
Ph125c lecture notes , 4/12/01

Coupling to a continuum ; Fermi ’s Golden Rule

So far in our discussion we have implicitly assumed that |k
�

and |s
�

lie in a discrete (bound)
part of the eigenspectrum of H0, as opposed to a continuum. Transitions from bound to free
states are equally important, however, so in this section we outline appropriate
modifications to the perturbative treatment and arrive at the expression for transition rate
known as Fermi’s Golden Rule.

Assume now that the final state |k
�

lies in a continuous part of the spectrum of H0.
Rather than talking about transitions to a particular final state in the continuum, we should
think about transitions “into” a domain D of some finite size, centered on k :

�

P� k,t �����

k � 	 D
dk
 |�

k 
 |T � t, t0 


|s � |2.

For example k could represent 3D momentum p
�

for an unbound state of a particle, in which
case D could be a small ball in momentum space and

dk
�� d3p
�

.

In practical terms the size of D should be chosen to reflect the resolutions of instruments to
be used in actual measurements of the transition rates.

Recall that in the expressions derived above, the energy difference between s and k
plays a crucial role (Fourier transform form of

�

W� t



� ). Hence we will generally want to
parametrize the range of final states D in terms of an energy parameter E, in addition to
whatever other parameters � are necessary:

dk��������� ,E � d� dE.

Here �
�

� ,E � is known as the density of final states, and arises from the change of
coordinates. For example, if dk�

� d3p
�

,
d3p

�

� p2dpd �

E �

p2

2m
,

dE �

1
m pdp,

p2dp � m 2mEdE,

d3p
�

� m 2mEd � dE,

�
�

� ,E �
� m 2mE.

Hence we may now write�

P� k,t �����

D �� �!

,E " d
!

dE|#

!

,E|T
 

t, t0 " |s $ |2.

For our favorite case of a constant or sinusoidal perturbation, and to first order,
%

P
 

k,t "'&

1
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2 ) D *�+-,

,E . d
,

dE|/

,

,E| 0 W0 |s 1 |2F t, E 2 Es
3

254 .

Now comes a crucial assumption that we can consider times t long enough for
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F t, E � Es
�

��� �

sin���

� t/2 �

�

� /2

2

,

�

�
	

E � Es
�

� � ,

to approach its limiting form of
F � t, �

�

�

t �
�

� 2��� t ��������� .

(Note that we must have in some sense a sufficiently small �
� ,E| � W0 |s � in order for this to
be possible within first-order perturbation theory.) In this limit, we can integrate

�

P� k,t  "!

1
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In arriving at the third line we have used the Q -function to pick out

E : E R Es
S

R�T
U 0,

E U Es V

S

T .

Hence Q PW k,t X
U 0 unless the domain D around k includes states with energy Es V

S

T .
Somewhat surprisingly (I think), we also find that Q PW k,t X is proportional to time t (indicating
that this is not the leading order of some oscillation between s and k) meaning that we can
define a constant transition rate

Q wW s Y k X[Z t \

1 ] P^ k,t _ ,

and a transition probability density per unit time and per unit interval in ` ,

ŵ s a k _"bdc

we s f k g

cJh

i j

2k

|l

h

,E i Es m

kNn | o W0 |s p |2 q

e

h

,Es m

kJn�g (resonant),

i 2j

k

|l

h

,E i Es | o W0 |s p |2 q

e

h

,Es g (constant).

This, finally, is Fermi’s Golden Rule.
Note that any time we have a constant rate of decrease for a probability, the long-time

dynamics should be an exponential decay. For example, if we think of the decay of a
discrete initial state coupled to a continuum,

d
dt

Ps
isr wPs,

Ps e t g

i Ps e 0 g expe

r wt g .

Hence the linear behavior predicted by our first-order treatment could correspond to the
early linear behavior of an exponential [C-T et al, Complement DXIII Fig. 2]:
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Although our treatment here has been only first-order, related calculations valid to higher
order can be carried out for numerous settings in which a discrete state is coupled to a
continuum, and this picture of an exponential decay holds true! In contrast we know from
first term that any coupling between a pair of discrete states leads to Rabi oscillation, that is,
to a “reversible” oscillation of population between the two coupled states. In exponential
decay however, it appears that population leaves the initial discrete state and simply
“dissolves” irreversibly into the continuum.

Scattering in 3D

Consider a typical experimental setup in nuclear or particle physics [C-T et al, Ch. VIII Fig.
1]:

By accurately measuring the angular distribution of scattering, one can recover detailed
information about the physical interaction between incident (probe) and target particles, or
about the structure of things inside the target. One of the primary objectives for a quantum
theory of scattering is to establish quantitative connections between measurable scattering
distributions and theoretical models for the probe-target interaction.

The basic concepts of scattering theory arise in many other contexts as well, including
condensed-matter physics (e.g. electron-phonon interactions), chemistry (e.g. kinetics of
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gas-phase reactions), atomic physics (e.g. cold atom collisions) ... essentially any time one
needs to consider transient interactions between particles! In cases like these, there is no
longer any clear distinction between ‘incident/probe’ and ‘target’ particles, but the basic
physics is the same – we need to understand the connection between physical interactions
between particles, and scattering or transport properties of the overall system.

Considerable simplification of the general scattering formalism is achieved under the
following restrictions:

1. we consider spinless particles,
2. we limit our attention to scattering processes in which the internal states of the particles

are not changed (elastic scattering),
3. we focus our attention on single scattering ‘events’ involving the interaction of two

particles only (one probe and one target).

Under these assumptions, the physical picture reduces to the following [C-T et al, Ch. VIII
Fig. 2]:

Just as we did with the hydrogen atom, the idea here is to work in a center-of-mass frame
for the pair of interacting particles, using relative coordinates r

�

,p
�

and reduced mass

m � 1
mp

� 1
mt

� 1
.

As a result, our effective picture will be that of a single particle that encounters a potential
energy ‘region’ V r

�

localized around relative position r � 0.

Cross -sections from wave functions

With an incident flux Fi , the number of particles dn that will be scattered into solid angle d
�

about the direction �	� , 
�� may be expressed

dn 
 Fi �

�	� , 
�� d � ,

where
�

�
� , 


� is known as the differential scattering cross-section. (Note that the overall
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cylindrical symmetry of the scattering scenario – with the z axis corresponding to the
direction of incidence – suggests that we pick

�

as shown in the above figure.) The
differential cross-section has units of area, since Fi is particles per second per area, d � is
dimensionless (radians), and dn should end up being particles per second. The integral of

���

�

, ��� d � ,
�

tot �

	

d 
���
�� , ���

is known as the total scattering cross-section.
In the quantum theory of scattering, we compute � 
 � , � � (and thus � tot) from solutions of

the Schrödinger Equation with potential V r
�

. The idea is to have an incident wave packet,
initially (for large negative times) localized in the region of large negative z and travelling
towards the coordinate origin. As t approaches 0 this wave packet encounters the
scattering potential centered at r � 0, and becomes distorted by it. At late times (t ����� ) the
particle will have left the potential region and once again propagates freely, but with
modified wave function. In general the post-scattering wave function will contain both a
‘transmitted’ wave packet that continues to propagate towards z ����� , and a ‘scattered’
component that radiates outwards from the potential region – think about water waves that
encounter a scattering object, and the appearance of the resulting ripples [Merzbacher Fig.
13.2]:

Note that while one tends to think about the scattering ‘process’ in time-dependent terms,
we can actually formulate everything in stationary terms! For a given scattering potential
V r

�

an arbitrary time-dependent solution of the Schrödinger Equation may be written
� r

�

, t � � dkc ! k "$# k r
%

exp!'& iEkt/ ()" ,

where k is a continuous index for the eigenfunctions # k r
%

that satisfy

&

(

2

2m *

%

2 + V r
%

# k r
% ,

Ek # k r
%

.

Assuming we can find such stationary solutions for a given V r
%

, we could construct an
overall solution by choosing the coefficients c ! k " such that - r

%

, t at large negative t looks
like the desired incident wave packet, and then simply allowing the oscillating phase factors
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to do their thing at all subsequent times! Note that we are guarenteed to be able to do this
as the �

k r
�

form a complete basis.
It can be shown (Merzbacher §13.3) that for any V r

�

with finite spatial extent,
stationary soltions �

k r
�

can be found that have the asymptotic � r ����� form
�

k r
�

r �
	

� exp� ikz
�� fk ��� , ��


eikr

r .

Here only the function fk ���

, ��� depends on V r
�

, and the common term exp
�

ikz� is chosen
to facilitate the representation of a wave packet impinging along the z axis for t ���
� . These

� k r
�

thus have the (un-normalized) form of a ‘transmitted’ plane wave exp
�

ikz�

propagating towards z ��� � plus an outgoing spherical wave with angular distribution
fk ���

, ��� determined by the form of the potential. Clearly these fk ���

, ��� are going to determine
the differential scattering cross-section!

Just as in 1D scattering, the tool we finally use to connect wave functions with the final
momentum distribution of scattered particles is the probability current. In 3D, this looks like

J
�

r
� � 1

m Re �! r
" #

i
$

"�%

r
"

.

Here we should understand
%

r
"

to be a wave function for the scattered particle at large
positive time, long after the particle has encountered the potential. If the potential energy
function V& r ' is appreciably greater than zero only in a finite neighborhood around the
origin, then the angular dependence of J

(

r
(

, computed as above, should converge for
) r

(

, t with t *�+
, . Looking at the basic definition

dn - Fi .

&�/ , 0
' d 1 ,

we need to define both Fi and dn in terms of probability currents in order to derive
.

&2/ , 0
' .

The former is relatively simple as we can simply consider the incident plane-wave
component exp& ikz' , for which

Fi - C J
(

i - C 3

k
m ,

where C is a normalization constant inherited from the overall ) r
(

, t . Except for the
forward scattering direction ( /

- 0), which is more difficult to treat, the flux of scattered
particles may similarly be written

dn - C J
(

f 4

dS
(

- C J
(

f
r
r 2 d 1

- C 3

k
m |fk &�/ , 0

' |2d 1 ,

where dS
(

- r 2d 1 r5 is a surface element and J
(

f
r

denotes the radial component of the

probability current computed from the outgoing spherical-wave

fk &�/ , 0
'

eikr

r .

Finally then, we find

.

&�/ , 0
'

- |fk &�/ , 0
' |2,

and our task has been further reduced to computing the angular distributions fk &
/ , 0�' for a

given potential V r
(

.
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Scattering by a central potential ; partial waves

For an isolated pair of interacting (spinless) particles, in the absence of any applied external
fields, we have every reason to believe that the scattering potential V r

�

should be
spherically-symmetric. Assuming this to be true, we will henceforth write V

�

r � and proceed
using what we have already learned about spherically-symmetric solutions of the
Schrödinger Equation (i.e. spherical harmonics!). More general methods exist for solving
non-central scattering problems (Merzbacher Chapter 13).

We know that eigenfunctions of the Schrödinger Equation with a central potential V
�

r �

can always be written in the form
�

k r
� �

Rk,l
�

r � Yl
m ���

, �

�

� 1
r uk,l

�

r � Yl
m ���

, �

� ,

where uk,l
�

r � is the solution of the radial equation

�	�

2

2m
d2

dr2 


l
�

l



1 �

�

2

2mr 2 


V
�

r � uk,l
�

r �

�

�

2k2

2m
uk,l

�

r � .

Recall that this is equivalent to a 1D Schrödinger Equation with potential energy equal to
V

�

r � plus a centrifugal barrier for r � 0, and equal to


�

for r � 0 [C-T et al, Ch. VIII Fig. 11]:

Since the region with r � 0 is completely forbidden, we know by analogy to the 1D case that
the stationary solutions will consist of incident and reflected components coming in from
r �



�

and going back out again, with no transmitted component. Hence in the ‘external’
region we may write

uk,l
�

r �

r ���

� Aexp��� ikr ��� Bexp��� ikr � ,

where

|A| � |B|.

Using this we can rewrite
uk,l �

r �

r �
�

� |A|�

exp
�� 

ikr ! exp
�

i " A !

 

exp
�$#

ikr ! exp
�

i " B !%!

& Csin
�

kr
#(' l ! ,

where the actual value of the real phase
' l must be determined by solution of the radial

equation subject to appropriate boundary conditions at r & 0 (finiteness at the origin) and as
r )+* (normalization). For the free particle we have seen that the radial functions
correspond to spherical Bessel functions, which satisfy
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uk,l
�

r �

r ���

� Csin kr � l �

2
(free particle).

In quantifying the degree to which a given potential ‘distorts’ the particle wave packet, it is
convenient to take this as a reference point and define scattering phase shifts � l according
to

uk,l 	

r 


r �
�

� Csin kr � l �

2 �

�

l (scattering by V� r � ).

In terms of these, we may write
�

k,l,m r
�

r ���

� � Yl
m ��� , � �

exp�

� ikr � exp� il ! /2 �

� exp�#" ikr $ exp%�& il ' /2 " 2i ( l $

2ikr
,

which looks like the sum of an incoming free spherical wave and phase-shifted outgoing
spherical wave. It can be shown from this that

fk %�) , * $,+

1
k

-

l . 0

/

4021 2l 3 1 4 exp5 i 6 l 475 sin 6 l 4 Yl
0

5#894 ,

where we have written Yl
0

5�894 to emphasize that spherical harmonics with m : 0 have no
dependence on ; .

In considering this summation over l, it is important to recall the behavior of free
spherical waves near the origin. The general property of Bessel functions

j l 5#< 4,=?>

0

@ A

l
B

2l C 1 D !!

results in negligible probability density |E |2 for F#GIH kr J

r K

1
k

l F l L 1 J .

As a result, for very small k (low relative kinetic energy between the interacting particles)
only terms with small l will contribute to the above summation for fk. In the extreme, some
low-temperature processes in solid-state and atomic physics involve only s-wave (l M 0)
contributions to the scattering cross-section!
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