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1. Olber’s Paradox revisited

We consider a t = 10 Gyr old non-expanding universe. With this finite age only light that as
come from stars within ct has had enough time to reach the Earth, so we can only include those
stars in trying to figure what fraction of the sky is covered. We circumvent dust-absorption by
looking in K-band, so our universe is pretty transparent. The total galaxy luminosity density
is 2 × 108L�,K Mpc−3. Assuming this luminosity is only produced by Sun-like stars we can
divide by the luminosity of the sun to get the mean stellar luminosty, n = 2× 108 Mpc−3. It
doesn’t matter that the stars are confined in galaxies as this is an average quantity. We want
to figure out the fraction of the sky subtended by the stars in the universe. We first note that
this density is not particularly high and thus we won’t have to worry about star overlapping
each other in line-of-sight.

The solid angle subtended by any given star is Ω = A/r2 = πR�/r
2. We’d add these up if

we had positions to all the stars but we don’t, instead we have a distribution for the stars.
So instead, we can write that the change in the total solid angle is related to each star that
appears in the sky by

dΩT =
A

r2
dN =

πR2
�

r2
ndV , (1)

where in the second expression we’ve replaced the differential for the number of stars with the
number density distribution times the volume element (4πr2dr for our isotropic distribution).
We can integrate this expression from r = 0 to r = ct and divide by the solid angle of the
sky, 4π, to get the fraction of the sky that is covered yielding,

Ωf =
4πn

4π

∫ ct

0

πR2
�

r2
r2dr = nctπR2

� = 9.8× 10−16sr . (2)

This is a rather small fraction of the sky, so our dark night sky makes sense in a young
universe.

Alternatively, we could have thought of looking out into the sky along a particular sight-line
and figured out the chances of hitting a star given a distribution n. A sight-line will intersect
a star if the star is within R� of the sight-line. The cross-section of interaction is thus
σ = πR2

�. The mean-free path (distance between instances in which the sight-line intersects
a star) is l = 1/nσ. Going from Earth out to ct, you would expect to encounter on average
µ = ct/l stars. We consider a sight-line intersecting a star to be rather unlikely and model
the process using the Poisson Distribution for the probability of x events occurring given a
mean occurrence of µ,
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P (x ; µ) =
µx

x!
e−µ (3)

For a random sight-line we want the probability of intersecting at least one star, P (x ≥ 0) =
1− P (0). This is given by

pf = 1− P (x = 0) = 1− e−µ = 1− (1− µ) = µ =
ct

l
= nctπR2

� , (4)

Where we expand the exponential in small µ. This matches our previous expression for the
fraction of the sky that is covered by stars.

2. Fiat Lux

a) The universe is composed of Hydrogen, 1
1H, and Helium, 4

2He, and we want to consider
the fusion of these elements into iron, 56

26Fe. To determine the energy release we must
know the binding energies of these nuclei. 56

26Fe has a binding energy of 8.8 MeV per
nucleon and 4

2He has a binding energy of 7.1 MeV. We consider the fusion of the Hydrogen
separately from the Helium. We don’t concern ourselves with the intermediary reactions,
just the final products, and account just for the number of nucleon necessary.

56 1
1H→ 56

26Fe (5)

14 4
2He→ 56

26Fe . (6)

To determine the energy released we compare the binding energies of the left and right-
hand sides. For Hydrogen there is no binding energy, so there is ε1 = 56 * 8.8 Mev =
492.8 MeV released per Fe produced. For the Helium reaction there is ε2 = (56*8.8 -
14*7.1*4) MeV = 95.2 MeV released per Fe produced.

Now we need to know how much Fe can be produced from ρb = 4.2 × 10−31 g cm−3.
We are given the mass fractions, so the number density of Hydrogen, nH = 0.75ρb/mH ,
where mH = 1.6733 × 10−24g is the mass of Hydrogen. Similarly the number density
of Helium is nHe = 0.25ρb/mHe, where mHe = 6.6465 × 10−24g. Using the reaction
equations we can write down an expression the total energy density released, if all the
baryons were converted to iron,

u = ε1nH/56 + ε2nHe/14 = aT 4 , (7)

where the numerical factors account for the number of nucleons needed in each reaction
and the last equality gives the temperature of the energy since we take it to have ther-
malized into blackbody radiation. The constant a is the radiation constant. Solving for
temperature gives us T = 4.4K

b) We can use Wien’s displacement law for the peak wavelength of the blackbody function
(taking the derivative of the blackbody function with reset to wavelength and setting it
equal to zero will give the same result).

λpeakT = 0.289777cm K . (8)

Plugging in our temperature from a) gives λpeak = 0.066 cm, sub-millimeter wavelengths,
these are typically radio waves.
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c) The problem gives the luminosity per volume as L = 3×108L� Mpc−3. We consider this
to be the rate at which the energy density computed as part of problem a) is produced
since the source of the stellar luminosity is nuclear fusion. We can get the time it would
take be dividing the energy density u by this rate

t =
u

L
=
aT 4

L
= 2256 Gyr . (9)

This time is much greater than the current age of the universe, 13.7 Gyr.

d) Our result suggests that it would take a time much longer than the current age of the
universe to use up all of the baryons at the current rate. However, for a universe filled
uniformly with stars in which the light is produced via nuclear energy production, the
stuff producing light would eventually run out. Thus , if the universe stretches infinitely
back in time, the baryon density should have been higher in the past than it is now.
This contradicts the notion of a static universe inherent to Olber’s paradox. There is
also a limit to how dense it could have been in the past. The results suggest that the
universe is not likely static and is finite in time, making it possible that not all the light
has had enough time to reach the Earth.

3. C&O 29.18

The absorbing cloud is at redshift z = 1.776. The redshifted is related to the scale factor, R
as R = (1 + z)−1. At the current time, the scale factor is taken to be unity and decreases
farther back in time (with increasing redshift). The temperature of blackbody radiation is
inversely related to the scale factor, so the radiation was hotter at earlier times (see C&O eq.
29.58). This relation is evident if you think about Wien’s displacement law and the relation
between temperature and wavelength for an expanding universe. Using a CMB temperature
of T0 = 2.7 K, we get a cloud temperature of,

T = T0/R = T0(1 + z) = (2.7K) ∗ (2.776) = 7.5K . (10)

This temperature coincides well with the measured temperature of the cloud 7.4±0.8 K. The
cloud is likely heated by the CMB.

4. C&O 29.19

Consider the CN molecule and the excited rotational state at ∆E = 4.8× 10−4 eV above the
ground state. We describe the degeneracy of each level by gi. There are three excited levels
so there is a degeneracy of ge = 3. The ground state is a single state and isn’t degenerate,
gg = 1. We relate the number of the populations of molecules with the respective levels using
the Boltzmann equation (C&O eq. 8.6).

Ne

Ng
=

ge
gg

exp−∆E/kT . (11)

We are told that the ratio of excited to ground state molecules is Ne/Ng = 27/100. Plugging
into equation 11 and solving for T we get a temperature of 2.31 K. If we take the cloud to be
in equilibrium with the CMB this gives us an estimate of the CMB temperature.
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5. C&O 29.20

We want to compare the number of CMB photons to the number of television station photons
received in the range 3.41m ≤ dλ ≤ 3.66m. Let’s start with the CMB. Eq. 9.5 gives the energy
density of black body radiation within an interval dλ,

u = uλdλ =
8πhc/λ5

ehc/λkT − 1
dλ (12)

Let λ0 = 3.535 m, the center of the wavelength band. We can then write the number density
as,

nCMB ≈
uλ0

hc
=
uλ(λ0)∆λ λ0

hc
, (13)

where we divide by the energy per photon. For the television station we consider the power
output of 25,000 Watts to be wavelength independent. The station is 70 km away, so the flux
recieved in the antenna is S = P/4πd2. This is the magnitude of the Poynting Vector S. We
convert to energy density by dividing by the speed of light and then to number density by
dividing by the energy per photon.

nT ≈
Pλ0

4πd2hc2
. (14)

The ratio nT /nCMB thus gives ratio of television photons to CMB photons.

nT
nCMB

≈ λ5
0P (ehc/λ0kT )− 1

32π2d2c2h∆λ
. (15)

Converting to cgs (1 Watt = 107 erg s−1 etc. ) and plugging in gives a ratio of 8.92 × 108.
The television signal swamps the CMB signal.
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