ALGEBRAIC GEOMETRY, PROBLEM SET 1

Due Wednesday, October 7.
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If X C A" is an arbitrary subset, show that Z(I(X)) = X, that is, the
closure of X in the Zariski topology.
Show that if X; and X5 are algebraic subsets of A™ that

I(X1UX2):I(X1)QI(X2) and I(XlﬂXg): \/I(Xl)—i-I(Xg)

Show that the radical in the second part is necessary - i.e. find examples
of X; and Xy where I(X; N X5) # I(X7) + I(Xa).
Show that if X is a Noetherian topological space that the irreducible de-
composition X = X; U XU ---U X,, whose existence we proved in class is
unique, provided we have X; ¢ X; for i # j.
Let Z be the algebraic set defined by the polynomials 22 — yz and zz — x.
Show that Z has 3 irreducible components. Find the corresponding prime
ideals.
Prove that if X C A? is an irreducible algebraic set, then either

o X =A?

e X is a single point

e or X = Z(f) where f is an irreducible polynomial.
Let X C A™ and Y C A™ be algebraic sets.

(a) Show that X x Y C A™*™ is an algebraic set.

(b) If X and Y are irreducible, then so is X x Y.

(¢) Show that X x Y satisfies the universal property for products - namely
the projections 1 : X x Y — X and m3 : X XY — Y are morphisms
and given any other algebraic set Z and morphisms f : Z — X and
g : Z — Y, there is a unique morphism f x g : Z — X X Y so that
f=mo(fxg)andg=mso(fxg)

Warning!! The Zariski topology on X X Y is mot the product topology
induced by the Zariski topology on the factors separately. (You should be
able to see this in the case X =Y = Al))



