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1 Separability

For a group G, subgroup H < G, and g ∈ G \ H, we say that H and g are
separated in G if there exists a finite index subgroup K < G such that H < K
and g /∈ K. If for every g ∈ G \ H, g and H are separated, we say that H is
separable in G. G is residually finite if {1} is separable in G.

Whether a subgroup H is separable in G is intimately tied to the profinite
topology on G. Recall that the topology on a topological group is completely
determined by a neighborhood basis at any g ∈ G since left (respectively, right)
translation is a homeomorphism. Consequently, one need only declare a neigh-
borhood basis at any g; indeed, this always endows G with a topology for which
G is a topological group. The profinite topology on G is the topology given by
declaring the finite index subgroups of G as a neighborhood basis for the iden-
tity. Equivalently, this is the weak topology on the collection of all surjective
homomorphisms of G onto finite groups where the latter are equipped with the
discrete topology.

The following is easily verified.

Proposition 1.1. H is separable in G if and only if H is closed in the profinite
topology on G.

2 Abstract functions and Long’s lemma

For a non-abelian free group Fr with free generating set x1, . . . , xr, a reduced
word w ∈ Fr, and group G, we define the abstract function Φw : Gr −→ G by

Φw(g1, . . . , gr) = w(g1, . . . , gr).

Example 2.1.

For r = 2 and w = x1x2
2x−2

1 x2, the function Φw is given by

Φw(g, h) = gh2g−2h.

The following appears in [1].
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Proposition 2.1 (Long’s verbal lemma). Let G be a residually finite group,
Φw an abstract function, and H < G be maximal with respect to vanishing on
Φw. Then H is separable in G.

Proof. For g ∈ G \H, there exists h1, . . . , hr−1 ∈ H such that

Φw(h1, . . . , hj−1, g, hj , . . . , hr−1) = g′

and g′ 6= 1. Since G is residually finite, there exists a finite group L and
a surjective homomorphism ρ : G −→ L such that ρ(g) 6= 1. Let L′ < L
be subgroup maximal with respect to vanishing on Φw, viewed as an abstract
function on L. In addition, we insist that ρ(H) < L′. By construction, ρ(g) /∈ L′.
Thus, setting K = ρ−1(L′), we obtain the needed finite index subgroup which
separates H and g.

The following is a straightforward generalization of Proposition 2.1.

Proposition 2.2. Let G be a residually finite group, F a family of abstract
functions on G, and H a subgroup maximal with respect to vanishing on F .
Then H is separable in G.

Proof. For each function Φ ∈ F , let KΦ be maximal with respect to vanishing
on Φ and H < KΦ. By Proposition 2.1, KΦ is separable in G. The proof is
completed by noting that

H =
⋂

Φ∈F
KΦ

since H is maximal with respect to vanishing on F and the intersection of
separable subgroups is separable.

3 Continuity of abstract functions

The following is our first generalization of Proposition 2.1.

Theorem 3.1 (Continuity of abstract functions). Let G be a group and
Φw : Gr −→ G, an abstract function. Then Φw is continuous with respect to the
profinite topology.

Proof. It suffices to show that for a closed set C ⊂ G, Φ−1
w (C) is closed. In turn,

it suffices to show for each (g1, . . . , gr) /∈ Φ−1
w (C), there exists a finite group L

and a surjective homomorphism

ρ′ : Gr −→ L′

such that ρ((g1, . . . , gr)) /∈ ρ(Φ−1
w (c)). By assumption w(g1, . . . , gr) /∈ C. Since

C is closed, there exists a finite group L and a surjective homomorphism ρ : G −→
L such that w(g1, . . . , gr) /∈ ρ(C). Altogether, we have the diagram

Gr
ρ×···×ρ//

Φw

��

Lr

Φw

��
G ρ

// L
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Setting L′ = Lr and ρ′ = ρ × · · · × ρ yields the desired pair. To see this, note
that by construction ρ′(g1, . . . , gr) /∈ Φ−1

w (ρ(C)). However,

ρ′(Φ−1
w (C)) ⊂ Φ−1

w (ρ(C)).

Thus, (ρ′)−1(Φ−1
w (ρ(C))) is a closed set which contains Φ−1

w (C) but not (g1, . . . , gr).

For a pair of subgroups H,K < G and an abstract function Φw, we say that
K evaluates in H under Φw if Φw(Kr) ⊂ H.

Corollary 3.2. Let G be a group, H < G a closed subgroup, and K a subgroup
of G maximal with respect to evaluating in H under Φw. Then K is separable
in G.

The corollary follows at once from Theorem 3.1 in combination with the
following proposition (see [2]).

Proposition 3.3. Let G be a topology group and H < G a subgroup. Then the
closure of H in G is the intersection of closed subgroups which contain G.

4 Generalized abstract functions

For a finite collection Φw1 , . . . ,Φw`
of abstract functions with w1, . . . , wr ∈ Fr

and a finite number of elements g0, . . . , g`+1, we define the function

Φw1,...,w`,g0,...,g`+1 : Gr −→ G

by

Φw1,...,w`,g0,...,g`+1(h1, . . . , hr) = g0Φw1(h1, . . . , hr)g1 . . . g`Φw`
(h1, . . . , hr)g`+1.

We call such functions generalized abstract functions

Theorem 4.1. If G is a residually finite group, Φ is a generalized abstract
function, and H a subgroup maximal with respect to vanishing on Φ, then H is
separable in G.

Proof. The proof is identical to the proof of Proposition 2.1

Corollary 4.2. If G is a residually finite group, F is a collection of abstract
functions, and H is maximal with respect to vanishing on F , then H is separable
in G.

Corollary 4.3. If G is residually finite and H is a maximal k–step solvable
subgroup of G, then H is separable.
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Proof. Set Hj = [H,Hj−1], H0 = H. Since H is k–step solvable, Hk = 0.
Define the following functions:

1Φh1(g) = [h1, g], h1 ∈ H
2Φh1,h2(g) = [h2,

1Φh1(g)], h1, h2 ∈ H

...
...

...
...

kΦh1,...,hk
(g) = [hk, k−1Φh1,...,hk−1(g)].

Let FH denote the collection of all kΦh1,...,hk
. By assumption, for every Φ ∈ FH ,

Φ(H) = 0. If there exists g ∈ G \ H such that Φ(g) = 0 for all Φ ∈ FH , then
〈g,H〉 is a solvable subgroup of step size k. However, the existence of such a
g is in direct opposition with the maximality of H. Thus, H is maximal with
respect to vanishing on FH . Therefore, by Corollary 4.2, H is separable.

Corollary 4.4. If G is a residually finite group and H is a maximal solvable
subgroup, then H is separable in G.

Corollary 4.5. Let G be a residually finite group, H < G a subgroup. Then
the centralizer of CG(H) is separable in G.

Proof. For each h ∈ H, define Φh(g) = [h, g] and set F = {Φh}h∈H . Then
CG(H) is maximal with respect to vanishing on F . Thus by Corollary 4.2,
CG(H) is separable.

Theorem 4.6. Let G be a group, F a collection of generalized functions, H
a separable subgroup, and K maximal with respect to evaluating in H on the
family F . Then K is separable in G.

Corollary 4.7. Let G be a group, H a separable subgroup, and K = HG(H)
the normalizer of H in G. Then K is separable in G. More generally, let H be
the profinite closure of H and K be maximal with respect to conjugating H into
H. Then K is separable in G.
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