
Valentine’s Day 2012 Ay 21 E.S. Phinney
Galaxies and Cosmology

Problem Set 5 Due in class, 21 February 2012

Reading: Carroll and Ostlie (2nd edition), pages 1172-1176 and pages 1183-1199 of Chapter
29. And/or Maoz Astrophysics in a Nutshell, Chapters 8 and 9.

Homework Problem:

1. In an accelerating or decelerating Universe, the redshift z = a(t0)/a(te)− 1 we measure for a
particular source (at rest in comoving coordinates), will slowly change over time t0.

a) Show that the rate of change is

dz

dt
= H0(1 + z)−H(z) , (1)

where H(z) = ȧ/a is the Hubble constant at the time of of emission.

b) How much does the redshift of a source at z = 0.5 change over 10 years, in our k = 0,
ΩΛ = 0.73, Ωm = 0.27, H0 = 71km s−1 universe? Discuss the practicality of measuring
this [note: high resolution optical spectroscopy of narrow quasar absorption lines pro-
duced by cold clouds can achieve a precision ∆λ/λ ∼ 1/300, 000 (“1km s−1” resolution).
You might also consider radio or submm measurements of HI or CO lines.]

2. Our universe became transparent at recombination, z ∼ 1088. Suppose that the protons,
electrons and helium nuclei in the universe had not recombined at z ∼ 1088, but had remained
fully ionized (e.g. by early-formed hot stars or accreting black holes). At what redshift zt will
expansion make such a universe transparent (for simplicity, you may neglect He, and assume
the universe is made entirely of hydrogen)? Give both a formula and a numerical value.

Hints: 1) the interaction between photons and free electrons is through Thomson scattering
[the electric field of passing light accelerates each electron. Accelerated electrons radiate.
The ratio of the luminosity radiated by the electron to the incident Poynting flux of radiation
has units of area, and is called the Thomson cross-section, σT = 8π/3(e2/mec

2)2 = 0.665 ×
10−24cm2]. 2) The probability that a photon is scattered in traversing a physical distance
d` = c(dt/dz)dz is neσTd`, where ne is the physical (not comoving) electron density. 3)
the comoving electron density, neglecting He, is Ωbρc,0/mH , where ρc,0 is the present critical
density, Ωb = 0.045 and mH is the mass of a hydrogen atom.

3. In the previous problem, it was suggested that an early generation of stars or black holes
might have produced enough ionizing (hν > χI = 13.6eV) radiation to keep the universe
mostly ionized even after the redshift at which the universe would have recombined without
those sources zrec = 1088.

a) Show that the ionizing sources must have emitted an energy per comoving volume of at
least (

Ωb,0ρc,0
mH

)2 ∫ zrec

zt

(1 + z)3αB(T (z))χH
1

H0E(z)

dz

1 + z
. (2)

1



where αB(T ) ' 2.6 × 10−13(T/104K)−1/2cm3s−1 is the case B radiative recombination
coefficient (case B means we don’t count recombinations direct to the n = 1 levels of
hydrogen, which emit a photon which just reionizes another atom. Recombination to
higher levels emits a series photons which are all too low energy to ionize hydrogen in
its ground state, where most of the hydrogen at this temperature resides).

b) Evaluate this result numerically. For simplicity you may assume the radiation maintains
a constant gas temperature of T = 3000K.

c) What fraction of the baryonic rest-mass energy density does this represent? Could it
have come from stars (stars in galaxies have Ω∗,0 = 0.0024, mostly in low mass stars
which don’t emit ionizing radiation).

4. In Bondi and Hoyle’s original steady-state expanding universe, nothing changed with time:
the Hubble constant H was time-independent, the proper density of gas, stars and galaxies
was time-independent (maintained by a matter creation-field and new formation of galaxies
and stars to make up for the dilution of the old ones by the expansion of the universe). Show
that in this universe, the comoving radial distance

Dc(z) = (c/H)z , (3)

the luminosity distance
DL(z) = (c/H)z(1 + z) , (4)

and the number of objects of constant proper density np out to redshift z is

N(< z) = 4πnp(c/H)3

(
ln(1 + z)− 3z2 + 2z

2(1 + z)2

)
. (5)

5. Show that if a distant object has a spectrum Fν ∝ ν−α, then the absolute magnitude MB

(defined as the magnitude the object would have at a distance of 10pc) in a narrow frequency
band B (as emitted by the source) is related to the apparent magnitude in that same band
(as observed at earth) by

MB = B − 5 log10A(z) +K(z)− 43.13 , (6)

where K(z) = 2.5(1− α) log10(1 + z), and for the steady-state universe, A(z) = z(1 + z).

6. Observers have counted the number of quasars per square degree of sky, and measured their
redshifts. Roughly, the number of quasars per square degree brighter than apparent magni-
tude B is

log10N(< B) = 0.84(B − 18.3) for 14 < B < 21 , (7)

and for this range of B, the number of quasars per logarithmic interval in redshift z is roughly
constant for −1 < log z < 0.5 (i.e. 0.1 < z < 3).

a) Show that the number of quasars observed per square degree with B in dB and z in dz
is therefore

n(B, z)dBdz ' 0.56e1.93(B−18.3)dB
dz

z
(8)
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b) Quasars have roughly Fν ∝ ν−1, i.e. α = 1. Prove that our universe is not a steady-state
universe. [Hint: consider MB = −26 quasars. Find the apparent magnitude they have at
z = 0.5 and z = 2 in the steady-state universe. Show that in the steady-state universe,
the predicted number of sources with a constant proper density np in a solid angle ω,
per log redshift interval is

dN

d ln z
= ωnp

( c
H

)3
(

z

1 + z

)3

. (9)

Use this to predict the ratio of the number of MB = −26 quasars expected to be observed
at z = 2 to z = 0.5 in the steady state universe, and compare to the number observed
(equation 8)].

7. 20% Extra Credit: For our actual universe (not steady-state), compute the space density
Φ(MB) of MB = −26 quasars at z = 0.5 and at z = 2, where Φ(MB)dMBdVc/dzdz ≡
n(B, z)dBdz (the latter given by observations: see equation 8).
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