surface to 0.1c at the station of x=c ¼ 0.9 on the
upper side of the airfoil

ΩðtÞ ¼
Z

s¼0.1c

s¼0
jωðtÞjds ð10Þ

where jωðtÞj = instantaneous vorticity magnitude; and s = length
of the straight line. The spectrum of the signalΩ is shown in Fig. 11.
It can be seen that the peak frequencies at St ¼ 0.183, 1.648, 1.831,
2.014, and 2.197 in Fig. 11 are identical with the frequencies in
the DMD spectrum, both in the low- and high-frequency regimes.
It suggests that the vortex shedding is highly affected by the insta-
bilities of the separated boundary layer. In the next subsection,
we will apply LSA to explore the instabilities in the separated boun-
dary layer.

Linear Stability Analysis

The flow quantity q can be divided into a base flow q̄ and a small-
amplitude perturbation q 0 (i.e., kq 0k=kq̄k ≪ 1) via Reynolds’
decomposition. We assumed that the base flow q̄ ¼ q̄ðηÞ is steady
and homogeneous (periodic in space) in the direction parallel to the
wall surface, and then the perturbation can be written

(a) (b)

(c) (d)

Fig. 10. Spatial distributions of high-frequency DMD eigenmodes at (a) St ¼ 1.625; (b) St ¼ 1.812; (c) St ¼ 1.999; and (d) St ¼ 2.187.

10-1 100 10110-2

10-1

100

101

102

103

Low-frequency
mode
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Fig. 11. Spectrum of the signal Ω.
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q 0ðξ; η; tÞ ¼ q̂ðηÞeiðαξ−ωtÞ þ c:c: ð11Þ

where ω = angular frequency; and c:c: = complex conjugate.
The real and imaginary components of the complex number α ¼
αr þ iαi correspond to the wave number and growth rate of the
amplitude function q̂ðyÞ of such frequency.

Substituting the flow quantity q ¼ q̄þ q 0 into the Navier–
Stokes equations and neglecting the quadratic terms of the pertur-
bation, we can obtain the linearized Navier–Stokes equations
written in matrix form as follows:

Aðq̄;ωÞq̂ ¼ αBq̂ ð12Þ

where the matrix A depends on the base flow q̄ and the angular
frequency ω, and the matrix B is invertible for the compressible
flow (Taira et al. 2017). The complex number α can be calculated
by solving a generalized eigenvalue problem.

The time-averaged flow is treated as base flow. We picked
positions from the leading edge to the trailing edge with Δx ¼
0.1c and made ω equal to the angular frequency of the high-
and low-frequency oscillations. The variations of the spatial growth
rate αi at different positions and angular frequency are shown in
Figs. 12(b) and 14(c). It can be seen that positive growth rates
(−αi > 0) occurred at x=c > 0.2, which basically overlapped the
flow separation regions with the separation point at x=c ¼ 0.25.
This satisfies that the boundary layer becomes unstable when in-
flectional velocity profiles appear (Schmid and Henningson 2001).

The feedback mechanism may drive the trailing-edge vortex
shedding and acoustic radiation (Tam 1974; Arbey and Bataille
1983; Arcondoulis et al. 2012; Kingan and Pearse 2009). We
explored the feedback mechanism with the mathematical model
proposed by Kingan and Pearse (2009) as follows:

1

2π

Z
a

b
α%
rðsÞdsþ

1

2
þ f%L
a0 −U∞;L

¼ n; ðn¼ 1;2;3; : : : Þ ð13Þ

Laminar boundary-layer instabilities, known as Tollmien–
Schlichting waves (T-S waves) (Schlichting 1968), become ampli-
fied as they move over the airfoil surface. In the feedback loop,
unstable T-S waves generated at s ¼ a propagate downstream at
phase speed Cph. The vortices generated by T-S waves pass over
the trailing edge (s ¼ b) and emit sound waves. Then, the sound
waves propagate upstream and disturb the boundary layer to induce
new T-S waves. According to Arbey and Bataille (1983), the noise

radiation at the trailing edge has a 180° (π rad) phase shift from the
T-S waves. The model assumes that the feedback loop will be sus-
tained when the total phase change is a multiple of 2π. The feed-
back loop mechanism facilitates our exploration of high-frequency
oscillations modes.

The quantities superscripted with an asterisk in Eq. (13) are di-
mensional, unless otherwise stated; the quantities without asterisks
in the following are nondimensional after being normalized by free-
stream velocity and chord length. The relationship between the an-
gular frequency ω and the nondimensional frequency f follows
ω ¼ 2πf, and the phase speed is calculated with Cph ¼ ω=αr.
Dividing both sides of the Eq. (13) by the frequency, the first term
is mainly related to the phase speed of the unstable waves propa-
gating downstream. By selecting high frequencies at St ¼ 1.6, 1.8,
2.0, and 2.2, in Fig. 12(a), we plot the variation of the phase speed
Cph on the upper side of the airfoil.

The trends of Cph were similar at the four selected frequencies.
It gradually increased from the separation point to the trailing
edge of the airfoil, with large fluctuation at 0.82 < x=c < 0.88.
Fig. 12(b) shows the distribution of the growth rate of the high-
frequency modes. It was observed that T-S waves emerged ap-
proximately at station x=c ¼ 0.23; growth rates kept increasing
downstream and fluctuated considerably near the trailing edge.
We substituted the frequencies and phase speeds into Eq. (13) and
plotted the theoretical predications with the DNS results in Fig. 13.

0.2 0.4 0.6 0.8 1
0.4

0.45

0.5

0.55

0.6

0.65
St1=1.6
St2=1.8
St3=2.0
St4=2.2

0.2 0.4 0.6 0.8 1
0

2

4

6

8

10

St1=1.6
St1=1.8
St1=2.0
St1=2.2

(a) (b)

Fig. 12. (a) Phase speed Cph; and (b) spatial growth rate αi of the unstable modes on the upper side of the airfoil.
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Fig. 13. Model predictions against DNS results.
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Good agreements were observed, which confirms that the high-
frequency oscillations are governed by the feedback mechanism
(Tam 1974; Arbey and Bataille 1983; Arcondoulis et al. 2012;
Kingan and Pearse 2009).

Regarding the low-frequency buffet mode, Lee (1990) proposed
a mechanism of self-sustained shock oscillations (Tijdeman 1977).
The shock wave moves periodically on the upper surface of the
airfoil and forms pressure waves within the boundary layer, which
propagate downstream with speed of ap. When the pressure waves
reach the trailing edge, new waves are generated and propagate up-
stream with speed of au. They will interact with the shock wave and
impart energy to maintain its oscillation. It implies that the period
of the shock-wave oscillation should agree with the time it takes for
a disturbance to propagate from the shock to the trailing edge plus
the duration for an upstream moving wave to reach the shock from
the trailing edge via the region outside the separated flow (Lee
1990). Lee (1990) proposed a model to predict the period of shock
motions as follows:

Tp ¼
Z

c

xs
1=apdx −

Z
xs

c
1=audx ð14Þ

where au ¼ ð1 −MlocÞaloc, where Mloc ¼ R½Mlocjs −M' þM,
whereMloc and aloc are the local Mach number and speed of sound,
respectively, and R is a relaxation factor varying between zero
and one. We take R ¼ 0.7, according to the experimental study
(Lee 2001).

The phase speed of wave propagation can be obtained from the
LSA results at the frequency corresponding to the low-frequency
buffet. In addition, the position of the first appearance of low-
frequency instability (i.e., −αi > 0) can be also obtained by
LSA. We found that the position is close to the supersonic region,
where shock waves start to form, and treated it as the shock position
[i.e., xs in Eq. (14)]. We show the ap and au at different positions
in Fig. 14.

Take the inverse of the speeds in Fig. 14 and integrate them
along the transverse coordinate x=c. The integration was applied
by the trapezoid method to obtain the time required for the two
processes of propagating downstream and upstream, respectively.
As a result, the Strouhal number required for the whole process of
shock motion was St ¼ 0.1855, which is very close to the DNS
observation at St ¼ 0.1831. The difference between the prediction
and the DNS result is acceptable because it has assumptions and
uncertainties in the LSA. Although the model proposed by Lee
(1990) is suitable for Type A self-sustained shock oscillation,
it is also applicable to the Type C shock motion under the current
flow conditions.

Conclusions

We performed DNS of flow past a NACA 0012 airfoil at three
Mach numbers (M ¼ 0.2, 0.6, and 0.8) and a fixed Reynolds num-
ber at Rec ¼ 23,000, aiming to investigate the flow instabilities of

0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.15

0.2

0.25

0.3

0.35

0.4

0.45

0.3 0.4 0.5 0.6 0.7 0.8 0.9
0.205

0.21

0.215

0.22

0.225

0.23

0.235

0.3 0.4 0.5 0.6 0.7 0.8 0.9
0
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1

1.5

2

2.5

3

(a) (b)

(c)

Fig. 14. (a) Downstream propagating speed αp; (b) upstream propagating speed αu of the pressure waves on the upper side of the airfoil; and
(c) spatial growth rate αi of the unstable modes on the upper side of the airfoil.
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high-speed low-Reynolds-number Mars airplanes. Results showed
that lift coefficients at M ¼ 0.2 and M ¼ 0.6 have only one high-
frequency oscillation mode, whereas at M ¼ 0.8, a low-frequency
mode (St≈ 0.2) appears, coupling with several multiple high-
frequency modes (1.6 < St < 2.2). The high-frequency oscillations
are related to the vortex shedding at the trailing edge of the airfoil
(i.e., Kármán vortex street), and the low-frequency oscillation is
caused by the motion of the shock waves (i.e., transonic buffet).

By using phase-locked snapshots and DMD analysis, we found
that the low-frequency oscillation belongs to the Type C shock
motion, in which the shock waves formed near the tailing edge
of the airfoil propagate upstream and leave the leading edge of
the airfoil without downstream (backward) motions. The self-
sustained formation and leaving of the shock waves dramatically
impact the flow dynamics and aerodynamic performances of the
airfoil. Linear stability analysis was used to explore the instabil-
ities in the separated boundary layer at the identified frequencies
and verified the feedback mechanism. Results suggest that both the
high-frequency trailing-edge vortex shedding and low-frequency
shock motions are self-sustained in feedback cycles, which were
well-predicted with the model of Kingan and Pearse (2009) and
Lee (1990), respectively.

The results of this study indicate that the low-frequency buffet
is a critical factor influencing the aerodynamic performance. The
adoption of thin airfoil profiles with increased camber may sup-
press boundary-layer separation and mitigate the buffet. Further-
more, breaking the feedback loops of buffet may be achieved by
adopting trip devices placed ahead of the boundary-layer separation
point. Finally, reducing the rotor diameter and increasing the rotor
quantity are able to prevent blade tip speeds from reaching tran-
sonic conditions, as observed in multirotor aircraft. We hope that
this study can benefit the understanding and future rotor design of
Mars helicopters.
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