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ABSTRACT. We compute the asymptotics of the number of integral quadratic
forms with prescribed orthogonal decompositions. This is a partial case of our
main result on counting lattice point in sectors in affine symmetric spaces. The
crucial ingredient of the proof is the strong wavefront lemma, which shows that
the Cartan decomposition is uniformly Lipschitz.

1. INTRODUCTION

One of the motivations of this paper is a certain counting problem in the
space of quadratic forms. Let Qy the set of real quadratic forms on a FKuclidean
space W with determinant equal to +1. It follows from the main result of Duke,
Rudnick, Sarnak [DRS] or Eskin, McMullen [EM] that

#{q € Qw(Z) : ||q|| < T} ~p—oo ¢ - THID/2

where d = dim W and ¢ > 0. Here we consider a refinement of this problem that
concerns counting quadratic forms with prescribed structure. Fix an orthogonal
decomposition

(11) W = EB?:OWM
and for 2 C SO(W) and Q' C Qu, X - -+ X Qu,, set
lgll < T,

n o__ . Q(k'x)ZQOQO(:L‘) J—J—O‘nQn(x)
Nr(Q,8Y) = # 1 ¢ € Qw(Z) : for some k € Q, (qo,...,qa) € ',
and og > -+ > ay, > 0

Assuming that Q and € are bounded measurable sets such that the subset Q€
has positive measure and boundary of measure zero', we prove that

Theorem 1.2.

The first and the second authors partially supported by NSF 0400631 and NSF 0333397
respectively.
!The measure of Q' is understood in terms of the identification (2.1).
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for some ¢ = ¢(£2,€Y) > 0.

Theorem 1.2 is an example of our main result on counting lattice points in
sectors on affine symmetric spaces. Let G be a connected noncompact semisimple
Lie group with finite center. A subgroup H of G is called symmetric if its Lie
algebra is the set of fixed points of an involution. In this case, the homogeneous
space G/H is called an affine symmetric space. Affine symmetric spaces have
many similar features with Riemannian symmetric spaces. In particular, a Cartan
decomposition holds

G=KAH

where K is a maximal compact subgroup of G compatible with H, and A is
a Cartan subgroup corresponding to the pair (K, H). The Cartan subgroup
supports a system of simple roots A,. An element ¢ = kah € KAH will be
called c-regular if the distance of a from the walls {a = 0}, a € A, is at least c.
Otherwise, we call such element c-singular.

We fix a Riemannian metric on G and denote by O, the e-ball at identity.

Theorem 1.3 (Strong wavefront lemma). Given ¢ > 0, there exist { > 1 and
g0 > 0 such that for every c-reqular g = kah € KAH and 0 < € < &,

05 g C (K N O&:)k . (A N Ogg)a . (H N Og€>h.

The wavefront lemma, which is a weaker form of Theorem 1.3, was introduced
by Eskin and McMullen [EM, Theorem 3.1] (see also [EMM, Lemma 5.11]). It
says that for any neighborhood O of e in G there exists a neighborhood O of e
in GG such that that for every g € KA,

Og C gOH.

The continuity of the Cartan decomposition for Riemannian symmetric spaces
(i.e., when H = K) was independently shown in Nevo [N, Proposition 7.3] and
by Gorodnik, Oh [GO, Theorem 2.1]. While the proof of [N] uses embeddings
of G in linear groups, the proof of [GO] is based on geometric properties of the
Riemannian symmetric spaces. The strong wavefront lemma was used in [N] to
prove maximal inequalities for cube averages on semisimple groups and in [GO]
to compute the asymptotics of the number of lattice points lying in sectors.

Theorem 1.3 fails on the set of singular elements (for example, consider the
polar coordinates on the hyperbolic plane). To state a version of the strong
wavefront lemma that holds for singular elements, we introduce additional nota-
tion. Let A, be the set of simple roots of A and I C A,. We call an element
kah € KAH (J,c)-regular if the distance of a from the walls {a = 0}, a € J,
is at least ¢. For I C A,, we set Ay = ker(I) C I. There exists a connected
semisimple subgroup M centralizing A; such that

G:KM[A[H and M]ﬂAjzl



STRONG WAVEFRONT LEMMA 3

Theorem 1.4 (Strong wavefront lemma: general form). Let A, = I U J. Given
¢ > 0, there exist £ > 1 and gy > 0 such that for every (J,c)-reqgular g = kah €
KAH and 0 < € < gy,

O&* -g C (K N Ogg)]{? . (M] M OZ&) . (A[ N Ogg)a . (H N Ogg)h.

We use Theorem 1.3 to solve the lattice counting problem for sectors with
respect to the decomposition:

G: KM[A[H

Let ¢ : G — GL(W) be a representation of G and vy € W such that the orbit
V' = Guy is an affine symmetric space. We set H = Stabg(vg). Let I' be a lattice
in GG such that H N T is a lattice in H. In particular, I'vy is discrete. For a norm
| - || on W, we set

Br={weW: |w| <T}.
It was shown by Duke, Rudnick, Sarnak [DRS] and Eskin, McMullen [EM] that
the orbit 'y is equidistribution with respect to the sets V N By:

(15) #(FUO N BT) ~NT 500 VOl(V N BT)

where Vol is the normalized G-invariant measure on V. In fact, it was shown
there that (1.5) holds for any well-rounded family of sets Sy C V. Recall that a
family St is called well-rounded if for any £ > 0 there exists a neighborhood O

of e in GG such that
Vol(O - 95r)

Vol(ST)
for all sufficiently large 7" > 0. For 2 C KM;/(M;N H), we consider a family of
sets
ST<Q) = QA?UO N BT
where
A ={a € Ar: a(loga) >0 for a ¢ I}.
Using the strong wavefront lemma, we deduce that

Theorem 1.6. For every bounded measurable set @ C KM;/(M; N H) with
positive measure and boundary of measure zero®, the family St(S) is well-rounded.
In particular,

#(FUO N ST(Q)) ~T 00 VOI(ST(Q))

Remark 1.7. (1) Although a similar counting question was considered in
[GOS], the sets Sr(£2) don’t fit into the framework of [GOS]. For the
space of quadratic forms Qyy, the counting results in [GOS] are always
of order T(dmW)dmW=1/2 (gee [GOS, Section 2.3]). On the other hand,

2The measure on K M;/(M; N H) is understood in terms of the identification (2.1).
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Theorem 1.2 exhibits different asymptotic behaviors depending on the
choice of the decomposition (1.1).

(2) It can be deduced from the volume computation in [GOS] (see Proposition
4.1 below) that for measurable bounded Q2 C KM;/(M; N H),

VOl(ST(Q)) ~ T oo CI(Q) . T‘“(log T)b1—1

where a; € QT, by € N, and ¢;(Q) is positive when the set € has positive
measure. We give explicit formulas for ay, by, and ¢; in Remark 4.6 below.
In particular, ¢; can be considered as a measure supported on one of the
components of the Satake boundary.

(3) We mention the following issue that requires extra care in the proof of
Theorem 1.6: usually,

Vol(Br N {(J, ¢)-singular elements in V'})

lim inf >0

oo Vol(Br NV)

for all ¢ > 0. Nonetheless, we show that
lim sup Vol(Br N {(J, ¢)-singular elements in V'}) <e

T—o0 Vol(BrN'V)

Acknowledgment. We would like to thank Yves Benoist for useful comments.

2. CARTAN DECOMPOSITION

In this section, we set up notations and review basic properties of affine sym-
metric spaces (see [Sc, Ch. 7],[HS, Part II] or [GOS] for more details).

Let GG be a connected noncompact semisimple Lie group with finite center and
g its Lie algebra. A closed subgroup H of G, with the Lie algebra b C g, is called
symmetric if f is the set of fixed points of an involution ¢ of g. Then the factor
space G/H is called an affine symmetric space.

There exists a Cartan involution 6 of g which commutes with . We denote
by K the maximal compact subgroup of G that corresponds to € and by ¢ its Lie
algebra. We have decompositions

g=hdqg and g=tDp

into +1 and —1 eigenspaces of ¢ and 6 respectively.
A Cartan subalgebra a corresponding to the pair (K, H) is a maximal abelian
subalgebra of p N q, and A = exp(a) is called a Cartan subgroup. We have the

decomposition
9= > o
BeX,U{0}

into the root spaces gg of g, where ¥, is a root system on a. We choose a system
A, of simple roots and denote by 3T the corresponding set of positive roots.
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We have the Cartan decomposition
G =KAH.

Note that the A-component is uniquely defined, and the K-component of a regular
element is uniquely defined modulo M = Cknp(A). For a finite W C Nk (A),

G =KAT"WH.
For I C A,, we set
Ar={a€ A: a(loga) =0 forael} and Z;=Cg(A).
There exists a connected semisimple subgroup M; C Z; such that
G=KMA/H and M/ NA;=1

(see [GOS, Section 4] for the definition of Mj). Note that A;-component is
uniquely defined, and for (A, — I)-regular elements, and the K M;-component is
uniquely defined modulo M; N H. Also, we have decomposition

G = KM;ATWH.
The group M also has the Cartan decomposition (see [GOS, Proposition 4.22])
M; = (M; 0 K)AY (M 0 H)

where AT* is a cone in the complement of A;. This decomposition defines a
diffeomorphism

(2.1) KM;/(M;NH) 2 K/Cgnn(A) x int(ALF)
between a dense open subset of K M;/(M; N H) and the right hand side.

3. STRONG WAVEFRONT LEMMA

This section is devoted to the proof of Theorems 1.3 and 1.4. Since any two
Riemannian metrics are bi-Lipschitz in a neighborhood of identity, it suffices to
prove the theorem for one such metric. It will be convenient to work with the
right-invariant Riemannian metric d induced by the positive definite form

B(X,Y)=—-Tr(ad X cad(#(Y)), X,Y €g.
We will use the following properties of B:
B(ga,085) =0 forall a # g € X, U{0},
B’ =pB° =B.
For e > 0 and S C G, we set
Se={se€ S:d(s,e) <e}.
For I € A, and ¢ > 0, we define
Af(c)={ae A" : B(loga) > cif B € A, — I and B(loga) < cif B € I}.
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For instance, if I = {3}, then A7 (¢) forms a system of neighborhoods of the wall
{a € A" : B(loga) =0} in AT.

Theorem 3.1. For I C A, and ¢ > 0, there exist g > 0 and o > 1 such that
for every 0 < & < &g and a € A} (c),

Ga ca C Kaa ) ZI,J& ca Haa~
We consider the Lie subalgebras
s @ e owd - @ an
BESE: fla; #0 BEST: Bla, #0

and the corresponding analytic subgroups N;” and N; . Note that the Lie algebra

of Z; is given by
31 = @ 95,
BeT,U{0}:, Bla,; =0
and we have the decomposition

(3.2) g=n; @3 Dn;.
Lemma 3.3. There exist 0 > 1 and 9 > 0 such that for every 0 < € < &,
G. C Ny ZigHye and G. C KooZ1 5N},
Proof. Since o|, = —id, we have o(n;) C nf, and for every z € n},
r=(r+o(z))—o(x)€h+n;.
Hence, it follows from (3.2) that

g=n; +3+bh
Since n; Nh = 0, there exists a subspace 3¢ of 3; such that
g=n; ©3Ddbh.

Then the product map N; x exp(30) x H — G is a diffeomorphism at a neighbor-
hood of the identity. In particular, it is bi-Lipschitz, and the first claim follows.
The proof of the second claim is similar. O

Lemma 3.4. For I C A, and ¢ > 0, there exist £ > 0 and a € (0,1) such that
for every 0 < e < gy and a € Aj (c),

a 'Nf.a C N, and aN;.a™' C Ny,

I,ae Ioe*
Proof. For
X= ) Xsgenf, Xseg
BESE Bla; #0
we have

Ad(a™)X =D Ad(a )X =D e lEIX,
B B
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Note that if 3 = ) A na € T with n, > 0 satisfies 3|q, # 0, then n, > 1
for some o € A, — I. Hence, for a € A} (c), we have $(loga) > ¢ and
IAd(a™) X5l < e[| Xs]l.
Since the root spaces gg are orthogonal to each other,
(3.5) [Ad(a™ )X < el X].

Since the differential of the exponential map exp : nj — N, is identity at 0, we
can find a small ball U at 0 in nj such that for every Y € U.

(3.6) e PlY | < d(exp(Y), e) < e?|[Y].

Note that for a € AT, we have Ad(a™!)U C U. Combining (3.5) and (3.6), we
deduce that for a € Af(c) and n = exp(X) € exp(U),

d(a~"na, ) = d(exp(Ad(a™)X), ¢) < e Ad(a)X |
< e PX| < e Pd(n,e).
This proves the claim for N;7. The claim for N; is proved similarly. U

Lemma 3.7. For I C A, and 7 > 1, there exists ¢ > 0 such that for every
S ZLgO and 0 < € < &g,

zNYtz' c Nt and zN-z'CN_.

Proof. 1t is easy to check that L; normalizes N]i.
We can choose €9 > 0 so that

1Ad(2) X < 721X, 2 € Z1s, X En],
T PX| <d(exp(X),e) < TEIX], X € Ad(Zr.) expT (N,
Then for every n = exp(X) € N;_,

d(znz"", ) = d(exp(Ad(2)X), e) < 7'/3|Ad(2) X ||
< 7'2/3||X|| < 7d(n,e).

This proves the first part of the lemma. The proof of the second part is similar.
O

Lemma 3.8. For I C A, and v > 1, there exists g > 0 such that for every
0 <e <eg,

N, C Ny,

I,~ve

ZI,EHZ'ye and NI_,,E C KQ’YEZI,EN+

Ive*

Proof. As in the proof of Lemma 3.3, we choose a subspace 3¢ of 3; such that the
product map N; X exp(30) x H — G is a diffeomorphism in a neighborhood of
the identity. Denote by f the local inverse the product map:

f=(f1,fo, f3) 1 U — Ny xexp(30) x H
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where U is a neighborhood of identity in G. For X € n}, the derivative (df), is
given by
(df)e(X) = (=0(X),0,X +0(X)) €ny ® 30D .

Since the Riemannian metric at identity is invariant under o, we have for X € n},

[(df)e (X = I1X1, (df2)e =0, [[(dfs)e(X)]| < 2[|X].
This implies that for sufficiently small ¢ > 0,

f(NI—;) C Ny,

Tne X Zre X Hoye.

This proves the first claim. The proof of the second claim is similar. U

Lemma 3.9. For [ C A, and ¢ > 0, there exist 0 < § < 1 and €y > 0 such that
for every 0 < &,0 < &g and a € A} (c),

KaZI,aaZI,aN;:(SHE C Ka+46ZI,&+46aZI,a+46N}i:55Ha+46-
Proof. For simplicity, we write Ni¥ = N* and Z; = Z.
Choose o = a(c) € (0,1) as in Lemma 3.4, v € (1,2) so that ay? < 1, and
7 > 1 so that 7°ay? < 1. Let ¢y > 0 be such that Lemmas 3.4, 3.7, 3.8 hold.
Fixing 0 < & < &g, let ko € K., xo,yo € Z., ng € N, and hy € H.. Then

koxoayonarho
=kozoayo(ny y1hi1)ho by Lemma 3.8
with nl_ € ny_&yl € Z5ah1 € H2'y§
=kony Toayoyihiho by Lemmas 3.7 and 3.4
with ny € N, 5
=ko(kozond )xoayoyrhiho by Lemma 3.8,
with ]{?2 c K2T2av267 To € ZT2CW§, TL;_ S N:;ngé
=koka(2m0ayoy: )ng hihg by Lemmas 3.7 and 3.4

with ngr € N:;a%%'
Since 7°ay? < 1, we have
koky € Keyas, 2%0,Yoyr € Zeyas, M3 € Njs, hiho € Heyas.
where 8 = 7°a?y? < 1. O

Proof of Theorem 3.1. Set Nf = N* and Z; = Z for simplicity.
We choose gy > 0 so that Lemmas 3.3 (for some 6 > 1), 3.4, 3.9 hold. Because
of Lemma 3.3, it suffices to show that

K.Z.Nt-aC K,.(Zy.a)H,.
for some o > 1. Also by Lemma 3.4,
K.Z.Nt-aC K.(Z.aZ.)NXH..
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Now we can apply Lemma 3.9 inductively. We consider € > 0 such that

4e
(310) €+ m < &g.

Setting €9 = dy = €, we apply Lemma 3.9 to find
Eip1 < & +20;, i1 < P05
such that for every a € Af (c),

KEiZEiaZEiNg;H& C KamZgiHaZgiHNggHHEm.
Note that
, 1— 3
0; <ef* and g <€+4€1_%.

Hence by (3.10), &;,d; < €9, and we can continue this process indefinitely.

It follows that for every g € K.(Z.aZ.)NI H., there exist sequences k; €
K., ,zi,yi € Z.,,n; € Ng,hi € H., such that g = k;z;ayn;h; for all ¢+ > 1.
Since 9; — 0, n; — e. Also, passing to a subsequence, we may assume that
ki — k,x; — x,y; — y,h; € h. Then

g = kxayh C K,.Z,.aZ,. H,

with p = 1+4(1 — 3)~!. We have decomposition a = ajas where a; € A}“ and a9
is in the fixed compact set determined by c. This implies that for some 7 > 1,

aZpga_1 C Zrpe,
and the theorem follows. O

Proof of Theorem 1.4. There exists ¢ > 1 such that k'O, C O for every
k € K. Then for g = kah € KAH, we have

O. - g C k((’)@a)h.

Hence, it suffices to prove the the theorem for ¢ = a € A. Without loss of
generality, we may assume that a € A*.

Since M, C My, for I; C Iy, we may assume that J is maximal such that a is
(J,c)-regular. Then a € A} (c). We have the decomposition

(3.11) 3r=0GrNe e (MmNpNqg)Sar®(3:rNHh)
(see [GOS, equation (4.24)]). Hence, the product map
(Z]ﬂK) Xexp(mlﬂpﬂq) XA] X (Z[ﬂH) —>Z[

is a diffeomorphism in a neighborhood of identity, and there exists n > 1 such
that for sufficiently small £ > 0,

Z[}e C (Z] N K)ns exp(ml npnN q)naAI,ne(ZI N H)ng.
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Therefore, it follows from Theorem 3.1 that
Oe ca C KmsZaeaHae C K(aJran)aMI,ane(Al,anea)H(aJran)a~
This proves the theorem. O

Proof of Theorem 1.3. Suppose that in Theorem 1.4 we have J = A,. Then
Z = Cg(A) is 0- and f-invariant, and
3=G@NH@GENPNa @ (3Nh).

Since a is a maximal abelian subspace of pNq, 3NpNgq = a. Hence, decomposition
(3.11) becomes

3=0GNEY®ad(3Nh),
and we complete the proof as in Theorem 1.4. O

4. WELL-ROUNDEDNESS OF SECTORS

In this section, we prove Theorem 1.6. We start by computing the volume
asymptotics of sectors:

Proposition 4.1. There exist ar € QT and by € N such that for any bounded
measurable set Q C KM;/(M; N H),

Vol(S7(Q)) ~pso ¢1(Q) - T (log T)br
where c;(Q2) is positive when the set Q0 has positive measure.

Proof. 1t is easy to deduce from [HS, Theorem 2.5] (see also [GOS]) that a G-
invariant measure on G/H is given by
(4.2)

du = H dadw, C.(G/H),
/ RLEDY) / o o S G @ dad,f € CG/H)

where da is a Haar measure on Ay, dw is a measure on K M;/(M; N H) induced
from Haar measures, and

(4.3) &a)= J[ sin(a(loga)) cos(a(loga))’=.
aest—(I)

Here [£ denote the dimensions of the (&£1)-eigenspaces of o6 in g,. Applying
[GOS, Theorem 6.1], we deduce that there exist a; € Q' and b; € N such that
for every f € C.(W),

| 1 .
(4.4) i s /A Slao/ Ty = /W fd

T—o0

where v is a nonzero locally finite measure on W. Note that v is homogeneous
of degree aj.
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Let ¢ > 1 and take a continuous function ¢ : [0,00] — [0,1] such that
supp(¢) C [0,¢] and » =1 on [0, 1]. Setting f(y) = 1(||y||), we have

/+XBT(GUO)§1(a)da < /+ flavy/T)¢r(a)da,
A7 Aj

and by (4.4),
1
li - < < 1y(By).
ey Ter (log Tor 1 /A; xor(avo)r(a)da < /W fav < ulBy)

The lower estimate for liminf is proved similarly.
Hence, taking ¢ — 17, we obtain

_ 1
Tlglgo W /A? XBy(avo)ér(a)da = v(By).

Let s : KM;/(M;nN H) — KM be a measurable section of the factor map such
that s(£2) is measurable and bounded (for example, one can define s using the
identification (2.1)). Since

Sr(Q) = QAT v,

we deduce from (4.2), using the dominated convergence theorem, that

@ S e

Note that there exists § > 0 such that s(w)™'B; D Bs for all w € €, and because
v is homogeneous, v(Bj) > 0. This implies the last claim. O

Remark 4.6. When the representation ¢ is irreducible, parameters ay, by, ¢; can
be described explicitly in terms of the highest weight

A, = Z N

OLGAG'

and the sum of positive roots (with multiplicities)

2p = Z U .

acAs
We apply [GOS, Theorem 6.1] to (4.4) decomposing &; as a linear combination of
fuctions exp(x(a)) where x’s are characters of A;. Note that 2p is the maximal
character in this decomposition. We have

alzmax{%: ae€ N, -1},
(03

by =#{a e, —1I: %:af}.

«

Let u
Jo={aeA,—1: = <a;} and Iy=T1UJ.
n

(67
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The computation as in [GOS, Theorem 6.4] gives that for every f € C.(W),
(4.7)

lim W/Q/A}r f(wave/T)ér(a)dadw —/Q . flwavl®) & (a)dadw

T—o0 T‘U(

where v{° is the projection of vy to the sum of the weight spaces with weights of
the form \, — ZQGIO maQ, My > 0, and

&(a) = H sin(a(log a))lg cos(a(loga))' | -exp ( Z uaa(log a)) :

a€(SFn(Io))—(I) a€As—Iy

Since
ar, Nker p = ay, Nker A,

it follows from [GOS, Theorem 5.1] that the orbit Gug® supports a G-invariant
measure vy,. Moreover, comparing the above formula with the formula in [GOS,
Theorem 5.1], we conclude that in (4.7) we obtain the measure v;,. This measure
induces the measure p, supported on the Satake boundary:

K1y = 77-*(’/10|Bl)7

where 7 denotes the radial projection. We have

cr(Q) = pr (m ()

For ¢ > 0, I C A,, and a bounded measurable 2 C K M;, we set
Vi ={wavy: w e Q, a € A with a(loga) < ¢ for some a € A, — I} .
Lemma 4.8. For small ¢ > 0 and sufficiently large T > 0,
Vol(VF N Br) < c¢- T (logT)* 1.
Proof. For a € A, set
Uda) ={a € A : a(loga) < c}.

There exists 6 > 1 such that Q™ 'By C Bgr for all T > 0. By (4.2), this gives the
estimate

(49) VOl(‘/IC N BT) < fl(a)da.

WEAG—T /aGAfﬂUC(a):||avo||<5T

Now we use the volume computation from [GOS]| (see the proof of Theorem 6.4
in [GOS)) to show for every nonnegative f € C.(W),

/ flavo/T)&1(a)da < (/ f(cw)ff(a)da> T (log T)" 1,
A}*'OUC(a) A}*'OUC(a)
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where v € W, & € C(A"), and the map A7 — W : a — av is proper. This
implies that for a compact L C A},

/ flave/T)ér(a)da < max(f) - Vol(L N U,(a)) - T (log T)* ~*
A;rﬁUc(a)

< c-T(logT) .

Taking a function f satisfying xp, < f, we obtain

/ Gda< ([ faieda ) -1 1ogT)
a€ AT NU(@):||avol|<T AFnUc(a)
< c-T(logT)

Therefore, by (4.9),
Vol(Vf N Br) < ¢+ (6T)* (log(6T))> .
This completes the proof. 0

The following corollary of Theorem 1.4 will be used in the proof of Theorem
1.6:

Corollary 4.10. Let A, = I U J and B be a bounded subset of KMj;. Then
given ¢ > 0, there exist ¢ > 1 and g9 > 0 such that for every (J,c)-reqular
g="bah € BArH and 0 < € < g,

Ogg C (K N Oga)b(M] N Ogg)(A] N OgE)CLH.

Proof. Let b = km for k € K and m € M;. Note that m € KB N M;, which is
bounded.
The group M is invariant under € and ¢ and it has the Cartan decomposition

M; = (M;nK)AY(M; N H)
where A’ is complementary to A;. In particular, m = kyaghg. By Theorem 1.4,
Ogg C (K N Ogs)kko(M] N Ogs)(A[ N Og€>a0aH.

There exists ¢ > 1 such that for every ¥ € K and small ¢ > 0, kO.k~! C O,..
Hence,

0.9 C (K N Op)k(M; N Opee)koaoho(Ar N Oy )aH.

There exists n > 1 such that for every m € KB and small e > 0, m'O.m C O,..
Hence,

Oeg C (K N Ogs)km(M[ M Onagg)(A] N Ogg)CLH

as required. O
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Proof of Theorem 1.6. Let ¢,e € (0,1).

Let s : KM;/(M; N H) — KM be a measurable section such that s(Q) is
bounded and measurable. For neighborhoods U; of e in K and U; of e in M |
we set

Q+ = Uls(Q)UQ(M[ N H),
QO = (] ws(Qua(M;NH).

u1 €U, u2€ls2
One can check that as U; and U, shrink to {e}, we have
QO 1 Q  and Q7T int(Q).

Since Vol(99) = 0, we have Vol(QT —Q~) — 0. Hence, it follows from (4.5) that
we can choose U; and Us so that

(4.11) () — e () <e.
Fix a set Q2 O Q such that Q C int(Q), set
Vi = QA v, and V= QA;FUO,
and define V¢ and V¥ as in Lemma 4.8. We can choose U; and U, so that Q1 €.
We claim that there exists a neighborhood O’ of e in G such that
(4.12) O 81(2) C Sror(27) U (VF N Bieyr)-
By Corollary 4.10, there exists a neighborhood O; such that
Ot (Vi = Vi) € Vi = Vi,
This implies that
Ol . ‘/16/2 C ‘7[6.
Also, by Corollary 4.10 and continuity of operator norm, there exists a neighbor-
hood O, of e in G such that for every v = wavy € V; — VIC/2,

Oyv C (UywUs) Af vg
and
O, - By C Baiteor.
Hence,
Oz - (Sr(9) = Vi*) C Suyayr(F).

Setting O = O; N O,, we deduce the claim (4.12).
Similar argument shows there exists a neighborhood O@” of e in G such that

(4.13) Sa-er(Q27) C ( ﬂ QST(Q)> U vy,

geo”
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Combining (4.12) and (4.13), we deduce that for O = O'N 0",
(4.14) Vol(O - 057(92)) < Vol (OS7(2) — NyeogSr(2))
< VO](S(1+5)T(Q+)) — VOl(S(l,g)T(Q_)) + VOI(VIC N B(1+€)T).
By Lemma 4.8,

Vol(VE N B14-
lim sup ol(Vy (o)1) < c.

Tooo T (logT)br—1
By Proposition 4.1,
i YolSaer(27))
im
T—oo T (logT)br—1
i YolSa-ar(27))
im
T—oo T (logT)br—1
Hence, it follows from (4.14) and (4.11) that
: Vol(O - 9057(Q2))
PRSP T (log Ty

= (1 + €)aIC[(Q+),

= (1 — )% e ().

< (1+e)"er(Q7) = (1—e)er(Q) +c

<L e+ec.

Since € and ¢ can be taken arbitrary small, this proves that the family of sets
S7(Q2) is well-rounded. Hence, it follows from [DRS, EM] that

#(FUO N ST(Q)) ~T 60 VO](ST(Q))
This proves the theorem. [l

Proof of Theorem 1.2. To deduce Theorem 1.2 from Theorem 1.6, we observe
that

Qw =~ | J SLu(R)/SO(p,q), d=dimW,

+q=d
and SL4(R)/SO(p, q) is arI; ;ﬂine symmetric space. We set
G = SLy(R),
K =S0(d),
A = {diag(s1,...,84) : 8; € RT 8150 =1},
H =S0O(p, q).

Then we have the Cartan decomposition G = K AH. The set of simple roots is
A, ={ai(s) =s;s5 i=1,...,d—1}.
Let A, =TUJ with J ={a;,...,q;,}, 11 < -+ <i,. Then
My ~ SL;, (R) x SL;,—;, (R) x -+ x SLg_;, (R),

and A; is the centralizer of M; in A.
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Since the set of integral quadratic forms in the question is a finite union of
SL4(Z)-orbits, we conclude that the proof of the theorem reduces to the compu-
tation of the asymptotics of #(SLq(Z)qo N Sp(Q22)) where gy € Qw(Z). This
shows that Theorem 1.2 is a partial case of Theorem 1.6.

It remains to compute the parameters a; and b;, which are determined by the
volume asymptotics in Proposition 4.1. Note that the function &;, defined in
(4.3), decomposes as a linear combination of functions exp(x(a)) where x’s are
characters of A;. The maximal character in this decomposition is

> wioy where u; = i(d — i) — (i — i) (g1 — 1) for i < i < igg.
ieJ
The highest weight of the representation of SLy4(R) on the space of quadratic
forms is
Zmiai where m; = 2(d — 1) /d.
ieJ

By [GOS, Section 6], we have

afzmax{ﬂz i€ J} =d(d—1i,)/2,

m;
bI:#{ieJ: ﬂ:a,}:L
my;
This proves the theorem. O
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