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Interventions without experiments [Pearl, 1995]

XSmoking

U

Genetic factors

Y Lung disease

Observational distribution
P(X, Y)∑

u

P(U = u)P(X|u)P(Y|X,u)

→
XSmoking

U

Genetic factors

Y Lung disease

Intervention distribution
P(Y | do(X = x))∑

u

P(U = u)P(Y|X = x, u)

Identification problem [Pearl, 1995]

When is P(Y = y| do(X = x)) computable given the observed distribution P?

Not always!
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Identifiable models

But sometimes it is. . .

X Z Y

U

Identification

P(Y | do(X = x)) =
∑
z

P(Z = z|X = x)

·
∑
x′

P(X = x ′)P(Y = y | Z = z, X = x ′).
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Deciding identifiability
A long line of work culminated in the following striking result

Complete Identification [Huang and Valtorta, 2008; Shpitser and Pearl, 2006, . . . ]

An efficient algorithm with the following characteristics exists:
Input: Semi-Markovian graph G = (V, E,U,D), disjoint subsets X, Y of V

Output: Either
A rational map

ID(G,X, Y) : P(V) 7→ P(Y | do(X)), or

A certificate of non-existence of such a map

Note
The observed distribution P is not an input to the algorithm
The output is not numerical, but a symbolic, exact description of the map
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Complete Identification [Huang and Valtorta, 2008; Shpitser and Pearl, 2006, . . . ]

An efficient algorithm with the following characteristics exists:
Input: Semi-Markovian graph G = (V, E,U,D), disjoint subsets X, Y of V

Output: Either
A rational map

ID(G,X, Y) : P(V) 7→ P(Y | do(X)), or

A certificate of non-existence of such a map

ID assumes. . .
Exact knowledge of observed distribution P
Exact knowledge of the model G (no “missing” edges)
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Stability of the identification map

G = (V, E,U,D) is a semi-Markovian graph
ID(G,X, Y) : P(V) 7→ P(Y | do(X))

Statistical stability
How sensitive is ID(G,X, Y) to small perturbations in the input P?

Model Stability
How sensitive is ID(G,X, Y) to extra assumptions (missing edges) in G?
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Perturbations in the input: Condition number

G = (V, E,U,D) is a semi-Markovian graph
ID(G,X, Y) : P(V) 7→ P(Y | do(X))

Suppose instead of P, we get P̃ as input to ID(G,X, Y), such that∣∣∣∣log P̃(·)P(·)

∣∣∣∣ 6 ε ≡ RelP 6 ε, in ‖ · ‖∞ norm

Condition number

κID(G,X,Y) =

lim
ε↓0

sup

RelP6ε

RelP(Y| do(X))
RelP

How large is the relative error in the output compared to that in the input?

e.g., κ for computing conditional probabilities from P is at most 2.
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Perturbations in the input: Inaccurate models

G = (V, E,U,D) is a semi-Markovian graph
ID(G,X, Y) : P(V) 7→ P(Y | do(X))

Suppose instead of P, we get P̃ as input to ID(G,X, Y), such that

(1− ε) 6
P̃(·)
P(·)

6 (1+ ε) ≡ RelP 6 ε, in ‖ · ‖∞ norm

Ignoring “weak” edges
The same framework of perturbations to P can handle “model stability” as well!

[see paper for details]
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Condition number of causal identification

Theorem: There exist highly ill-conditioned examples!
There exists an infinite sequence of semi-Markovian graphs Gn with n observed
vertices and disjoint subsets Sn and Tn of the observed vertices such that

κID(Gn,Tn,Sn) = exp
(
Ω

(
n0.49

))
This is a property of the ID map itself, not of an algorithm computing it!

On these examples, any algorithm computing ID may lose
Ω

(
n0.49

)
bits of precision

Condition vs. Stability

Paper available at http://www.caltech.edu/~piyushs and in UAI 2016 proceedings
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Condition number of causal identification

Theorem: Good examples exist as well
Let G be a semi-Markovian graph and let X be an observed node in G such that it is
not possible to reach a child of X from X using only the hidden edges. Then, for any
subset S of V not containing X.

κID(G,X,S) = O(|V |).

Identifiability under the above condition was proved by Tian and Pearl [2002]

Paper available at http://www.caltech.edu/~piyushs and in UAI 2016 proceedings
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The bad example (m = 6, k = 4): P(S | do(X,Y )

S1

Y1,1

S2

Y1,2X2

Y1,3X3

Y1,4X4

Y2,1

S3

Y2,2

Y2,3

Y2,4

Y3,1

S4

Y3,2

Y3,3

Y3,4

Y4,1

S5

Y4,2

Y4,3

Y4,4

Y5,1

S6

Y5,2

Y5,3

Y5,4
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Problem: Characterize models based on condition number

Question
Given a semi-Markovian model G and subsets S and T ,

output tight bounds on the condition number of ID(G, S, T)

Why?

If an identification problem is very badly conditioned, one needs very precise
data for causal identification to be useful
Evaluate different models w.r.t. utility for causal identification
A more indirect reason. . .
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Approximate causal identification through stability

Suppose P(S | do(T)) is not identifiable in G,
but becomes identifiable if some “weak edges” are removed

ε-weak edge
e = (A,B) is ε-weak if for all a, a ′,∣∣∣∣log P(B = · | parents(B) = ·, A = a)

P(B = · | parents(B) = ·, A = a ′)

∣∣∣∣ 6 ε
Observation: Approximate identification of unidentifiable models
If P(S | do(T)) is identifiable in G ′ = G− {e}, and

κID(G′,T,S) 6 α,

then ∣∣∣∣log PG(S| do(X))
ID(G ′, T, S)(P)

∣∣∣∣ 6 O(α · ε)
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Appendix
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Condition number and numerical stability

Condition number is a property of the function
Numerical stability is a property of a floating point algorithm

ADD : (x1, x2, . . . , xn) 7→ x1 + x2 . . . xn

Condition number
κ =

∑n
i=1 |xi|

|
∑n
i=1 xi|

= 1, for positive xi

Numerical stability: Naive linear summation

O(n · ε · κ)

Numerical stability: Kahan summation

O(ε · κ), to first order in ε

ε is the “machine epsilon”

•
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