THE RUZIEWICZ PROBLEM AND DISTRIBUTING POINTS
ON HOMOGENEOUS SPACES OF A COMP ACT LIE GROUP.
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Abstra ct. Let G be any compact hon-commutativ e simple Lie group not
locally isomorphic to SO(3). We present a generalization of a theorem of
Lubotzky, Phillips and Sarnak on distributing points on the sphere S? (or
S%) to any homogeneousspaceof G, in particular, to all higher dimensional
spheres. Our results can also be viewed as a quantitativ e solution to the
generalizedRuziewicz problem for any homogeneousspaceof G.

1. Intro duction

The Ruziewiczproblem (also known asthe Banad-Ruziewiczproblem) asks
whether every nitely additive rotation invariant measureon the sphereS’,
de ned on all Lebesguemeasurablesets,is equalto the Lebesguemeasure(see
[Lu], [Sa]). It is alsoequiwvalert to the questionwhether the Lebesgueintegral
is the only rotation invariant meanon the spaceL?! (S"). For n = 1, the ansver
is negative. Forn 2, it wasansweredin the a rmativ e by Drinfeld (n = 2; 3)
[Dr] and independerily by Margulis [Mal] and Sullivan [Su]for n 4.

By the results of Roserblatt [Ro] and Del Junco-Roseblatt [DR] (seePropo-
sition 3.4.1in [Lu]), the armativ e answer follows if there exists a nitely
generatedsubgroup of SO(nh + 1) sud that the trivial represetation of is
isolatedin the restriction to  of the quasi-regularrepresetation of SO(n+ 1) on
L2(S"). The solutions made by Margulis and Sullivan wasto presen a nitely
generatedsubgroupof SO(n + 1) with property (T) forn 4.

Margulis obsened that any connectedsimple non-comnutative compactLie
group G which is not locally isomorphicto SO(3) possessea nitely generated
densesubgroupwith property (T), and hencegave the a rmativ e solution to
the generalizedRuziewiczproblem: the Haar integral is the unique G-invariant
meanon L (Y) for any homogeneouspaceY of G [Ma2, Prop 7, P. 136].

In this paper, for any connectedsimple non-comnutative compactLie group
G not locally isomorphicto SO(3), we presen a sequenceof nite subsetsS
with estimateson the spectral gap between the trivial represetation of the
subgroup := hSi generatedby S and the restriction to  of the quasi-regular
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represetation of G on the spaceL3(G) of squareintegrable functions of zero
mean. To measurethe spectral gap, we usea Hede operator.

For a nite subsetS of G and a closedsubgroupH of G, the Hede operator
Ts on L?(G=H) is de ned by

X

Tsf(x) = f( x); forany f 2 L?(G=H) and x 2 G=H:

1

#S .

It is easyto ched that the operator norm of T is preciselyl and that Ts
presenesthe spacel 3(G=H) of squareintegral functions of zeromeanrelative to
a G-invariant measureon G. Denoteby s the operator norm of the restriction
Ts : L3(G=H) ! L3(G=H). It canbe shovn that s < 1 if and only if the
trivial represeration of the subgrouphSi is isolated from the restriction to hSi
of the quasi-regularrepresetation of G on L2(G=H) (cf. [Lu]).

From this viewpoint, the following theorem preseits a quartitativ e solution
to the (generalized)Ruziewicz problem:

Theorem 1.1. Let G be a connected simplenon-commutativecompact Lie group
which is not locally isomorphic to SO(3) and H a closal sulgroup of G. We
construct, for in nitely many primes p, a nite subsetS, suchthat

ss C ﬁ—p

where C > 0 is a constant independentof p, and

#(G=P )(Fp) 2

#Sp = min oGP )

2Py
wheee G is a connected simple simply connected Q-group with the sameDynkin
type as G (see Proposition 2.4 for other notations).

In [LPS1-2], Lubotzky, Phillips and Sarnak shoved how to generateewenly
distributed sequence®n the spheresS? and S® using Hedke operators. In this
respect, the above theoremis a generalizationof their theoremto homogeneous
spacesof an arbitrary compact non-comnutativ e simple Lie group not locally
isomorphicto SO(3), which in particular includesall higher dimensionalspheres
S'. In the caseof spheresour result can be made more explicit:

Theorem 1.2. Let G = SO(n+ 1), H = SO(n) sothat S" = G=H and let
n 4. For any nite prime

pé6 2,3 fné 1l (mod4)
p=1 (mod4) ifn=1 (mod4),
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we construct a subsetS, of SO(n + 1) suchthat

(p,.,.
4g = (P i P) for n even
T 07 E)@+ p D) for n odd
and
1
C -
Sp 19—p

where C > 0 is a constant independentof p.

The nite subsetsof SO(3) that Lubotzky, Phillips and Sarnakconstructedin
[LPS1-2]for S* (or S°) achievesthe optimal bound for s,- This waspossibledue
to Deligne'stheorem on the Ramarujan conjecturefor holomorphic cuspforms
[De]. Recernly, using a theorem of Harris and Taylor in [HT] on automorphic
forms for GL,(Qp), Clozel obtained Hedke operators on the odd dimensional
sphereswith much strongerboundsthan Theorem 1.2 [CI].

The bound for s, we have in Theorem 1.2 is basedon the information on
the sphericalunitary dual of a Qy-split special orthogonal group of rank 2
obtainedin [Oh1]. Though it is believed that this bound shouldbe improved as
the relevant theory in automorphicforms dewelops,sud resultsare not available
yet. Nonethelesour method hasan advantage of dealingwith more generalho-
mogeneouspace®facompactLie group simultaneously thusyielding Theorem
1.1.

We remark that Theorem1.1implies that for any f 2 L?(G=H),

z

1 X L 1 1
_ | =

k f( ) oG G:Hfd.k o) s

where d! denotesa G-invariant measureon G=H. Moreover a Sololev type
argumern appliedto G (cf. [B.1, BR], [CI]) yields that for any smooth function
f on G=H and for any x 2 G=H,

Z
1 X 1 1
- f 1 - - fdl = p—
#Sp 2s - vol (G=H) g4 d O p
P

wherethe implied constart dependson a Sololev norm of f .
Theorems1.1 and 1.2 were previously announcedin [Oh2].

Acknowledgmen t | would like to thank Laurent Clozel, WeeTedk Gan, Alex
Lubotzky and Peter Sarnakfor helpful conversationsaswell asfor their interest.



4 HEE OH

2. Construction of S,

Let G be a connectedsimple linear algebraicgroup de ned over Q with abso-
lute rank at least2. Supposethat G is anisotropic over R, or equivalertly G(R)
is compact. This assumptionimplies that G is anisotropic over Q aswell.

SinceG splits over a nite extensionof Q, it follows from Chebotarev density
theorem (cf. [PR, Theorem 1.2]) that the set

| :=fp: Gis split over Q,9
is in nite.
Lemma 2.1. There existsa Q-emteddingG! SLy sothat G\ SLy(Z,) is a
hyper-special compact sulgroup of G\ SLy (Q,) for eachp 2 I .

Proof. Considerany Q-enmbedding G ! SLy. Then G\ SlLy(Z,) is a hyper-
special compact subgroup of G\ SLy (Q,) for every prime p outside a nite
subset,say | [Ti]. LetJ | bethe subsetof primesp sud that Gis split over
Qp and G\ SLy (Zp) is not a hyper-special compactsubgroupof G\ SLy (Qp).
For eah p 2 J, sinceG s split over Q,, G\ SLy(Q,) possessea hyper-special
compact subgroup, say, K, and there exists a Z-lattice, say L, QQ, sud
that K, is the stabilizer of the lattice L, in G\ SLy(Qp) [Ti]. Now by [PR,
Theorem1.15],onecan nd a Z-lattice X QN sud that

zy forpz)

X Z,=
ZEPT L, forp2J:

It remains to conjugate the embedding by an elemen g 2 GLy (Q) which
changesthe basisZN to X, to nish the proof.

We x aQ-enbeddingG! SLy asin the abovelemmaand x aprimep6 3
belongingto the setl . For any ring J cortaining Z, the notation G(J) denotes
the subgroupG\ SLy (J).

For simplicity, we set

G= G(R); Gp = G(Q) and K, = G(Z,):

We note that G is a connected[Bo2, 24.6] compact simple real Lie group
and G, is a Qp-split simple Lie group of which K, is a hyper-special compact
subgroup. Then there exists a maximal Qp-split torus A, of G, sud that the
following Cartan decompsition holds:

Gp=0 2p;Kp (PKp

where P denotesthe set of positive co-daracters of A, (cf. [Gr]). We set
p= (p) for simplicity.
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For k 2 N, the notation kZ[%] denotesthe subring of Q generatedby kZ and
%. We now denoteby the imageof the congruencesubgroup

fg2 G(Z[%])jg v (mod 32[%])9

under the diagonal enbeddinginto G G,.

Since G is anisotropic over Q, is a uniform lattice in G G, [Bol]. In
addition, is torsion-freeby a lemma of Minkowski (cf. [PR, Lemma4.19, P.
232)).

Denoteby |, the imageof underthe canonicalprojectionof G G, to Gp.
Clearly , is a torsion-free uniform lattice in G, aswell. It follows that there
existsa nite subset , of G, sud that for any g 2 G, there exist unique
elemets 2 ,and 2 ,sudthatg2 K.

For a2 G, the notation dega) meansthe cardinality of the setK ,aK,=K,.

Forany 2 P;,wemay write K, ,K, asq = » | ;K, with uniquely deter-
minedelemets ;2 ,and ;2 , 1 j ded p).

We now set
(2.2) S(p=fj2 pjl | ded pg

where ; is courted with (possible)multiplicit y sothat # S( ) = ded ;).
Since =f(; )2G Gpj 2 50 S( p) may be consideredas a subset
of G, which then acts on G by left translations.

De nition  2.3. The Hecke operator Ts( ,) on L?(G) is de ned as follows:
Te 0= o 1(
S( p) # S( p)

25( p)

X)

for f 2 L?(G) andx 2 G.

By the following formula givenin [Gr, Prop. 7.4], we can computethe cardi-
nality of the setS( ).

Prop osition 2.4. For any 2 P;, we have

_#GP)Fy) oo
degd p) = pdim(G=P )p iz

where P denotesthe standaid (maximal) paralolic sulgroup of G de ned by
2 denotesthe sum of all positive roots of G, with resgct to A, and F, denotes
the nite eld of order p.

In order to give an estimate on the cardinality of , = # ,nG,=K,, let
G(A) denote the adele group attached todB. Denote by hg the cardinality of
the double cosetspaceG(Q)nGA)=(G qG(Zq)). It is well known that the
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number hg, called the class numtber of G, is nite (cf. [PR, Theorem5.1, P.
251)).

The following shaws that the cardinality # , is boundedby a constart in-
dependert of p:

Lemma 2.5. We have
# p hG # SLN (Fg):
Proof. Note that
1 Y
G(Z[-]) = G(Q)\ (G G(Z4))
p gép

whereG(Q) is identi ed with its image under the diagonal mapping into G(A).
It is then easyto ched that the following canonical map deducedfrom the
obvious embedding G, ! G(A) is injective:

Y
GZIING,=K, | GQNGAAG  O(Zy)
q

Therefore
1

If o denotesthe kernel of the canonicalprojection map
1 1 1
Sy (Z[=]D ! Sy (Z[=1=3Z]=
N ( [p]) N ( [p] [p])
it is easyto ched that the natural map
1 1
G(Z[I_J]): p! Sy (Z[I_D]): 0

is injective. Since# SlLy (Z[%])z o # Sy (F3), the claim follows.

Let poL,(q,) denotethe Harish-Chandrafunction of PGL,(Q,), and | et ,
be the bi-K ,-invariant function of G, de ned as

Y 0
o( p) = PGL2(Qp) (0 2 1
2

whereQ is a strongly orthogonal system,which is maximal in the senseof [Oh1],

of the root systemof G, with respectto A, with the ordering givenby P .
SinceG has absoluterank at least2 and G, is split over Q,, the Qp-rank of

G, is at least 2. Hencethe following is a special caseof [Oh1, Theorem1.1].
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Theorem 2.6. For any in nite dimensionalirr educible unitary representation
p Of Gp with K -invariant unit vectors v, and w,, we have
ih p( p)Vp; Wyl o( p)
forany 2 P;.
We remark that if is the highestroot in the root systemof (Gy; Ap), then

0
o( p)  PoLAQY) (Op) 1
[Oh1]andin particular, for any non-trivial 2 P,
2
p( p) 19_[—)
since
po _2p
PGL2(Qp) o 1 ~ p+ 1

Denoteby s ,) the operajgr norm of the restriction Ts( ) : L§(G) ! L§(G)
whereL3(G) = ff 2 L%G): fdg= Og.
Theorem 2.7. Let p 6 3 be any prime contained in | . For any non-trivial
2 Py wehave

s(p) # p p( p)
whete the cardinality # S( p) is given in Proposition 2.4. In particular, by
Lemma2.5, we have
S( p) Cop w2
where C > 0 is a constant independentof p.

3. The norm estimate on the related local Hecke operators

In the next two sections,wherewe cortinue the notations de ned in section
2, we prove Theorem?2.7. We x the Haar measure , on G, sothat ,(K,) =1
and the probability Haar measure ; on G. Then the product ; p induces
the G G,-right invariant measureon the quotiet nG G, which we denote

by . The notation L?( nG G,D)Kp denotesthe subsetof right K p-invariant
functionsin L2( nG  Gp).

De nition  3.1. For anya 2 G, weconsiderthe local Heckeoperator T, acting
onL%( nG G,)“® de ned by
1 X
Ta( )9 Q) = deqa) (95 GoX)

x2KpaK p=Kp

for 2L2% nG G,)“",g2Gandg,?2 G,.
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It is easyto ched that it is well de ned.
Note that G, actsonL?( nG Gp) in the following way: for any a2 Gy,
af(g:9) = f(9:92)
forany g2 G and g, 2 G,. In particular, this action is a unitary action on the
Hilbert spaceL?( nG G,). Since nG G, is compact,L?( nG G,) canbe
written asa direct sum of irreducible unitary G,-represetations. We write
L2 nG Gp)=W; W/

whereW:; isthe direct sumof nite dimensionalirreducible G,-sub-represetations
occurringin L?( nG  Gp) and W; its orthogonal complemen

The main theorem of this sectionis the following:
Theorem 3.2. Forany 2 L% nG Gp)Xr\ W andany 2 P;,

KT ,( )k o( pk ki

A crucial but elemenary obsenation for a proof of Theorem 3.2 is the re-
lation betweenthe local Hede operator and the matrix coe cien ts of the G-
represetation onL?( nG  Gp):

Lemma 3.3. For any a2 G, we have
hTaf 1; ol = haify; ol
whee fi;f,2 L2( nG  G,)"".

Proof. Let KpaK, = q=*®aK,. By de nition,

Z dgg(a)
dega) hT fq;fol = f1(X; Xpa)f2(X; Xp) d (X; Xp):
nG Gp i=1

Write foreah 1 i  dega), a = kjak? for somek;; kP2 K. Sincef is right
K p-invariant,
f1(X; xpa&y) = f1(X; Xpkia)

foreahl i dega). By changeof variables,the above is now equalto

Z dga(a) Z dga(a)

f1(x; xp@)f2(X; Xpk D d = f1(X; Xp@)f 2(X; Xp) d
i=1 i=1
sincef; is right K p-invariant aswell. Hence
dega) hT.fy;foi = deqga) ha:fq;fai;

proving the claim.
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Theorem 3.2 now follows from Lemma 3.3 and Theorem 2.6 using a general
theory of direct integral decomposition of a unitary represetation (this process
is almost idertical to the proof of [COU, Prop. 2.4], which we won't repeat
here).

4. Relation between local and global Hecke operators

The following theorem, together with Theorem3.2, implies Theorem?2.7. Set
Lo= L% nG Gp)**\ W/

and
T,= sup kT ()k

P 2Lok k=L
Theorem 4.1. Forany 2P/,
S( p) - p # p:

In order to prove Theorem 4.1, we considerthe G-equivariant embedding
i:L%(G)! L%G ») de ned by

i(f)(g )="1(9)
forf 2 L%G), g2 Gand 2 ,. Note that
Ki(F)k=# , kik

Now the natural embedding G p I G Gy inducesa G-equivariant
bijection between( \ (G feg)nG pand n(G Gy)=K,. SinceG is
compact, \ (G feg) is a nite subgroup. Henceit is trivial, as being
torsion free. We therefore obtain a G-equivariant bijection

G o' NG Gp)=K,

De ne the map :L2%(G ) ! L2( nG  Gp)® by

( Nggw) = (,'9 p)

where 2 L?(G p, 02 Gandg,2 , ,K,forsome ,2 ,and 2 .
It follows from the above discussionthat is a well de ned G-equivariant
bijection, preservingthe inner products.

Lemma 4.2. Foranyf 2 L?(G) andg2 G,
T, (CiEN(ge) = (i(Tsc,f(ge):
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Proof. Write K, oK, = q{s "aK,. Thena = ik 2 , oK, where
i 2 pand j 2 |, areuniquely determined. Note that

T i(f))(g e = if)(gq)= i(f)( . g ):
(TN = gy (M@= gy T8 )

j=1
On the other hand,
(I(Ts yfN(gie) = i(Ts,)f)ae) = (Tsc,f)0):
By the de nition of Tg( ), this is equalto
1 e 1 e

f( . 1g) =
ded 9 ., 97 Geq )

This provesthe claim.

i(F)( 5 'e i)

j=1

To be ableto useTheorem3.2in estimating the norm of T ) via the previ-
ouslemma, we needto show that the imageof L3(G) under i is orthogonal
to any nite dimensionalrepresetation of G, occurringin L?( nG  Gp) with
a non-trivial K ,-invariant vector.

We rst show:

Lemma 4.3. Let ; denotethe image of under the natural projection of
G GyontoG. Then ; is densein G.

Proof. Denoteby H the closureof ; in G and by hthe Lie algebraof H. Since

is an in nite subgroupof a compactgroup G, h is not trivial. On the other
hand h is invariant by ; under the adjoint represetation of G. Since ; is
Zariski densein G and the adjoint represetation is algebraic,this implies that
h should be an ideal of the Lie algebraof G. SinceG is simple, it follows that
H is a subgroupof nite index in G. SinceG is connectedand hencehas no
nite index subgroup,it followsthat is densein G.

Prop osition 4.4. We have (i(L3(G))) L?( nG Gp)¥r\ W/,

Proof. Note that any nite dimensionalirreducible unitary represetation of
G, is a nite character represetation. In fact, the kernel of cortains the
subgroupG;, generatedby one-parameterunipotert subgroupsof G,. Hence
is essetially an irreducible represetation of G,=G;, which is a nite abelian
group. Sinceary irreducible unitary represetation of a nite abelian group is
a nite character, the claim is shavn.

Since (i(L3(G))) L?( nG Gp)¥», it is enoughto show that the image
( i(L3(G))) is orthogonalto ead one-dimensionakepresetation of G, with a
non-zeroK p-invariant vector. Write L2( nG  Gp) as (Vi V,) whereV;
and V, are irreducible represemations of G and G, respectively. Let V, be any
one-dimensionaftepresetation of G, with anon-zeroK ,-invariant vector; hence
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Vp = Vo'”. We rst claim that for any function f 2 V; V, and for a xed
elemen g, 2 Gy, f(;0) is a constart function on G. Using the corvolution
operatorson the G-action, we may assumethat f ( ; gp) is a cortinuousfunction
on G. SinceV, is of one-dimension,
f(3:g) = (g)f(g:e)
forany g2 G and g, 2 G, where is a nite character on G,. Obsene that
Xing g, 2 Gy, forany 2 , we have
fCig)=f@ ‘)= ( 'g)f (L)
Since is densein G by the previouslemma,
f(g:0) 2 f(1;1) Image()

for any g 2 G. Sincethe map g 7! f (g;gp) is cortinuous, G is connectedand
Image( ) is nite, it followsthat for ead g, 2 Gy, f ( ; gp) is aconstart function
asa function on G.

We will now show that ( i(L3(G))) is orthogonalto V;  V,, which implies
our claim, sinceas a G,-represetation,

L2 nG Gp) = (MmV,)
wherem = dimV; . Let h2 L3(G) andf 2 V; V. Since
f(gg) = ((g)f(1;1)
where (gp) denotesthe ,-componert of g, in the decompsitioninto , Ky,

Z
(4.5) h(i(h));fi= ( 1(h))(9: %) (9:G) d (9; Gp)
nG Gp 7
=f(11) . (i(h))(g; ) ()d 1(9) d (k)
Since ( i(h))(g; )= i(h)(g;o) = h(g) and (Kp) = 1, tlhe above is equalto
X Z
f(1;1) @ () Gh(g)dl(@J)A:
2 p

R
Sinceh 2 L§(G), we have _h(g)d 1 (g9) = 0 and henceh( i(h));fi = O.
Thereforethe claim follows.

Pro of of Theorem 4.1 Let 2 L3(G). By Lemma4.2,
Ts(p (@=( T ,)(i()ge
for any g2 G. Therefore
kTs(py k k(T )(i( k= KT, ((i( Mk
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Since (i( )) 2 Lo by Proposition 4.4, we deducefrom above that
KTs(,) k ., Kki( )k
Sinceki( )k=# , k k, the claim follows.

5. Pro of of Theorems 1.1 and 1.2

5.1. Pro of of Theorem 1.1. Let G be a connectedcompactnon-comnutative
simple Lie group which is not locally isomorphicto SO(3). As is well known,
G is algebraic,i.e., there exists a linear connectedsimple real algebraicgroup
Go sud that Gy(R) is isomorphicto G (note that Go(R) is always connected
[Bo2, 24.6]). If Gy denotesthe simply connectedcovering of Gy over R, there
existsa certral R-isogety : Gy! Gp. Then (Gp(R)) = Go(R) and G=H '
Go(R)= I(H). Thereforeit suces to prove Theorem 1.1 for the casewhen
Gy is simply connectedand H = f eg, which we assume.

It then follows from a theorem of Borel and Harder [BH, Theorem B] there
exists a a connectedsimple (simply connected)algebraicgroup G de ned over
Q sud that G is isomorphicto G over R. SinceG is not locally isomorphicto
SO(3), the absoluterank of G is at least 2. We may therefore assumethat G
and G are asin section2 and hencewe may apply Theorem2.7to G. It now
remainsto setS, = S( ) for eathh p & 3in | where , 2 P; is sud that
ded p) is the minimum amongall elemetts in P .

5.2. Proof of Theorem 1.2. Let n 4. Since S" can be identied with
SO + 1)=SQ(n), and L?(S") can be consideredas the set of L 2-functions on
SO+ 1) xed by SO(n), it su ces to shov Theorem1.2 consideringT s asan
operator on L?(SO(n + 1)).

It is well known (cf. [Se])that quadratic forms of n + 1-variablesover Q,
are, up to Qp-equivalence,completely classi ed by their local discriminart d,
and local Hasseinvariants ,. Over R, any quadratic form of n + 1 variablesis
equivalent to the onede ned bP/

X X1
(X1; 1 Xn+1) 7! X; xi2 : forsomel r n+1
i=1 i=r+l
in which caseits signatureis (r;n+ 1 r) and the invariant ; (Q) is de ned
to be( 1)(n r+1)(n r)=2

For a non-degenerateuadratic form Q over Q, d(Q) denotesthe discriminart
of Q, which is well de ned asan elemen of Q =(Q )?, and sign(Q) denotesthe
signature of Q over R.

It can easily be deducedfrom [Se, Prop 7 in Sec3.3] that there exists a
guadratic form Q of n + 1 variablesover Q satisfying the following conditions:
ifné 1 (mod 4),
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dQ) =1

sign@Q) = (n+ 1,0)

p(Q) = 1for all primepand ; (Q) = 1.
andif n=1 (mod 4),

dQ)= 1
sign@Q) = (O;n + 1)
o(Q) = 1forall primep6 2and ; (Q) = 2(Q)= 1.

We x this quadraticform Q foreacin 4 andsetG= SO(Q), which we may
assumehat G SLn4+q With G\ SL,.1 (Z)) is a hyper-special compactsubgroup
wheneer Gis split over Q, by Lemma2.1. We have that Q is equivalert over Q,
to the quadratic form de ned by the matrix |,.1, whoseonly non-zeroertries
are 1 on the skew diagonal, for ead nite prime

(
pé 2 fné 1l (mod4)

(5.1) p=1 (mod4) ifn=1 (mod4),

This canbe chedked by comparinglocal discriminants and Hassenvariants using
the factthat 1= 1 (mod (Qp)z) for primesp = 1 (mod 4). In particular, Gis
split over Q, for eah nite prime p satisfying (5.1) and G(R) is compact, since
Q is de nite.

Note that the groupsG(R) and G(Qy,), p asin (5.1), are conjugateto

SOn+ 1):=1fg2 SLyw1(R)j'Olns1g= Ins1gand

SO(| n+l )(Qp) = fg 2 SI—n+1 (Qp) J tgl n+19 = In+1 g
by elemetts of GL g1 (R) and GLy.1 (Qp).

p O 0
Observingthat @ 1, ;, 0A 2 SO(In+1)(Qp); we denoteby |, the cor-
0 0 1=p

responding elemen in G(Q,) under the conjugation of SO(l ,+1 )(Qp) to G(Qp).
Noting that the primes satisfying (5.1) are cortained in

| ;= fp:Gis split over Q,g

and the absoluterank of Gis at least2 (sincen  4), Theorem1.2follows from
Theorem2.7 with the following computation, basedon someknown facts about
the order of the special orthogonal groupsover nite elds (cf. [Ca]).

Lemma 5.2. Foreachp?2 1, setS, = S( ) (see 2.2). Then

P,
(5 iz P) for n even

#s,= i) :
P ¢ 9%+ p 92 for n odd.
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