INTEGRAL POINTS ON SYMMETRIC VARIETIES AND SATAKE
COMPATIFICATIONS

ALEXANDER GORODNIK, HEE OH AND NIMISH SHAH

ABSTRACT. Let V be an affine symmetric variety defined over Q. We compute the
asymptotic distribution of the angular components of the integral points in V. This
distribution is described by a family of invariant measures concentrated on the Satake
boundary of V. In the course of the proof, we describe the structure of the Satake
compactifications for general affine symmetic varieties and compute the asymptotic
of the volumes of norm balls.
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1. INTRODUCTION

Let V.={z e R": fi(z) = - = fs(x) = 0} with f; € Z[x1,...,z,] be an affine
variety. It is a fundamental problem of Diophantine geometry to understand the set of
integral points V(Z) in V. In particular, when the number of integral points is infinite,
one may ask

Question 1.1. Given a norm ||-|| on R™, determine the asymptotic of
Np(V) = #{z e V(Z) : |zl < T}
as T — oo.

We are interested in a more refined question:

The first and the second authors partially supported by NSF 0400631 and NSF 0333397, 0629322
respectively.
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Question 1.2. For a radial cone C in R™ centered at the origin, determine the asymp-
totic of

Nr(V,C) :=#{x e V(Z)NC : |jz|| < T}
as T — oo.

One can also state an analogous question in terms of convergence of measures. We
define a probability measure p7 on the unit sphere S?~1 in R™:

1
ur = N (V) Z (57r(ac)7

2V (Z):0<||z||<T

where 7 : R" \ {0} — S™~! denotes the radial projection, and &, denotes the Dirac
measure at z. As T — oo, these measures characterize the asymptotic distribution of
the angular components of points of V(Z).

Question 1.3. Determine the weak® limits of the measures ur as T — oo.

Recall that a sequence of measures {j;} on S"~! converges to u in weak* topology
if [guo1 @dps — [gaor @ dp for every ¢ € C(S™1).

In this paper we give a complete solution to Questions 1.2 and 1.3 when V is an affine
symmetric variety. In this case, Question 1.1 was answered by Duke, Rudnick, Sarnak
[DRS] and Eskin, McMullen [EM], though explicit asymptotics in terms of 7" were not
computed in general. The above questions are motivated by the conjectures of Manin
[BM, FMT], Peyre [P], and Batyrev, Tschinkel [BT], which describe the distribution
of rational points on projective Fano varieties (see Remark 1.13). Recently, Chambert-
Loir and Tschinkel proposed an analogous conjecture for integral points. We expect
that our results will support this conjecture (see Section 8).

We illustrate our main results by the following example of a quadratic surface. We
refer to Section 2 for further examples.

Example 1.4. Fix n > 4 and k € Z \ {0}. Let @ be an integral non-degenerate
indefinite quadratic form in n variables such that Q(z) = k has at least one integral
solution. Let 2 be a Borel subset of S"~! such that the interior of ) intersects {Q =
0}, and the boundary of 2 has measure zero with respect to a smooth measure on
{Q =0} N S"~L. Then setting C = RT - Q, we have

Nr({Q = k},C) ~r—oo Vol({z € C: Q(z) =k, ||z]| < T}) ~r—oo de - T2,

where the volume is computed with respect to a suitably normalized SO(Q)-invariant
measure on {@Q = k} and d¢ > 0 is a computable constant.
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Q®)=k

Q(x)=0

We denote by v the unique SO(Q)-invariant measure on {x € R" \ {0} : Q(z) = 0}
normalized so that

v({z e R"\ {0} : Q(z) =0, [[=]| <1}) = L.
Define the measure p on S"~! by

poi=me(v]B,)

where By = {z € R": ||z|| < 1}. Then ur — p as T — .

1.1. Main results. Let G be a connected Q-simple algebraic Q-group isotropic over
R with a given R-irreducible Q-rational representation ¢ : G — GL(W). Suppose that
there exists vg € W(Q) such that Gug is Zariski closed and that V := G(R)°vq is an
affine symmetric (real) variety, that is, the stabilizer H of vy in G is the set of fixed
point of an involution o of G. Examples of affine symmetric varieties are provided by
Proposition 3.16.

Notation. G = G(R)°, W = W(R), and H = H(R)NG. Then V = G/H. We assume
that V(Z) # 0 and that H has no nontrivial Q-characters.
We fix a basis, say B, of W, and define

(1.5) SW)={> zeecW:> a2=1}.
eeB eeB

Let m: W\ {0} — S(W) denote the radial projection.
We define the Satake boundary V° of V:

Ve ={limn(v): veV,v—oo}=n(V)—-n(V).
For example, when V = {z € R" : Q(x) = k} is a quadratic surface,
Ve ={zxes": Q) =0}

The map 7 embeds V' homeomorphically into 7(V') as an open dense subset (see Propo-

sition 4.8), and we call w(V') the Satake compactification of V. For a Riemannian sym-
metric space, this compactification was introduced by Satake in [Sa]. We note that
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Satake [Sa] considered only the special case when ¢ is a representation on the space of
bi-linear forms.

The action of G on W induces, via m, a G-action on S(WW). In Section 4 we will
prove that V'°° is a union of finitely many G-orbits, which are locally closed.

Given a measure p on V' which is a linear combination of smooth positive measures
on some G-orbits, we say that u is concentrated on the union of these G-orbits.

Let C be a Borel cone in W centered at the origin. In order to have meaningful
results about the sets V(Z) N C, it is necessary to assume that the intersection V N C
is large in a suitable sense. As we will see below, the “size” of V(Z) NC depends quite
sensitively on the set of G-orbits in V*° that C intersects.

A Borel cone C C W centered at 0 is called admissible if the closure of C has
nonempty intersection with V°°; and the boundary of C is of zero measure with respect
to the smooth measure class on each of the finitely many G-orbits on V°°. A Borel
cone C C W centered at 0 is called generic if the closure of C and the interior of C
intersect the same collection of G-orbits in V*°.

The following theorem gives a natural generalization of Example 1.4. We fix any
norm ||| on W and set

Br={veW:|v|| <T}.
Theorem 1.6. For every admissible generic cone C C W,
#(V(Z)N By NC) ~7oo VOl(V N Br NC) ~roaag de - T (log T L,

where the volume is computed with respect to a suitably normalized G-invariant measure
onV, and d¢ >0, ac € QT, be € N are computable constants.

Given a Euclidean norm ||-|| on W and vy € V*°, the cone C = {v : ||7(v) — vl < €}
is admissible and generic for all sufficiently small € > 0 (see subsection 7.1). Hence, we
get the following application of Theorem 1.6 to Diophantine approximation.

Corollary 1.7. Let ||-| be a Euclidean norm on W and vg € V™. Then for any
sufficiently small € > 0, there exist ¢ = c(vo,e) > 0, a = a(vg) € QT, b = b(vy) € N
such that

#{v e V(Z)N By : ||7(v) — vo|| < €} ~r—oo Vol({v € VN By : ||w(v) — wol| < €})
~T o € - Tlog T)P L
Now we describe the structure of the Satake boundary V*° of V. Let K be a maximal
compact subgroup of G compatible with H and a a Cartan subalgebra corresponding
to the pair K and H, so that the Cartan decomposition G = K exp(a)H holds ([Sc,
Ch. 7]). We fix a system of simple roots A, of a and denote by a™ C a the closed

positive Weyl chamber. One can choose a subset W of the normalizer of a in K such
that we have a decomposition

G = K exp(ah)WH

where the a™-component and the W-component of each element of G are uniquely
defined (see Section 3).
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For any subset J C A,, we set
keK,acat,weW,
Ve = ¢ limm(kexp(a)wvg) : ala) — oo for a € A, \ J,
a(a) is bounded for a € J.

Note that VR° = (V) and
(1.8) ve= ] v
JCA,

Every set V° is a union of finitely many G-orbits (see Theorem 1.22).

Denoting by 2p the sum (with multiplicities) of all positive roots of a and by A, the
highest weight of the representation ¢ with respect to a™ (see Section 3.2), we have
decompositions

(1.9) 2p = Z Uger and A, = Z Ma L.
OéEAo OLEAO'
Note that ug > 0, my > 0, and uy, mq € Q (JOV, p. 85]). Define
a, :max{ua € AU},
7o

Uq
(1.10) Lz{aeAa.m—a <a},

bL = #(AU \IL) > 1.
Theorem 1.11. For an admissible cone C C W, the limits
lim #(V(Z)Nn BrnC) and  lim Vol(VNBrNC)
T—oo T (logT)b:—1 T—oo T%(log T)b—1
exist and are equal, where the volume is computed with respect to a suitably normalized

G-invariant measure on V. Moreover, if C° N VP® # 0, then the limits are strictly
positive.

We also extend the result about convergence of measures in Example 1.4 to general
affine symmetric spaces. There is an explicitly given G-invariant measure v, on R™ Ve,
normalized such that v,(B;) = 1. The measure v, is homogeneous of degree a,, and we
have a decomposition

dv,(t-0) =t»"1dtdd, teR", 0e Ve,

where dt is a Lebesgue measure on Rt and df is a smooth measure on Vr©. We define
the probability measure 11, on VF° by u, = m.(v,|p,) or equivalently,

du,(0) = 0] do, 0 € Vie.

Note that the norm ||-|| need not be constant on S(W) for our fixed choice of the sphere
S(W). Later on, we give an explicit formula for p, (see (7.17)).

Theorem 1.12. As T — oo, we have

HT — Hoy-
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Theorem 1.12 also holds for representations ¢ which are not irreducible (see Re-
mark 6.11).

In the case of the group variety (i.e., when G = L x L and H = {(,1) : | € L}),
these equidistribution results (Theorem 1.11 and Theorem 1.12) were first proved by
Maucourant [M], although not in terms of the Satake boundary.

Remark 1.13. It is interesting to compare Theorem 1.12 with a result in [GMO] (see
also [STT]), which describes distribution of rational points of bounded height. Let
G be a connected adjoint absolutely simple algebraic Q-group and ¢ : G — GLy an
absolutely irreducible representation defined over Q. We denote by 7 the corresponding
map from G to the projective space PV *~1 and by H=H -Hp: prime Hp @ height function
on PN*~1(Q) where Hy is a norm on RV, Let G = G(R)°, G(Q) = G N G(Q) and
G(Z) = GNG(Z). As explained in Section 2.4, V' = ¢(G) is an affine symmetric variety,
and we have a decomposition

@)= J v

ICAs

It follows from [GMO] that for every ¢ € C(i(G)),

. 1 _ B " dw
M e my <1y A Y= [ S

where dw is a G-invariant measure on VR° = 7(G) and aj > a,. On the other hand, it
follows from Theorem 1.12 that for every ¢ € C(i(G)),

_ 1 . do
B e G <1y 2 )= | 9O G

YEG(Z):Hoo (2(7))<T

Note that for affine symmetric varieties of higher rank, p, = limp_, o, p7 is concen-
trated on V7°, which might have empty interior in V= (see Section 2 for examples).
In particular, Theorem 1.12 does not imply Theorem 1.6. To prove Theorem 1.6, we
need to investigate the accumulation of integral points on all components of V°°.

Definition 1.14. A subset I C A, is called A, -connected if the Dynkin diagram of
{A\.} U is connected. In other words, if TU{\,} = S1USs, S; # 0, then S; f So with
respect to the identification of a* with a via the Killing form.

We show (see Theorem 1.22) that

e g
A,-connected I C Ay

and for A\,-connected I,.J C A,

(1.15) ICJ<= V2 cCoVy).
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For A,-connected I C A,, we set
a,(I) = max{uo‘ to€ AU\I} > 0,
Mq

(1.16) L(I):=Tu{acA,\I: :T“ <a()} S A,

b(I) := #(Ag \ I.(I)) = 1.

Note that I,(0)) = I,. We will show in Proposition 5.11 that I,(I) is \,-connected.
We consider the lexicographical order on the set of pairs (a,b) € R x R. Note that for
A,-connected subsets I and J of A,

IcJ = L) cCL(J) = (a(),b(I))> (a,(J),b,(])).
For Q ¢ W with w(Q\ {0}) N V> #£ (0, we define

Oq :={I C A, : I is \,-connected and 7(2\ {0}) N V™ £ 0},
(1.17)  (a,(2),6,()) := max{(a,(I),b,(I)) : I € Oq},
0,(Q):={1,(I): I € ©q,(a,(I),b,(I)) = (a,(Q),b,(2))} C Oq.
Roughly speaking, we show that the asymptotic number of points in V(Z), with norm
less than 7', whose images under 7 accumulate on €, is of the order T%() (log T+ ()1,
It might happen that in Theorem 1.11, both of the limits are zero. This simply

means that the normalization term 7% (log T)*~! is not suitable. We prove a refined
version of Theorem 1.11.

Theorem 1.18. For every admissible cone C C W, the limits

#(V(Z)nBrnc) . Vol(V N BrNC)
oo T(C) (log T)(©)—1 e e Ta0) (log T)b:(C)—1

exist and are equal, where the volume is computed with respect to a suitably normalized
G-invariant measure on V. Moreover, if C° NV # 0 for some I € ©,(C), then the
limits are strictly positive.

Moreover if C is generic, then for any I € O¢, C° NV # (); and by (1.15), we get
c°n Vl‘f‘(’l) # (). Therefore Theorem 1.18 implies Theorem 1.6.

Let D, = {I,(I) : A\,-connected I C A,}. To state the next result, we will introduce
a family of smooth measures pi;y on V7° for I € D,. For each I € D,, here is an explicitly
given G-invariant measure vy on R - V°, which is a finite union of G-orbits. Note
that ay = ;}% is constant for o € A, \ I, and the measure vy is homogeneous of degree
aj. We have a decomposition

dvr(t-0) =t dtdd, teRT, €V,

where dt is a Lebesgue measure on R and df is a smooth measure on V. We define
wr = 7« (vr|p,) or equivalently,

dpr(6) = (107 d6, 6 € Vp®.
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An explicit formula for py is given in (7.18). For Z C D,, we define

MIZZM and VI:ZVI-

1eT IeT
Theorem 1.19. For every ¢ € C(S(W)) with supp ¢ N V> #£ (), we have

1
lim > @) =c [ oduo
— o(¢) (@)= (@)
T=o0 T0(9)(log T)" L eV @iosal<T SW)
where ¢ > 0 depends only on V(Z), and a,(¢) = a,(supp @), b,(¢) = b,(supp ¢), ©,(¢) =
©,(supp ¢).

Note that if supp ¢ NV # (), then ¢(mw(x)) = 0 for all but finitely many = € V(Z).

The measures pr are analogues of the Patterson-Sullivan measures, which are con-
centrated on the visual boundary of a Riemannian symmetric space.

In order to prove Theorems 1.18 and 1.19, we compare the asymptotic distribution
of integral points to the corresponding continuous asymptotic distribution, which is
given in the following theorem.

Theorem 1.20. For every f e C.(W\{0}) with w(supp f) N V> £,

Jim T“L(f)(logT / f(gvo/T)du(g / fdve, (s

where aL(f) = aL(Tr(supp f))a L(f) = bL( (supp f))? and @L(f) = @L(W(supp f))

Note that the limit measure vg, () is homogeneous of degree a,(f ).
Also note that if f € C.(W \ {0}) and 7w (supp f) N V> = (), then for all large T,
f(guo/T) =0 for all g € G.

Remark 1.21. The condition that the group G is Q-simple can be relaxed. In fact, it
suffices to assume that every Q-simple factor Gg of G is isotropic over R and G = GgH.
A small modification in the proof is required only in Section 7 (see Remark 7.2).

1.2. Ingredients of the proof. The solutions of Questions 1.2 and 1.3 use the struc-
ture of the Satake boundary of V. The following theorem, which is a generalization
of Satake’s result [Sa] on Riemannian symmetric spaces, summarizes properties of the
decomposition (1.8).

Theorem 1.22. (a) For every J C Ay, V3° is a union of finitely many G-orbits.
(b) For every J C A,,

vie=Uwvr
icJ
(c) For every J C Ay, Vi =V where I is the largest \,-connected subset of J.
(d) For distinct \,-connected subsets I,J C Ay, VPNV = 0.

Similar constructions can be also found in [Sal, [Os], and [CP], but they are not suit-
able for our purpose: Satake [Sa] considered only representations on the space of bilin-
ear forms, the Oshima compactification [Os] is defined abstractly, and the de Concini-
Procesi compactification [CP] is defined with respect to the Zariski topology and applies
only to a specific type of representations which have regular highest weights.
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While Theorem 1.22 is not used in the proofs of Theorem 1.11 and Theorem 1.12,
it is essential for the proofs of Theorem 1.6, Theorem 1.18, and Theorem 1.19. The
crucial observation is the following corollary that describes neighborhoods of subsets
in V. For I C A,, we set

ar =ker] ={a€a:ala)=0,Va eI},
and af = a; Na™, which is a face of the closed Weyl chamber a*.
Corollary 1.23 (Tube lemma). Let I be a \,-connected subset of A, and 2 a compact

subset of S(W) contained in |J;~; V;°. Then there exists a compact set U C at such
that

QNa(V) C m(Kexp(U + af )Wuy).

Note that by Theorem 1.22(b), |J;; V7 is the smallest open subset of (V) =
Ve Un (V) which contains V> and is a union of cells. The following picture illustrates
the structure of the Satake boundary for an affine symmetric variety associated to an
R-irreducible representation of SL3 (see Section 2.4) with the highest weight A, which

is not orthogonal to the simple roots a and 3. The shaded regions correspond to
neighborhoods of points in the components of V'*°.

/_\

S

¥/

>0

a>0

On the other hand, if A\, L «, we get

B0 T

e

a>0

As in the earlier works on counting integral points [DRS, EM], the basic dynamical
or ergodic theoretic ingredient in our proof is the result on limiting distributions of
translates of closed H-orbits in G/G(Z) as established in [EM] (see Theorem 7.1).
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1.3. Organization of the paper. Section 2 contains examples. In Section 3, we
review some basic properties of affine symmetric spaces and representation. The struc-
ture of the Satake boundary, including the proofs of Theorem 1.22 and Corollary 1.23,
is discussed in Section 4. Explicit formula for the measures vy are obtained in Section 5.
Section 6 contains results on volume asymptotics (Theorem 1.20), which are described
via G-invariant measures on the boundary. Finally, the main theorems are proved in
Section 7. In Section 8, we state a version of our main result using the language of
arithmetic geometry.

1.4. Acknowledgment. The authors would like to thank Gopal Prasad for providing
us some important arguments used in the proof of Proposition 4.4.

2. EXAMPLES

2.1. Quadric. We start with an example of a rank-one symmetric space where the
structure of the Satake boundary is quite simple. Let @ be an integral non-degenerate
quadratic form on RPT? of signature (p,q), p,q > 1, p+q > 4, and k € N. We
are interested in the distribution of integral points lying on the the quadratic surface
V = {Q = k?}. To simplify notation, we assume that

2 2 _ 2 2
(2.1) QT+ Tprg) =TT+ + Ty — Ty — 0 — Ty

Let vg = (k,0,...,0) € V and H = Stabg(vp). Note that H is the set of fixed points
of the involution of G:

o:g—diag(—1,1,...,1)-g-diag(—1,1,...,1),

which commutes with the Cartan involution f(g) = fg~!. We have the Cartan decom-
position G = K exp(a™)WH where

K =50(p) xSO(q), a" =Rxo " (Epig1 + E1pig),

and W = {e} if ¢ > 1 and W = diag(+£1,1,...,1) if ¢ = 1. (Here Ej; is the matrix
with 1 at (4, j)-entry and 0 at the other entries.) For p > 1, V = Gvy and for p = 1,
V = Gug U G(—vp). Setting v3°® = (1/1/2,0,...,0,1/y/2), we have

Voo — Kvg® for p,q > 1,
Kuvg° U —Kuvi® otherwise.

Note that in all cases, V> ~ SP~! x §971 where we set S = {£1}. One can check
that a, = p+q—2 and b, = 1. If V(Z) # 0, the limiting distribution of the points
{m(v) : v e V(Z),||v|| < T} as T — oo is given by the probability measure

U
[P~
where dv is the suitably normalized invariant measure on SP~! x §9=1 (see (7.17)); note

that ||| can be any given norm on RP*9,

2.2. Determinant surface. For k € Z\ {0}, let
V ={veMn,R): det(v) = k}.
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Fix vg € V. Note that V is a homogeneous space of G = SL(n,R) x SL(n,R) for the
action
(91,92) v g1v(vg g3 'wo),  (g1,92) EGL v €V,

and H = Stabg(vg) is the diagonal embedding of SL,(R) in G, which is the fixed
point set of the involution o(g1,g92) = (g2, 91) commuting with the standard Cartan
involution. We have Cartan decomposition G = K exp(a®t)H (note that W = {e}),
where

K =850(n) x SO(n),
o ={(a,—a):a= diag(sl,...,sn),ZSi =0,s —s; >0if i < j}.

i

The simple roots are a; = 8 — Si+1, ¢ = 1,...,n — 1, the fundamental weights are
w; = 23:1 si, and ¢ = 1,...,n — 1, and the highest weight is A\, = 2w;. Hence,
the A,-connected subsets of the set of simple roots are Iy = ) and I; = {a,...,qa;},

j=1,...,n—1. We have

Ve ={v e SM(n,R)) : det(v) = 0},

Ve ={v € S(M(n,R)) : rank(v) = j + 1}.
Since

n—j

2p = QZj(n—j)aj and A\, =2w; = ZZTaj’
J J

we have a, = n? —n, b, = 1, I, = I,_o. Hence, the results from Section 1 (see Re-
mark 1.21) imply that for any admissible cone C C M(n,R) that contains a degenerate
matrix in its interior,

#{v € M(n,Z)NC: det(v) =k, |v]| < T} ~r—oo c(C, k) - T 77,

where ¢(C, k) > 0, and the measures
T_(nQ—n) Z 57|—('u)
veV (Z):||v||<T
converge as 1" — oo to a finite smooth measure concentrated on the set of matrices of
rank n — 1 in S(M(n,R)).
2.3. Space of symmetric matrices. Let V be the space of real symmetric matrices
of signature (p, ¢) of determinant (—1)?. Put J = diag(1,...,1,—1,...,—1) € V. Then
—— —— ——
P q
V ={gJ': g € SL(p+¢,R)} ~SL(p + ¢,R)/SO(p, q).
Let n = p+¢q, G = SL(n,R) and H = SO(p, q). Note that V is the orbit of J for the
representation ¢ of G on the space W of symmetric n X n matrices given by
g-w— guwly, geG, weW.

Also, H is the the set of fixed points of the involution o : ¢ — J%~'J, which com-

mutes with the Cartan involution 6 : g — % ~!. We have Cartan decomposition
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G = K exp(at)WH where K = SO(n), a™ is the standard Weyl chamber in G, and WW
is the subset of the monomial matrices which gives coset representatives for

Nk(a)/Nrnn(a)Zk(a) = Sp/(Sp x Sq)

where S,, denotes the group of symmetries on n elements. The simple roots «; and
the fundamental weights w; are defined as in Section 2.2, and the highest weight is
given by A\, = 2w;. In particular, it follows that the \,-connected sets are Iy = 0,
I ={ai,...,a;},j=1,...,n—1, and we have

Vie ={v e S(W): sign(v) = (r,s),r +s=j,r <p,s < q},
Ve ={veSW): sign(v) = (r,s),r+s<n,r<p,s <q}.
Note that in this case, the sets ijo are unions of several orbits of G if p,q > 0. For

example, V/° is a union of two open orbits which consist of matrices of signature
n—

(p — 1,q) and (p,q — 1) respectively. One can check (as in Section 2.2) that a, =
(n? —n)/2, b, = 1, I, = I,,_5. Hence, the results of Section 1 imply that for every
admissible cone C C W which contains a degenerate symmetric matrix in its interior,

n2—n

#{reV(Z): |Ir| <T} ~roscC)-T 2,

where ¢(C) > 0, and the measures

(e > Or(v)

veV (Z):0<||v||<T

converge as T — oo to a measure concentrated on the set of matrices of signature
(p - 17Q) and (paq - 1) in S(W)

2.4. Group variety. Let G be a connected QQ-simple algebraic group isotropic over
R and ¢ : G — GL(W) an R-irreducible Q-representation of G. We consider the
distribution of integral points in the variety V := +(G). Note that V(R) consists of
finitely many orbits of G = G(R)°. For simplicity, we make the computation for the
orbit V = (G).

Let K be a maximal compact subgroup of GG, a a Cartan subalgebra associated to
K, and a™' a positive Weyl chamber. We denote by A the set of simple roots of G with
respect to a™, and let w,, a € A, be the set of fundamental weights. We consider the
action of G = G x G on V:

(91,92) v — givgy b, (g1,92) € G, v EV.

Then V' ~ G/H, where H = {(g,9) : g € G}. We have Cartan decomposition G' =
K exp(at)H (note that W = {e}), where
K=KxK and a"={(a,—a):aca’}

Note that in this case every V;* is a single G-orbit. Let p and p be half of the sums
of positive roots for G and G, and A, and A, be the highest weights for a and a
respectively. Since p = 2p and A, = 2\, the parameters a,, b,, I, are computed as in
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(1.10), and the distribution of integral points is described by the results from Section 1
(see Remark 1.21). Let us consider “generic” case, that is,

(2.2) 2p = Z Uger and A\, = Z Mo = Z NaWa

acA a€cA a€cA

with all n, > 0 and ;fl—c; %+ ;:L—Z for all a # (3. Then the Satake boundary V°° is a union

of 24m @ orbits of G, and there are exactly dima open orbits V&’i {a} @ € A, but the
measures

T maxq (Ua /Mma) Z 57r(v)
veV(Z):||v]|<T

converge as T" — oo to a measure concentrated on the single open G-orbit V&’i {ao} such

that % = max, ;> (compare with non-generic case in Section 2.2). The number of

integral points in V with norm less than T is of order T™a%a(ta/ma) a5 T — o0, and
the number of points whose projections accumulate on the open G-orbit VX‘i (o} is of

order Tue/Ma a5 T — .

2.5. General affine symmetric variety. Let G be a connected noncompact semi-
simple Lie group and H a symmetric subgroup. We fix a Cartan decomposition

G = K exp(a™)WH.

By Proposition 3.16, given an integral dominant weight A of at, there exists an R-
irreducible H-spherical representation ¢ : G — GL(W) with the highest weight A,
being a multiple of \. Then W contains a symmetric variety V' ~ G/H. The structure
of the Satake boundary V> of V is determined by the combinatorial data (2.2) of 2p
and A,. Assume that G and H are the groups of real points of algebraic semisimple
Q-groups G and H such that G is Q-simple and H has no nontrivial Q-characters, and
that ¢ is defined over Q. Then if V(Z) # (), the distribution of integral points V(Z) is
determined by (2.2) as well. We mention two examples.

The “generic” case (i.e., all n, > 0 and #TZ #* :TL; for a # 3) is quite similar to the
discussion in Section 2.4 except that when V' is not a group variety, the sets V>° may
be unions of several G-orbits.

It is well known that 2p is an integral dominant weight and all n, > 0. Hence, by
Proposition 3.16, there exists an H-spherical representation with the highest weight
A, = 2lp for some £ € N. Moreover, if G is an inner form, then the corresponding
representation is defined over Q (see Remark 3.22). We compute: a, = 1/¢, b, = dim a,
I, = (. Hence, the number of integral points in V' with norm less than T is of order
T'¢(log T)dm =1 " and the measures

1
5
1/¢ dim a—1 Z )
T (log )Mo=t rli<T

converge as I' — oo to a measure y, supported on V. Note that K acts transitively
on Vi® (see Proposition 4.33), and p, = [[v]|~* dv where dv is a suitably normalized
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K-invariant measure on Vj© (cf. (7.17)). On the other hand, for f € C(S(W)) such
that supp f NV C VAO‘;f{a} for some o € A,, we have

TV N () = pa, ey ()

veV(Z):||v||<T

where fia, _{o} 18 @ measure concentrated on VXZ_ (o}

3. AFFINE SYMMETRIC SPACES AND REPRESENTATIONS

3.1. Affine symmetric spaces. (see [Sc, Ch. 7],[HS, Part II],[OS],[Ro])

Let G be a connected noncompact semisimple Lie group with finite center and g the
Lie algebra of G. A closed subgroup H of G, with the Lie algebra h C g, is called
symmetric if h is the set of fixed points of an involution ¢ of g. Then the factor space
G/H is called an affine symmetric space.

There exists a Cartan involution € of g which commutes with ¢. We denote by K
the maximal compact subgroup of G that corresponds to 6 and by ¢ its Lie algebra.
We have decompositions

g=hDq and g=tdp

into +1 and —1 eigenspaces of o and 0 respectively.

There exists a Cartan subalgebra ¢ of g stable under 6 and o such that b :=cnNp
is a maximal abelian subalgebra of p, ¢ N q is a maximal abelian subalgebra of ¢, and
a:=cNpNqis a maximal abelian subalgebra of p N q. We call b a Cartan subalgebra
associated to 0 and a a Cartan subalgebra associated to (6, 0). We denote by ¢ C ¢c*,
> C b*, and X, C a* the root systems. One can choose a set of positive roots EE C X¢
so that X7 = S \ {0} and =} = £7|4\ {0} are systems of positive roots in ¥ and
Yo

Let Ac C ZE denote the system of simple roots. Then

(3.1) A=Acle\ {0} and A, =Al\{0}.
are systems of simple roots for ¥ and X, respectively. We also set Ag = {a € A :
als = 0}.

The space a is a Cartan subalgebra associated to 6 of the reductive Lie algebra
(¢Nh) @ (pNq), which is the set of fixed points of the involution of. We denote by
Y56 C X the corresponding root system and choose a set positive roots 2:9 C Yo

such that 7, C X7
The Weyl groups of 3, and X, ¢ are given by
Wa == NK(CL)/ZK(C() and Wg,g = NKQH(G)/ZKQH(O),

and one can choose a set W C N (a) N Ni(b) of coset representatives of Wy /Wy g
Denoting by a® be the closed positive Weyl chamber for ¥}, we have Cartan de-
composition:

(3.2) G = Kexp(a)H = K exp(a”)WH.

Note that for any g € G, a*-component of g and the W-component of g are uniquely
defined.
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For a root a € ¥, U{0}, we denote by g, the corresponding root space associated to
a. Also for a root & € X, we denote by gs(b) the corresponding root space associated
to b.

Let (-, -) denote the Killing form on g. We consider a positive definite symmetric
bilinear form B on g:

(3.3) B(X,Y)=—(X,0(Y)) =Tr(ad X oad(6(Y)).
Note that

B(3a,85) =0 forall a # 4 € 5, U{0},
(3.4) B = B° = B.
Remark 3.5. For § € %, take any X € g5(b) such that B(X,X) = 1, and put
bz = [X,—0(X)]. Then 6(bs) = —bs. Since 0(gz) = g_z, we have bs € go(b). Hence
bs € b. Moreover for all b € b,

Since the Killing form restricted to b is nondegenerate, b 3 is the unique element, say

by, of b such that (b, b,) = B(b) for all b € b.

For each a € Y, the root space g, is invariant under the involution o6, and it
decomposes into (+1)-eigenspaces of o6:

go = 00 D 0o
we define

IF=dimgt, and I, =1} +1.

2p = Z lacr.

aexst

We have

A Haar measure on G/H is given by the formula

07 [ pdu= [ 3 [ skeplanwmedo, 1< G/,

+
wew @

where da and dk denote Haar measures on a and K, and

(3.8) ¢(a) = ] (sinha(a))™ (cosh a(a))’.

aext
To match (3.7) with the integral formula given in [Sc, Ch. 7], we note that the function
|€| is invariant under the Weyl group.

Remark 3.9. For a € %,, let X € gl Ug, such that B(X,X) = 1 and put a, =
[X,—0(X)] € go. Then o(ay) = —ay and 0(ay) = —aq. Therefore a,, € a and by (3.6),
we have (a, ay) = a(a) for all a € a. Hence a,, is the unique element of a satisfying the
last equation.
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3.2. Representations. (see [GJT, Ch. IV],[Sa],[CP]) Let ¢ : G — GL(WW) be an
irreducible over R representation of G on a real vector space W. We denote by gc, cc,
hc the complexifications of g, ¢, . Note that ¢ extends to an involution of g¢, and he
is the subalgebra of the fixed points of ¢ in gc.

Let Wy be a complex g-irreducible subspace of C® W. Then either C® W = Wy or
C® W = Wy @ Wy, where bar denotes the standard complex conjugation on C ® W.
Note that if C ® W is not complex irreducible, then the map

(3.10) Wodv— (v+0)eW

is a g-equivariant isomorphism over R; and hence in this case W can be treated as
vector space over C with C-linear action of g. By abuse of notation, the representation
of g on Wy over C will also be denoted by «.

We denote by A, € ¢ the highest weight of ¢+ with respect to the ordering defined
by Ac. Then all other weights of ¢c with respect to ¢ are of the form

(3.11) A=A =D naNe
acAc

for some non-negative integers n, ().
The action of a on W is diagonalizable (over R) and

W= @)\GCI’LWAv
where ®, C a* is the set of weights and
Wr={weW:a-w=Aa)w, Ya € a}
denotes the weight space with weight A. Given w € W, we have a decomposition
w = Zw’\, w e W
Aed,

The weight A\, := A,|q is the maximal element of ®, with respect to the ordering
defined by A,. All the other weights A € ®, are of the form

(3.12) A=XA= Y na(Na
aEAs
for some non-negative integers n,(\). Let
supp A = {a € A, : ng(A) > 0}
For a subset I of A, and a vector w € W, we set
w! = Z w* and W= Z WA,
Assupp ACI Aisupp ACT

Recalling Definition 1.14, a subset of a* is called connected if it is not a union of
nonempty subsets orthogonal with respect to the form B; that is, if its Dynkin diagram
is connected. We say that I C A, is A\,-connected, if T U {\,} is a connected subset of
Ag.

Proposition 3.13. For any A € ®,, supp(\) U {\,} is connected, and for every A,-
connected I C A, there exists X € ®, such that supp(\) = 1.
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Proof. The similar statement for the set of weight of b was shown in [Sa, Sec. 2], and
the proof applies to our situation with minor changes. The key fact is that there exists
an involution a +— o/ of the set A — Ay such that

—a’ =d + Z nagf, a€ A\ Ay,
BEA

for some nq g € Z>¢ (see [Sc, Lemma 7.2.3]). Using that the proposition holds for the
weights of b, one can complete the proof as in [Sa]. O

Remark 3.14. We set K=R if WQC =Wy, and K=C if W®C = Wy ®Wy. Then
W can be treated as a K-vector space with K-linear action of g. In both cases, W™ is
a one-dimensional K-subspace.

H-spherical representations. Let W denote the space of fixed points of H on W.
If WH #£0, then the representation ¢ is called H-spherical.

Lemma 3.15 ([CP, Lemma 1.5]). If v is H-spherical then the K-dim(W") = 1; and
A7 = —A,. 0

Using the form B defined in (3.3), we introduce a scalar product on ¢*, b*, a*. An

element A € ¢* is called integral if 2<< >> € Z for all « € A, and it is called dominant

if (A, a) >0 for all &« € A¢. For 5 € A(c, we define the fundamental weights wg by

2 <wﬁv a)

=0a03, V Ac,
(o, a) e TAEAC

where 0,3 denotes the Kronecker symbol. Similarly, we define these notions for b*
and a*. It is well-known that the the highest weight A, is integral and dominant,
and conversely, every integral dominant weight is the highest weight of an irreducible
representation of gc. We prove an analogous result for real spherical representations:

Proposition 3.16. (¢f. [GJT, Proposition 4.15]) The highest weight X\, is integral and
dominant. There exists £ € N such that for every integral dominant A € a*, {X is a
highest weight of a real absolutely irreducible H -spherical representation of g.

Proof. The fact that ), is integral and dominant follows from the representation theory
of s1(2,R) (see [GJT, Lemma 4.12]).

For a € Ac (or a € A,), we take hq € ¢ and b}, € ¢* (or hy € a and R}, € a*) such
that

<h5’ ha> = ﬁ(ha) = <ﬂv a> and <h27 ﬂ> = hZ(h,@) = 5003

for all o, 3 € Ac (or a, B € A,). For X € ¢*, we denote by A € a* its restriction to a,

and for x € ¢, we denote by T € a its orthogonal projection to a. It follows from (3.1)
and (3.4) that for a € Ac such that @ # 0 and 8 € Ay,

ha =hs and hy= > ki

a
a€Ac:a=0
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Suppose that A =35\ ngws for ng € Z>g. Since wg = % (B, B) b, we have

(@, a)

(3.17) A=) na

aEAc:a#0 <

It is well known that (a1, ag) € Q for ag, s € ¥¢. Hence, using that

I\ = M@

for mq € 2Z>0 and consider an irreducible complex representation ¢ : gc — GL(Wp)
with the highest weight

(3.18) A= Z MaWea-

a€Ac:a#0

Let AL = {a € Ac: alp = 0}. It was shown in [Sa] that there exists an involution
o+ 0(a) of the set Ac \ A% such that

—of = é(a) + Z uagB, o€ Ac \ A(ec,
BeA?,

for some wy g € Z>o. Moreover, according to [On, §9], the involution 6 is induced by
an automorphism of the Dynkin diagram of A¢. In particular, <é(a),§(a)> = (a, a)
for all @ € Ac \ A%. Also, it is clear that a|, = 6()|q. This shows that m, = M)
and by [On, §8], the restriction of ¢ to g leaves the a real form W of Wy invariant.

It remain to check that the representation ¢ is spherical. Recall that 0 := c¢Ngq = {z €
¢:o(x) = —x} is a maximal abelian subalgebra of q. Let AZ = {a € Ac : afy = 0}.
It was shown in [CP] that there exists an involution o +— &(c) of the set Ac\ AZ such
that

(3.19) —a? =6(a) + Z V8B, a € Ac\ Ag,
BEAZ

for some v, 3 € Z>g. Since m,’s are even, according to [CP], the representation ¢
is spherical provided that m, = mgz(,) for a € Ac \ AZ. Hence, it suffices to show
that the involution & is induced by an automorphism of the Dynkin diagram of Ac.
Without loss of generality, we may assume that AZ # (. Then one can check that
¢N b is a Cartan subalgebra of [3,(0),35(0)] with the system of simple roots AZ. The
corresponding Weyl group WE is generated by reflections

(o, B)
(8, B)

wg(a) =a —2 B, [ e AG.
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This implies that for every w € WE,

(3.20) (B¢ \(AZ)" C =E\ (AZ),
(3.21) a¥ ea+ (Ag), acAc.
Take wg € WZ such that (AZ)*° = —AZ. It follows from (3.19) and (3.20) that

the map a — —a%%0 preserves Eg , and hence, it induces an automorphism of the
Dynkin diagram of A¢. On the other hand, it follows from (3.19) and (3.21) that for
o€ A(C \ A((U:,

—a’" € 5(a) + (AZ).
This implies that 6(a) = —a”"°, o € Ac \ AZ, and finishes the proof. O

Remark 3.22. Suppose that G = G(R)? for a semisimple algebraic Q-group G.
Choosing the Cartan subalgebra ¢ to be defined over QQ, we have the x-action of the
Galois group Gal(Q/Q) on the set of simple roots Ac. By [T, Theorem 3.2], the rep-
resentation constructed in Proposition 3.16 is defined over Q provided that the highest
weight A is in the root lattice, and the coefficients in (3.18) are invariant under the
*-action. In particular, if G is an inner form, then the x-action is trivial, and £\ is
realized as a highest weight of a representation defined over QQ for some £.

4. STRUCTURE OF SATAKE COMPACTIFICATION

Let G be a connected noncompact semisimple Lie group with a finite center and ¢ :
G — GLg(W) an irreducible almost faithful representation of G on a finite dimensional
real vector space W. Let o be an involution of G and H the symmetric subgroup of G
with respect to 0. We assume that H fixes a nonzero vg € W.

We start with some basic observations: let

1= Y g

aext
Lemma 4.1. We have WN = {v € W : nv = 0}.

Proof. Let a € ¥F. Then g, W C WA+, Since )\, is the highest weight in ®,, we
conclude that W*+® = (. This shows that nW* = 0.

Now let v € W such that nv = 0. Suppose v ¢ W, Then there exists y € W’ :=
> e, W* such that ny = 0. Let n= =37 o+ g Then g =n~ @ go ® n. Note that

Uo(n)y =0;  Uo(go)W' C W' Up(n")W' C W',

where Uy(n) denotes the linear span of (non-constant) monomials formed from a basis
of n, and the others are defined similarly. By Poincare-Birkhoff-Witt’s theorem, it
follows that

Ulgly c W/,
where U(g) is the universal enveloping algebra of g. This is a contradiction, because
U(g)y = W by the irreducibility of the g-action on W. O

Lemma 4.2. For every \,-connected I C A, and every w € W, there exists A\ € ®,
such that supp A = I and (wwvy)> # 0.
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Proof. First, we consider the case of I = (); that is, we show that (wvg)* # 0. We
denote by o, = Ad(w)oooAd(w™!) the involution of g corresponding to the symmetric
subgroup wHw™!. Take a maximal A € ®, such that (wvg)* # 0 and suppose that
A # A,. Then by Lemma 4.1 there exist a € ¥} and X € g, such that X (wvg)? # 0.
Since X + 0,,(X) belongs to the Lie algebra of wHw™!,

(X 4 ow(X))(wrg) = 0.

Therefore there exists p € ®, such that (wvp)* # 0 and A\ + a« = p + . Since
ow(a) = —a for all @ € a, we have a”» = —a. Therefore 4 = A + 2a > A, which
contradicts the choice of A.

Now we prove the general case. Given a \,-connected I C A, there exists wg € W,
such that the weight A, o Ad(wp) has support equal to I (|[GJT, Lemma B.8]). Then
by the above case

wo(wug) A0 = (wwwe)™ # 0.

This proves the lemma. U

4.1. Symmetric subgroup as a stabilizer.

Proposition 4.3. The map G/H — V given by gH — guvy, for all g € G, is proper.
In particular, the orbit Gug is closed.

Proof. Take any w € W. By Lemma 4.2 (wvg)™ # 0. Since the representation is

almost faithful,
A, = Z Mo,
acAs

where mq > 0 for all a. Therefore the map
@ exp(a)(wio) = 3 @ (wrp)®
AeD,
from a*t to V is proper. Now, since G = K exp(a™)WH, the map g — guvy is proper. []
Proposition 4.4. H is a subgroup of finite index in Stabg(vp).

Proof. Let L = Stabg(vg). Then H C L, and by Proposition 4.3 L/H is compact.
Therefore, since H is reductive and L is a real almost algebraic subgroup of G, we
conclude that L unipotent radical of L is trivial. Hence L is reductive. Let [ denote
the Lie subalgebra of g associated to L, and [+ = {X € g : (X, [) = 0}. Since [ is
reductive, the Killing form of g restricted to [ is nondegenerate. Therefore we get

(4.5) L) cit and g=I1@It
Since H is a symmetric subgroup and H C L, we note that

(4.6) bt ={0}, (b5, b Ch, [b,h] Ch, and [h,h] C b
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Put, m = hJ‘ N [. Then
[5,m] C (50 N[5 0 c bt n [t 0 chnit = {o},
[h,m] C [b,h]N[h, ] ChtNl=m,
[m,m] C [b4, 7] C b.

We put m; = [m,m] @ m. Then m; is stable under ad(f), ad(I*), and ad(m). Since
ht = m + [+, we conclude that m; is an ideal in G. Since m; C [, we have that
my - vg = 0. Hence

ml-XvoCX-ml-v0+[m1,X]-voz{0}, VX € g.

Therefore, since g acts irreducibly on W, my acts trivially on W. Since G acts almost
faithfully on W, we get my = {0}, and hence [ = h. Now the conclusion of the
proposition follows because L/H is compact. [l

Using Proposition 4.3 and the proof of Proposition 4.4 it is straightforward to deduce
the following.

Corollary 4.7. Suppose that G acts linearly and almost faithfully on a finite dimen-
sional vector space E over K = R or C. Suppose that there exists 0 # wg € E such
that Hwy = wo and K-span(Gwg) = E. Then the map gH +— gv from G/H to E is
proper. Moreover H is a subgroup of finite index in Stabg(wp).

Let S(W) denote the unit sphere in W, and 7 : W\ {0} — S(WW) denote the radial
projection.

Proposition 4.8. The map 7 : V — 7(V) is a homeomorphism.

Proof. To verify that the map 7 is bijective, we suppose that givg = Agovy for some
91,92 € G and A\ # +1. Then it follows that for some g € G and A € (—1,1), gvg = Avy.
Therefore g"vg — 0 as n — oo, which contradicts the conclusion of Proposition 4.3
that Gy is closed.

It is clear that the map is continuous and G-equivariant. Since the orbits of G in
the projective space of W are locally closed, it follows that m(G - vp) is locally compact.
Hence, the map 7 is a homeomorphism. ]

4.2. Satake Boundary. We define the Satake boundary V= of V to be the set of
the limit points of the sequences 7(vy,), v, € V, v, — co. Note that identifying G/H
with 7(V'), the space (V) UV > gives a compactification of G/H similar to the Satake
compactification of the Riemannian symmetric space of G constructed in [Sa].

We use notations from Section 3. For J C Ay, let a; = ker(J), a’ its orthogonal
complement, and

(4.9) ot ={aca’: ala) >0 forall acJ}.

The set J is the system of simple roots on a”, and its Weyl group W; can be identified
with the subgroup of W, that acts trivially on aj. We choose a set W of representa-
tives of the double cosets Wy \W, /W, . In particular, W = WP,
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For J C A, and w € W, we set

k€ K,acat,
Viw = im7(kexp(a)wvg) : ala) — oo for a € A, \ J,
a(a) is bounded for a € J.

The main result of this section is the following theorem, which gives an explicit
combinatorial description of the decomposition of V*° into G-orbits.
Define

— (oo}
OJﬂU - U VJ,wlw .
w1 EW

Theorem 4.10. The decomposition of V° into G-orbits is given by
Ve =|JOrw
Iw

where the union is taken over all A\,-connected subsets I C A, and w € wr.
Moreover,

(4.11) Ot = 7(G(wvp)!)
and
(4.12) Onw, NOLw, =0 for I # Is.

We shall prove this theorem through a series of auxiliary results.

Proposition 4.13. Let J C A,, w € W, and I C J be the largest )\, -connected subset.
Then

fon =n(K exp(al’Jr)(wvg)I) =7(K exp(aJ’+)(wvg)J) = Vfi’u.

Proof. Recall that V7 is the set of limit points of the sequences 7 (k exp(an)wvo) where
k € K and {a,} C a* such that a(a,) — oo for « € A, \ J and a(ay) is bounded for
a € J. Passing to a subsequence, we may assume that there exists a € al"* such that
a(an) — a(a) for every a € I. Then for A=), = > A na(Na € @,

> na(Mafan) — { 2Zaea, Ma(Mala) ifsupp(Y)

C
e “+o0 if supp(\) € J.
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Note that by Proposition 3.13, supp(\) C J iff supp(A\) C I. By Lemma 4.2, (wuvg)! # 0.
Therefore

m(exp(ap)wvg) = Z exp(Aan))(w - vo)>

AED,
=T Z exp <— Z na()\)oz(an)> (wvo)/\
Aed, aEAs

= 3 e (— > nama(a)) (weo)?
)l

A:supp(A a€As
= m(exp(a)(wwp)?).

This shows that V7° C (K exp(alT)(wvp)!). On the other hand, given a € al"*, one

can find a sequence {a,} C a* such that a(a,) = a(a) for a € I, a(a,) is bounded
for « € J\ I, and a(a,) — 400 for @« € A, \ J. This completes the proof of the first
equality.

By Proposition 3.13, (wvg)”’ = (wwvo)!, and using that a’* C a; + al'*, we deduce
that

exp(a” ™) (wvp)! € RT - exp(al™*) (wwp)?.

This implies the second equality.
The third equality is a consequence of the first two equalities. ]

Using the same argument as in the proof Proposition 4.13, we also deduce

Proposition 4.14. For every w € W and J C A,
= U v
A, -connected I C J

Note that Proposition 4.14 implies that the orbit Oy ,, is open iff I C A, is a maximal
A,-connected set. In this case, |I| = |As| — 1.

4.3. Notation and basic facts. For g € G let ¢, denote the inner conjugation by g.
For w € W, we define the involutive automorphism o, := ¢, 00 0c,t. Since §(w) = w,
and o and 6 commute, we have that # and o, also commute. Let

(4.15) bo:={X€b:0(X)=X}=bnh=>0bNa .

Since Adw(a) = a and Adw(b) = b, and Adw preserves the Killing form, we have
Adw(bg) = by. Therefore

(4.16) ow(®)=b,bp={X €b:0,(X)=X}, a={X€b:0,(X)=-X}.
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Parabolic subalgebra py and a decomposition of its Levi subalgebra. Let J C A,. Since

ow(a) = —a for all a € ¥, we have that o (ay) = ay. Since oy, preserves the Killing
form on g, we have that ,,(a’) = a”. Let 34(as) denote the centralizer of a; in g. Let
(4.17) S;={B€%;: 8= naa,ng€Z} and T} =3,N5].
acd
Define
ny:= Z g3, and
BeETINE
(4.18) ps = 3g(as) ®ny,
which is a parabolic subalgebra of g. We define
(4.19) mo = [go, go], Wwhere go = 34(a) as before,
(4.20) my= ) g-p+[9-5 085 + 05
Bext
Then

[3g(ar);3g(ar)] = mo + my.

Note that [mg,m;] = m; and [m;,m;] C m;. Since [34(ay),34(as)] is semisimple, its
ideal m; is semisimple. Since mg is also semisimple, we obtain that

(4.21) my = mJ ® (mpNmy)
is a decomposition into semisimple subalgebras of my, and [m()’ ,my|] = 0.

By Remark 3.5, by = span{b; : 5 € Ap} C mp. Since my C g is semisimple, we have
anNmy = {0}. Therefore

(4.22) bg =mgNb.

Since o,(gs) = g—p, we conclude that my is oy-invariant. Similarly, m; is 6-
invariant. Therefore

my=ENmy;)d(pN (Adw)gnmy) & ((Adw)h Nmy).

Note that a is a maximal abelian subalgebra of p N (Ad w)q. In the next paragraph we
will show that

(4.23) anmy =a’.
For each B3 € J, let ag € a be such that (ag, a) = B(a) for all @ € a. Then

{ag : B € J} is a basis of a’. Hence by Remark 3.9 and (4.20), we have a’/ C m;. For
any 8 € E}r, it Yy € g4, and X € ay, then

(X, Yo, Y4 ) = ([X, Y], Yy ) = =B(X) (Y-, Y) = 0.

Therefore, by (4.20), (anmy) L ay; that is, anmy C a’. This justifies (4.23).
Note that center of 34(ay) is contained in the center of 34(b), which in turn is con-
tained in ¢ = (ENc¢) +b. As b = a+ by, for ¢; := Center(3q4(ay)) NE,

(4.24) 3(a)) =cs+b+mp+my=c; Daydmy Smy.
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Thus in view of (4.18), we have obtained a refined decomposition of p; into direct sum
of subalgebras.

Let Pj denote the parabolic subgroup of G associated to py. Let My and N; denote
the analytic subgroups of P; associated to the subalgebras m; and nj, respectively. In
the course of the above discussion, we have also proved the following:

Proposition 4.25. Let J C A, and w € W. Then the semisimple group My is
invariant under 0 and oy, and o’ is a Cartan subalgebra of M for the pair (0,0,). O

Note that a’ has the system of simple roots J with the Weyl group W;, and we have
the decomposition

(4.26) My = (M;NK)exp(a” YWy(wHw™ 0 Mj).

Lemma 4.27. Let J C A,. Then the following assertions hold:
i) W/ ={veW:av=X\(a)v, Va € ay}.
(ii) Zg(Ay) - W/ cw.
(iii) (Zg(Ay) NwHw ™) (wvg)” = (wwvo)”? for any w € W.
(iv) Ny acts trivially on W7.

Proof. If A € ®, such that suppA C J and a € ay, then by definition of supp A\, we
have that A(a) = \,(a). Therefore av = \,(a)v for all v € WA,

Since an open subset of a; is contained in the boundary of a*, there exits X € ay
such that o(X) > 0 for all @ € A, \ J. Therefore if A € ®, such that supp A ¢ J,
then A(X) < A,(X). Therefore (i) follows from the above two observations and the
definition of W,

Since the centralizer preserves the isotypical components, we obtain (ii).

Let X € ay be as above. Then

(4.28) lim e~ exp(tX) (wvp) = (wwp)? .

t—o0

Since Zg(Ay) NwHw™! fixes wvy, it acts trivially on the R-span of A ;(wug), which
contains (wwvg)’ by (4.28). Therefore (iii) holds.

Let A € ®, be such that supp A C J; that is, A = A\, = > ;nac, where all ng > 0.
Suppose that v = ZaeAg meqa, where all my, > 0, is such that A + v € ®,. Since A, is
the highest weight in ®,, we have

A=A+ ezt
Then my = 0 for all & € A, \ J; that is, v € Ej. This shows that if v € 1 \ ¥, then
g, WA c WA =o.

Therefore n;W* = 0. Thus (iv) holds.
g

Proposition 4.29. Let I be a A, -connected subset of A,. Then My acts irreducibly
and faithfully on W' as a K-vector space.

Proof. Since n = (m; Nn) +ny, and ny - W/ =0, by Lemma 4.1
(4.30) W ={veWw!: (m;nn)v=0}.
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Since my is semisimple, W7 is a direct sum of irreducible mz-modules, and each of them
admits a nonzero K-subspace which is annihilated by m; N n (Engel’s theorem). By
Remark 3.14, K-dim(W*) = 1. Hence by (4.30) we conclude that m; acts irreducibly
on W1,

We observe that any nonzero ideal of m; contains a’* for some () = I; C I such that
Iy L (I'\Iy). Since I is \,-connected, I; is A,-connected, and hence a’t ¢ ker()\,). But
then aIle‘L = )\L(ah)v(’)\L # 0. Thus m; acts faithfully on W, O

Definition 4.31. For a \,-connected I of A, let I' = (I U{\,})* N A,; that is, the
set of roots in A, which are orthogonal to A, and all roots in I. We define

JI)=1TuT.

We note the following:

(1) J(I) uniquely determines I, as I is the maximal A,-connected subset of J(I).

(2) If B,y € ¥F and 8 L v, then 8+~ &€ XF. Therefore [m;,my;/] = 0, and hence
My = MMy is an almost direct product. Also Yy =XrUXp.

(3) W/ =wl,

Using Proposition 4.29 it is straightforward to deduce the following:
Corollary 4.32. Let I, I', and J = J(I) be as above. Then
mp - Wl =0, mé W!I=0, and cw = A(c)w, VYe€cy, we wl,
Proposition 4.33. For a A,-connected subset I of A, and w € W, we have
m(G(wwg)") = w(K exp(a’*)Wi(wwo)") = m(K exp(a”) (Wrwuo)?).
Proof. By the Iwasawa decomposition we have G = K Pr. By (4.18) and (4.24) we have
pr=(c;®ar®m ®my) ®©ny.

By Lemma 4.27,

Ni(wvo)" = (wup)"

and Ar acts on W/ by homotheties. By Corollary 4.32, the analytic group, say M({ ,
associated to mé acts trivially on W!. Since KP; = KMIAIMOINI, we obtain that

7(G(wvg)!) = (K Mp(wvp)?).

Now the first equality follows from Lemma 4.27(iii), and (4.26).

Since the weight spaces W*, A € ®,, are orthogonal with respect to a K-invariant
scalar product, and by Lemma 4.27, Wy C M; N K preserves W/, it follows that Wy
preserves the orthogonal complement of W/, and hence

w-v! = (wv)! for all w € Wy and v € W.

This justifies the second equality in the proposition. O
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4.4. Disjointness of the G-orbits in the boundary.
Lemma 4.34. Let I be a \,-connected subset of Ay and let J = J(I). Then
Stabg(W!) :={g € G: gW! =W!} = P;.

Proof. Let Q = Stabg(W'). It follows from Lemma 4.27 that Q D> P;. Hence, Q = Pg
with J C S C A,. Let Sy denote the largest \,-connected subset of S. If J #£ S, then
by Definition 4.31, I C Sp. Hence by Proposition 3.13 W C W9, Since Mg, C Ps,
we have Mg,W! = W and W7 is a K-subspace. This contradicts Proposition 4.29,
which says that Mg, acts irreducibly on W50 over K. Therefore J = S. O

4.5. Stabilizer of (wyvg)!. Let I be a \,-connected subset of A, and let J = J(I).
Let wo € Wand L = {g € G : g(wovp)’ = (wovp)'}, the stabilizer of (wovg)! in G. Let
[ denote the Lie subalgebra of g associated to L. Then

[={X cg: X(wv) =0}.

Note that a; normalizes [, because a; C a7, and by Lemma 4.27 (wovg)! is an
eigenvector for each element of a;. Moreover by Lemma 4.27, we have ny C [. Therefore

(4.35) [=ny+(Nzg(an)+ > (INg_p).
BESI\E,
By (4.24) and Corollary 4.32, and since m{ C mJ + my/, we get
(4.36) [N3g(as) = (cyNkerA,) @ (ayNker),) ©@mJ ©mp @ (myN1).
Proposition 4.37. We have
[Nm; =my; N Adwg(h).
In particular, the orthogonal projection of | on al is trivial.

Proof. By Proposition 4.25, applied to I in place of J and wq in place of w, b1y, =
m; N Adwy(h) is a symmetric subalgebra of m;. By Lemma 4.27, by 4, (wovg)! = 0.
Due to Proposition 4.29, we can apply Corollary 4.7 to M7 in place of G, and W' in
place of E, to obtain the first conclusion of the proposition. The second conclusion
follows from Proposition 4.25 because al is orthogonal to Adwg(h). O

Proposition 4.38. We have
[Cpy.

Proof. Suppose that [ ¢ p;. Then by (4.35) there exists f € X7 \ Xy and 0 # X €
[Ng_p # 0. Therefore there exists 3 € £ such that

fla=0, and X=X _;+4Y

where 0 # X 5 € g 5(b) and ¥ € nyezﬁ«ww:og_,@ia- Replacing X # 0 by a
scalar multiple from the beginning, without loss of generality we may assume that
B(X 5,X ) =1 (see (3.3)).
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Since —60(X ) € g5(b) C gg C [, we have [-0(X_5), X] =bs + Z € [, where

b

~0(X_5). X_sl € b,
—0(X_5). Y] € 3 85(6) N3qa).

yEX

N o=
I

Therefore bﬁ + Z € INpy and its projection on b equals bB. By (4.35), (4.36) and
Proposition 4.37,

bz € bo + (ar Nker A,).
If as is the projection of bﬁ on a, then
ag € ar Nker A,.
Since by L a, by Remark 3.5, for all a € a,
<a, a5> = <a, bg> = fB(a) = B(a).

Therefore 5 L (I U{\,}); that is, 3 € I’ C J, a contradiction. O

From (4.35), (4.36), Proposition 4.37 and Proposition 4.38 we deduce the following:
Corollary 4.39. We have

[=(cjNkerA,) @ (ayNker,)®mg @mp ® (my N Adw(h)) ®ny.

In particular,

Unipotent Radical(L) = Ny and L C Pj.

Proof of Theorem 4.10. Consider a divergent sequence
U = kp exp(ap)wpvy € V.

where k, € K, a, € at, w, € W. After passing to a subsequence if necessary, we can
assume that k, — k € K, w, = w € W, and that there exists J C A, such that a(ay)
is bounded for a € J and «a(a,) — oo for a € A, \ J. Then the limit points of the
sequence vy, are in V77 . This proves that

oo o
ve= | Vi
JCAG ,weW

Moreover, by Proposition 4.13, it suffices to take the union over A,-connected subsets
only. Then (4.11) follows from Proposition 4.33.

By Corollary 4.39 the unipotent radical of the stabilizer of g;(w;vg)% is giNJigfl.
Therefore if the G-orbits of (w;v)%i are same, then g1 Ny g7 L= @N J2 0o 1 Since
Pj. = Ng(Ny,), we have g1 Pj,g;' = g2Pj,g95"'. Hence J; = Jo and I} = I. Thus
(4.12) follows. O
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Note that Theorem 1.22 follows from Theorem 4.10, Proposition 4.13 and Proposi-
tion 4.14.
Recall that for @ C S(WW), we have defined

Oq ={I C A, : I is \,-connected and Qn Ve £ 03,
We denote by O3 the set of minimal elements in ©¢ with respect to inclusion.

Corollary 4.40 (Tube lemma). For any compact set Q2 C S(W), there exists a collec-
tion {Uy C alT : J € OB} of compact sets such that

QNVE C U (K exp(Uy + Cl}_)(WUo)I) for every I C A,.
Jeogin

Proof. Suppose that the corollary fails. Then for any choice of compact sets Uy, there
exists v = m(kexp(a)(wvy)!) € Q with k € K, w € W, and a € a, a ¢ Uy + aJ for
every J € O3, Therefore, there exists v, = 7(ky, exp(an)(wyvo)!) € Q with k, € K,
an, € a’, w, € W such that for every J € @Sin, a(a,) — oo for at least one « in
J. Passing to a subsequence, we may assume that for some I C A,, a(a,) — oo if
a € A, \ I and a(ay) is bounded if a € I. Then by Proposition 4.13, the limit points
of the sequence {v,} are in Vj;f’wo, wo € W, where [ is the largest \,-connected subset

of I. Then QN VZ° # 0 and Iy € Oq. On the other hand, Iy 2 J for every J € Omin,
This gives a contradiction and proves the corollary. ([l

5. INVARIANT MEASURES AT INFINITY

In the previous section, we have shown that

A,-connected I C A,

where
RV = U G (wvp)?.
wew
In this section we describe an algebraic condition on I so that V> admits a G-invariant
measure, and give a formula for the measure. We also provide a natural class of I for
which the condition holds. The results of this section are obtained mainly for the the

sake of more complete description of the boundary. They are not essential for the
proofs of the main results stated in the introduction.

Theorem 5.1. Let I be a A, -connected subset of A,. Then for any wy € W, there
exists a G-invariant measure on G(wovo)! if and only if

(5.2) ayNkerp=aynkerA,

where J = J(I) is as in Definition 4.31.
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If (5.2) hold, then the G-invariant measure on G(wovo)!, say vy, is given by (up
to a constant multiple)

(5.3) / Fdvim,

weWr

w
= [ dk da Z f(kexp(a+ b)w(wovg)l)éj(a)e2p(b) db
fo o

a€al,t bcay/asnker A,

for all f € C.(G(wovg)!), where dk, da and db denote the Haar integrals on K, a!, and
ay/ay Nker p, respectively, and

(5.4) 61(a) :== [] (sinha(a)) (cosha(a))=,Va € a’.

+
aed]

Proof. Let wg € W. Since G admits no nontrivial positive real characters, there exists
a G-invariant measure on G- (wovo)! if and only if L := Stabg((wovo)?) is unimodular.
By Corollary 4.39, N is the unipotent radical of L. Therefore L is unimodular if and
only if |det(Adgla,)| =1 for all g € L, if and only if tr(ad(x)]s,) =0 for all z € L.
Note that ¢; C €, and mg and mj; are semisimple. Also each of them normalizes n ;.
Therefore
tr((adz)|n,) =0 forall z € c¢j +my +my.

Therefore by Corollary 4.39, L is unimodular if and only if

(5.5) 20(b) = > tr(ad(b)lg,) =0, Vb€ ayNkerl,.
a€TE\(J)

This equation is equivalent to ker A\, Nay C kerpnNay. If ay # {0}, then a; ¢ kerp,
and hence ker p N ay is of codimension 1 in ay. Also ker A\, N a; is of codimension at
most one in a;. Therefore (5.5) is equivalent to (5.2). This proves the first part of the
theorem.

Now to obtain the formula for the Haar integral on G, we suppose that (5.2) holds.
In view of (4.18) and (4.24), let M be the closed subgroup of Py associated to the Lie
subalgebra c —i—mg +my such that Py = M;A;N;, where Za(Ay) = MjAj is a direct
product. A right Haar integral on Pj can be given by

(5.6) f= 1 dm/ db f(mexp(b)n)e*® dn, v fe C.(P)),
My ay Ny

where dm and dn denote Haar integrals on Mj and Ny, respectively, and db denotes
the Lebesgue integral on a,;.
Note that My C KM?. By Corollary 4.39,

(5.7) MY/MYN L= Mr/MrnwoHuwg .
By (4.26) and (3.7) a left invariant integral on M;/M; NwoHw, ! is given by
(5.8) f— / dk / Z f(kaw(M; NwoHwy '))d1(a) da,

KNM;  aqeal+ WEWVI
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where f € Co(M;/M; NwoHwy '), and dk denotes a Haar integral on K N Mj.
Combining (5.6), (5.7), and (5.8) we obtain that for all f € C.(Py),

£ / dk / da / b /f k exp(b) exp(a)wl)d;(a) exp(2p(b)) dl,
KNP acal:t beay/ajnker \, weWr y,
defines a right Haar integral, say dp, on Py, were dk and dl denote Haar integrals on
K N Py and L, respectively.
Note that a Haar integral on G is given by

(5.10) fe /K dk /P flkp)dp,  f € C.(G),

where dk denotes a Haar integral on K. Combining (5.9) and (5.10), and the fact that
L is the stabilizer of (vowp)! in G, we obtain that the formula (5.3) indeed gives a
G-invariant measure on G (woug)?. O

It turns out that the sets I,(I) satisfy the condition of the above theorem; see (1.16)
for the definition. To show this we need the following:

Proposition 5.11. If I C A, is \,-connected, then I,(I) is A\,-connected. In fact, any
J C A, containing 1,(I) is A\, -connected.

Proof. Let Iy D I be the largest A,-connected subset of J, and let S = J \ Iy. Then
S C (InU{\})*. Therefore a® C az, Nker \,. Note that a;, = a; @ aa,\s- Now given

a € a1, we write a = . +y with = € aa,\s and y € a;. Then for any a« € S C J we
have a(a) > 0 by (4.9), and a(y) = 0, and hence a(x) > 0. And for any 5 € A, \ S,
we have (3(z) = 0. Therefore x € a*; in other words,

at (aa\sNa®) +ay.
Therefore, since I C Iy C A, \ S and I,(I) C J, we get

(5.12) a®t C (arna®) +ay .

By the definition of I,(I) as (1 16), exists C' = a,(I) > 0 such that
(5.13) p(z) < CA\(z), Vxecarnah, and
(5.14) p(y) =CA(y), Vye ar,(1)-

Combining (5.12), (5.13), (5.14), and since a® C ker \,, we conclude that
(5.15) pla) < CA\(a)=0 VYaedSt.

Since S 1 Iy, we have Ej = E}'O U qu' (cf. Definition 4.31). Therefore given a €
a®T C ay,, we have

(5.16) 20(a) = tr(ad(a)|a,) + Z tr(ad(a)|g, )-

Recall that a® C mg C my, my is semisimple, and [m 7,ny] C ny. Therefore
tr(ad(a)|n,) = 0.
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Note that

(5.17) tr(ad(a)|ge) = (dimga)a(a) > 0, Vo € Tk

Now by (5.16), we get p(a) > 0. Therefore (5.15), we get p(a) = 0. Hence by (5.17),
(5.18) (dimgo)aa) =0, VYa €S, Va e at.

Now if S # (J, then for any a € S: we have dimg, > 1; and since a® L ag, we have
afa) # 0 for any 0 # a € a®. This contradicts (5.18). Hence S = (); that is, J is
A,-connected. O

Corollary 5.19. Let I C A, be A\ -connected. Then for any wg € W, the or-

bt G(wovo) ) admits a G-invariant measure, say VI,(I)awos Such that for any f €
Ce(G(wovo) 1),
6200 [ fange = [ [0S pEeslaputun )o@ da
K aect YWrnm
where
(5.21) &r.(n(a) := 05,1y (a) exp(tr(ad aln, ,)),
(5.22) et ={aeca/a,Nker) :ala) >0, Va e I,(I)},

and da denotes the Lebesgue integral on e™.

Proof. By Proposition 5.11 J(I,(I)) = I,(I). By (5.14) for any y € ar 1), p(y) = 0
if and only if \,(y) = 0. Therefore by Theorem 5.1, G(wgup)! admits a G-invariant
measure.

Put € = ay, ;) Nker \,. Then the map ald () g ar, (/€ — a/€, given by

(a,b+€&)— (a+b)+€E Vac CLL‘(I)7 Vb € ag, (1),

is an isomorphism. Note that é7,(5)(b) = 1 and tr(adals, ) = 0. Therefore &,y is

well defined on a/€. Moreover (a +b) + € € e if and only if a € als()+. Therefore
(5.20) follows from (5.3). O

6. VOLUME ASYMPTOTICS

In this section we derive some formulas for the volume asymptotics (see also [GW]
and [M] for a similar computation).

6.1. Basic asymptotic formula. Consider a space a ~ R" and a map

k
pra—W: aHZe)‘i(a)

i=1
where W is a finite-dimensional vector space, w1, ..., w; € W are linearly independent
vectors, and A1, ..., \; are (additive) characters.

Fix a basis A of the dual space a* and set
t={aca:ala)>0 foracAl.

We assume that
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(1) A1t =3 4en Mo with my > 0.
(2) Ai < Ay for all 4, that is, A1 — A\; € D0 A Miav. With m; o > 0.
Let
supp(N\;) = {a € A m; o > 0}
For
X = Z va(X)a € a*,
acA
we set
Val X
) < ax}, by = #(A - 1).

UQ(X):QEA},IX::{QEA:
Mg

a, = Imax

Define ker Iy, := Naer, ker a. Then
x(a) =ay - Ai(a), Va€kerl,,

Ai(a) = XM(a), Vi:suppA; C Iy, Va € ker I,
0o :=kerx Nker I, = ker \; NkerI,, Vi:supp\; C I,.

Therefore we can define
ti={a€a/oy:ala) >0, Va eI},

Y(a) == Z M@y, Vaea/vy, and
i:supp \; Cly
Ly(f) = | f((@)eX da, ¥f € Co(W),

where da denotes the Lebesgue measure on a,/p.
The main result of this subsection is the following theorem

Theorem 6.1. For x € a* and f € C.(W),
lim ! / F(d(a)/T)eX D da = k,, - Ly(f) < o0,

T—oo T%x (logT bx 1

where
Ky = Vol(a®™ Nker(L,) N {\; = 1}).

We start the proof with a lemma:
(a) For T >0, let af := {a € a™ : &M@ <T}. Then

Lemma 6.2.
/ X da < T (log T)* 1,
ar

(b) For \; such that supp A\; € I, and T,6 > 0, set
at(i,8) = {a € af : @ > 6T}

Then for some constant Cs > 1 depending on 4,
/ eX(9) da < C5T™ (log T')Px 2.
ok (i,0)
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Proof. To prove (a), we use induction on |I,|. If I, = 0, then x = a, - A\; and

/ eX(@ dg = / Vol(at N {\ = s})e™*ds
acat: A (a)<7 0
= / (es" e ds = O(17 Le™T).
0

Let a € I, and b' = a™ Nker(a). Then by the inductive assumption,

/ o= | T a0 / ROFARY
a€at: A\ (a)<T 0 bebt: A1 (b)<T—mqs

T/Ma
<</ evo‘(X)S(T - mas)bxfleax(‘rfmas) ds < eaXTTbxflj
0

where C' > 1 is a constant. This proves (a).
To prove (b), we write \; = A\; — ZaESupp()\i) miqa with m; o > 0. For a € a;(i, J),

we have
Z miaa(a —log).
a€Esupp \;

Setting ¢ = ker(supp ;) and c¢f. = af N, we get

/ eX(@) gq < C(;/ eX(9) de,
at(3,0) o

T
for some constant Cs5 > 1 depending on §. Since supp \; € I, by < by — 1, and (b)
follows from (a). O

Proof of Theorem 6.1. There exists ¢ = ¢(f) > 0 such that if f(¢(a)/T) # 0 or
f((a)/T) # 0, then a € a .
For 9 > 0, set
ag@®= U o0
i:supp(/\i)g_lx
where af.(i, ) is defined as in Lemma 6.2. By uniform continuity, for every e > 0, there
exists > 0 such that for a € aj — al7.(6),

[f(¢(a)/T) = f(¢(a)/T)| <e.

Hence, by Lemma 6.2,

a)/T)eX @ da — / F(@(a)/T)eX\ da

_/ e xla )da+/ 21l - X da
al.—al . (8) a®.(6)

T~ % cT

=0¢(e - T™(log T)" 1) + O 5(T"x (log T)*x2).
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This shows that
/ F(@(a)/T)eX D da = / F(W(a)/T)eXD da + o(T (log T)Px~1).
Let
sT =at Nnker(l,) and t"=a" Nker(A—1I,).

There exists ¢ = ¢(f) > 0 such that if f(i(t)e*) # 0 for some ¢ € t and u € R, then
M) < e and et < c. Using that for some € > 0,

Xler < (ay =€) - Ailer,

we deduce that

// F(p(t)e™)eXOFaxt |yl gyt
¢+

loge
(6.3) < / du / el Oyl dt
uU=—00 {tett: A1 (t)<logc—u}
logc
< / e““(logc — u)r_bx\u|l du < oo

for every [ € NU{0}. In particular, putting [ = 0 we get

N N I
ett =—00

Therefore applymg (6.3), we conclude that as T' — oo,

/ F(a)/T)eX® da — / F ()M ) T)ex Ot ®) goqs
tt Jst
/ / F(p()er/T)eXOFaxw Vol(sT N {A\; = u}) dudt
t+

/ / etyeXOFaxurax . g (y +log T)x ! dudt
t logT

= Ky - Ly (f) - T**(log T)>x=1 4 o(T% - (log T)71).
This completes the proof. O

6.2. Volume of symmetric space. Let G be a connected noncompact semisimple
Lie group with finite center, H its symmetric subgroup, and ¢ : G — GL(W) be an
almost faithful irreducible over R representation. We assume that H = Stabg(vg) for
some vy € W. We use notation from Section 3. In particular, u denotes an invariant
measure on G/H and

= Z mea € a*, mg, € QT
OéEAU
is the highest weight of «. Let a,, b,, I, be defined as in (1.10).
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Theorem 6.4. For every f e C.(W),

(6.5) lim / f(gvo/T) du(g / fdv,

T o0 T ( logT L

where v, is a locally finite G-invariant measure on W concentrated on R - Ve
Moreover when considered as a measure on R - Vi, v, 1s a linear combination of
measures vy, ., w € W, given in (5.20).

Proof. For v € W, set
d,(v) ={A€®,: v*#£0}.

By (3.7),
©6) [ Savominte) = [ 3 3 |, ftkemlaon/ Te(w) dad
/Z/ M (wu)* /T | €(a) dadk,
wew at A€d, ( wvg)
where
(6.7) &(a) = H (Sinha(a))l (cosha(a))le = thex

aext XEE
for some t, # 0 and Z C a*. Let a,, b,, and I, be as defined in (1.10). Let

=/

E={x€=Z:ay=a,by=0b} and E'=E-ZF"
Note that for x € 2", we have a, < a, = ag, and if a, = a,, then b, < b, = by, and
I, DI, = Iy,
Since by Lemma 4.2, A\, € ®,(wvy), the assumptions of Section 6.1 are satisfied and
applying Theorem 6.1 together with the dominated convergence theorem, we deduce
that (6.5) holds with the measure v, given by the formula

(6.8) / fdy, —Iigp/ Z /a+ (kexp(a wvo)lb) &1, (a) dadk

weWw

where
0" ={a € a/(ker(I,) Nker(p)) : a(a) >0, a €},
(6.9) &1, (a Z £, eX @)

Note that by Theorem 6.1 the limit in (6.5) is finite (i.e., v, is locally finite). Also, it
is clear from (6.5) that v, is G-invariant and homogeneous of degree a,. It follows from
Proposition 4.33 that

G(wvo)" = K exp(0F)Wy, (wuo)™ = RT - K exp(a’ )Wy, (wvo)".
Note that
VIOO = Uwew W(G(wvo)L) = Uyewn W(G(wvo)lb).

L
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Since for y € =, we have
x €E  ifand only if x €2p+ (1),

it follows that the formula for (6.9) for £;, is same as the formula (5.21) of Corollary 5.19
for I, = I,(0). Note that each G-orbit G(wwo)’ is a closed subset of RT - V7 and hence
f € Ce(RT - Vi) implies the restriction of f to G(wug)™ belongs to Co(G(wup)™).
Hence (6.8) is in agreement with (5.20) for f € C.(R* - Vi°).

This shows that v,, considered as a measure on R - Vre, is a linear combination

of the measures vy, ,,, w € W given in (5.20). It follows that v, is concentrated on
RY . Ve
(]

We can easily deduce the following volume asymptotic of balls from the above the-
orem:

Corollary 6.10. For any norm || - | on W,
Vol({v eV : |jv]| <T}) ~c-T%(logT)* as T — oo,
where Vol denotes a G-invariant measure on 'V and ¢ > 0.
Remark 6.11. Theorem 6.4 holds for a representation ¢ which is not irreducible. Let
P={acat: \Na)<1,Ae€d,},
a, = max{2p(a) : a € P},
b =dimPN{2p =a,}.
Then for every f € C.(W),

lim — T) dpu( dv,,
Jim TaL(logT = 1/ f(gvo/T) du(g / fdv,

where v, is a G-invariant measure concentrated on a union of finitely many G-orbits.
To adapt the proof to this case, we decompose the polyhedron P into a finite union
of symplicial polyhedra P;. the asymptotics for the integral over K exp(P;)WH can
be computed from Theorem 6.1. Using the argument from Section 7, we also get the
asymptotics for integral points.

For f € C.(W \ {0}) with 7(supp f) N V> £ (), we define a,(f), b.(f), ©.(f) as in
(1.17) with © = 7(supp f). Similarly, we define ©f and G}Hin.

Theorem 6.12. For every f € Co.(W \ {0}) with w(supp f) N V> # 0,

(6.13) Tl;ooTaL(f)(logT / F(gv0/T)du(g / fdvep),

where ve, (y) is a G-invariant measure on W which is concentrated on and locally finite
on

UIEGL(f)R—F Ve
In particular, ve, (f) (supp f) < o0
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Proof. Define W = Rt - (V) and S(W) := S(W)NW = n(W), where S(W) and
7 : W — S(W) are defined as in (1.5). Since f € C.(W \ {0}), fl; € Ce(W). Hence
it suffices to prove the theorem for f € C.(W). For I C A,, we set

O = U %8
A,-connected JDIT

It follows from Proposition 4.14 that Oy is open in .S (W) We take a partition of unity
pre C(S(W)), I @?ﬁn, associated to the cover

w(suppf) C | J Or

Ieemln

It suffices to prove the theorem for the functions f7(v) = f(v)¢r(mw(v)), I € @?in.
Hence, we may assume that @}nin = {I} for some \,-connected I C A,. Then

(@.(f),b.(f)) = (a(I),b.(I)) and  ©.(f) = {L(])}.

By Corollary 4.40, there exists a compact set U C al>* such that

m(supp f)NV>® C U (Kexp(U + aj )(WUQ)I),
IE@f

m(supp f) N (V) C m(K exp(U + af )Wuy).

Hence, as in (6.6), we have

/ £(gv0/T) d(g)
G/H

/ > / / MDA (wio) /T | €(a + u) dadudk.

wew Aed, ( wvo)

We apply Theorem 6.1 to the integral over a;r in place of a. For x = > . A, Valt, We
set

%ZQGAU\I},

ax (= max
me

Iyi={a €A, \1:-% <ay},
by == #((As \ 1)\ I).

We write
— Z tXeX(a)
XE=

for some t, # 0 and = C a*. Let

=/ = — = =
::{Xe‘:‘:aX:CLQp?bX:pr} and Z'==-Z2".
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Note that for y € 2", we have ay, < ag, = a,(I) and if ay = ag,, then by < by, = b,(I)
and I, D Iy, where I, UI = I,(I). By Theorem 6.1 and the dominated convergence
theorem,

1

TIEI;O T%2p (log T)bzp—l /;/H f(gUU/T) d:u'(g)

_KJ/K Z /U/a+f (kexp(u—i—a)(wvo)lh(l)) r.n)(u+ a) dadudk

wew
(6.14) =K f (kexp(a)(wug) ') &1, (a) dadk
/. > ]1( ") 1.0
where

K = Vol(a} Nker(Ily,) N{A\ = 1}),
0" = {a € ar/(ker(I2,) Nker(p)) : a(a) >0, a € Iz},
e ={a € a/(ker(I,(I)) Nker(p)) : a(a) >0, a € I,(I)},
(6.15) Ennla) =Y teX@.

Therefore (6.13) holds with the measure ve,(f) given by the formula

/W fdve,, = /K > / 7 (kexp(@)wio) ) &, 1) (a) dadk

It is clear that vg, (f) is G-invariant and homogeneous of degree a,(f). Also, it follows
from Proposition 4.33 that

Kexp(eJr)W[L(I)(wvo)IL(I) =R*t. Kexp(alb(l)’Jr)Wlb(I) (wvo)IL(I)

is a single G-orbit. It follows from Theorem 6.1 that vg, ;) is locally finite on R*. VI‘LX(’ n:

Since x € E" if and only if x € 2p + Xy (;), the formula (6.15) for £, ;) is same as
(5.21) in Corollary 5.19. Hence (5.20) agrees with (6.14). Since {7, 5y # 0 on a set of
full Lebesgue measure on 01, the limit measure is strictly positive on nonempty open
subsets of G(Wug)"(!). This shows that Ve, (f) 1s concentrated on RT - Vl‘f‘(}), proving
the theorem. 1

Remark 6.16. For any f € C.(W \ {0}) and a \,-connected I C A, satisfying the
conditions of Theorem 5.1, if

(a(f):0.(f)) < (a(1),b.(1)) < (a,b),
with respect to the lexicographic order on the pairs, then by Theorem 6.12,

) 1
TIEI;OTG(IOgT)b_l/G/Hf(QUO/T)dQ—O—/WdeL

where v; is a G-invariant measure on W concentrated on R - Vre.
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7. DISTRIBUTION OF INTEGRAL POINTS

Let G be a connected noncompact semisimple Lie group with finite center, H a
symmetric subgroup G, and ¢ : G — GL(W) an almost faithful irreducible over R
representation of G such that for some vy € W, Stabg(vg) = H.

Let I" be an irreducible lattice in G such that H N T is a lattice in H. We choose
Haar measures dg dh, du on G, H, G/H respectively such that

/G fdg = /G y /H F(gh) dh du(g), £ € C.(G).

It is convenient to normalize the measures so that

Vol(G/T') = Vol(H/(HNT)) = 1.
The following result was proved in [EM] (see also [DRS]):
Theorem 7.1. For every ¢ € C.(G/T),

/ ¢(vh) dh — ¢dg asv— oo in G/H.
H/(HNT) G/r

Remark 7.2. The condition that the lattice I' is irreducible in G can be relaxed. In
fact, it suffices to assume that G = Gy --- G, for noncompact normal subgroups G;’s
such that I' N G; is an irreducible lattice in G; and G = G;H for all 7. If this is the
case, then for v = ¢1---9,H — oo, we have g; — oo for all 7 and Theorem 7.1 holds
(see [Sh, Corollary 1.2]).

For T'> 0 and f € C.(W), define

(7.3) Fr(g)= Y. flgvo/T), g€G/T.

~eT /(TNH)
Proposition 7.4. Let ¢ € C.(G/T") such that fG/F ddg =1 and f € C.(W\{0}) with
m(supp f) NV £ (). Then

1

TIEEO Tab(f)(logT)bL(f) Al ¢) = /Wde@L(fy

where vg, 5y is as given by Theorem 6.12. Furthermore,

Jim [ flgu/T)dulg) =00 = (Fr. ¢~ [ flgw/T)dulg) asT - oc.
—oo JG/H G/H

Proof. We have

(Fr, ¢) = /G X S/l dy - / f(gu0/T)é(g) dg

~el/HNT G/HAT

_ / F(gvo/T) ( / ¢<gh>dh) dpu(g)-
G/H H/HND
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By Theorem 7.1, for every ¢ > 0, there exists a compact set D C G/H such that

/ d(gh)dh —1| < ¢
H/(HNT)

for g€ G/H \ D. Then

(75) (Fr.o)~ [ flgw/T)dulo)
G/H
<e|[  Hgw/T)dutg)| + w(D) |l (ol + D)
G/H\D
The second part of the proposition now follows immediately. And the first part of the
proposition follows from Theorem 6.12. O
Theorem 7.6. For every f € C.(W \ {0}) with w(supp f) N V> # 0,
1
lim Z f(yvo/T) :/ I dve,(p),
oo Tau(f b.(f)—1 ¢
70 () (log T)*(F) ~er/(CNH) w

where vg, 5y 1s as in Theorem 6.12.

Proof. Without loss of generality, we may assume that f > 0. Given ¢ > 0 there exists
a compact symmetric neighborhood O, of e in G such that

[f(gv) — f(v)| <e Vg€ O, YveW,
We can assume that O. C O1. Define f£ € C.(W) by
(7.7) f(v) :=max f(g-v) and f(v) = min f(g-v), Yve&W.

9€0; g€,
For any T > 0, let Fr and Frf be defined as in (7.3) corresponding to f and f,

respectively. Then

Fy(9) < Fr(e) < Fy(g9), Vg€ O-.
Hence, if ¢ € C.(G/T"), with ¢ > 0, supp ¢ C O, and fG/F ¢dg = 1, then
(7.8) (Fr,e)< > f(ywo/T) = Fr(e) < (Ff, ¢).

~€eT/(TNH)

Since each RT -V is G-invariant, we have

(7'9) @L(f:_) = @L(f) > @L(fs_)
(7.10) (a.(f2),0.(f5)) = (@u(£),b.(f)) > (au(£2),0.(f2))-
In view of Remark 6.16, by Proposition 7.4, we get
. Fr, ¢
(7.11) Jim o f)<<10Tg T)zb( P /W J= dve,(p)-
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Combining (7.8) and (7.11) we conclude that

Fr(e)
(7.12) / fodve,(p) < hni}o%f Tal (logT)bL
. Fr(e)
<
(7.13) < lljrfisolip Tl )(IogT NG _/ I dve, (f

By (7.7),
(7.14) £ dve,(py— | [fdve,p) <e-veo,p(supp fF) <e- Vo, () (supp ).
w w !
By Theorem 6.12 and (7.9), yeL(ﬁ)(supp fi7) < oo. Since € > 0 can be chosen arbi-
trarily small, (7.16) follows from (7.12) and (7.14). O

Note that for any f € C.(W \{0}), we have (a,,b,) > (a,(f),b.(f)). Therefore using
Remark 6.16, from Theorem 7.6 and Theorem 6.4 we can deduce the following.

Theorem 7.15. For every f € C.(W),

(7.16) i i S fow/T) = [,

N L b, —1
T—oo T%(logT) Oy
where v, is as in Theorem 6.4. O

Proof of Theorem 1.12. Let I' C G(Q) be an arithmetic subgroup that preserves the
integral structure on W(Z). Since G and H admit no nontrivial Q-characters, by [BH],
I is an irreducible lattice in G, I'N H is a lattice in H, and V(Z) is a union of finitely
many orbits of I':

n
Z) = U Fgﬂ]o.
=1

For any T > 0, consider a locally finite measure 7 on W defined by

1
mr(f) = TaL(logTblee%(:Z)f v/T), f€C(W).

Then

mr(f) = Tar( logT bb_l Z Z f(vgivo/T)

=1 yer/(PngiHg; ")

1
W Z Z f(givyvo/T).

=1 yeg ' Tgi/ (9] 'Tg:NH)

Note that ¢g;I'g; C G(Q) is an arithmetic subgroup of G, and (gZ-I’gi_l) N H is a lattice
in H. It follows from Theorem 7.15 that the limit

7= lim 7p
T—o0
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exists in the weak™ topology, and 7 is the G-invariant measure concentrated on G(W -
vp)!* which is given by

"\ Vol(H/(g; 'T'g; N H))
(Z Vol(G/T) ) o

i=1

where v, is as in Theorem 6.4.
Let ¢ € C(S(W)), ¢ > 0, and let ¢ be the characteristic function of [1/2,1). Take
¢>1, close to 1, and ¢, 9" € C.((1/4,2)) such that

0<¢™ <1, ¥~ <Y <vT, W lepey =1, supp(¥™) C [c71/2,d).
Then for fy(v) := ¢(w(v))Y(||v]]), Yv € W, we have
mr(fyp-) < mr(fy) < Tr(fys),
T(fy) < 7(fu(c™M0)) = cr(fy),
T(fy-) < 7(fp(c'0)) = 7 (fy).
Taking ¢ — 1, this implies that
e Y 6 = Jim w () = (/).
veV(Z):T/2<||v||<T
Using that
#(V(Z) N Br) < T*(log T)" ™",

the proof can be completed by an easy geometric series argument.
We also compute an explicit formula for the limit measure p,. Let ¢ € C(S(W)), x
be the characteristic function of (0, 1), and define

fx(w) = ¢(x(©)y([lv]]), for all v e W.

It follows from (6.8) that for some ¢y, co > 0,

(7.17)
/S(W> P = /K H;V /um /R Fx (kexp(a)e' (wuo)™) &1, (a)e™* didadk
§1,(a)

= C s expla)lwvy L a .
= [ X [ o rthesp@tun)) o doa

O

Proof of Theorem 1.11. Theorem 1.11 follows from Theorem 1.12 approximating the
characteristic function of the cone by continuous functions. O

Proofs of Theorems 1.18 and 1.19. Proofs are based on Theorem 6.12 and Theorem 7.6
and are similar to the proofs of Theorem 1.11 and Theorem 1.12. We skip details. It
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follows from Theorem 6.12 that the measure ug, (¢ is given by the formula

(7.18) / P due,(g)
S(W)

= Z /K Z /ql,+ ¢ (W(kexp(a)(w%)[)) r(a) ) dadk

1€6,(9) 7 K wew 1k exp(a) (wuo)||

where ¢ € C(S(W)) and ¢ > 0. O

7.1. Proof of Corollary 1.7. Take any € > 0 and Consider the cone
C={weW\{0}: ||r(w) —v| <&}

Since V'*° has only finitely many orbits of G the cone is generic for sufficiently small
e > 0.

Suppose 9C, the boundary of C, has strictly positive measure with respect to the
smooth measure class on a G-orbit, say O1, contained in V°°. Since O; and 9C are real
analytic varieties, we conclude that O; C dC. Since V*° has only finitely many distinct
G-orbits, and dC are disjoint for distinct € > 0, we conclude that C is admissible for
sufficiently small € > 0. Now the corollary follows from Theorem 1.6. O

8. COMPARISON WITH CHAMBERT-LOIR—TSCHINKEL CONJECTURE

Recently, Chambert-Loir and Tschinkel proposed a general conjecture about asymp-
totics of the number of integral points on algebraic varieties. A weaker version of this
conjecture appeared in [HT]. To facilitate a comparison, we state some of our results
using the language of arithmetic algebraic geometry.

Let G be a connected QQ-simple adjoint algebraic group, which is isotropic over
R, and X the wonderful compactification of G. The wonderful compactification was
constructed over C in [CP] and over arbitrary field of odd characteristic in [CS]. It is
a smooth projective variety defined over Q such that G is contained densely in X, and
D := X\ G is a divisor with normal crossings and smooth irreducible components.
Given a field k£ D Q, we set X, = X xq k. Let Pic(Xc) be the absolute Picard group,
A (Xc) C Pic(X¢) @ R the effective cone, and Kx the canonical class. We denote
by Ac the system of simple roots of G. It was shown in [CP] (cf. [BK, Sec. 6.1]) that
there is an isomorphism A\ — [L,] between the weight lattice of G and the Picard group
Pic(X¢) such that the irreducible components of the boundary divisor D correspond to
L, a € Ac. Note that these irreducible components generate a finite index subgroup
in Pic(Xc) (the root lattice). Given v € X(C) and [L] = }_ A, a[La] € Pic(Xc), we
set

I(v)={a€Ac:vesuppLy} and [L], = Z dolLa)-
acl(v)

We define a metric on the real projective space:
_ =yl

Ml WD = e Tl

where ||-|| is the standard Euclidean norm.
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Theorem 8.1. Let G be a group scheme over Spec(Z) with generic fiber G. Then there
exists k € N such that for every ample metrized line bundle L = (L, Hz) on X defined
over Q, every v € (X\ G)(R), and every sufficiently small e = £(v) > 0,

1
#{z € g(%Z) s d(z,0) < e, Hp(2) < T} ~p—oe ¢- Tlog T) 7L,
where
c=c(v,L,e) >0,
a=a(v,L)=inf{r: r[L], + [Kx + D]y € Aegt(XC)v},

b= b(v, L) = the co-dimension of the face of Aeg(Xc)o
=T containing alL], + [Kx + D], ’

Remark 8.2. Theorem 8.1 holds with k = 1 if we take v € G(Z)G(R)°. In particular,
we can take k = 1 when G(R) = G(Z)G(R)°. This equality holds assuming that G is
Q-split and G is the canonical Z-model of G (see [GaO, Remark in Sec. 2]).

Remark 8.3. Our results also apply to non-smooth compactifications of G (for ex-
ample, one can take the closure of the image of G under the irreducible representation
with the highest weight ) now, with some n, = 0). We expect that an analogue
of Theorem 8.1 holds with parameters (a,b) computed with respect to the minimal
resolution of singularities of the pair (X, D). A basic example of this type was worked
out in [HT].

Proof of Theorem 8.1. We refer to [BK, Sec. 6.1] for standard facts about the wonderful
compactification. Recall that the effective cone Aeg(Xc) is generated by [Lg] for a €
Ac, the ample cone is generated by [L,] for & € Ac (ws’s are the fundamental
weights), and

Kx ~—Lyp. = Y La,
aEAC

where 2pc¢ is the sum of positive roots of Ac. The support of L, is isomorphic to
the fibration over G/P, x G/P,, where P, is the maximal parabolic subgroup corre-
sponding to «, with fibers equal to the wonderful compactification of the adjoint form
of the Levi subgroup of P,. This implies that the Galois action on Pic(X¢) correspond
to the twisted Galois action (x-action) on Ac.

We denote by A the system of restricted roots (with respect to a Cartan involu-
tion) chosen so that r(Ac) = A U {0} where r is the restriction map. We have the
decomposition into disjoint G-orbits:

x=J o
ICAc

where Oa. = G and O; C supp L, iff a ¢ I. The structure of the set X(R) was
described in [BJ, Ch. 7]. In particular, we have

X([R) = | 0,-1(R).
ICA
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o

The set X(R) is a union of of finitely many Satake compactifications V of G(R)° so
that V7 C O,-1(p)(R) for every I C A. It follows from the weak approximation for
G that each connected component of G(R) contains a rational point. We take k € N
so that each connected component of G(R) contains a point from g(%Z). By Borel-
Harish-Chandra theorem, G (%Z) is a union of finitely many G(Z)-orbits, and it suffices
to compute the asymptotic for each of these orbits. For simplicity, we consider the
orbit of the identity.

For a € A, we set

La = Z erl(a)'

BEAC
Let J =r(I(v)) C A. Thenv € A\ If L ~ Ly for a dominant weight A, we get
Me Uq
L|, = T Lals [EKx+ Dy = T Lal;
(L= ¥ s e ol [Kxo+ D= 3 2 (L)

aed acJ

where m,’s and u,’s are given as in (1.9).
Passing to a tensor power, we may assume that L ~ L) is very ample and linearized,
and ) is in the root lattice. Let ¢« be the Q-representation of G on H°(X, L). Then

He(z) = H(u(2)), 2z€G(2),

where H is the standard height function with respect to a lattice A € H°(X, L). Passing
to a finite index subgroup, if necessary, we may assume that ¢(G(Z)) C Stab(A). Then

He(2) = 2N, 2 €6G(2),

where ||-|| is a norm on HY(X, L)®R. Since the representation ¢ has the unique highest
weight A, the results of Section 1 apply (see Corollary 1.7 and Example 2.4). O
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