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ABSTRACT. We study quasi-random properties of k-uniform hypergraphs. Our
central notion is uniform edge distribution with respect to large vertex sets. We
will find several equivalent characterisations of this property and our work can
be viewed as an extension of the well known Chung-Graham-Wilson theorem
for quasi-random graphs.

Moreover, let K} be the complete graph on k vertices and M (k) the line
graph of the graph of the k-dimensional hypercube. We will show that the pair
of graphs (K, M(k)) has the property that if the number of copies of both
K and M(k) in another graph G are as expected in the random graph of
density d, then G is quasi-random (in the sense of the Chung-Graham-Wilson
theorem) with density close to d.

1. INTRODUCTION

We study quasi-random properties of k-uniform hypergraphs, k-graphs for short.
The systematic study of quasi-random or pseudo-random graphs was initiated by
Thomason [28, 29]. Roughly speaking, Thomason studied deterministic graphs G,
of density p that “imitate” the binomial random graph G(n,p), i.e., graphs G,
that share some important properties with G(n,p). One of the key properties of
G(n,p) is its uniform edge distribution and Thomason chose a quantitative version
of this property, so-called jumbledness, to define pseudo-random graphs. Subse-
quently Chung, Graham and Wilson [5] (building on the work of others) considered
a variation of jumbledness (see property Pj below) and showed that several other
properties of G(n,p) are equivalent to it in a deterministic sense. In particular,
those authors proved the following beautiful result.

Theorem 1 (Chung, Graham, and Wilson). For any sequence (Gp)nen of graphs
with |V (G,)| = n the following properties are equivalent:
Py : for all graphs F we have Nj(Gy,) = (1/2)(2)7”/ + o(n?), where £ = |V (F)|
and Nj(G,) denotes the number of labeled, induced copies of F' in Gy;

Py e(Grn) > 3(5) —o(n?) and N¢,(Gy) < (n/2)* +o(n*), where Cy is the cycle

on 4 wvertices and N¢,(G) denotes the number of labeled (not necessarily
induced) copies of Cy in Gy;

Py e(Gy) = 3(5) — o(n?), A (Gy) = n/2+o(n), and |A2(Gp)| = o(n), where
Xi(Gy) is the i-th largest eigenvalue of the adjacency matriz of G, in ab-
solute value;

Py : for every subset U C V(G,,) we have e(U) = %(‘gl) +o(n?);
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Ps : for every subset U = |n/2] we have e(U) = n?/16 + o(n?);

Po: >, 1s(uv) —n/2[ = o(n?), where for vertices u,v € V(G,) we set
s(u,v) = {z € V(G,): ux € E(G,) < vz € E(G,)}|;

Pr: 3, [codeg(u,v) —n/4f = o(n3), where for vertices u,v € V(G,,) we set
codeg(u,v) = |{z € V(G,,): ux € E(Gy) and vx € E(G,)}]. O

Note that, e.g. due to property Py, the density of G,, must tend to 1/2. However,
the properties P, ..., P; can be altered in a straightforward way and the analogue
of Theorem 1 holds for all fixed, positive densities. Moreover, graphs satisfying one
(and hence all) of the properties P, ..., P; are called quasi-random and Py, ..., Pr
are quasi-random properties. The list of quasi-random properties was extended by
several authors (see, e.g., [19, 20, 22, 23, 24, 25, 30]). Another result related to our
work here is the following due to Simonovits and Sés [23].

Theorem 2 (Simonovits and S6s). For every d > 0, every graph F on { vertices
containing at least one edge, and every € > 0 exist § > 0 and ng such that the
following is true. If G = (V, E) is a graph with |V| = n > ng vertices such that
Np(U) = d*FInt 4 6n’ for every subset U C V, where Np(U) denotes the number
of labeled copies of F in the induced subgraph G[U], then e(U) = d(‘gl) +en? for
every subset U C V. |

We consider extensions of Theorem 1 and Theorem 2 to k-graphs. Chung and
Graham [2, 4] and Kohayakawa, R6dl, and Skokan [15] studied extensions of some
of the properties P, ..., P; and showed their equivalences. Roughly speaking, a k-
graph H,, of density d is quasi-random, in their sense, if the edges in H,, intersect a
d-proportion of the cliques of order k of every (k —1)-graph on the same vertex set.
In fact, this property can be viewed as a generalisation of P, and as it turned out,
this notion of quasi-randomness implies the natural analogue of P; for k-graphs.
On the other hand, for this notion of quasi-randomness there exist no appropriate
extension of Szemerédi’s regularity lemma [27], i.e., there exists no lemma, which
guarantees a decomposition of any given k-graph into relatively “few” blocks, such
that most of them satisfy this notion of quasi-randomness. However, a variation of
this notion together with a corresponding regularity lemma for k-graphs was found
by Gowers [11, 12] and Rodl et al. [9, 18] (see, e.g., [16] for more details).

We study a simpler notion of uniform edge distribution, which only enforces
similar densities induced on vertex sets. More precisely, we consider the following
straightforward extension of Pj.

DISC4(6): We say a k-graph H,, on n vertices has DISC4(¢) for d, 6 > 0, if
e(U) =d(YNy £ on* forall UCV(H,),

where by = y £+ 2z we mean that z lies in the interval [y — z,y + z].

Hypergraphs with property DISC,; were studied in [2, 14] and a straightforward
generalisation of Szemerédi’s regularity lemma for this concept was observed to
hold in [3, 8, 26] (see Theorem 23 below).

We will suggest extensions of properties Py, Py, Pg, and P; to k-graphs which
all turn out to be equivalent to DISCy (the analogue of Py in this context). As a
consequence we obtain a new generalisation of Theorem 1 to k-graphs, which we
present in the next section, Section 1.1 (see Theorem 3). In Section 1.2 we will
discuss a consequence of this generalisation for graphs. In particular, we will show
that for every integer k > 2 the following is true: if the number of copies of the
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complete graph K and of the line graph of the k-dimensional hypercube M (k)
are “right” in a given graph G, then G is quasi-random (see Corollary 4). We will
also verify the equivalence of another property for k-graphs, which is inspired by
Theorem 2 and which we discuss in Section 1.3 (see Theorem 5). Finally, we show
the equivalence of several partite variants of DISCy (see Theorem 6 in Section 1.4).

1.1. Generalisation of Theorem 1. We establish a generalisation of Theorem 1
for k-graphs which is based on DISC,. Since DISCy is the straightforward general-
isation of P, we need to find generalisations of the other properties of Theorem 1,
which are equivalent to DISCy,.

1.1.1. Eaxtension of P,. We start with property P;. This property asserts that the
number of induced copies of a fixed graph F' in G, is asymptotically the same as
in the random graph G(n,1/2). It is well known that DISC; does not imply such
a property for k > 3 as the following example shows: let H,, be the 3-graph whose
edges are formed by the triangles of the random graph G(n,1/2). Chernoff type
estimates show that H,, satisfies DISC; /g with high probability. On the other hand,

the number of labeled (not necessarily induced) copies of Kﬁl),z (the 3-graph with
two edges on four vertices) in H, is ~ n*/32, which is twice as much as the “right”
number (1/8)2n*. Moreover, the number of labeled, induced copies of K {31)2 in H,
is ~ n*/64, while the “right” number would be 49n*/642.

However, it was shown in [14], that k-graphs having DISC4(d) for sufficiently
small § must contain approximately the same number of copies of any fixed linear k-
graph F as a genuine random k-graph of the same density. Here a linear k-graph F
is defined as having no pair of edges which intersect in two or more vertices. In other
words, the property DISCy implies the following counting-lemma-type property,

CL4(F,e): We say a k-graph H,, on n vertices has CLy4(F,¢) for a given linear
k-graph F on { vertices and d, € > 0, if
Np(H,) = d*Fnf +ent

where Np(H) denotes the number of labeled copies of F' in H.
For a property Py, . ., (ai1,...,q;) of k-graphs we say a sequence (Hy)nen of k-
graphs with |V (H,,)| = n has or satisfies P, ... .,, if for all choices of the parameters
ai,...,ap there exists an ng such that H,, satisfies Py, . . (ai1,...,q;) for all
n > ng. Note that the parameters xi,...,x, are fixed for this definition and
the fixed parameters always appear as subscripts on the name of the property.
Moreover, the parameters zi,...,z, and aq,...,a, might be of different types,
like k-graphs, integers, or real numbers. For example, in CL, the parameter oy is
an arbitrary linear k-graph, while x; and s are positive reals. Furthermore, for
two properties Py, ..z, (o1,...,0;) and Qy, .. (B1,...,0s) wesay Py, . ., implies
Quyr,.yg (Pry,zy, = Qyy...y, ), if every sequence of k-graphs (H,,)nen that satisfies
property Py, . ., also satisfies property Qy, ... y,. Moreover, properties Py,
and Qy, ...y, are called equivalent if Py, . o = Q. 4, and Qy, .y, = Pry .. 2,
With this notation, the aforementioned result from [14] states that

DISC, implies CLg. (1)
The discussion above suggests that the “right” extension of P; in our context

involves linear k-graphs, which leads to the following definition for the induced-
counting-lemma-type property.
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ICL4(F', F,e): We say a k-graph H,, on n vertices has ICL4(F’, F, ) for given
linear k-graphs F' C F with V(F') =V (F) = [¢] and d, € > 0, if

Nio p(Hy) = d®FD (1 — d)eE=eF Dt £ ent

where N, (Hpy) denotes the number of labeled, induced copies of F’ with
respect to I in H,, i.e., Ni p(Hy) is the number of injective mappings
p: V(F) — V(H,) such that for all edges e of the supergraph F' we have
p(e) € E(H,) if and only if e is an edge of the subgraph F”.
The notion of induced copies with respect to a linear supergraph F' may look a bit
artificial. But it generalises the usual notion of induced graphs in the case of graphs,
as may be seen by setting F' = K, to be the complete graph on the same vertex
set. We will show that ICL, is equivalent to DISC, for k-graphs (see Theorem 3
below).

1.1.2. Eaxtension of P,. Next we focus on a generalisation of P,. For that we need
to identify a k-graph which in some sense allows us to reverse the implication
from (1). Note that there are k-graphs O known, which have the following property:
if O appears asymptotically in the “right” frequency in H,, then H, must satisfy
DISC,. However, to our knowledge all known k-graphs O with this property are
non-linear and, as shown for example in [14], DISC4(0) never yields the “right”
frequency for any non-linear k-graph O. Below we will define a linear k-graph M
with the same property, i.e., M plays the role of Cy for k > 3. (In fact, for k = 2
the graph M will be equal to Cy.)

For a k-partite k-graph A with vertex classes X1,..., Xy and ¢ € [k] we define
the doubling db;(A) of A around class X; to be the k-graph obtained from A by
taking two disjoint copies of A and identifying the vertices of X;. More formally,
db;(A) is the k-partite k-graph with vertex classes Y7,...,Ys, where Y; = X; and
for j # i we have Y; = XjUXj with Xj = {Z |z € X;}. Thus Z denotes the copy
of . Moreover, the edge set of db;(A) is given by

E(de(A)) = E(A)U{{.’il, cey i1, T4, ‘%iJrl, Ce ,.’fk}l {1’1,%2, Co ,xk} € E(A)}

For the construction of the k-graph M we will start with a single hyperedge K,
which can be seen as a k-partite k-graph with partition classes of size 1, and itera-
tively double this k-graph around the partition classes. More precisely,

M = dbg(dbg—1(...db1 (Kg)...)).
More generally, set
My =K, and M;=db;(M;_;) forj=1,...,k,
so that M = Mj. We observe that for every j =0,...,k we have
V(M) =2 + (k= )2 and |[B(M;)| =2/
Moreover, for the vertex partition X;U...UX} of M; we have
IXi|=...=1X;|=2""" and |Xju|=...=|Xx| =27

As already mentioned for graphs (k = 2) the corresponding graph M is Cy4 and for
k > 3 the k-graph M will turn out to be the “right” generalisation for our purposes.
In fact, it follows from the Cauchy-Schwarz inequality that if H,, contains at least
an!V@l labeled copies of some given k-partite k-graph A, then H,, contains at least
(a — o(1))n!V(@:(ADI Jabeled copies of db;(A). Consequently, every k-graph H,,
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with at least d(}) + o(n*) edges contains at least (@ — 0(1))n*2""" labeled copies
of M. Hence, the random k-graph of density d contains approximately the minimum
number of copies of M and as we will see k-graphs H,, having N (H,) close to
the minimum number will satisfy DISC4. More precisely, we will show that MINg4
is another property equivalent to DISC; (see Theorem 3 below), where MINy is
defined as follows.

MIN,(g): We say a k-graph H,, on n vertices has MIN(¢) for d, € > 0, if
e(Hy) > d(}) —en® and Ny (H,) < 4 k2T ek

We did not find any interesting generalisation of property P; from Theorem 1
to k-graphs for k > 3. Moreover, the extension property Py in this work is DISCy
and the generalisation of Pj is straightforward (and the implication Ps; = P, would
follow similarly to Fact 18). Hence, we continue with the discussion of properties
P6 and P7.

1.1.3. Extension of Ps. From our point of view property Py is closely related to the
appearance of subgraphs of Cy. More precisely, for a graph G,, let EVEN¢, (G,,)
be the sum of the number of labeled induced copies of subgraphs of Cy with an
even number of edges, i.e.,

EVENg, (Gn) = Nj ¢,(Gn) + 4Np, ¢, (Gn) + 2N3k, 0,(Gn) + N&, 0, (Gn) ,

where ) is the subgraph of C4 without any edges vertices, P; is the path with i
edges, and 2K is a matching consisting of two edges. Note, that there are four
different ways to select a path of length two within a Cy and there two different
way to fix a matching of size two in any given Cj, while there is only one way to
fix a C4 or an “empty C,” within a cycle of length four. Similarly, set

ODDg, (Gn) = 4Np, ¢,(Gn) +4Np, o, (Gr) .

We can rewrite ODD¢, (G,,) and EVEN, (G,,) in terms of s(u,v) (cf. Ps in Theo-
rem 1) as follows

EVENG, (Gn) = 3 (s(,0)? + (n = s(u,0))?) + o(n")
u,veV

and

ODDg¢, (G,) =2 Z (s(u,v)(n - s(um)) +o(n*).
u,veV
Hence, property Pg is, due to the Cauchy-Schwarz inequality, equivalent to the
following property.

P} : |[EVENg,(G,) — ODD¢, (Gn)| = > (2s(u,v) — n)? = o(n?).

For the extension of P} to k-graphs, we replace Cy by M from property MIN
and in order to deal with arbitrary densities d > 0 we need a different weight
function for the subgraphs of M. For a k-graph H, and 1 > d > 0 we define a
weight function w: (V(f”)) — [-1,1] and set for e € (V(f”))

u,veV

w(e) =

1—d ifee E(H,)
—d  ifed E(H,).
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For a labeled copy A of a given k-graph A in the complete k-graph on V(H,) we
set

w(d)= [] wle).

ecE(A)

It is easy to check that for a graph G,, and d = 1/2 we have
[EVENC, (Gy) = ODDg, (Gn)| = 16| 2, w(Ca)| + o(n),

where the sum runs over all labeled copies Cyy of Cy in the complete graph on V (G,,).
With this in mind, we define the generalisation of Py as follows, which may be
viewed as a weighted form of MINy.

DEV,(e): We say a k-graph H,, on n vertices has DEV4(¢) for d, € > 0, if
S w(ND)| < enk? ™!

where the sum runs over all labeled copies M of M in the complete k-graph
on V(H,).

Again Theorem 3 will show that DEV is equivalent to DISC,.

1.1.4. Extension of P;. The last property we consider here is P;. Roughly speak-
ing, P; asserts that most pairs of vertices of GG, have approximately n/4 neigh-
bours and this implies, on the one hand, that the number of labeled C,’s in G,
is close to n*/16, while, on the other hand, for most vertices v the number of
labeled Cy’s containing v satisfies -, o\ (codeg(v,w))? ~ n x (n/4)? as well as
D wweN(v) codeg(u, u’) ~ (deg(v))?(n/4), which yields deg(v) ~ n/2. Conse-
quently, Pr implies P, and the reverse implication follows from the Cauchy-Schwarz
inequality. From this point of view the obvious generalisation of P; concerns the
number of labeled copies of Mj,_, attached to a fixed, labeled set of 2¢~1 vertices.
We now make this precise.

Let H, be a k-graph on n vertices. Let X be the (unique) largest vertex class
of My_1 and, for ¢ = 2871 let zq,... ,Zq be an arbitrary labeling of the vertices
of Xj. For an ordered set w = (uy,...,uq) of ¢ vertices in V(H,,), we denote by
ext(My—_1, Hp,u) the number of copies of My_, in H,, extending u in a canonical
way, i.e., ext(My_1, H,,u) is the number of injective, edge preserving mappings
v: V(My_1) — V(H,) with ¢(z;) = u; for i = 1,...,q. The generalisation of P;
then reads as follows.

MDEGy(e): We say a k-graph H,, on n vertices has MDEGy(¢) for d, € > 0,
if

Zu eXt(Mkfla Hn7u) - d2k71n(k_1)2k72 < gn(k+1)2k72

2k—1

where the sum runs over all ordered -element subsets w in V(H,,).

After this discussion of the extension of properties Py, Py, Ps, and P; we state our
first result (for the proof see Section 2), which asserts that those generalisations are
equivalent (recall the definition of equivalent properties in the paragraph above (1)).

Theorem 3. For every integer k > 2 and every d > 0 the properties DISC4, CLg,
ICLg4, MINg, DEVy, and MDEG, are equivalent.
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Note that, due to MIN, restricting ICLy to all pairs of k-graphs F' C F for
¢ > k2F1 fixed is already equivalent to DISCy and, in fact, P, was stated in [5] in
that form.

In the proof of Theorem 3 we will use (1) which was proved in [14]. We will
include a direct proof of the implication from DEV, to CL4 in Section 2.5.

1.2. Quasi-random pairs for graphs. Theorem 3, although a result about k-
graphs, has an interesting consequence for graphs. Recall property P essentially
says that if the density of a graph G is at least d — o(1) and the density of 4-cycles
is at most d* + o(1), then G is a quasi-random graph with density d. In other
words, lower and upper bounds on the number of K5 and Cy in G imply that G
is quasi-random and the question arises which other pairs of graphs replacing Ko
and C4 have the same effect. Such pairs are called quasi-random pairs (cf. notion
of forcing pairs in [5]). For example, it was noted in [5] and [25] that Cy may be
replaced by any even cycle or any complete bipartite graph K, ; with a,b > 2 and,
furthermore, every pair of even cycles of different length and every pair of distinct
complete bipartite graphs with one vertex class of size 2 are quasi-random pairs.
Moreover, it follows from the recent work of Hatami [13] that C4 can be replaced
by Qg, the graph of the k-dimensional hypercube for k > 2.

However, all those quasi-random pairs consist of bipartite graphs and it would be
interesting to find quasi-random pairs involving non-bipartite graphs (see, e.g., [20]).
Below, we will use Theorem 3 combined with Theorem 2 to verify certain quasi-
random pairs involving cliques.

For an integer k let M (k) be the graph which we obtain if we replace every
hyperedge of the k-graph M}, by a graph clique of order k. Since the k-graph M, is
linear, the graph M (k) consists of 2% graph cliques K}, which intersect in at most
one vertex. Hence, M (k) consists of k28~ vertices and 2* (g) edges. (Alternatively,
M (k) is the graph we obtain from the k-dimensional hypercube, by letting V(M (k))
be the edges of the hypercube and letting edges of M (k) connect two edges of the
hypercube if they have a common end-vertex. In other words, M (k) is the line
graph of the graph of the k-dimensional hypercube Qf.) The following corollary
of Theorem 3 shows that for every k > 2 the pair of graphs Ky and M (k) is a
quasi-random pair.

Corollary 4. For every integer k > 2, every d > 0, and every 6 > 0 exist € > 0
and ng such that the following is true. If G = (V, E) is a graph on |[V| = n > ng
vertices that satisfies

Nk, (G) = dG)nk — en*  and Nar) (G) < d? Gk ™ g okt
then G satisfies DISCy4(0).

Proof. We briefly sketch the proof of Corollary 4. From the given graph G we
construct a k-graph H = H(G), where the hyperedges of H correspond to the
cliques Kj of G. Therefore we have a one-to-one correspondence between the
hyperedges of H and the Kj’s of G, as well as, between the copies of My in H
and the copies of M (k) in G. Hence, the assumption on G implies that H satisfies
MIN, for k-graphs for d' = d(3) and from Theorem 3 we infer that H satisfies
DISCy (¢') for k-graphs for some ¢’ = €’(g) with ¢’ — 0 as ¢ — 0. But DISCy (¢')
for H implies that the assumption of Theorem 2 for the graphs F' = K} and G are
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met and, hence, Theorem 2 yields that G satisfies DISC4(d) for graphs for some
= 4(e). O

1.3. Hereditary subgraphs properties. From Theorem 3 we know that k-graphs
containing the “right” number of copies of M are quasi-random. However, note that
for characterising quasi-randomness the linear k-graph M cannot be replaced by
an arbitrary (linear) k-graph. For example, in the case of graphs, the Cy in P; can-
not be replaced by a triangle, as the following example from [5] shows: partition
the vertex set V(G,,) in four sets X;UX,UX3UX, = V(G,,) as equal as possible
and add the edges of the complete graph on X, of the complete graph on Xs, of
the complete bipartite graph with vertex classes X3 and X4, and of the random
bipartite graph of density 1/2 with vertex classes X;UX, and X3UX,. Simple
calculations show, that G,, defined this way has density 1/2 + o(1) and contains
n?/8 + o(n?) labeled triangles. On the other hand, G,, is not quasi-random, as it
obviously violates P;. Moreover, due to Theorem 1, a quasi-random graph must be
hereditarily quasi-random, since if G,, satisfies Py, then induced subgraphs G, |U]
for large subsets also satisfy Py (with a bigger error). Consequently, any property
equivalent to P, must directly apply to induced subgraphs of linear sized subsets.
(It is not obvious that all the properties in Theorem 1 indeed have this quality,
but e.g. due to Theorem 1 it follows.) Returning to the example of triangles, we
note that the “counterexample” shows that there are graphs which have globally
the “right” number of triangles, but there are large subsets on which the number of
triangles is wrong, e.g. G,,[X1] contains too many (more than (n/4)3/8) triangles.
In order to rule out this phenomenon Simonovits and Sés suggested a notion of
hereditary properties and in [23] they showed that a graph G with density d is
quasi-random if and only if every induced subgraph of G contains the right num-
ber of copies of a fixed graph F' (see Theorem 2). This result has been extended
to the case of induced copies of F' by Simonovits and Sés [24] and by Shapira
and Yuster [20]. We will continue this line of research and introduce hereditary
properties for k-graphs, which are equivalent to DISC,.

Let H, be a k-graph on n vertices and let F' be a k-graph with vertex set
[(] = {1,...,¢}. For pairwise disjoint sets Un,...,U; C V(H,) let Np(Uy,...,Us)
denote the number of partite-isomorphic, copies of F' in H,, i.e., the number of
C-tuples (hq,...,h¢) with hy € Uy,..., hy € Up such that {h;,,...,h;, } is an edge
in Hy if {i1,...,ix} is an edge in F. We define the following properties and show
that they are equivalent to DISCy.

HCLg, r,o(e): We say a k-graph H,, on n vertices has HCLy p o (¢) for a lin-
ear k-graph F with V(F) = [f], a vector a = (a1, ...,a) € (0,1)" with
Zle a; < 1, and d, € > 0, if for all choices of pairwise disjoint subsets
Ui,...,Us C V(H,) with |U;] = |ayn] for all i € [¢] we have
Np(Uy, ..., Up) = d*U) [Teqq Ui| £ ent
HCLg r(e): We say a k-graph H,, on n vertices has HCLy p(¢) for a linear
k-graph F' with V(F) = [{] and d, ¢ > 0, if H,, satisfies HCLy p o (¢) for
every vector a = (o, ..., ay) € (0,1)¢ with Zle a; < 1.
Theorem 5. For every integer k, every linear k-graph F with at least one edge
and V(F) = [{], every d > 0, and every vector a € (0,1)" with Zle o; < lthe
properties DISCy, HCLy p, and HCLy r o are equivalent.
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We prove Theorem 5 in Section 3. We also like to mention that the property
HCLg, r can be weakened in the graph case. In fact, Theorem 2 shows that it suffices
to ensure approximately the right number of copies of the fixed graph F in every
subset U C V(G,,) of the vertices of G,, to make G,, quasi-random. We, however,
need the assumption for all partitions of U into ¢ classes. It seems quite plausible
that this stronger looking assumption is not needed and, in fact, for 3-graphs this
was proved recently by Dellamonica and Rodl [7].

1.4. Partite versions of DISC. Property P; of Theorem 1 has a very natural
bipartite version, stating that the number of edges between two subsets is close to
half of all possible edges between those sets. More precisely, we may consider the
following property.
Pj: e(U,W) = |U||W|/2 + o(n?) for all pairwise disjoint subsets U, W C
V(Gy), where e(U, W) denotes the number of edges with one vertex in U
and one vertex in W.

It is well known that in fact Py and Pj are equivalent. For example P, implies P;
due to the identity e(U, W) = e(UUW) — e(U) — e(W), while Py follows from P;
by considering e(U’, W’) for a random partition U = U'UW’ of a given set U into
classes of size |U|/2.

Below we introduce several partite variants of DISCy for k-graphs, which will
turn out to be equivalent. We start with some definitions. For integers 1 < ¢ < k we
call 7: [€(] — [k] an (¢, k)-function if 3=,y 7(i) = k. The set of all (£, k)-functions
will be denoted by T'(¢,k). For a fixed 7 € T({, k) and ¢ pairwise disjoint sets
Uy,...,Up C V of some vertex set V we say a k-set K € (‘;) has type T (with
respect to (Uy,...,Uyp)), if [K NU;| = 7(¢) for all i € [¢]. The family of all k-sets
having type 7 is denoted by

Vol (Un,...,Us) = {K € (}): K has type 7}

and let vol (Us, ..., Ur) = [Vol-(Uy, ..., Up)| = [Ty (1)

Alternatively Vol (Uy,...,U,) can be considered the complete k-graph with re-
spect to type 7. The actual edges of a k-graph H,, with vertex set V of type 7 with

respect to (Uy,...,U,) will be denoted by
E(Ui,...,Up) = E(H,) N Vol (Uy,...,Up)

and we set e, (U, ...,Up) = |E-(Uy,...,Up)|. Note that for k = 2 and £ = 1,2 there
exists only one (¢, k)-function and edges of the corresponding type are considered
in Py (¢ =1) and in P; (¢ = 2). For general k > 2 we define the following property.

DISCy, - (g): We say a k-graph H,, on n vertices has DISCy , (¢) for some (¢, k)-
function 7, and d, € > 0, if
er(Un,...,Up) = dvol, (Uy,...,Us) +en”
for all pairwise disjoint subsets Uy, ...,U, C V(H,).
Next, we define the notion of the ¢-partite sub-k-graph with respect to the pair-

wise disjoint sets Uy,...,U, C V(H,). The edge set of the complete ¢-partite
k-graph with respect to the classes Uy, ..., Uy is given by

Vol(Uy,...,Up) = U Vol (Uy, ..., Up) (2)
TeT(L,k)
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and the actual edge set of the f-partite sub-k-graph on Uy, ..., Uy is
E(U,,...,Uy) = E(H,)NVol(Uy,...,Uy). (3)
Finally, we consider the following notion of uniform edge distribution.
DISCy(e): We say a k-graph H,, on n vertices has DISCg4 () for some pos-
itive integer £ < k, and d, € > 0, if
e(Ur,...,Up) = dvol(Uy,...,U;) £ en”
for all pairwise disjoint subsets Uy,..., U, C V(Hy).
Note that for arbitrary k the properties DISCy, DISCy 1, and DISCg4 (1) are the
same and DISCgy;, and DISCy (4, . 1) are the same. Moreover, for k = 2 these two

properties are equivalent. The following result states that in fact any version of
DISC defined above is equivalent to any other.

Theorem 6. For all integer £ and k with 1 < ¢ < k, every fized (¢, k)-function T,
and every d > 0 the properties DISCy, DISCg¢, and DISCy » are equivalent.

2. PROOF OF THEOREM 3

In this section we present the proof of Theorem 3. We have to show that for
every k > 2 and every d > 0 the properties DISC,4, CLy4, ICL;, MINy, DEVy4, and
MDEG, are equivalent. As already noted in (1) it was shown in [14] that DISCy
implies CLg4. In Section 2.1 we will show the following obvious implications

CL, ==2t8 . 1CL,

Fact 7 \H/ H/ Fact 9 (4)

MIN, DEV,

and the proofs of the main implications

Lemma 10 Lemma 13

MINy =——=DISC,; and DEV;———= DISCy,

will be given in Sections 2.2 and 2.3. Finally, we prove the equivalence of MDEG,
and MINy in Section 2.4 (see Lemma 14), which concludes the proof of Theorem 3.

In addition in Section 2.5 we verify a more direct proof of the implication from
DEV, to CLg.

2.1. Simple facts. In this section we verify the simple implications from (4). The
first implication, CL; = MIN, follows from the definition that a sequence (H,,)nen
satisfies CLg if for every linear k-graph F' and every ¢ > 0 all but finitely many
k-graphs H,, of the sequence satisfy CL4(F,¢).

Fact 7. For every integer k > 2, every d > 0, and every € > 0 there exists ng
such that the following is true. If H is a k-graph that satisfies CLq(Ky,e/2) and
CL4(M,¢), then H satisfies MINy(e).

Proof. Clearly, satisfying CLq(K},/2) implies e(H,) > d(}) — en” for sufficiently
large n and satisfying CLy(M, ) yields Ny (H) < dIFODIplVODI L enlVDI which
gives MINg4(e). O

A standard argument using the principle of inclusion and exclusion yields the
implication from CLy to ICL,.
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Fact 8. For every integer k > 2, every d > 0, all linear k-graphs F' C F with
V(F') = V(F) = [{] for some integer ¢, and every € > 0, there exists 6 > 0
such that the following is true. If H is a k-graph that satisfies CLd(F, 0) for every
k-graph F with F' C F C F, then H satisfies ICLy(F', F,¢).

Proof. Let 6 = 5/26(F)’6(F/) and H be a k-graph on n vertices. Note that by the
principle of inclusion and exclusion we have

Nip(H) = Y (1) EIN(H).
F'CFCF
Since H satisfies CLd(F, 0) for every k-graph F with F' C F' C F we obtain
N}*?/ F(H) _ de(F/)(l _ d)e(F)—e(F/)nZ + 2e(F)—e(F/)5nZ 7
which shows that H satisfies ICLy4(F’, F,¢). d

We close this section by observing that ICLy; implies DEV .

Fact 9. For every integer k > 2, every d > 0, and every € > 0, there exists § > 0
such that the following is true. If H is a k-graph that satisfies ICLy(M', M, 6) for
every k-graph M’ C M, then H satisfies DEV4(e).

Proof. Set § = 5/22k. Let H be a k-graph on n vertices with vertex set V =V (H)
satisfying ICL4(M’, M, ) for every M’ C M. Recall that the edge weights w of
the complete k-graph Ky on V are 1 — d for edges of H and —d for edges of
the complement of H. Moreover, w(A) for subgraph A C Ky is [eerma wie).

Summing over all copies M of M in Ky we obtain

Dow) = 3 (1= ay ()P OONG (1)
1Y M'CM

Applying the assumption that H satisfies ICL4(M’, M, d) for all k-graphs M’ C M
we get

Swdn= 3 (@1- d)eM") ()2 —e(M") (de<M'>(1 _ @) e 4 5)n|V<M>|
N M'CM

= jz_:o (2;) (a0~ d))j ((~ay1- d))Qk*jn\WMﬂ L s VD]

Consequently, the binomial theorem and the choice of § yields DEV,
‘ S w(M)j < enlVONI
O

2.2. MIN implies DISC. In this section we focus on one of the central implication

of Theorem 3 and prove the following lemma, which asserts that MIN, implies
DISCy.

Lemma 10. For every integer k > 2, every d > 0, and every € > 0, there exists
6 > 0 and ng such that the following is true. If H is a k-graph on n > ngy vertices
that satisfies MINg4(9), then H satisfies DISCqy(e).
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Before we prove Lemma 10 we introduce a bit of notation, which will be also
useful for the proof of Lemma 13. It will be convenient to consider the number of
homomorphisms from certain k-graphs A to some k-graph H, instead of the number
of labeled copies of A in H. Recall that a homomorphism from A to H is a (not
necessarily injective) mapping from V(A) to V(H) that preserves edges. Note that
the difference of the number of homomorphisms and the number of labeled copies
of Ain H is o(|V(H)|'VI), which is inessential for the properties considered in
Theorem 3.

Let A be a k-partite k-graph given with its partition classes Xi,..., X and
let Uy, ...,Us be (not necessarily pairwise disjoint) subsets of V(H) and set U =
(Uy,...,U). We denote by Hom(A, H,U) those homomorphisms ¢ from A to H
that map every X; into U;, ie. p(X;) C U; for all ¢ € [k]. Furthermore, let
hom(A, H,U) = |Hom(A, H,U)].

Moreover, let X; = {z;1,... 7$i,|X7¢\} be a labeling of the vertices of the par-
tition class X;. Then, for an [Xi|-tuple w; = (u1,...,ux,]) € Ui‘Xi| denote
by Hom(M, H,U,i,u;) those homomorphisms ¢ from Hom(M, H,U), that map
the j-th vertex in the ordering of X, to wj, ie., ¢(z;;) = u;. Similarly, let
hom(A, H,U,i,u;) = [Hom(A, H,U,i,u;)|.

The following well known fact (see, e.g. [25]) will be useful for the proof of
Lemma 10.

Fact 11. For every v > 0 there exists n > 0 such that for all non-negative reals
ai,...,an and a satisfying Zfil a; > (1 —n)aN and Zil a? < (1+mn)a®N, we
have |{i € [N]: |a — a;| < ~ya}| > (1 —~)N. O

Proof of Lemma 10. We first make a few observations (see Claim 12 below). For
that let H be a k-graph with vertex set V =V (H) and let Uy, ..., Uy be arbitrary,
not necessarily disjoint, subsets of V. Set U = (Uy,...,Uy). For every j € [k] the
Cauchy-Schwarz inequality yields

> (hom(M;_y, H,U, j,u;))?
u_7’€Uj2j71
1
>
|U; 1%

Furthermore note, that M; = db;(M;_1), i.e., M; arises from M;_; by “fixing”
the vertices from the j-th partition class of M;_1, denoted by X;(M,_1), and
“doubling” all other vertices of M;_; and the corresponding edges. Thus, this
definition yields the following identity for every j € [k].

hom(M;, H,U) = > hom(M;, H,U, j,u;)
uj EU?JI?1

= Y (hom(M;_y, HU. juy))’. (6)

X 2 —1
uJEUj
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Combining (5) and (6), we get

hom(M;, H,U) @ Z (hom(]\lj_l,H,Z/{,j,uj))2

’quUfjil
G 1 , 2
EW Z hom(M;_1, H,U, j,u;)
| ]| u_€U2j71
iSY;
1 2
:W(hom(Mj_l,H,U)) .
J

Iterating the last estimate j — £ + 1 times for some 1 < ¢ < j we get the following
line of inequalities for every integer r between ¢ and j
hom(M;, H,t) = > (hom(M;_1, HU, j,uy))* (7)
u; EUJ?j_l

= ()

Jj—1

2
< Z hom(Mj—17H7uaj7uj))

u]'GUJ?j71
) gi—1 21— T
J 1 )
> H oA Z (hom(M,_1, H, U, r,u,))
i=r+1 1t u,eU2 !
(8)
i 9i—1 2d—r+l
1
z(H |U_|> Z hom(M,_1, H,U, 7, u,) 9)
i=r " w,cU2"?

j—1
27 gi—t+1

_ (11 |U1|> <hom(M“,H,U)) . (10)

Combining the last line of inequalities with Fact 11 yields the following claim.

Claim 12. For all integers k > j > £ > 1 and every 7y, ¢ > 0 there exists n; ¢ > 0
such that for alltd = (Uy,...,Uy) with U; CV the following is true. If

(a) hom(Mp—, H,U) 2 (1 - nj’f)dzeil [T |,[,]f|2€: I |Uz‘_|2£71 and
(b) hom(My, H.U) < (14 m;)d” T, U2 TI 4 |0

1=7+1
hold, then for every r with £ < r < j the following holds. For all but at most
gr—1 gr—1
v5,¢|Ur| tuples w, = (uq,...,usr—1) from UZ = we have

r—1 k
hom(M,—y, HU,r,u,) = (L £.0d% [0 T 10l
=1 1=r+1

Proof of Claim 12. Note that the assumptions (a) and (b) of the claim yield a
lower bound for the right-hand side of (10) and an upper bound for the left-hand
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side in (7). Consequently, for every r between ¢ and j we obtain from (8) and (9)

) r k
S° (om(M, i, H U, ru,))’ < (L) @ [0 [T o™
u,.EUTZT_l =1 i=r+1

and

r—1 k
r—2£ r—1 r—2 r—1
Z hom(M,._l,H,Z/{,r,u,.) > (1 _773',@)2 d2 H |U1|2 H|U1‘2 .
u,€U2 ! i=1 i=r

Hence, a sufficiently small choice of 1; ¢, > 0 yields the conclusion of Claim 12 due to
. . r—1 r—1 —1 r—2 k r—1
Fact 11 applied with N = |U,[*" " anda =d* T[] |UJ* "Il |U:* . O

After those preparations we finally prove Lemma 10. Let k, d, and ¢ be given.
We determine § > 0 as follows: Set 11 =¢/4 and for j =2,...,k let

Vi1 = %(d€)2] 1773'—1,1 ,
where 1;_1,1 is given by Claim 12 applied for j — 1, £ = 1 with 7;_1,;. We then set
0 = nk,1/2 and let ng be sufficiently large.

Suppose the k-graph H with vertex set V satisfies MINy(5). We have to show
that H satisfies DISC4(g). For that fix an arbitrary set U C V. We have to show
that

e(U) = d('g‘) +enk . (11)
This claim is trivial for sets U of size at most en, so we assume |U| > en.

We are going to apply Claim 12 k£ times. We start with j = k, £ = 1, and
Uy = (Uka,...,Uxgk), where all sets Uy ; are equal to V for ¢ = 1,...,k. Note
that the property MIN,(d) shows that for sufficiently large n the assumptions (a)
and (b) of Claim 12 are satisfied by H. Recall, that My = K}, consists of one edge
and

hom(My, H, (V,...,V)) =kle(H)
here. Now the conclusion of Claim 12 for r = k shows that, due to the choice
of ;1 and |U| > en, the assumption (b) of Claim 12 for j = k— 1, £ = 1, and
U1 = (Uk—l,h .. ~,Uk—1,k) with Uy, =V fori=1,....,k—1and Up_1, =U
is met.

Moreover, noting that in general if U; = U;, then hom(My, H,U,1,(u)) =
hom (Mo, H,U, i, (u)) for every u € Uy = U;, we see that conclusion of Claim 12 for
r = 1 applied for j = k, £ = 1, and Uy, yields the assumption (a) of Claim 12 for
j=k—1,0=1, and Uy_;.

In general we apply Claim 12 for j = k,...,1, always with { = 1, and U; =

(Uj,17"'7Uj,k)7 Where Uj71 = . = id = V and Uj,j+1 = . = ik = U and
observe, as above, that the conclusion of Claim 12 for j yield the assumptions for
j—1

This way the conclusion of the last application of Claim 12 for j = £ = 1 and
r = 1 gives a lower and an upper bound for hom(My, H, (V,U,...,U), 1, (u)) for all
but at most 71 1|V| vertices of u € V. Consequently,

kle(U) = hom(Mo, H,(V,U,...,U),1, (u))
uelU
= U1 £ )dUM £y VIUI = dU|* + 50,
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which yields (11) for sufficiently large n. O

2.3. DEV implies DISC. In this section we verify another of the key implication
of Theorem 3, by showing that DEV, implies DISCy,.

Lemma 13. For every integer k > 2, every d > 0, and every € > 0, there exists
0 > 0 and ng such that the following is true. If H is a k-graph on n > ng vertices
that satisfies DEV 4(8), then H satisfies DISCy(e).

Proof. For given k, d and € we set 6 = (5/4)2k and ng sufficiently large. Let H be
a k-graph with vertex set V. = V(H) and |V| = n > ng, which satisfies DEV 4(4).
We want to verify DISC,4(e) and for that let U C V' be a subset of vertices. Again
we may assume without loss of generality that |U| > en.

Again, as in Section 2.2, we consider homomorphisms of M (and its subhyper-
graphs) instead of labeled copies. Additionally to the notation from Section 2.2,
we denote by ¥V = (V,..., V) the vector which contains the vertex set V' & times.
Moreover, we denote by Ky the complete k-graph with vertex set V. Recall that
w: E(Ky) — [-1,1], where w(e) =1 —d if e € E(H) and w(e) = —d otherwise.
We introduce f(M;, H,U), which is a short hand notation for the total weight of
all homomorphisms of M; into Ky with the property that the “last” k — j ver-
tex classes X;y1(M;), ..., Xix(M;) of M; are mapped into U. More precisely, for
7=0,...,k we set

k
f(M;, 2,U) = > [T wee) IT 11 tole@), 2

pEHom(M;,Kv,V) e E(Mj) 1=j+1xeX,;(M;)

where 1y denotes the indicator function of U. Fixing first the image of X;,(M;)
and summing over all homomorphisms ¢ which extend this choice to a full homo-
morphism of M;, we can rewrite f(M;, H,U) as follows

Y k
3 It 3 I ween ] ] o).

wey2d i=1 @weHom(M;,Kv,V,j+1,v) e€ E(M;) i=j+2 zeX;(M;)

Recalling, that M; 1 = db;11(M;), i.e., M;4 arises from M; by fixing the (j+1)-
st vertex class X;i1(M;) of M; and “doubling” all the edges together with the
remaining vertices, and applying the Cauchy-Schwarz inequality to f(M;, H,U)
(to the form stated above), we obtain

(f(M;,H,U))* < [U* f(Mjsr, H,U)

for every j € {0,...,k — 1} and, consequently,

j—1

ok=d ok—1 2k
(f(My, H,U))” < |U*  (f(Mjs1, H,U))
Applying the last inequality inductively for j = 0,...,k — 1 we obtain
ok k—1
|f(Mo, H,U)|™ < U™ | £ (Mg, H, U)| (13)
Since My consists of a single edge we have

F(Mo, H,U) = kle(U) — dk! (V') = Kle(U) — d|U|* + on*,
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since |U| > en and n is sufficiently large. On the other hand, since My = M we
have for sufficiently large n

f(My, H,U) = > [T weee)=>" J[ wle(e) =Vl

peHom(M,Kv ,V) e E(M) M ecE(M)

where the sum runs over all copies M of M in Ky.. Since H satisfies DEV 4(0) we
obtain for sufficiently large n

and consequently (13) yields
kle(U) — d|UF| < (6 + (26)Y/ ¥
which implies
exg(U) = d(lgl) + enk,
for sufficiently large n by our choice of §. O

2.4. Equivalence of MIN and MDEG. In this section we verify the equivalence of
MIN,; and MDEG,. As we will see the implication from MIN,; to MDEG is quite
straightforward. Moreover, the reverse implication would be trivial, if MDEGy
would comprise the assumption that e(H) > d(}) — o(n*). In fact, in the main
part of the proof we will deduce that k-graphs having MDEG, must have the right
density.

Lemma 14. For every integer k > 2, every d > 0, and every e, ¢’ > 0, there exists
5, & >0 and ng such that the following is true.
(i) If H is a k-graph onn > ng vertices that satisfies MIN4(8), then H satisfies
MDEG(e).
(i) If H is a k-graph on n > ng vertices that satisfies MDEGg4(8"), then H
satisfies MINg(g").

Proof. We start with the proof of (). Let k, d and ¢ be given. We set v, 1 = ¢/4
and we let 7,1 be given by Claim 12 applied with j = k and ~;,;. Then set
d = nk,1/2 and let ng be sufficiently large.

Let H be a k-graph on n vertices satisfying MINg(6), i.e., e(H) > d(}) — on*
and Ny (H) < d*MplVODL L 5plVDL and, consequently, for sufficiently large n
we have

hom (Mo, H,V) > dn* — 26n*
and
hom(My,, H, V) < d*Me) VL o5p V(MO
Hence, the conclusion of Claim 12 implies that
ext(Mg_1, H,u) = hom(My_1, H,V, k,u) + %n(kfl)

ok—2 _ (ko—l I %)n(k71)2k_2
for all but at most %71712;971 labeled subsets uy = (ug,...,uk-1) of 2k=1 vertices
in V. Therefore, from our choice of ;1 < ¢/4 we obtain

2k—2

Z ‘ ext(My_1, Hyu) — d? nb=D277 ) < op(brD257%
u

where the sum runs over all labeled 2~ 1-element subsets u of V. This shows that H
satisfies MDEG(¢) and concludes the proof of (i) from the lemma.
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For the second implication of the lemma, we first note that, due to

Ny (H) < Z (ext(My—1, H, U))2

u

property MDEG4(¢'), for sufficiently small choice of ¢, immediately implies
Ny (H) < a2 k2t T gkt

Consequently, we have to show that MDEG(¢') also implies e(H) > d(}) — &'n*.
For that we will verify the following claim.

Claim 15. For all integers k —1 > j > 1, every d > 0 and every v; > 0, there
exists n; > 0 such that the following is true. If

> ’hom(Mj, H,V,j+1,u541) — d¥nlVOI=2
uj+1€V2j

forV =(V,...,V), then

< njnlv(Mj)I

Z ‘hom(Mjfl,H,th, uj) _ d2j71n|V(Mj71)|_2j71

u; €V2'7_1

< yynlV -0l

Before we verify Claim 15, we deduce part (i¢) of Lemma 14 from the claim. For
givene’ > 0lety; =¢’/2and for j =1,...,k—11et n; be given by Claim 15 applied
with 7; and set vj11 = n;. Finally, set 8’ = n,_1/2 and let ng be sufficiently large.
From the assumption MDEG(¢’) standard calculations show that the assumption
of Claim 15 for j = k — 1 is satisfied and the conclusion yields the assumption for
the claim with j = k — 2. Repeating this argument for j =k — 2,...,1 we infer

Z ‘hom(MovH,V, 1,(v)) —dn* | < ynF = %nk,
uev
which yields e(H) = d(}) £ &'n* for sufficiently large n. 0

Proof of Claim 15. For given ~; let n; be sufficiently small, determined later. For
u; € VP set

hom(Mj+17H7Vaj+17uj) = Z hom(Mj+1,H,V,j+1,(uj,u;-)),

1
ujev

i.e., hom(M;i1,H,V, j+1,u;) denotes the number of homomorphisms ¢ from M
to H, where the “first” 2771 vertices of X;;1(M;4+1) are mapped to u;. Here we
have to clarify what mean “first” 2/~! vertices. By that we mean those vertices in
X,4+1(Mj41) which form X4 (M;_1), i.e., the originals before the j-th “doubling”
step. First we observe

hom(Mjo1, HV,j+Lu) = > (hom(My, HV,j+1,(uj,u}))’  (14)

j—1
ujev

and the assumption of the claim enables us to control the right-hand side of (14).
Indeed, due to the assumption of the claim we know that all but at most & njn2'7_1

vectors u; € V2 there exist at most /;n2  vectors ul; € V2™ such that

|h0m(Mj, HYV,j+1, (uJ,u;)) — d2jn‘V(Mj)|*2j| > \/nijnIV(Mf)‘*Zj
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and we call such vectors u; € V2’ deviant. For a non-deviant vector u; € V2’
we infer from (14)

hom(MjJrlv HYV,j+ ]-7uj)

o nzj—ld2j+1n2lv(M]_)‘72j+1 + (3\/7T]+ {1/7]>j)TL2j_ln2‘v(Mj)‘72j+l
— (&7 £ aymynAV D=2 (15)

On the other hand, for all u; € V2j71, we have

hOHl(Mj+1, H, V,] +1, ’LLj) = hOIn(Mj+1, H, V,j, ’LLj) s (16)
where hom(M; 11, H,V, j,u;) denotes the number of homomorphisms ¢ from M;
to H, where the “first” 2/=! vertices of X;(M;41) are mapped to w;. Again, by
“first” 2771 vertices we mean those vertices in X;(M;41) which form X;(M;_q) =

X,;(Mj), ie., those vertices which are fixed in the j-th “doubling” step. Now, we
further rewrite hom(Mjy1, H,V, j,u;) and observe that it equals

hom(Mj+17 Ha Vﬂ ja uj)

= 3 hom(M;, HV.j + 1 (41 (M), @' (X1 (M5-1)) - (17)
(")
where the sum is indexed by all pairs of homomorphisms
(¢, ¢") € (Hom(M;_1, H,V, j,u;))?,

i.e., over all those pairs of homomorphism each of which extends u; to a homo-
morphic image of M;_;. The identity simply says that we obtain all homomorphic
images of M;1 which extend w; as the first 27! vertices in X;(M;;;) by taking
two homomorphic extensions of u; to M;_; (to obtain a homomorphic image of
M;) and attaching another homomorphic image of M; to the image to the thereby
fixed images of X1 (M;). From (15) we obtain another possibility to apply the as-
sumption of the claim and more importantly to connect it with the conclusion. Note
that, given the fixed choice of u; and X 11(M;), there are at most nlV (M) =271 =2
ways to attach such a copy of M;. Therefore, the assumption combined with (17)
yields

hom(Mj11, H,V, j,u;) = (hom(M;j—1, H,V, j,u;))* x d? V1=
4 plVMDI=2TE=2T s p VDL (18)
Combining (15), (16), and (18), we obtain, for non-deviant vectors u; € v
(hom(M;—1, H,V, j,uy))” = (@ & (475 +n;)/d? ynl¥ 1)1

and, consequently, for sufficiently small choice of n; (compared to 7; and d) we have

2i—1

’hom(Mj—17H7V7j7uj) - dzj_ln‘V(Mjfl)lfy_l

< %n\wmmlfw—l

for non-deviant w; € V' Summing over all u; € V2 we get

> ‘hom(Mj—l,H,V,j, w;) —d? plVMi-Dl=2

’Uq‘Esz*l

< %n\V(Mj-m + yign!V =Dl < V(0]
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as claimed. 0

2.5. DEV implies CL. In this section we give a direct proof of DEV; = CL,. For
that we will introduce another version of DISC, called FDISC,, which is motivated

by the quasi-random functions introduced by Gowers in [11, see Section 3]. Tt
will turn out that DEV 4 implies FDISCy (see Lemma 16) and the implication from
FDISC, to CLg4 will follow by similar arguments to those from [11] (see Lemma 17).

Before we define FDISC,, we will generalise the weight function w defined in
Section 1. For a k-graph H with vertex set V and some d € (0, 1], we define the

weight function w: (gvk) = U?Zl (‘;) — [=1,1] as follows: for a set X C V of

cardinality at most k we set

1-d it X € E(H),
w(X) = e B
—d otherwise.
Our weight function is now applicable also to subsets of cardinality smaller than k.
This generalisation will simplify the notation. Moreover, we will again use homo-

morphism instead of copies of k-graphs. In this section we study the following
properties.

FDISCy(e): We say a k-graph H on n vertices has FDISCy(¢) for d, € > 0, if

> ng )| < ent

e [H—’V(H )
for all families of functions g;: V(H) — [—1,1] with ¢ € [k].
For convenience we will work with the following version of DEV,.
DEV/,(¢): We say a k-graph H,, on n vertices has DEV/,(¢) for d, ¢ > 0, if

Z H (e)| < 5nk2k71 .

p: V(M)—V eeE(M)

This definition, though formally different to the definition of DEV, is equivalent
to it. For DEV,; we were summing over all labeled copies of M in Ky, and here
we sum over all mappings from V(M) to V (note that we extended w to (<Vk)
for that). By doing this, we get at most an additional additive error term of
O(nk2" " =1) = o(n*2" "), which is asymptotically negligible.

Lemma 16. For every integer k > 2, every d > 0, and every ¢ > 0 exists § > 0
and ng such that the following is true. If H is a k-graph on n > ng vertices that
satisfies DEV/)(8), then H satisfies FDISCg4(e).

Proof. The assertion DEV,; = FDISC, is a simple generalisation of the proof of
Lemma 13. We only have to replace 1y (p(x)) for z € X;(M;) by 1y (¢(2))-gi(¢(z)).
Thus, applying each time the Cauchy-Schwarz inequality we will square 1y (p(x)) -
gi(¢(x)), and we then only have to upper bound (g;((x)))? by 1. We also now
have to sum over all functions ¢: V(M;) — V (instead over all homomorphisms
¢ € Hom(M;, Kv,V)). With those adjustments the proof works verbatim. d

Let us now consider the implication FDISC = DEV. For that we assume that
FDISC,4(0) holds for some § > 0. Assume now that DEV () is not true, i.e. the
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reverse inequality holds. Let f € E(M) be fixed, thus we have:

> I we)|-

P:V(MF)) =V ec E(M(K))
k—
Z Z H w(go(e))’ > enk?
@ VIMEON{f}=V oV (MF)oV  eeE(MK)
Pl a1y =¢

Using the triangle inequality and a simple averaging argument, we deduce that
there must exist some ¢’ : V(M®))\ {f} — V, such that

) [T w(eto)]>ent
go:V(M(k))—>V e€E(M*))
ely (o 1=

holds. Because M ¥ is a linear hypergraph, we may further deduce that for this
particular ¢" all but one term (i.e. w(¢(f))) in the product J[ ¢ pprm) w(p(e))
depend on at most an image of only one vertex from f under ¢ (this is simply due
to the fact that |fNe| < 1). Thus, with every vertex from f we may associate some
function g; (which will be some part of the product). Moreover, this functions g;
are clearly defined because we are summing only over the extensions of ¢’. This all
shows that taking 0 := e, we will obtain a contradiction to DEV 4(d).

In a similar way, one could show that FDISC, is further equivalent to DISCj,.
This proof however employs similar ideas as in FDISC; = DEV, and we omit it
here.

We close this section with the proof of the implication FDISC,; = CLg.

Lemma 17. For every integer k > 2, every d > 0, every linear k-graph F on ¢
vertices, and every € > 0, there exists § > 0 and ny such that the following is true.
If H is a k-graph on n > ng vertices that satisfies FDISC4(0), then H satisfies
CLd(F, E).

Proof. We may assume E(F) # () and let us fix an edge f € E(F). It suffices to
verify an estimate on

hom(F, H) = > [T e (ele). (19)
peHom(F,Kv,V) e E(F)

the number of homomorphism from F' into H. Here, again, we may further enlarge
the sum by going over all functions ¢: V(F') — V. However, for every ¢ which is
not a homomorphism, there will be an f € E(F) with |p(f)| < k, and thus ¢ will
contribute 0 to the total sum. Noting furthermore that 1z ((e)) = w(p(e)) +d

for every ¢(e) € (V) we may rewrite (19) as

hom(F, H) = Z H (w(p(e)) +d)

p: V(F)—V eeE(F)

> > 1T @w(e(e) +a).
P VENI=V V(R =V c€B(F)
elvimngry=¢

Now we may concentrate on the inner sum. We first multiply out the product
[ecrr) (wp(e)) + d), and consider the inner sum. We obtain the leading term
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d“F)p¥ while the other terms from the product can be interpreted as functions g;
(for every vertex i of f since F' is linear) and we can apply FDISC,4() to obtain an
estimate for the inner sum. Therefore, setting § = £/2*+!, we have shown that the
inner sum is d*)n* £ en* /2 and, hence,

hom(F, H) = d*Fn’ + ent

which implies CL4(F,¢) for sufficiently large n. O

3. PROOF OF THEOREM 5

In this section we present the proof of Theorem 5. We have to show that for
every k > 2, every linear k-graph F with at least one edge and V(F') = [{] for some
integer ¢, every d > 0, and every vector a € (0, 1]¢ the properties DISCy, HCLg, Fa
and HCLg r are equivalent. In Section 3.1 we show the simple implication

HCLg p o =25 HCLy p .

The main part of this section is devoted to the proof of HCLy r = DISC,. For that

we will introduce another property REG,, which will turn out to be equivalent to
DISC, and we then show HCLy4 r = REG, in Section 3.2

HCLg p =222 20 REG, <221 DISC, .

Finally, in Section 3.3 we verify

DISC, ——2et 27, HCLgy Fa -

3.1. HCL4, r,o implies HCLg4 r. The following observation yields the implication
from HCL(LRQ to HCLd,F-

Fact 18. For every integer k > 2, every d > 0, every linear k-graph F with at
least one edge and V(F) = [{] for some integer {, all vectors a € (0,1)* with
Zle a; < 1, and every € > 0, there exists § > 0 and ng such that the following is
true. If H is a k-graph on n > ng vertices that satisfies HCLy r.o(0), then, for all

B € (0,1)¢ with Zle B; < 1, H satisfies HCLg p g(e).

Proof. Note that it suffices to consider the case when a = («,...,a4) and 8 =
(B1,...,B¢) differ in at most one entry, i.e., there is an ¢ € [¢] such that «a; #
and for all j # i we have a; = (3;. Without loss of generality we may assume that
i = {. For given k, d, F, a, and € > 0 we set 6 = emin{ay, 1 — Eie[e] a;}/7 and
let ny be sufficiently large. We then verify the fact for given 3 € (0,1)".

First, we prove the claim for all 3 = (B1,...,080-1,7) with v > «y. Let
Ui,...,Us C V(H) be subsets satisfying |U;| = |Bin] for i € [¢ — 1], |U¢| = |yn]
and P = {W C U;: |W| = |oyn]|}. Since H satisfies HCLg 7o (0) and 8; = o for
all j € [¢ — 1] we infer

Ne(Uy,... .Uy, W) =d*Pagn| ] Ui £ on*
i€[l—1]
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for all W € P. Hence, having each copy of F counted (@ny_ll) times, we obtain,
for n > 1/ay,

lyn] =1
lagn] —1

-1
) > Ne(Uy,... Ui, W)

Np(Uy,...,Up) = <
weP

_ [yn] —1 - [yn] e(F) L
(o =1) (o) 2en Lo
e(F 20 )4
= d* )H|Ui\ia—€n ,
i€[]
which by our choice of § yields the fact for this case.
Suppose [y < ay. Without loss of generality we may assume that Zie[z] Bitap <
1. (Otherwise, first choose 8, = (1 — > ;¢ @i)/2 and then use the proof from
above to finish the claim for §,.) Let Uy,...,U; C V(H) be pairwise disjoint with
|U;| = |Bin], i € [€]. Considering W C V' \ Uy of size |[W| = |agn] we infer from
HCLg r o (6) and the case considered above

. 26
Ne(Uy, ..., Uy, UW) = d*F)(layn| + [Bem]) [ Ui + oT/’e

i€[e—1]
and
Ne(Uy,... .U, W) =dF|agn| ] Uil +6n".
i€[—1]
Hence, we have

Np(Uy,...,U)) = Ne(Uy, ..., U1, UOW) = Np(Uy,...,Up_y, W)

30
= g¢F) ) oy

H |U;| £ il

i€ [(]
which concludes the proof of the fact by the choice of §. O
3.2. HCL4 r implies DISC,. In this section we verify the implication from HCLg
to DISC,4. The proof is based on ideas of Shapira and Yuster [20], the main tools
being the theorem of Gottlieb [10] on the rank of the inclusion matrices and the

weak regularity lemma for hypergraphs. In the next section, Section 3.2.1, we
introduce the result of Gottlieb and its consequences. In Section 3.2.2 we introduce
the weak regularity lemma for hypergraphs and another quasi-random property
REGy, which is equivalent to DISC,. Finally, in Section 3.2.3 we prove that HCLg ¢
implies REGy.

3.2.1. Tools from linear algebra. For positive integers r > ¢ > k the inclusion matrix
I(r,0,k) is an () x (}) matrix defined as follows. For L € () and K € (1] the

entry of Iy, g is given by
I - 1 iftKCL
BET0  otherwise

Note that we implicitly assume fixed orderings on the set of subgraphs (I7) and on

the edge set ([Z]). This does not effect the rank of I(r,¢, k) which is at most (})
and in fact it was shown by Gottlieb [10], that I(r,¢, k) has full rank if r > ¢ + k.
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Theorem 19 (Gottlieb). For all positive integers £ > k and r > £+ k the inclusion
matriz I(r, ¢, k) has rank (}). O

Note that the rows of I(r, ¢, k) can be interpreted as incidence vectors of the edges
of copies of the complete k-graph K, in K,.. For our purposes, it will be convenient
to consider a similar matrix, where the rows correspond to incidence vectors of the
edges of the given k-graph F'. To this end, for a k-graph F' on £ vertices, we define
the matrix A(r, F, k) as follows. The rows of A(r, F, k) are indexed by the labelled
copies of F'in K, and the columns are indexed, as above, by the k-element subsets
of [r]. Now for a labeled copy F of F in K, and a k-set e € ([Z]) the entry Az is
given by

1 ifee E(F)
Ap .= .
' 0 otherwise.

Thus A(r, F, k) isa Np(K,)x ([Z]) and Theorem 19 determines the rank of A(r, F, k).

Corollary 20. For all positive integers £ > k, r > £+k and all non-empty k-graphs
F on ( vertices the matriz A(r, F, k) has rank (},).

Proof. The proof of Corollary 20 is identical to the proof of Lemma 3.1 in [19] and
follows from the observation that the rows of A(r, F, k) span the rows of I(r, ¢, k).
Indeed, summing all rows of A(r, F, k) that correspond to copies F of F with the
same vertex set L € ([Z]) we obtain a multiple of the row in I(r,¢, k) indexed
by L. O

From Corollary 20 we deduce the key lemma of this section, Lemma 21 below. In
Lemma 21 we consider complete, weighted k-graphs on r vertices. Let w: E(K,) —
(0,1] be an arbitrary weight function and F be a fixed k-graph on ¢ vertices. We
set the weight of a labeled copy F of F in K,, as before, to the product of the
weights of the edges of F, i.e.,

ecE(F)

Lemma 21 states that if w(F) is “almost” the same for all copies of F, then w must
be almost constant.

Lemma 21. For all integers £ > k> 2 andr >+ k, every d > 0, every k-graph
F on 0 vertices with at least one edge, and every € > 0, there exists § > 0 such that
if w: E(K,) — (0,1] satisfies

w(F) =d) +4
for all labeled copies F of F in K,, then w(e) = d+e for all e € E(K,).

Proof. Let £, k, r, d, F, and € be given. Due to the continuity of the function 2*
we can choose &’ > 0 such that if |x —log, d| < &’ then |2* — d| < e. Next we fix an
ordering eq, ..., €y, m = (;) of the edges of the K, and an ordering Fy,...,F, for
t=r(r—1)...(r—£+1) of all labeled copies of F in K,. This defines the matrix
A = A(r, F, k) which, by Corollary 20, has rank (;) Thus A: R(;ﬂ) — Rt is an
injective and linear function and consequently there exists a ¢’ > 0 such that the
following holds: if Ay = b and Az = ¢ with ||b — ¢|lo < ¢’ then |y — x|l < €.
Further, due to the continuity of the function log,  we can choose 6 > 0 such that
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if |20 — ()| < §, then |b — e(F)log,d| < & and we fix the § for Lemma 21 this
way.

Now let w: E(K,) — (0, 1] satisfy the assumption of the lemma. Therefore, we
have for every copy F of F in K,

Z log w(e) = logy(d*F) + 6). (20)
ecE(F)
Let y = ((y(e1),-..,y(em)) € R™ be given by
y(e;) = logy we;)
for i = 1,...,m. Then (20) is equivalent to Ay = b where b = (by,...,b;) with
bi = logy(d*") 4 ) for all i € [t].

On the other hand, by Corollary 20 we know that A has rank (;) and, hence,
the system of linear equations Az = ¢ for ¢ = (e(F)logd)1; for the all ones vector
1; = {1}" has at most one solution. Since the everywhere log d vector (log, d)1,, is
a solution to this system of equations, it must be the unique solution x.

From our choice of § we infer ||b—¢||oc < ¢’ and, consequently, due to the choice

of § we have ||y — x||oo < &’. In other words, |log,(w(e;)) —logy(d)| < & for every
i =1,...,m and the choice of ¢’ yields |w(e) — d| < ¢ for all edges ¢ € E(K,). O

3.2.2. Weak hypergraph regularity lemma. For the proof of HCLy p = DISC, we
will use the so-called weak regularity lemma for k-graphs, which is a straightforward
extension of Szemerédi’s regularity lemma for graphs [27]. Roughly speaking, the
property HCLg4 r will imply that for the weighted cluster-hypergraph of a regular
partition the assumption of Lemma 21 hold. Consequently, the densities of all k-
tuples of the regular partition will be close to d and from this we will infer DISCy.
Below we introduce the weak hypergraph regularity lemma and a few related results.

Let H = (V, E) be a k-graph and let Uy, ..., Uy be pairwise disjoint non-empty
subsets of V. Recall that e(Uy, . .., Uy) denotes the number of edges with one vertex
in each U;, i € [k] and the density of (Uy,...,Uy) is defined to be

_ €(U1,...,Uk)
UL ... Ukl

We say the k-tuple (Vi,...,Vy) of pairwise disjoint subsets Vi,..., Vi C V is e-
reqular if

d(Ul, ceey Uk)

|d(Uy,...,Ux) —d(Vq,...,Vi)| < e
for all k-tuples of subsets U; C Vi,..., U, C Vj satisfying |Uy| > ¢|Uy],...|Ux| >
€|Vk|.
Though the notion of weak regularity is not sufficient to imply a general counting
lemma it was shown in [14] that it is strong enough to imply a counting lemma for
linear k-graphs:

Lemma 22 (Counting lemma for linear hypergraphs). For all integers £ > k > 2
and every vy, there exist e = (€, k,v) > 0 and mg = mo(£, k,~y) so that the following
holds.

Let F = ([{), E(F)) be a linear k-graph and let H = (V4U...UV,, E) be an (-
partite, k-graph where |Vi|,...,|Ve| = mo. Suppose, moreover, that for all edges
f € E(F), the k-tuple (V;)ics is (g,ds)-reqular. Then the following holds:

Np(Vi,..., Vo) = erE(F) df Hie[e] Vil i’YHie[f] Vil
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O

A partition V1U...UV; of V(H) will be called a t-equipartition if |Vi| < |Va| <
-+ < |Vi| < V4] + 1 and such an equipartition will be called e-regular if all but
at most ¢(;) of the k-tuples (V;,,...,V;,) are e-regular. The proof of the following
theorem follows the lines of the original proof of Szemerédi (see, e.g., [3, 8, 20]).

Theorem 23 (Weak hypergraph regularity lemma). For all k, to € N and alle > 0
there is a To = To(to,€) and an ng such that for alln > ngy and all k-graphs H onn
vertices there is an e-reqular, t-equipartition of H with t satisfying to <t <Ty. O

In case of graphs, it was noted by Simonovits and Sés [22] that there is a close
relationship between quasi-randomness and the Szemerédi regular partition. In-
deed, it is easily shown that a graph G is quasi-random in the sense of Theorem 1
if and only if G permits a partition such that almost all pairs of partition classes
are regular and have roughly the same density. This generalises to k-graphs in a
straightforward manner.

It will be convenient to consider the property REG, defined as follows.

REG(g): We say a k-graph H on n vertices has REGy(e) for d, € > 0, if
there exists an e-regular, t-equipartition V(H) = VjU...UV; of H with
g(d,e) > t > 1/e for some arbitrary function g(d,e) > 1/¢ independent of
H and n such that d(V; Vi) = d & ¢ for all but at most et* tuples
{ir, ..., i} € ().

It is easy to see that DISCy4 and REG, are equivalent (see, e.g. [3]) and we omit
the proof here.

Fact 24. For every integer k > 2 and every d > 0 the properties DISCy and REGy
are equivalent. (Il

3.2.3. HCLy,r implies REG4. In this section we deduce REGy from HCLy4 p by
proving the following lemma.

17

Lemma 25. For every integer k > 2, every d > 0, every linear k-graph F con-
taining at least one edge, and every € > 0, there exists 6 > 0 and ng such that the
following is true. If H is a k-graph on n > ng vertices that satisfies HCLg p(9),
then H satisfies REGq4(¢).

Besides the results from Sections 3.2.1 and 3.2.2 we will also need the following
consequence of a packing result of Rodl [17].

Lemma 26. For all integers r > k > 2 and every v > 0 there exists an integer
to such that for all t > ty the following holds. If R is a k-graph on t vertices with
e(R) > (1—7) (,i) edges, then there erist at least (1 — ’yrk)(,i) edges in R each of
which belong to at least one copy of K, in R.

Proof. We choose tg large enough to guarantee that the packing result of Rodl [17] is
applicable for t > to and r, k, and . Given a k-graph R on t vertices which contains
at least (1 — ) (Z) edges we first consider the complete k-graph K; on the same
vertex set. From Rddl’s theorem we infer that K, contains at least (1 —~)(;)/(})
edge disjoint copies of the K,.. Taking the same copies of K, we see that at most
v(£) = ;) (})/(}) of them fail to be a subgraph of R since R contains at least
(1—=7) (i) edges. This implies that R contains at least (1 — v — ’y(;))(;)/(;) edge
disjoint copies of K, which implies that all but at most ~yr¥ (i) edges of R are

contained in a copy of a K. in R.
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Proof of Lemma 25. For given k, d, linear k-graph F' with at least one edge and
V(F) =[], and € > 0, we first apply Lemma 21 with ¢, k, and r = {+k, d, F', and
and obtain dgy, > 0. Then we apply the counting lemma, Lemma 22, with ¢, k, and
oL = 0gL/2 to obtain ecr, and mcgr,. Further, we apply Lemma 26 with r, k and
vpr, = €/(2rF) to obtain tpr,. Applying the weak regularity lemma, Theorem 23,
with
erL = min{ecr,e/(2r*)} and to = max{1/ery,tpL}

we obtain Ty. Finally, we choose § = 5GLde(F)/(2“2T0£) and ng > Tomcr suffi-
ciently large to satisfy the equations needed.

Let H be a k-graph on n vertices with n > ng which satisfies HCLy ¢ (d). We
have to show that there exists a partition V;U...UV; = V(H) such that

(i) 1/e <t <Tp (note that Ty = Ty(d, e, F) is independent of H and n),
(i6) Vil = V1| < 1 for all i, € [4
(iii) all but at most et® k-tuples (V;,,...V;,) are e-regular and have density
d=xe.

To this end, we first apply Theorem 23 with egry, and ¢y to obtain a partition
V(H) = V1U...UV,, which already satisfies (i) and (ii) and the first part of (iii),
i.e., all but at most egy, () < 3ett k-tuples (V;,,...V;,) are e-regular. Thus, it
remains to show that all but at most %Etk of the k-tuples (V;,,...V;, ) have density
d=*e.

We consider the reduced (or cluster) k-graph R, i.e., the k-graph on the vertex
set {1,...,¢} with {é1,...,4x} being an edge if and only if (V; Vi.) is €RrL-
regular. Then R is a k-graph on t vertices which contains at least (1 — ery,)(})

edges and we assign to each edge {i1,...,ix} the weight

w(iy,...,ig) =dViy, ..., Vi) .

172

Applying Lemma 26 to R we know that all but at most ypp,r* (i) < %Etk edges
belong to a copy of K, in R. Thus, it is sufficient to show that every edge contained
in a copy of K, has weight d £ .

For that fix a copy of K, in R and without loss of generality we may assume
that Vi,...,V, are the vertices of that copy. Recall that H satisfies HCLg4 () and
as a consequence we have for every injective map ¢: [¢{] — [r]

Ne(Vip(ays - Vip(ey) = d°F) [T Voo £ 00" .

i€[f]
Since each set V,,(;) has size at least n/(2Ty) and § = dar./(272T), we obtain
Ne(WVpys - Vi) = (4 % 6an/2) [T Voo - (21)

1€[{]

On the other hand, applying the counting lemma, Lemma 22, we obtain

Ne(Voys -5 Vpwe) = H w(yp(e)) £ yoL H Vol - (22)
e€E(F) i€[e]

Combining (21) and (22) with the choice of ycr, = dgr/2 we conclude that

[T wlele) =dr +ocr
ecE(F)
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for all injective mappings ¢: [¢] — [r]. By applying Lemma 21 we derive that all
edges {i1,...,ir} have weight d £ ¢ and, therefore, d(V;,,...,V;,) = d £ ¢ which
finishes the proof of Lemma 25. O

3.3. DISCy4 implies HCLy r . In this section we deduce HCLg r .o from DISCy
by proving the following lemma.

Fact 27. For every integer k > 2, every d > 0, every linear k-graph F with at least
one edge and V(F) = [{] for some integer ¢, and every vector o € (0,1]%, there
exists 6 > 0 and ng such that the following is true. If H is k-graph on n > ng
vertices that satisfies DISC4(9), then H satisfies HCLg p ().

Proof. The fact is a simple consequence of the counting lemma, Lemma 22. Indeed
for given k, d > 0, F, o € (0,1)%, and ¢ > 0, set § to be sufficiently small, so
that DISC4(8) implies DISCyx(8) (see Theorem 6) for & = (Scrdmin;ep a;)¥,
where d¢y, is given by Lemma 22 applied for F' and ~ycr, = €/2 and we may assume
dor, < /2. Let ng be sufficiently large and H be a k-graph on n > ng vertices
which satisfies DISC4(9).

Let Uy,...,U; C V(H) with |U;| = |a;n| be pairwise disjoint sets. We consider
the induced f-partite k-graph H[Uy,...,U]. Since H satisfies DISC4(d), by Theo-
rem 6 we infer that H satisfies DISCq(8"). Moreover, since (6')'/*/min;ejq a; <
dcr, we have that (U;,,...,U;, ) is dcp-regular with density d + dcy, for every choice
1<i4; <+ < i < /L. Consequently, Lemma 22 implies

Np(Uy,....Us) = (@) £ (6cr, + yon)) [ Uil = @) ] 1Us| £en®,
i€[f] i€[¢]

which concludes the proof of the fact. ([

4. PROOF OF THEOREM 6

This section concerns the proof of Theorem 6. We have to show that for £ >
£ > 2, every (¢, k)-function 7, and every d > 0 the properties DISCy, DISCy ¢, and
DISCgy,~ are equivalent. The equivalence will follow from the implication

DISCy =228 DISCy 11 |

which holds for every £ =1,...,k — 1 and the equivalence
DISCy , =222 DISC,, =250 DISCyy, |

which holds for every ¢ = 1,... k and every (¢, k)-function 7. Theorem 6 then
follows, since Fact 28 applied for all / =1,..., k — 1 gives

DISCyq = DISCy1 = -+ = DISCyq¢ = DISCg 41 = -+ - = DISCy 1
and Fact 32 applied for the unique (1, k)-function 7 = (1) gives
DISCy,r, = DISCy, 1) = DISCy.
Finally, due to Fact 30 and Fact 32 we have
DISCy ) < DISCy ,

for every £ = 1,...,k and every (¢, k)-function 7. We prove Fact 28, Fact 30, and
Fact 32 in the next section.
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4.1. Equivalence of different versions of DISC. We first deduce DISCy ¢41
from DISCg in a straightforward way.

Fact 28. For all integers 1 < ¢ < k, every d > 0, and every € > 0 the following
holds. If H is a k-graph that satisfies DISCy ¢(¢/3), then H satisfies DISCy s+1(g).

Proof. Let Uy,...,Upy1 C V(H) be pairwise disjoint sets. Then
vol(U, ..., Up_1,Up, Upsr) = vol(Uy, . .., Uyp_r, UgOUps1)
—vol(Uy,...,Up—1,Up) — vol(Uy,...,Up—1,Ups1).
and
eUrs ...\ U1, UpsUpsr) = e(Un, ..., Up1, UdOUp11)
—e(Ur,...,Ui_1,Up) —e(Ur, ..., Up—1,Upy1).
Since H satisfies DISCy ¢(/3) we have
e(Uy,...,Up_1,X) = dvol(Uy,...,Up_1,X) & en®/3
for all X € {Uy,Upy1,U U041} and, consequently
e(Uy,...,Up,Upy1) = dvol(Uy,. .., Uy, Upy1) £ en”.
(I

We continue with the following observation, which is a direct consequence of the
principle of inclusion and exclusion.

Fact 29. Let t, £, and k be positive integers with t + £ < k+ 1 and let T € T(¢, k)
be an (£, k)-function with 7(£) =t. Let 7' be the (£ +t — 1, k)-function given by

(i) = 7(%) zfz </
1 ifi > L.
Then for every k-graph H and all { +t — 1 pairwise disjoint sets Uy, ..., Up_1,
U},...Uf C V(H) we have
er (Uty o U, Upy o U =Yg ye (1) ler (Un, - Ua, U Uj).

Proof. Let K C Uje[eq]UjUUje[t]Ug be a set of size k such that K N U; =
7(i) for all i < ¢ and let Ix = {i: |[K NU}| > 0}. Note that K appears in
er(Ury ..., Up—1,U}, ..., U}) if and only if |Ix| = t. Moreover, the contribution of
K to the right-hand side is

t—|Ix| ,
Z (_1)t_|J| — E:K (t_ |IK|>(_1)t_(|1K+J) _ {1 lf ‘IK| =1
Ik CJIC[H] =0 J 0 otherwise.

O

Fact 30. For all integers 1 < £ < k, every d > 0, every (£, k)-function T, and every

e > 0 the following holds. If H is a k-graph that satisfies DISCdﬂ—(&/ka/Z), then
H satisfies DISCy j(€).
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Proof. Recall first that DISCgy k() = DISCy ,(¢) if o is the everywhere 1-function
or equivalently the unique (k, k)-function. For a given 7 we call |{i: 7(i) > 2}| the
defect of 7. Since the everywhere 1-function o is the only (¢, k)-function, for any ¢,
with defect 0, the fact follows from at most |k/2] applications of the following
claim. 0

Claim 31. Suppose 7 is an (¢, k)-function with defect s > 1. Then there is a 7" with
defect s — 1 such that if H satisfies DISCqy - (c/2"), then H satisfies DISCy ., (2).

Proof. Claim 31 follows from Fact 29. For a given 7 € T'(¢, k) with defect s > 1 we
may assume without loss of generality that 7(¢) = ¢ > 2. We define the ({+t—1, k)-

function 7’ by
) T(1) ifi<?
T%”::{l() if i > 0. (23)
Then 7" has defect s — 1 and from Fact 29 we infer
er (U, U1, Ups o UD) = Yo ye (D) Wler (Un, - Uy, Uj e U7)
and
Vol (U, U1, U, UR) = S gcp (=D vole (Un, - Ueoa, U, U7)

for any choice of pairwise disjoint sets Uy,...,Up_1, U},... U} C V(H). Since H
satisfies DISCy ,(¢/2%) we have

er (Ut . Uim1, Uy UY) = dvol (Us, ... U1, U, e, U7 ) £ enk /2"
for all § # J C [t] and, hence,
er(Ut,...,Up_1, U}, ..., UL)
_ 2:(—D*mwmhgh“wUphLﬂﬁ>iaﬁﬂ%

0£ICH jes
_d E:(—U“”Wd{Uh”ww,hLﬂﬁ)iQF%M
0#JC[t] s

= dvol.(Uy,...,Up_1,U}, ..., UL) £ en”,
0

The last observation in this section reverses the implication of Fact 30.

Fact 32. For all integers 1 < £ < k, every d > 0, every (£, k)-function T, and every
e > 0 there is an ng such that the following holds. If H is a k-graph on n > ng
vertices that satisfies DISCq,(2/3%"), then H satisfies DISCq,, ().

Proof. We choose ng sufficiently large and by induction on £ = k,...,1 we prove
that if H satisfies DISCy (2/3*~9*) then H also satisfies DISCy () for an arbi-
trary (¢, k)-function 7.

For ¢ = k there is only one (¢, k)-function 7 which is the everywhere 1-function.
Then DISCy, ,(¢) = DISCy 1 (¢) and the implication is obviously true.

So suppose by induction that for every (¢+ 1, k)-function 7’ every k-graph H on
n vertices with the property DISCq(e/3+~9k) also satisfies DISCq - (e/3%).
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Let 7 be an arbitrary (¢, k)-function and let Uy,..., U, € V(H) be pairwise
disjoint sets. Without loss of generality we assume that 7(¢) = ¢ > 2 and we define
an (£ + 1, k)-function 7/ by

(i) ifi<?
)= 7()—1 ifi=¢ (24)
1 ifi=0+1.

Further let P(U;) be the family of all ordered bipartitions of Uy into two equitable
sets, i.e. all pairs (Wy, Wa) with U, = W1UWs and |[Wy| = ||Ue|/2] = w. Then

w Ui
volT/(Uh...,Ug17W1,W2):<t1>(|Ug|—w) 11 (L(z’))
i€[e—1]

holds for all bipartitions (Wy, Ws) € P(U,). Since H satisfies DISCy . (¢/3%) we
have

er(Uny ..., Up_1, Wi, W) = dvol(Uy, ..., Up_1, Wi, Ws) & en® /3% .

Summing over all bipartitions in P(Uy) every edge in E.(Uy,...,U;) is counted
exactly t(wlgfl:tl)) times. Thus, we infer
1
eT(Ul,...,Ug):W Z 67-/(U1,...,Ug_1,W1,W2)

t(w—(t—l)) (W1, Wa)eP(Uy)
= PO (g Yo -y TT (D) 2 ent o
() dQl)(Uz )ieglu <T@)i "
With [P(U)] = (1) and
P [ w _ (U
(o= (%)

and since |P(Up)| < Skt(w'f’fliﬁ)

er(Un,...,U)=d [] ('Z((,i)') + enk.

i€(] Z)

) we obtain

5. CONCLUDING REMARKS

5.1. Extension of P;. For Theorem 3 we extended properties Py, Py, Py, Pg, and
P;. While the extension of Ps is straightforward and its equivalence to DISCy
follows similarly to Fact 18, we did not find an interesting generalisation of Pj for
k-graphs and leave this open.

5.2. Uniform edge distribution with respect to i-sets. We studied quasi-
random properties equivalent to uniform edge distribution of k-graphs with respect
to large vertex sets. A natural generalisation concerns the edge distribution with
respect to large subsets of i-tuples.
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i-DISCy4(e): We say a k-graph H = (V, E) on n vertices has i-DISCy(g) for
1<i<k—1,de>0,if

|E(H) N Kp(GD)| = d|Kp(GD)] £ enk

for any i-graph G with vertex set V, where Ki(G?)) denotes the set of
all k-sets K in‘ (‘2) which span a copy of K ,(Cl) (the complete i-graph on k
vertices) in G().

Clearly, i-DISCy for ¢ = 1 coincides with DISC, and for ¢ = k£ — 1 this is the central
concept of quasi-randomness studied in [15]. The general notion i-DISC, was first
studied by Frankl and Rodl [8] and Chung [2, 3]. We believe that Theorem 3 can
be extended for general 7. As 1-DISC,; is characterised by the subgraph frequencies
of linear k-graphs, i-DISC, is closely related to the appearance of partial Steiner
(i41, k)-systems, i.e., k-graphs for which every two hyperedges intersect in at most 4
vertices. In this context the natural generalisation of the “doubling” operation from
Section 1.1 seems to be the following. Let A be a k-partite k-graph with vertex
classes X1, ..., Xy, and let I € (*)) be an i-set, then the doubling db;(A) of A is
obtained by taking two copies of A and identifying the vertices in the classes X;
for all i € I. Again starting with a single edge and applying consecutively dbj
for every I € (UE]) (in some arbitrary order) we will get a k-partite k-graph, which
seems likely to be of similar importance for i-DISC,; as M had in Theorem 3. In
fact, for i = k — 1, this way we obtain the k-graph of the octahedron Kék)z which
was already studied in connection with (k — 1)-DISCy4 in [4, 15].

A related line of research concerns the connection to extensions of Szemerédi’s
regularity lemma. While there is a regularity lemma which decomposes any given k-
graph into relatively few “blocks” such that most of them satisfy a k-partite version
1-DISCq (i-e., DISCqy 1), for ¢ > 2 the notion of -DISC seems too strong and likely
no regularity lemma compatible for this notion exists. Instead, one needs to work
with “relative” versions of -DISC. For ¢ = k — 1, this notion of quasi-randomness
was introduced in the work on hypergraph regularity by Rodl et al. [9, 18] and
Gowers [11, 12], and for k = 3 the equivalence was studied in [16]. It would be
interesting to further investigate those connections for general ¢ and we intend to
return to this in the near future.

5.3. Extension of Corollary 4. In Corollary 4 we showed that for every k > 2 the
complete graph K, and the line graph of the k-dimensional hypercube M (k) (which
alternatively can be obtained from the k-graph M} by replacing every hyperedge
of M}, with a graph clique K}) is a quasi-random pair. The construction of M (k)
can be easily extended from cliques to arbitrary graphs F. For a graph F with
vertex set [k] let M(F') be the graph obtained from the k-graph M} with vertex
classes X1, ..., Xy by replacing every hyperedge by a copy of F such that the vertex
representing vertex ¢ € [k] = V(F) lies in X;. It seems possible that (F, M (F)) is
a quasi-random pair for every graph F'. Indeed the following observation supports
this belief.

While the notion of quasi-random pairs is closely related to the property MINg,
we may also consider the following version of DEV, for graphs.
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DEV, r(e): We say a graph G = (V, E) on n vertices has DEV4 p(e) for a
graph F' with vertex set [k] and d, ¢ > 0, if

ST (| I 2] —a® )| <en,
M FCM ecE(F)
where the sum runs over all copies M of M(F) in the complete graph Ky

on vertex set V and the outer product runs over the 2¥ copies F of F
(corresponding to the hyperedges of My).

Following closely the lines of the proof of Lemma 13 it can be shown that for every
d > 0 and every graph F' with at least one edge, a graph G satisfying DEV 4 r(¢)
also satisfies the assumptions of Theorem 2 and consequently such graphs are quasi-
random with density d.

5.4. Strengthening of Theorem 5. It would be interesting to strengthen Theo-
rem 5. We believe the partite assumption of HCLy  is not needed and it suffices
that a given k-graph H contains approximately the “right” number of copies of F’
on every subset U C V(H). Indeed, for graphs Theorem 2 and for 3-graphs the
recent work of Dellamonica and Rédl [7] imply such an assertion.

5.5. Algorithmic considerations. Since DEV,, MIN,, and MDEG can be eas-
ily checked in polynomial time, in fact in O(nkail), we obtain by Theorem 3 an
efficient algorithm which can approximately check whether a given k-graph has
DISC,. More precisely, for any given d and € > 0 there exists some positive ¢’ < ¢
such that the algorithm can distinguish in polynomial time, whether a given k-
graph H satisfies DISCy4(e’) or fails to satisfy DISCg4(e). In some sense we cannot
hope for an efficient algorithm, which decides DISC4(¢) precisely, since it was shown
in [1] that deciding DISCy4(¢) for graphs is co-NP complete.

Likely such an approximation algorithm can be used for an algorithmic version
of the weak hypergraph regularity lemma, Theorem 23. Such an algorithm would
find an e-regular partition in O(nka_l). However, a more efficient algorithm, with
running time O(n?~!log®n) was found by Czygrinow and Rédl [6].

Moreover, since the proof of the implication DEV; = DISC,4, Lemma 13 extends
to sparse k-graphs, i.e., for the case d = o(1) as long as d > n~(=1/2 e obtain
a sufficient, efficiently verifiable condition for checking DISC, for sparse k-graphs.
We believe it would be interesting to investigate this problem further. For example,
we are not aware of a property which is equivalent to DISCy as long as d > n~F+!
and which can be verified in polynomial time.

5.6. Non quasi-random pairs. In this section we show that there exists no min-
imal configuration for 3-graphs with 6 or less vertices. In other words for 3-graphs
the 3-graph M from property MIN,; with 8 edges and 12 vertices can not be re-
placed by a 3-graph on at most 6 vertices. Hence, for every linear 3-graph F' on
six vertices we have to construct 3-graphs of density d > 0 such that they contain
the right number of copies of F, but fail to be weak quasi-random, i.e., fail to
satisfy DISC4. There are, up to isomorphism, 6 such 3-graphs F: the one with no
edge, with a single edge, with two disjoint edges, with two edges sharing a vertex,
the (6, 3)-configuration (the unique linear 3-graph with 3 edges on six vertices), and
the Pasch-configuration (the unique linear 3-graph with 4 edges on six vertices). It
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is simple to see that for F' being one of the first four of those configuration the prop-
erty that H contains ~ (2/9)¢F)n/V(F)l labeled copies of F' does not imply that H
has DISCy/9 as for example the complete, 3-partite 3-graph on vertex classes of
size n/3 shows. Hence we will focus on the (6, 3)- and the Pasch-configuration.

5.6.1. The (6, 3)-configuration. We denote by C the (6, 3)-configuration, which is
the 3-graph with V(C) = [6] and E(C) = {{1,2,3},{3,4,5},{5,6,1}}. We consider
the complete 3-partite 3-graph H = H («) on n vertices with vertex classes Vi, Va, V3
such that [V1| = [V2| = (1—a)n/2 and |V3]| = an for some « € (0,1/3]. The density

of H is 3a(1 — )% — (1), while simple calculations show that

Ne(H) = (3a2(1 —a)t+ 0(1)) n,

8
since any copy of C' in H must distribute the copies of the vertices 1, 3,5 over all
three distinct classes, and after fixing the vertex classes of the copies of 1, 3, and 5
the vertex classes of the other three vertices are fixed. Now we need to chose a > 0
in such a way that

<3 2)3 3 5 4

fla)={5a(l-a)”) —ca’(l-aq)

2 8

is close to 0, as this would yield that H = H(«) contains the “right” number of
copies of C, but clearly H would not satisfy DISCg,(1—qa)2/2. Solving f(a) = 0 is
equivalent to solving g(a) = a(1—a)? equals 1/9. Since g(0) = 0 and g(1/3) = 4/27,
we infer that there exists an & € (0,1/3] such that f(&) = 0 (indeed & ~ 0.16).
Hence, H(é&) has the desired properties. Moreover, we obtain other 3-graphs with
the same properties (having the right number of copies of C, but failing to have
DISC,) for other densities d, if we consider random sub-hypergraphs of H(&).

5.6.2. The Pasch-configuration. Again we will construct a 3-graph H of density d
which violates DISCy, but has ~ d*n’ labeled copies of the Pasch-configuration P.
For that we first construct a graph G and then consider its triangles to be the
hyperedges of H, i.e., H = K5(G). Let G = G(«) be the complete, 5-partite graph
with vertex classes V1U...UVs = V(G) and V3| = |Va| = |V3| = |V4] = (1 — a)n/4
and |Vs| = an. The number of labeled triangles of G satisfies

3

S(1-a)+ g(1 —a)la+ 0(1)> n3

Nica(@) = (8 4

while for the number of labeled K322 in G we have

(1—a)t

NK2,2,2 (G) = ( 128

(3(1 — @) + 1260° + 54a(l — a)) + 0(1)) nS.

As above, we are interested in a solution to

§(1 —a)+ 9(1 — o)’ ' = M(3(1 —a)? +1260% + 54a(1 — )

8 4 128 ’
with a € (0,1/5]. Since for o = 0 the left-hand side is smaller than the right-hand
side, while for o = 1/5 the inequality switches, there must be an & € (0,1/5] such
that both sides equal.
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Let H = H(&) = K3(G(&)), i.e., H is the 3-graph whose hyperedges correspond
to the triangles of G(&). It follows that the number of edges of H equals the number
of triangles in G, i.e., for ds = 2(1 — &)* + (1 — &)*a

e(H) = (da +0(1)) (3) -

On the other hand, every labeled copy of K3 22 in G gives rise to a labeled K. 532)2 in

H, which gives rise to exactly one labeled Pasch-configuration (note, that in fact a
copy of K. 2(32) o contains exactly two Pasch-configurations, however, those correspond

to two different labelings of the same unlabeled copy of K2(32)2) Moreover, every
labeled copy of the Pasch-configuration P in H corresponds to a K322 in G and,
consequently,
NP(H) = NK2,2,2 (G) = (dé + 0(1))n6 )
due to the choice of &. Obviously, H = H(&) is 5-partite and does not satisfy
DISC,,, which shows that it has the desired properties.
Moreover, we remark that the graph G = G(&) from above has the properties

Ni, (G) = (da +o(1))n® and N, ,,(G) = (dg +o(1))n°

while it obviously fails to satisfy DISC,, for graphs. This answers a question of
Shapira and Yuster from [21].
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