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Abstract

We show that for every positive integer k there are positive constants C' and ¢ such that if A
is a subset of {1,2,...,n} of size at least Cnl’* then, for some d < k — 1, the set of subset sums
of A contains a homogeneous d-dimensional generalized arithmetic progression of size at least
c|A|9TL. This strengthens a result of Szemerédi and Vu, who proved a similar statement without
the homogeneity condition. As an application, we make progress on the Erdgs—Straus non-
averaging sets problem, showing that every subset A of {1,2,...,n} of size at least nV2-1+o(1)
contains an element which is the average of two or more other elements of A. This gives the first
polynomial improvement on a result of Erdés and Sarkozy from 1990.

1 Introduction

What is the largest subset A of [n] := {1,2,...,n} with the property that no element of A is the
average of two or more other elements of A? Such sets, known in the literature as non-averaging
sets, were first introduced by Erdds and Straus [21], [11] in the late 1960s. If we write h(n) for the
size of the largest non-averaging subset of [n], then the bounds

Qn'/) < hn) < nl/o0),

with the lower bound due to Bosznay [6] and the upper bound to Erdds and Sarkézy [10], were both
known by 1990. Bypassing a bottleneck which we shall elaborate on below, we give a polynomial
improvement to the upper bound on A(n), namely, h(n) < nV2-1to(1),

The principal tool used in the proof of this result, and the main result of this paper, is a
homogeneous strengthening of a seminal result of Szemerédi and Vu [23] about the existence of
generalized arithmetic progressions in subset sums. Before saying more about non-averaging sets,
let us describe this result in more detail.

1.1 Homogeneous generalized arithmetic progressions in subset sums

Given a set or a sequence A of integers, the set of subset sums X(A) is the set of all integers
representable as a sum of distinct elements from A. That is,

E(A):{ZS:SQA}.
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One of the fundamental results about subset sums is the following theorem of Szemerédi and

Vu [22].

Theorem 1.1 (Szemerédi-Vu [22]). There is a constant C' such that if A C [n] with |A| > C/n,
then 3(A) contains an arithmetic progression of length n.

The bound in Theorem is easily seen to be best possible up to the constant factor C by
considering, for example, the set of all positive integers up to L\/ﬁ — 2|. This theorem improved
on earlier results of Freiman [I4] and Sarkozy [19], who both showed that there is a constant C
such that if |A| > Cy/nlogn, then X(A) contains an arithmetic progression of length at least n.
However, it also loses something, because the Freiman—Sarkozy result gives not only an arithmetic
progression, but a homogeneous progression, an arithmetic progression a,a + d,...,a + kd where
the common difference d divides a and, hence, every other term in the progression. The natural
question, raised by several groups of authors [10} 20, 25], of whether there is a common strengthening
of the Szemerédi—Vu and Freiman—Sarkozy theorems was recently answered in the affirmative by the
authors [7].

Theorem 1.2 (Conlon-Fox—Pham [7]). There is a constant C' such that if A C [n] with |A| > C/n,
then X(A) contains a homogeneous progression of length n.

Our concern in this paper will be with higher-dimensional analogues of this result. Recall that
a generalized arithmetic progression or GAP, for short, is a set of the form

d
Q:{x+zniQi:0§ni§wi_l}a
i=1
where d, x,q1,...,qq4, w1, ..., wy are integers with d, the dimension, and all the w; positive. Here

and throughout, we will implicitly assume that the n; are also integers. We say that the GAP is
proper if all sums in the definition are distinct or, equivalently, if |Q| = wiws - - - wy. Generalizing
Theorem |1.1| above, Szemerédi and Vu [23] proved the following result.

Theorem 1.3 (Szemerédi—Vu [23]). For every positive integer k, there are positive constants C and
¢ such that if A is a subset of [n] of size m > Cn'/*, then, for some d < k — 1, (A) contains a
proper d-dimensional GAP P of size at least em®t1.

For instance, when k£ = 3, this result says that there are positive constants C' and ¢ such that
if A C [n] with |A] > Cn'/3, then X(A) contains either an arithmetic progression of length at least
c|AJ? or a 2-dimensional GAP of size at least c|A|3>. Moreover, a construction of Szemerédi and
Vu 23], Section 3] shows that the theorem is essentially best possible.

Following the notation above, we say that a GAP is homogeneous if ged(qu, ..., qq)|x, which
clearly generalizes the definition of homogeneous for ordinary 1-dimensional arithmetic progres-
sions. In light of Theorem it is natural to ask whether there is also a homogeneous version of
Theorem [I.3] The following result gives a positive answer to this question.

Theorem 1.4. For every positive integer k, there are positive constants C' and ¢ such that if A is
a subset of [n] of size m > Cn'/* | then, for some d < k — 1, £(A) contains a proper homogeneous
d-dimensional GAP P of size at least cmftT.

As well as being interesting in its own right, it was already pointed out by Nguyen and Vu [17]
that such a result can be considerably simpler to apply than its non-homogeneous counterpart. More
than this, for some applications, homogeneity seems to be essential. Our result on non-averaging
sets, which we discuss further in the next subsection, is such an example.



The main step in proving Theorem is to establish the following intermediate result, which
is already sufficient for our application to non-averaging sets. Given a homogeneous GAP @ =
{Zgzl niq; : a; < n; < b;} and a positive real number ¢, we let ¢c@Q = {Zgzl niq; : ca; < n; < cb;i}.
We say that cQ is proper if all the sums in the definition are distinct.

Theorem 1.5. For any 8 > 1 and 0 < n < 1, there are positive constants ¢ and d such that the
following holds. Let A be a subset of [n] of size m with n < mP and let s € [m", cm/logm|. Then
there exists a subset A of A of size at least m — ¢~ slogm a proper GAP P of dimension at most d
such that AU {0} is contained in P and a subset A" of A of size at most s such that L(A’) contains
a homogeneous translate of csP, where csP is proper.

This result is clearly tight up to the constant ¢, since, if AU {0} is contained in P, then %(A’)
is contained in sP for any subset A’ of A of size s. This almost tight relationship between the
homogeneous GAP that we find in 3(A’) and the GAP containing A U {0} will be crucial for our
application to non-averaging sets.

To deduce Theorem [I.4] from Theorem [I.5] one starts with the large homogeneous GAP @ = csP
in ¥(A") guaranteed by Theorem and adds elements of A to enlarge the GAP. This is fairly
straightforward in the one-dimensional case, because we can make use of the simple observation
that, for any interval I of length at least n and any 0 < a < n, the sumset I 4+ {0, a} is an interval
of length |I| 4+ a. However, the multidimensional case is more subtle, as, given a large GAP @, the
set @ + {0,a} is not necessarily a larger GAP of the same dimension. To circumvent this, instead
of directly finding a large GAP inside Q + ), A\ 4{0,a}, we first show that the set of points
Q+ > 4 A\ 4{0,a} is essentially the projection of the intersection of a convex body and a lattice
and then use this structure and a discrete John-type theorem of Tao and Vu [24] to find the desired
large homogeneous GAP inside ¥(A).

The proof of our main technical result, Theorem has several steps, roughly as follows:

1. We preprocess A to obtain a dense subset A of A with certain useful properties.

2. We partition A randomly into ¢ sets Ai,..., Ay of roughly equal size which inherit these
properties.

3. We show that there are subsets A} of A;, each of size s/¢, such that |X(A})| > |%(A u{0})|,
where %(A U {0}) is the j-fold sumset of AuU{0}.

4. We show that there is a GAP P containing A U {0} such that (A U {0}) is dense in 5P and
csP is proper.

5. From the previous two steps, X(A4;) is dense in P, allowing us to show that the sum of the
sets X(A}) contains a proper homogeneous translate of ¢/sP.

A GAP P containing A U {0} and satisfying the properties in Step 4 can be obtained by an-
alyzing the growth of high-fold sumsets of A U {0}, combined with an application of Freiman’s
celebrated theorem on the structure of sets with small doubling. In fact, we give an almost complete
characterization of h(fl U {0}) for large h in terms of a GAP of appropriate dimension containing
Au {0}. Roughly speakmg, for each sufficiently large h, there is a positive integer d, which we
call the h-dimension of AU {0}, and a GAP P of dimension d containing A U {0}, which we call
the d-bounding box of AU {0}, such that h(A U {0}) contains chP, where chP is proper, for some
appropriate constant ¢ > 0. Note that this is clearly optimal up to the constant c, as h(A U {0}) is
contained in hP.



The reason that we consider a subset A of A rather than just A itself is that there are examples
where 3 (A}) is not dense in $(AU{0}) for any subset A] of A of size s/¢. For example, consider the
case where A consists of a progrebslon [m] and a single element much larger than m. We show that
this is in some sense the only example: by performing a preprocessing step where we remove a small
number of elements from A, we can guarantee that X(A}) is dense in (A U {0}) and, hence, in 5P.
This preprocessing step replaces A by a subset A of A with the property that any reasonably large
subset of A has similar behavior to A with respect to taking high-fold sumsets and, crucially, this
property is inherited by the subsets in a random partition of A.

At this point, in order to find A’ such that |X(A})| is large, we use an iterative greedy process
that grows X(A]) one element at a time. Let S; be the set of elements in A; not yet picked and
X(j) = X(A4; \ Sj). To obtain bounds on the increment in |¥(j)| at each step, we observe a duality
between the size of this increment and the multifold sumsets of S;: roughly speaking, if all elements
of S; are “almost periods” of X(j), i.e., their addition does not increase |X(j)| significantly, then
there is a large k for which |kS;| is small. Since S; is itself a reasonably large subset of A;, the size
of kS; is captured by an appropriate GAP containing A;. This allows one to estimate |2(4)| via the
size of h(A U {0}) for suitable h, ultimately leading to the desired claim in Step 3.

While some of the steps in this strategy bear similarity to the method used in [7] to handle the
one-dimensional case, the strategy here is largely different and allows one to obtain a much more
precise characterization of the structure of A and its set of subset sums.

1.2 Non-averaging sets

Recall that a subset A of [n] is non-averaging if no element of A is the average of two or more other
elements of A. The problem of estimating h(n), the maximum size of a non-averaging subset of
[n], was first raised by Straus [2I]. However, his paper gives considerable credit to Erdés, who had
already asked the closely related problem of estimating the maximum size of a non-dividing subset
of [n], where a subset A of [n] is non-dividing if no element of A divides the sum of two or more
other elements of A. Because of this, the problem of estimating h(n) is sometimes referred to as the
Erd&s—Straus non-averaging sets problem.

In his original paper, Straus [21] showed that h(n) > ecViosn for some positive constant ¢, while,
in a follow-up paper [I1], he and Erdés showed that h(n) = O(n?/?). The lower bound was improved
to a polynomial by Abbott, who first showed [I] that h(n) = Q(n!/19) and then improved [2] this
bound to h(n) = Q(n'/%). The current best lower bound, h(n) = Q(n'/*), which we suspect to be
tight, follows from a surprisingly simple construction due to Bosznay [0]. Indeed, if we fix an integer
q, then the set of integers consisting of n; = iq® +i(i +1)/2 fori = 1,2,...,¢— 1 is a non-averaging
subset of [n], where n = ¢*.

The Erdds-Straus upper bound of h(n) = O(n?/?) follows by exploiting a relationship between
h(n) and another function H(n). Indeed, if we write H(n) for the maximum integer for which there
are two subsets of [n] of size H(n) whose sets of subset sums have no non-zero common element,
then a result of Straus [2I] says that h(n) < 2H(n) + 2. What Erdés and Straus proved was
that H(n) = O(n*?), which then implies the corresponding bound for h(n). Similarly, using the
Freiman—Sarkozy result on homogeneous progressions, Erdds and Sarkozy [10] were able to show
that H(n) = O(yv/nlogn), which again yields a similar upper bound on h(n).

This method was pushed to its limit in our recent paper [7], where we showed that H(n) =
O(y/n), which is best possible up to the constant factor, as may be seen by considering the sets
[1,cy/n] and [n — c¢y/n,n] for any ¢ < v/2. Thus, while we have h(n) = O(y/n), it seems that new
tools are needed to push the bound below y/n. Our results on homogeneous GAPs are just such
tools, allowing us to give the first significant improvement of the upper bound on h(n) since Erdds



and Sarkozy’s 1990 paper.

Theorem 1.6. There is a constant C such that if A is a subset of [n] with the property that no
element of A is equal to the average of two or more other elements of A, then |A] < Cn\/ifl(log n)2.

The proof of Theorem makes use of Theorem [I.5] As in the previous work on non-averaging
sets, we first reduce Theorem [I.6] to the problem of finding a long arithmetic progression in a certain
set of subset sums. When |A| < /n, one generally does not expect to have such long arithmetic
progressions. However, for |A| > Cn\/ifl(log n)?, we can apply Theorem to conclude that
there is a large subset A of A such that either Z(A) contains a long arithmetic progression or Ais
contained in a 2-dimensional GAP P where there is a large subset A’ of A such that $(A’) contains
(c|A'[)P. In the former case, we are done. For the latter case, we can use the assumption that A,
and hence A, is non-averaging and a suitable induction hypothesis to show that A is not dense on
any one-dimensional fiber of P. But this then gives an additional gain on the size of 3(A’), which
ultimately leads to a contradiction.

Notation

For the sake of clarity of presentation, we omit floor and ceiling signs whenever they are not essential.
We also maintain the convention that all logarithms are base two unless otherwise specified. We use
standard asymptotic notation throughout, though we will occasionally write cp and C'p for constants
depending on certain parameters P.

2 Multifold sumsets and GAPS

In this section, we build towards the proof of Theorem [I.5 by proving a collection of disparate results,
primarily about multifold sumsets and GAPs, some of which are of independent interest. We begin
with a brief outline.

After first recalling some standard definitions in Subsection we prove, in Subsection
a high-dimensional analogue of a result of Lev saying that the sumset of any sufficiently large
collection of dense subsets of intervals, none of which is a subset of an arithmetic progression of
common difference greater than one, must contain a long interval.

Subsection then contains many of our main definitions and results. In particular, in Lemma
we show that for any A C [0, — 1] with 0 € A and h > n'/#, where 8 > 1 is a fixed constant,
there is a GAP P containing A such that P approximates A with respect to taking h-fold sumsets,
in that hA is contained in hP and contains a translate of chP for some constant ¢ > 0 depending
only on . This approximation will play an important role in the proof of Theorem Informed
by this result, we then introduce two key notions, the h-dimension of A and the h-bounding box of
A.

In Subsection we show that, given a not necessarily proper homogeneous GAP A of large
volume, either one can find a proper homogeneous GAP in A with size at least a constant fraction of
the volume of A or a homogeneous GAP of smaller dimension with size at least a constant fraction
of the size of A. Applied inductively, this then allows us to find large proper homogeneous GAPs
inside non-proper homogeneous GAPs.

In our proof of Theorem we will relate subset sums with multifold sumsets of certain large
subsets of A. In order to control these multifold sumsets, we need that certain good properties hold
not only for A, but also for all sufficiently large subsets of A. That is, the properties should be
stable. Instead of defining the relevant properties directly, in terms of the multifold sumsets of A



and its subsets, which are hard to control, we define them indirectly through certain proxies for the
structure of the multifold sumsets, namely, the notions of hA-dimension and h-bounding box which
were defined in Subsection These proxies are easier to handle and a simple iterative argument,
described in Subsection [2.6] shows that we can modify a set A by removing a small number of
elements so that the desired stability conditions, defined and studied in Subsection are satisfied.

Finally, in Subsection [2.7], we collect some simple results that will help control the growth in size
of a set of subset sums as we add elements to the underlying set.

2.1 Preliminaries

In this short subsection, we record a number of definitions which will be important throughout the
paper. We first recall the definition of a generalized arithmetic progression and say what it means
for such a progression to be proper.

Definition 2.1. A generalized arithmetic progression or GAP, for short, is a set of the form @Q =
{z + 2?21 niq; : 0 < n; <w; — 1}, where d, z,q1,...,qq, w1,...,wy are integers with d and all the
w; positive. We refer to d as the dimension of @, (w1, ..., wy) as the widths of Q and (g1, . ..,qq) as
the differences of (). We also define the volume of @ by Vol(Q) = Hle wj.

Definition 2.2. A GAP {z + Ele n;q; : 0 < mn; <w; — 1} is said to be s-proper if, for all choices
of njj,n;; € [0,w; — 1] for i € [d] and j € [s], 25:1 Z?:l ni ;G = Z;Zl Z?:l n; ;q; if and only
if Y20y iy =2 j_ym;; forall 1 <4 <d. Inparticular, we call a 1-proper d-dimensional GAP a
proper d-dimensional GAP.

Recall that the s-fold sumset is defined by sA = {a1 + -+ + a5 : a1,...,as € A}. The following
lemma is straightforward from the definition of properness.

Lemma 2.3. Let Q be a d-dimensional GAP. If sQ is a proper d-dimensional GAP, then Q) is an
s-proper d-dimensional GAP.

Given a d-dimensional GAP @ of the form {x + Z?:l niq; : 0 < n; < w; — 1}, we can define a
mapping ¢q : @ — 7% by choosing, for each element of ), an arbitrary representation as $+Zf:1 n;q;
with n; € [0,w; — 1] for all i < d and setting ¢g(x + Z‘ijzl niqi) = (n1,...,nq). Going forward, we
fix ¢¢g for any given ) and refer to it as the identification map. Note that if () is proper, ¢g gives
a bijection between @ and a box in Z¢, while if Q is s-proper, ¢q is a Freiman s-isomorphism (see,
for example, [24] for the definition of a Freiman isomorphism). We will often write gZ)él for the map
gﬁél : 7% — 7 defined by gbél (n1,...,nq) =2+ Z?Zl n;q;, which is a one-sided inverse of ¢gq.

Observe that if @ is a proper d-dimensional GAP with identification map ¢q, then ¢g(Q) is a
box in Z4. If this is the case, then, for any proper d’-dimensional GAP P = {a + Eflzl n;p; } which
is a subset of ¢g(Q) C Z¢, we have that (;5651 (P) is a proper d’-dimensional GAP. Indeed, letting
pi = (it pia), if

d d
bo' (a+ Y mip) = dg (a+ D vipi),
i—1 i=1

then

d d d d
Z d; Z LiPij = Z aj Z YiDi,j-
j=1 i=1 j=1 =1



Hence, by the properness of @,
d’ d’
Z TiPij = Z YiDi,j
i=1 i=1

for all j < d. Thus, Z?lzl Tip; = Z?,:l y;p; and so it follows from the properness of P that x; = y;
for all ¢ € [d'].

The definition of a homogeneous GAP below captures the idea that a GAP is homogeneous if,
when appropriately extended, it passes through the origin.

Definition 2.4. A GAP Q = {x+2?:1 niq; - 0 < n; < w; — 1} is homogeneous if ged(qu, . . ., qq)|x.

In particular, note that a GAP @ is homogeneous if and only if it can be written in the form
Q= {E;«il niq; : a; < n; <b}. When @ is homogeneous, we can use this observation to generalize
the definition of multifold sumsets to non-integer values of s as follows.

Definition 2.5. Let @ be a homogeneous d-dimensional GAP given by Q) = {Z?zl niq; :a; <n; <
b;} for some real numbers ay,...,aq,b1,...,bg with a; < b; for all i = 1,2,...,d. For a positive real
number ¢, we then let cQ = {E?Zl nigi : ca; < n; < cb;}.

Observe that for a homogeneous GAP @, the definition of ¢@) depends on the specific represen-
tation of @ (that is, the choice of differences q¢i,...,qqs and intervals [a;, b;]). However, when c is
a positive integer, the c-fold sumset and this definition of ¢@) agree. In particular, for a positive
integer ¢, cQ only depends on @) as a set and not on the particular representation of Q).

We say that a GAP Q is centered if we can write ) = {Zgzl niq; :a; <n; < b} witha; <0<b;
for all i € [d]. The following observation will be useful later.

Claim 2.6. If Q) is a GAP that contains 0, then it is centered.

Proof. Let Q = {z + Z?:l nig; : a; < n; < b} be such that 0 € . Then we can write 0 =
:c+2?:1 m;qi, where m; € [a},b;]. Hence, we can also write Q = {Zle nig; « ab—m; < n; < bl—m;},

where a; —m; <0 < b, —m; as m; € [a], b]]. -

We now record some further elementary results about GAPs for future use.
Lemma 2.7. The following estimates hold:

1. Let s be a positive integer and P a GAP of dimension d where sP is proper. Then (s/2)?|P| <
|sP| < s¢|P|.

2. Let ¢ > 0 and let P be a homogeneous GAP of dimension d whose minimum width is at least
24 2¢71. Then, if cP is proper, (c/2)%|P| < |cP| < ¢%|P|.

Proof. Let P = {z + 25:1 niq; : n; € |a;,b;]} and let w; = b; — a; + 1. For the first bound, we
use that sP is a GAP of dimension d with widths s(w; — 1) +1,...,s(wg — 1) + 1 and note that
sw;/2 < s(w; —1) +1 < sw;. For the second bound, where x = 0, note that c¢P is a GAP of
dimension d with widths |[¢b;| — [ca;] +1 > ¢(b; — ai) — 1 > (¢/2)w;. O

In the next two lemmas, we assume that the GAPs A and B are given with fixed representations
and cA and cB are defined with respect to these representations.

Lemma 2.8. Let ¢ > 0 and let A = {Zle nigi : n; € [a;,bi]} be a homogeneous GAP whose
minimum width is at least 1 +4c~1. Then 2[c=1](cA) contains a translate of A.



Proof. Since cA = {Z?Zl niq; : n; € [ca;, cb;]}, we have that, for any positive integer s, s(cA) =
(% nigi : ni € [s[cai], s|chi]]}. Thus, to show that 2[¢~'](cA) contains a translate of A, we only
need to check that 2[¢=1](|cb;| — [ca;]) > |bi] — [a;]. However, this is true, since

o[ 1Y(Lebs]| — [eas]) > 2[e=1(cb — ai) — 2) > 267" - %c(bi —ai) > b — [as). 0

Lemma 2.9. Let 0 < ¢ < 1 and let A, B be homogeneous GAPs such that cA is contained in a
translate of ¢cB with the minimum width of A at least 1 +4c¢~t. Then 4B contains a translate of A.

Proof. By Lemma 2[c717(cA) contains a translate of A. Thus, letting cA + z be a translate
of cA contained in B, we have 2[c™1](¢B) contains 2[¢™!](cA + z) which contains a translate of
2[c71](cA) and hence A. Furthermore, for any positive integer s, s(cB) is contained in (sc)B by
definition. Hence, A is contained in a translate of (2[c¢~]c)B C 4B. O

2.2 Building boxes from dense subsets
In this subsection, we generalize the following result of Lev [16] to higher dimensions.

Lemma 2.10 (Lev [I6]). Suppose £,q > 1 and n > 3 are integers with £ > 2[(q — 1)/(n —2)]. If
S1,...,8¢ are integer sets each having at least n elements, each a subset of an interval of at most
q+ 1 integers and none a subset of an arithmetic progression of common difference greater than one,
then S1+ - -+ Sy contains an interval of length at least ¢(n — 1) + 1.

The following lemma is a simple consequence of Lev’s result.

Lemma 2.11. Let 0 < ¢ < 1 and let n,{,v be positive integers such that n > 4/c and £ > 10/c. Let
A1, ..., Ag be subsets of [n] such that each A; satisfies |A;| > en and is a subset of a translate of vZ

but not a subset of any translate of a proper subgroup of vZ. Then Ay +---+ Ay contains a translate
of v - [eln/2].

Proof. By assumption, there exist non-negative integers a; such that S; = {(x — a;)/v : = € A;}
is a subset of {0} U [n/v] which is not contained in an arithmetic progression of common difference
greater than one. By Lemma if £ > 2[(n/v)/(en —2)], then Sy + - -- + 5, contains an interval
I of length at least £(cn — 1) + 1 > ¢fn/2, where we used that n > 4/c. Since v > 1, the conditions
¢ >10/c and n > 4/c guarantee that £ > 2[(n/v)/(cn—2)]. Thus, A;+---+ Ay contains a translate
of v - [efn/2], as required. O

We will also need the following simple claim.

Claim 2.12. Let G be a finite abelian group and let Ay, ..., Aig| be subsets of G such that no A; is
contained in a translate of a proper subgroup of G. Then Ay + -+ Ajq| contains G.

Proof. By translating each A;, we may assume without loss of generality that 0 € A; for all i < |G].
We will show that if A; is not contained in a proper subgroup of G, then |A; + -+ A;—1 + A;| >
|Ay + -+ Aj_q] or A1 + -+ 4+ Aj—1 = G, from which the claim follows. Suppose, for the sake
of contradiction, that for some i < |G| we have |A; + -+ + Aj—1 + A;j] = |A1 + -+ + A;j—1]. Let
S=A;+---+A;_;. Then |S + A;| = |S|. Since 0 € A;, we have that S + A; = S. The set P of
elements g € G with S + g = S is a subgroup of G and if S # () and S # G, then P is proper. But
A; C P, contradicting our assumption that A; is not contained in a translate of a proper subgroup
of G. [

Before stating the main result of this subsection, we record some more definitions.



Definition 2.13. A box @ in Z% is a subset of Z% of the form Q = {(z1,...,zq) : xj € I;}, where
the I; are non-empty intervals in Z. We say that (w1,...,wq) = (|I1],...,|lq|) are the widths of Q.

Definition 2.14. A subset A of Z¢ is said to be reduced if, for any proper subgroup H of Z¢ of
the form nZ x - -- X vgZ, A mod H is not contained in a translate of a proper subgroup of Zd/H.
Similarly, we say that a subset A of a d-dimensional GAP @ is reduced if, under the identification
map ¢g : Q — Z¢, A is mapped to a reduced subset of Z¢.

Our higher-dimensional generalization of Lev’s result is now as follows.

Lemma 2.15. For any 0 < ¢ < 1 and positive integer d, there exists a constant v > 0 such that
the following holds. Let Ay, ..., A, be reduced subsets of a box Q in Z% such that |A;| > ¢|Q| for
1 <i¢<d. Then, assuming £ and the minimum width of Q are sufficiently large in terms of ¢ and
d, A1 + -+ -+ Ay contains a translate of v0Q).

Proof. For x = (x1,...,24) € Z% let m1(z) = x1 be the projection onto the first coordinate of =
and 7 (z) = (x2,...,74) be the projection onto the remaining coordinates. For any A C Z% and
y € 7371 let m(A,y) = {u: (u,y) € A}.

Let the widths of @ be (w1, ...,wy). Without loss of generality, by translation, we can assume
that @ contains 0. Since each set A; with 1 < 7 < d has density at least ¢ in @, for at least a
¢/2-fraction of the elements y € 7,(Q), we have |m(4;,y)|/w1 > ¢/2. We define A; = {(u,y) €
A = |mi(Aiy)|/wi > ¢/2}. Then |A;| > |Q|/4 and |7} (A;)| > ¢|n}(Q)]/2. Furthermore, for each
y € Z% 1 such that m (A;,y) is non-empty, we have | (4;,y)| > cwi /2.

Let a = 1/(2d). For each 1 < i < af, choose y; such that B; := m1(A;,;) is non-empty, in
which case it is a subset of [w1] of density at least ¢/2. Then, for z; = Z?ﬁl Y;, the sumset Zf‘ﬁl A;
contains all elements of the form (u, z1) with u € By 4+ -+ Byy. Observe that if B; is contained in a
translate of a subgroup v;Z of Z, then v; < 4/c. Therefore, by the pigeonhole principle, we can find
some v < 4/c and at least cal/4 of the sets B; that are contained in a translate of vZ but not in a
translate of any proper subgroup of vZ. By Lemma the sum of these sets contains a translate
of v - [c?alwy /16]. Thus, >, ., A; contains all elements of the form (u, 21) where u is in a translate
of vy - [Palw, /16] for some vy < 4/c.

By a similar argument, defining m(z) = x;, and 7 (z) = (21, ..., Tk—1, Tkt1, - - -, Ta), We Obtain
that for some z; € Z4 1, 2 a(k—1)e<i<ake Ai contains all elements z such that mj (z) = 2, and 7, (z)
is in a translate of vy, - [c?afwy/16] for some vy, < 4/c.

Hence, > 1 ;< 4a¢ Ai contains a translate of the dilated box {(bivy,...,bgvq) : by € [0, clwy]}
for some ¢ depending only on c¢. Consider the subgroup H = vZ x --- x vgZ of Z% and let
G = Zy, X -+ X Zy,. Since each set A; is reduced, A; mod H is not contained in a translate of any
proper subgroup of G. Thus, by Claim[2.12} the set Aager14 -+ Aadtt vy vy vy Modulo v1Zx - - - X vgZ
is equal to Zy,, X -+ X Zy,.

Assume now that £ is sufficiently large in terms of ¢, ¢’ and d. We claim that Zlgig adl-+vyvg-vg Ai
contains a translate of the box with widths (¢’alws, ..., alwy) for ¢' = ¢/ /4, which immediately
yields the desired conclusion of the lemma. To verify this claim, suppose that ), ;. ;., 4i contains
t+{(b1v1,...,bqug) : by € [0, alwy]}. We next show that each element in a particular box is in the
sumset. Consider an element of the form x =t + (|dalw1/2]v1 + 21, ..., | blwa/2|vg + z4) with
|z1| < "olwy, for all k € [d]. Since Apgrr1 + -+ + Aaditvivgevy modulo v1Z X -+ X vgZ is equal to
Ly X+ - =X Ly, we can find an element r € Apgoy1+- -+ Aaditvivg-0y SUCh that r—z € V1Z X - - - xXvgZ
for 2 = (z1,...,24). Let r — 2z = (aqv1,...,aqvq). We have |ag| < "abwy + vivg - -vqwy <
("al + (4/c))wy. Thus, |dolwr/2] — ai € [0, alwy], using the assumption that ¢ = ¢//4 and



that ¢ is sufficiently large in ¢, ¢’ and d. Hence, t + ((|'abw: /2] —a1)vi, . .., ([dablwy/2] — aq)vy) €
Zlgigdag Ai- Therefore,

r=r+t+ (([dafw /2] —ar)ve,..., (| cbwy/2] — ag)vg) € Z A;.
1<i<adl+viv2--vg
In particular, we have that Zlgigad€+u1v2~~vd A; contains the box with widths (¢’ alwy, ..., " alwy)
centered at ¢t + (| alwy/2]vy,. .., | dablwy/2]vyg). O

Our next lemma is a technical generalization of Lemma[2.15|to the case where A is not necessarily
reduced. In the statement and proof, given a subset A of a group G, we write (A) for the group
generated by A, which is a subgroup of G. We also emphasize that a GAP here is a subset of Z?
rather than of Z.

Lemma 2.16. For 0 < c <1 and a box Q in Z¢, let A be a subset of Q with |A| > c|Q| and 0 € A
and let I' = (A). Then, assuming the minimum width of Q is sufficiently large in terms of ¢ and d,
there exists a positive constant r depending only on ¢ and d and a GAP P in Z¢ with differences
P1,...,pq € I' forming a basis for I' such that P is contained in a translate of kQ and P contains
QNT. Furthermore, for £ sufficiently large in terms of ¢ and d, the multifold sumset LA contains a
translate of Y¢P for some constant v > 0 depending only on ¢ and d.

Proof. Let (w1, ...,wq) be the widths of Q. From the proof of Lemma for £y sufficiently large
in terms of ¢ and d, {yA contains a translate of a dilated box Q = {(byv1,...,bgvq) : by € [0, wy]},
where v1,...,vq are bounded in terms of ¢ and d.

Since £y A contains a dilated box of dimension d, we have that (A) has dimension d and, hence,
the subgroup I' = (A) of Z¢ has a basis (p1,...,pq). Note that I' contains oA, which in turn
contains a translate of Q. Hence, I' contains Q.

We claim that we can choose a basis for I' such that the basis elements lie in Hle[(), 2u; — 1].
Indeed, for any basis (p1,...,pq), any i,j € [d] and any integer r, if we write e; for the stan-
dard basis vector which is 1 in the ith coordinate and 0 otherwise, then either (pi,...,pj—1,pj; —
Vi€, Djt1s---,Pd) Or (P1,...,pj—1,p; — (r+1)vies, pjs1,...,pq) form a basis of I'. By iterating this
step, we can form a basis such that the ith coordinate of each vector in the basis is in [0, 2v; — 1].

Thus, we can assume that the basis (p1,...,pq) consists of elements in Hle[(), 2u; — 1].

Let Py be the GAP {Z?Zl nip; : —w; < n; < w;}. Then, for some constant £ depending
only on vy,...,vq, £EPy contains @ NT'. Indeed, since p1,...,pq form a basis of I', each element of
H?ZI[O,’UZ' — 1] NT and each of viey,...,vgeq can be written as a linear combination of py, ..., pg.
Let = be the maximum absolute value of a coefficient appearing in any of these linear combinations,
noting that = is bounded in terms of ¢ and d. For each element y = (y1,...,yq) of I, we can write

y = z +t where z; = v;|y;/vi] and t; = y; — v;|y;/vi|. Then z is a linear combination of the v;e;
which is contained in T' and so ¢ is an element of [J%_,[0,v; — 1] N T. Furthermore, recalling that
0e ACQ,ifye @NT, then z is a linear combination of the v;e;, each with coefficient at most w;
in absolute value. Thus, any element of QQ NI" can be written as a linear combination of py,...,pq
with the absolute value of the ith coefficient bounded by (w; + 1)E < 2w;E. Thus, the claim holds
with £ = 22,

Let P =&Py. Since A C QNT, we have A C P. Furthermore, since the jth coordinate of p; is
bounded by 2v; — 1, which is bounded in terms of ¢ and d, and since ¢ is bounded in terms of ¢ and
d, P is contained in a translate of k@) for some constant x depending only on ¢ and d.

We have that H = v1Z x --- X vgZ is a subgroup of I'. Let G =T'/H, so |G| < v;---v4. Note
that A is not contained in any proper subgroup of G by the definition of I and, since 0 € A, A is not
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contained in a translate of any proper subgroup of G. By Claim[2.12] vyvg - - - vgA mod v1ZX - - - x v4Z
contains I' mod v1Z X - - - X vgZ. Thus, as in the proof of Lemma loA + vivg - - - vg A contains a
translate of v9fg P for some constant vy depending only on ¢ and d. Hence, for ¢ = £y 4 viva - - - vg,
we have that A contains a translate of v¢P, where v = vo/(1 4+ viva - - - vgq/lp). O

For future use, we record the following corollary of Lemma [2.16| Here the greatest common
divisor gcd(P) of a GAP P is the greatest common divisor of the differences of P and, for a general
subset A of Z, gcd(A) is the greatest common divisor of the elements of A — A. Note that when
A is a GAP these two notions coincide. For A C Z¢, its affine span (A) is a + (A — A) for some
a € A, noting that this definition does not depend on the choice of a. Furthermore, if 0 € A, then
the affine span (A) and the span (A) coincide.

Corollary 2.17. Let 0 < ¢ < 1. The following claims hold:

1. Let Q be a box of dimension d in Z¢ and let A be a subset of Q with |A| > ¢|Q|. Assume
that the minimum width of Q is sufficiently large in terms of ¢ and d. Then there is a positive
constant K depending only on c and d and a d-dimensional GAP P of dimension d in 7% such

that P is contained in a translate of kQ, P contains Q N (A) and kKA contains a translate of
P. Furthermore, if 0 € A, then one may assume that P is centered.

2. Let @ be a proper GAP of dimension d and let A be a subset of Q with |A| > ¢|Q|. Assume
that the minimum width of Q is sufficiently large in terms of ¢ and d. Then there is a positive
integer k depending only on ¢ and d and a proper GAP P of dimension d such that |P| < k|Q),
kP contains a translate of A, KA contains a translate of P and gcd(P) = ged(A).

Proof. The first claim follows directly from Lemma if 0 e A. If 0 ¢ A, consider the translate
A — a for some element a € A, so 0 € A— a. Then the claim holds for the box Q — a and the subset
A —a of Q — a, so there is a GAP P of dimension d in Z? such that P is contained in a translate
of k(Q — a), P contains a translate of (Q —a) N (A — a) and k(A — a) contains a translate of P.
Then P + a is contained in a translate of kQ), P + a contains () N @ and kA contains a translate
of P+ a. The GAP P + a therefore has the required properties.

For the second claim, observe that we can assume without loss of generality that 0 € A as the
hypotheses and conclusions are invariant under translation. By the first claim, under the identifica-
tion map ¢g : @ — 7%, one can find a positive constant x, which we can assume to be an integer,
and a GAP P in Z¢ such that P is contained in a translate of kpg(Q), P contains ¢g(A) and
rkpqo(A) contains a translate of P. Note that for a box YV in Z¢ and X C Z%, if kX C kY, then
X C Y. Hence, k1P is contained in a translate of $o(Q). Since @ is proper and k1P is proper,
qﬁg)l(fflp) is also proper. Let P := ¢él(/f1]5). Note that qﬁél : 7% — 7 is a linear map, so that,
since 4k is a positive integer, any element in gbél(él/@ -k~ 1P) is contained in 4/{(;5631 (k1 P). Hence, by
Lemma E 4kP D gzbél (4k - k' P) contains a translate of qbél(if’) D A. Furthermore, kA contains
a translate of qﬁél(P) and, hence, P. Finally, |P| < |P| < |k (Q)] < Q| and ged(P) = ged(A),
since kA contains a translate of P and xP contains a translate of A. Hence, upon replacing x with
a larger constant, the GAP P has the required properties. ]

2.3 Structural results

In this subsection, we give an approximation result for h-fold sumsets of sets A C [0,n — 1] with
0 € Aand h > n'/? for some 8 > 1, in the sense that we find a GAP P with A C P such that
hA contains a proper translate of chP for some constant ¢ > 0 depending only on 5. That is, hA
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contains a translate of chP, while hP contains hA, so we obtain “upper and lower bounds” on hA
that are tight up to the constant c.

Given a GAP P = {z + 25:1 n;q; - 0 < n; <w; — 1} and a positive integer f, we refer to the set
{z+ Z;n:hll(d’f ) niq; : 0 < n; < w; — 1} as the first f dimensions of P. The next result follows from
combining the main results of Bilu [4], which build on the seminal work of Freiman [12] [I3] on the
structure of subsets A of Z for which |24]|/|A] is small.

Lemma 2.18 (Theorems 1.2 and 1.3 of [4]). For any positive integers s and d and any 6 > 0, there
exists C' such that the following holds. For any finite set of integers A with |2A| < 2179 A|, there
exists an s-proper GAP Q such that 2A is contained in Q, |Q| < C|2A| and if Q is the GAP with
dimension at most d corresponding to the first d dimensions of Q, then |Q| > C~1|Q).

Observe that if @ is a d-dimensional GAP with widths (wy, ..., wg), then [2Q] < Hle(Qwi -1),
with equality if and only if 2@Q) is proper. The following lemma improves on this upper bound on |2Q)|
by an additive factor of Vol(Q) if @ is not proper. It is best possible and gives a slight quantitative
improvement on a result of Szemerédi and Vu [23, Lemma 4.2].

Lemma 2.19. If Q) is a d-dimensional GAP with widths (w1, ..., wq) which is not proper, then
12Q| + Vol(Q) < H?:1(2wi —1). Hence, |2Q| < (2% — 1) Vol(Q) < 29~ Vol(Q), where cq = 2.

Proof. The d-dimensional GAP @ has the form @ = {zx + Zgzl n;q; - 0 < n; < w; — 1} and satisfies

Vol(Q) = Hle w;. Consider the linear map 1 : Z¢ — 7Z given by 9(n1,...,ng) = = + 2?21 n;q;. If
@ is not proper, there are distinct v = (n1,...,nq), v = (n},...,n}) with 0 < n;,n; < w; — 1 for
i € [d] which satisfy ¥(v) = ¥(v). Let 2z := v —v' € Z%\ {0}, so that ¥(z) = ¥(v) — ¥(v') = 0.
Furthermore, letting z = (z1,. .., z4), we have |z;| < w; — 1 for i € [d].

Consider the box B = [0,2w; — 2] x - -+ x [0, 2wy — 2] C Z%. Call b € B compressed if b— z ¢ B.
Note that |2Q)| is at most the number of compressed elements in B as 2Q = {¢(b) : b compressed}.
Observe that if b = (b1, ...,bq) € B satisfies, for all i € [d], that b; > w; —1if z; > 0 and b; < w; — 1
if z; < 0, then b is not compressed. So there are at least Hle w; = Vol(Q) elements in B which are
not compressed. Hence, [2Q| < |B| — Vol(Q) = H?:1(2wi —1) — Vol(Q). O

The following corollary of Lemma, will also be crucial in the next subsection when we come
to study non-proper GAPs.

Lemma 2.20. For every positive integer d, there exist ¢ > 0 and a positive integer C!; such that
the following holds. Let A be a proper homogeneous d-dimensional GAP with all widths at least CY.
If 2A is not proper, then C,A contains a proper homogeneous (d — 1)-dimensional GAP Q of size at
least cjj|A|. Furthermore, ged(Q) = ged(A) and C)Q contains a translate of A.

Proof. First, we claim that, without loss of generality, we may assume that 0 € A. Indeed, let a € A,
so that 0 € A —a. Then 2A is proper if and only if 2(A — a) is proper. Assume that C;(A — a)
contains a proper homogeneous (d—1)-dimensional GAP @’ of size at least ;| A| such that ged(Q') =
ged(A —a) = ged(A) and C)Q" contains a translate of A — a. Then, since ged(Q') = ged(A) and A
is homogeneous, we have ged(Q')|a, so C’/A contains the proper homogeneous (d — 1)-dimensional
GAP @ = Q' + Cla of size at least ;| A|, where ged(Q) = ged(A) and C/Q contains a translate of
A.
Suppose then that 0 € A. Since 24 is not proper, Lemma [2.19] implies that

[4A] < 277¢Vol(24).
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We have that either [2A4| < 297¢/2|A| or |24 > 297¢4/2|A|, in which case, since A is proper,
24| > 29-¢a/2Vol(A) > 274/2Vol(2A), so, by the inequality above, |4A| < 2¢-¢/2|2A|. Hence, for
either 7 = 1 or 7 = 2, we have |27 A| < 29 cd/2|QT LAl

By Lemma u for either r = 1 or r = 2, 2" A is contained in a 2-proper GAP Q such that
Q| < K, |2"A] < K4-1|2A] and the first (d — 1)-dimensions @' of @ satisfies |Q'| > K;,|Q)|,
where K4_1 and K/, ;| are constants depending only on d. In particular, as A C 2A, this property
holds for r = 1. Let Q = Q' ® W. Since 0 € A, we have 0 € Q and we can assume, without loss of
generality, that 0 € Q" and 0 € W.

We claim that for some positive integer €’ depending only on K4_1, C'"~! A is contained in C'~1Q".
Indeed, assume that there exists 2 € C'~' A which is not contained in C’~'Q’. Note that, since 0 € A,
¢A C A for all 0 < ¢ < 1. Thus, we have that tz € Q for all positive integers t < C’ Since Q is
2-proper, each tx has a unique representation as w; + q;, where w; € W and ¢; € Q'. Therefore,
since 2tx = (t — 1)x + (t + 1)z and again using that Q is 2-proper, we have 2w, = wy_1 + w1 and
2q; = q1—1 + q141 for all ¢t € [1,C"), where wg = qo = 0. In particular, ¢; = t¢1 and w; = twy. Thus,
if wy # 0, then wy, ..., wer are distinct, which implies that |W| = |Q|/|Q’] > C’, a contradiction for
sufficiently large C’. On the other hand, if w; = 0, then tz = ¢ € Q' for all ¢ € [C'], which implies
that z € C'"71Q'.

From the above claim together with Lemma we have that 4@’ contains a translate of A.
Furthermore, [4Q'| <4 |Q| <4 |A|. Thus, by applying the second claim of Corollary to 4@Q’,
we can find a constant C?; and a proper GAP P of dimension at most d — 1 such that CJA contains
a translate of P, CP contains a translate of A and ged(P) = ged(A). Since ged(P) = ged(A)
and 0 € A, the translate @ of P contained in C;A is homogeneous. Finally, since C;P contains a
translate of A, so does C/,QQ and, hence, |Q| > /| A| for some ¢, > 0. O

From Lemma [2:20] we obtain the following corollary.

Corollary 2.21. For every d, there exists Cq > 0 such that if A is a proper homogeneous d-
dimensional GAP and 2A is not proper, then, for all k > 1, |kA| < k4=1Cy|A|.

Proof. We prove the statement by induction on d. The base case d = 1 is trivial.
Let d > 2. We first assume that all the widths of A are at least C, where C/, is the constant in

Lemma By Lemma [2.20] we can find a (d — 1)-dimensional GAP @ such that C/,Q contains a
translate of A and C/;A contains a translate of ). Hence,

[kA| < [KCaQ| < (kC)T QI < (KC)TH|CgA| < (RC)* - CF|Al < k1 CylAl,

assuming that Cy is chosen so that Cy > C’fd_l.

Next, consider the case where A = {E?zl xjqj : x; € I;} with I; an interval of length wj,
w; <wy < -+ <wgand wy < O Let A = {Z?ZQ zjqj : xj € I;}. If 2A" is not proper, then, by
the induction hypothesis, |kA’| < k?=2Cy_1|A’|. Hence,

|kA| < [kl + kA'| < ChCq 1KY A| < K10y Al

assuming that Cyq > C/Cy_1.

Thus, we may assume that 24’ is proper. To handle this case, note that, since 24 is not proper,
cqi € 2(A" — A') for some integer ¢ € (0,2C)]. Observe that I; is contained in a translate of
{1,2,...,c—1}+c¢J; for an interval J; of length at most [|I1|/c+1] < C’. Hence, kA is contained
in a translate of

{0,q1,2q1, ..., (c= D@1} + {xeqy - x € kJ1} + kA,
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which is in turn contained in a translate of
{0,(]1, 2(]1, ey (C — 1)q1} -+ C¢Ii . Qk(A/ — Al) + kA/.
Therefore,
|kA| < |[0,¢ —1)q1 + (2C; + 1)kA" — 2CkA"| < 2C% - (5CE)THA'| < k7104 A],

assuming that Cy > 51C"4.
The desired statement thus follows for Cyy = max(59C"¢, C/24~1 C!\Cy_ ). O

We now come to our main structural result. As mentioned above, this roughly says that, for
A C[0,n—1] with 0 € A and h at least a small power of n, there is a GAP P such that A is contained
in P, while, for some constant ¢ > 0, hA contains a proper translate of chP (see Corollary for
the exact statement). Since hA is contained in hP, the latter may be viewed as an approximation
for hA. As indicated in the statement of the lemma, the GAP P and its dimension are essentially
determined at the step of slowest growth as we iteratively double A.

Lemma 2.22. For any 3 > 1, there exist positive integers T, C' and C' depending only on 3 such
that the following holds for n sufficiently large.

Let A be a subset of [0,n — 1] with 0 € A and let h be a positive integer with n < hP. Let d’ be
the smallest integer for which there exists z with T < z < log(h/T) such that |21 A| < 2¢'+1/2]22 4|
and let y be the smallest such integer z. Then there exists a GAP Q of dimension d < d' such that

1. Q is centered, |Q| < C|2YT1A| and A is contained in 2-WTDQ.
2. The set C2Y*t1A contains a translate of Q.
3. C'"1h2=tDQ is proper and h > 100002¢ 1.

Proof. As d' is the smallest integer for which there exists z € [T,log(h/T)] such that |[2*T1A4] <
24 +1/2122 A| | we have that [24F1A| > 2¢=1/2|2¢ A| for all u € [T, log(h/T)]. Hence,

log(h/T)—1
((h)T)A] = 296/ 4] = 274] T ()2 Al/|2Al) > 2@ ~1/2)(ox(r/T)-T)
u=T

and, therefore,
WHPIT > (h/T)n > |(h/T)A| > 2@ /2t T)=D),

where the first inequality uses n < h% and the second uses A C [0,n — 1]. Rearranging, we obtain
(h/TzT)dlffi/Qfﬁ S 2T(1+5)TB

Note that the right-hand side is bounded in terms of T and 8. If d’ > 3/2+ (3, then, for n sufficiently
large in terms of § and T, since h > n'/#, we would obtain a contradiction. Hence, we must have
d <3/2+ 3 < B+ 2. In particular, d’ is upper bounded by a quantity depending only on (.

By Lemma there exist k and C such that 2¥t1 A is contained in a 2-proper k-dimensional
GAP Q with size at most C|2VT!A|, where Q = W & Q with Q being a GAP with dimension d < d’
and |Q| > C~1|Q|. Since Q is 2-proper, we thus also have [WW| < C'. Moreover, Q is also 2-proper
and, in particular, proper.

Since 0 € A, there exists a translate of () by w € W which contains 0. By replacing W with
W —w and @ with @ + w, we can assume without loss of generality that this translate is equal to
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Q and, therefore, that 0 € . We show that A must be contained in 27¥~1Q. Indeed, assume that
A contains an element x outside 27Y~1Q). Note that tz € 2¥*t1A for all positive integers ¢t < 2v+!,
For each t € [2¥*1], by the 2-properness of @, we can uniquely write tz = w; + g;, where w; € W
and ¢, € Q. Since Q is 2-proper and

2w +2¢ =2tx = (t— D+ (t+ )z = (wi—1 + wer1) + (@e—1 + G+1)s

we have 2wy = wy—1 + wyr1 and 2¢ = qe—1 + @41 for all 1 <t < 2v+1 . Hence, since gy = wo = 0,
we have ¢; = tq; and w; = twy for all 1 < t < 2YH If wy; = 0, then, since goy+1 € Q, we have
r=q €27Y71Q, as desired. If, instead, w; # 0, we have w; = twy # 0 for all ¢ < 2Y*1. Therefore,
[W| > 2v+1 > 27 However, for T' chosen sufficiently large, this contradicts the bound |W| < C.

Hence, there exists a proper GAP @ with dimension d < d’ such that 0 € Q, |Q| < C[2¢T1 4] and
A is a subset of 2-@tDQ. By Claim Q is centered, that is, Q = {Zle nigi = n; € [a;, b;]} with
a; <0 <b;foralli € [d]. We can also assume that the minimum width min(b;—a;+1) of @ is at least
2u+1 > 9T+ Otherwise, if bj—a; < 2v+1 then, since bja; <0, we have [2—(y+1)aj, 2—(y+1)bj] NZ =
{0}. Thus, letting Q" = {>_,< 4,2, 1 : ni € [a;, bi]}, we see that 0 € Q*, |Q*| < C|2vt1A| and A
is a subset of 2~ W+ Q*.

Let ¢ : Q — Z% be the identification map. Note that ¢(2¥*1A) is a dense subset of the box
?(Q). By the first part of Corollary for T' chosen sufficiently large in C' and d’ (so that, in
particular, the minimum width of Q is sufficiently large in C' and d’ ), we can find C > C depending
only on C and d’ and a d-dimensional GAP Q' of dimension d in Z% such that Q' is contained in a
translate of C$(Q), Q' contains ¢(Q) N (4(2vF1A)) and C'p(2v+1 A) contains a translate of Q'. Since
0 € A, we have (¢(2¢F1A)) D (#(A)). Since ¢(A) is a subset of p(27¢71Q) N (p(A)) and Q' contains
#(Q) N (p(2¥TLA)), we have that ¢(A) is contained in 27¥~1Q’. Furthermore, since @’ is contained
in a translate of C’qﬁ(Q), C~1Q’ is contained in a translate of #(Q). Hence, as ' and @ are proper,
C~1¢=1(Q’) is proper. Finally, note that |Q'] < C?Q| < C4C|2v+1 A|. Replacing Q by ¢~ 1(Q'), we
may therefore assume that Q is a GAP with the following properties: 0 € @ and so @ is centered,
A is a subset of 27¥~1Q and, for some C' depending only on C and d', |Q| < C|2vt 4|, C1Q is
proper and C2¥+1 A contains a translate of Q. Note crucially that C only depends on C and d’ but
not on 7. It therefore only remains to verify condition 3 of the lemma, which we now turn to.

By taking T sufficiently large in terms of C, we can guarantee that h > 2YT > 1000C2Y*!. Let
C' be a sufficiently large constant depending on 3 to be chosen later. If C'~'h < C~12¢*1 then
C'~1h2~- Wt Q is proper, since C1Q is proper. Thus, we can assume that C'~1h > C~12v+1. Let
u > y + 1 be the largest integer such that 2¢=Y~1C~1Q is proper. Note that v must exist since
C~1Q is proper. If C’""'h2=W+1(Q is not proper, then, C'~'h > C~12% so u < logh —log C' 4+1log C..
By Corollary [2:21] we therefore have that

|2k+u—y—lc—1Q| < Qk(d_l)Cd‘2u_y_lc_lQ|.

Since A C 2=,
’2k+ufy712y+lcflA| < 2k(d71)Cd’2ufy71Cle"

Furthermore, we have that a translate of Q is contained in C2Y*1 A, so
pk—logC—l—uA’ _ |2k+u—y—12y+10—1A| < 2k(d—1)0d|2uA|

Recall that, by the definition of d’, we have [2°T1A| > 2¢=1/2|2% A| for all x € [T, log(h/T)]. More-
over, we have that u > y+ 1> T + 1. Thus, for k <log(h/T) — u,

|2k710g0+uA| — |2k710gC . 2uA| > 2(5[’71/2)(k710g(7)’2uA’7
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so we must have that, for all 1 < k <log(h/T) — u,
k(d—1)+1logCyq > (d' —1/2)(k —log C).

This implies that
(log(h/T) —u)/2 <log Cy +log C(d' —1/2),

SO

u >logh —log T — 2(log Cy + log C(d' — 1/2)).

However, u < logh — log C’ + log C. Thus, since d’ <  + 2, by choosing C’ sufficiently large in
terms of Cy, C, B and T, we arrive at a contradiction. Thus, C’"~1h2- @D is proper. O

The following definition, arising from Lemma will be crucial in the proof of Theorem

Definition 2.23. Given positive integers h and n with h < n and a subset A C [0,n — 1] with
0 € A, the h-dimension of A is the least dimension d obtained from applying Lemma with some
B > 1 such that n < h®.

Crucially, the proof of Lemma yields that the h-dimension of any subset of [0,n — 1] with
n < hP is bounded by a constant depending only on f.

We may now restate the conclusion of Lemma [2.22] succinctly in terms of the notion of h-
dimension.

Corollary 2.24. For every B > 1, there exists a constant cg > 0 such that the following holds. Let
A be a subset of [0,n — 1] with 0 € A, let h be a positive integer such that n < hP and let d be the
h-dimension of A. Then there exists a d-dimensional GAP P such that A is contained in P and hA
contains a proper translate of cghP.

Proof. Let Q, y, C and C’ be as given by applying Lemmato A. Let P =2-+)@Q. By Lemma
we have A C P, C'""'hP = C'~'h2=W+DQ is proper and hA D |C~12-W+Dx|C2v+! A contains
a translate of |[C~12=W+Dp|Q D [C~'h/2|P. Note that here we used that h > 1000C2¢*!, which
follows from Item 3 of Lemma Thus, hA contains a proper translate of [min(C~1, C’"1)h/2|P D
cghP. O

The following definition will also be important.

Definition 2.25. Let A be a finite set of natural numbers with 0 € A and let d be a positive
integer. We define the d-bounding box Py(A) of A to be the d-dimensional GAP containing A with
the smallest volume (breaking ties arbitrarily).

With this definition in place, we can sum up the results of this section in the form we generally
apply them.

Lemma 2.26. Let A be a subset of [0,n — 1] with 0 € A and let h be a positive integer with n < hP.
Assume that n is sufficiently large in terms of 5. If A has h-dimension d, then

(hA] 5 W Vol Py(A)) = A7\ Pa(A)].

Furthermore, the h-dimension of A is at most 1 + 3 and there exists a constant cg > 0 depending
only on 8 such that cghPy(A) and, consequently, Py(A) is proper.

16



Proof. Let P be as in Corollary Then, since cghP is proper, for n sufficiently large we have
that P is proper and |P| = Vol(P) > Vol(FPy(A)). Since hA contains a translate of cghP and cghP
is proper, Lemma [2.7] implies that

[hA] 5 hU|P| > KVol(Py(A)) = h|Py(A)|.

Therefore, since h¢ <3 |hA] < hn < h'*8 it follows immediately that if n is sufficiently large in
terms of 3, then the h-dimension of A is at most 1 + S.

Finally, for an appropriate c¢g > 0 to be determined later, assume that cghP;(A) is not proper.
Then, by Corollary if t < cgh is the largest integer such that tP;(A) is proper, then

hPa(A)] < (b Calt Pa(A)] < (/) Cat| Pa(A)] < csCah™Vol(Py(A)).

On the other hand, |hPy(A)| > |hA| >3 h?¥Vol(P4(A)). This is a contradiction provided cg is
sufficiently small. Thus, we obtain that cghP;(A) is proper and, therefore, for n sufficiently large,
P;(A) is also proper. O

2.4 Non-proper GAPs

In this subsection, we show that a homogeneous d-dimensional GAP A contains either a proper
homogeneous d-dimensional GAP whose volume is a constant fraction of the volume of A or a
homogeneous GAP whose dimension is at most d — 1 and size is at least a constant fraction of |A|.
Thus, by iterating, we arrive at a proper homogeneous GAP which is a subset of A and whose size
is at least a constant fraction of |A|.

Lemma 2.27. There exist positive constants Cy,cq depending only on d such that the following
holds. Let A be a homogeneous d-dimensional GAP. Then either A contains a proper homogeneous
GAP @ of dimension at most d and size at least cqVol(A) or A contains a homogeneous GAP Q of
dimension at most d — 1 and size at least cq|A|. Furthermore, CqQ contains a translate of A and

ged(Q) = ged(A).

Proof. We prove the result by induction on d, first noting that there is nothing to prove when d = 1.
Suppose now that the result is true for (d — 1)-dimensional GAPs and we would like to prove it for
d-dimensional ones.

We first claim that, without loss of generality, we may assume that 0 € A. Indeed, let a € A, so
that 0 € A — a. Assume that A — a contains a proper homogeneous GAP @ of dimension at most d
and size at least ¢4Vol(A —a) = ¢4Vol(A) or A — a contains a homogeneous GAP @ of dimension at
most d—1 and size at least ¢4 A|, where Cy(Q contains a translate of A—a and ged(Q) = ged(A—a) =
ged(A). Since A is homogeneous, ged(A)|a and, hence, since ged(Q) = ged(A), the GAP @ + a is
also homogeneous. Thus, @) 4 a satisfies all of the required properties.

Let C/,c, be the constants in Lemma m Let A = {Z;.lzl xjq; : x; € I;}, where I; is an
interval of length w;. Let hg be the smallest positive integer such that 270 A has one of its widths
smaller than 2C!,. We then let h be the smallest positive integer, if it exists, which is at most hg
and such that 27" A is proper, but 27"t A4 is not. Otherwise, we set h = hg. Note that 27" A has
all widths at least C/,. Let A" = 27" A. We have that either A’ is proper or its minimum width is
less than 2CY,.

Case 1: A’ is proper and the widths of A’ are all at least C?.

If 2" < C!, then A’ has the required properties. Otherwise, assume that 20 > C!. By Lemma m
C A’ contains a proper homogeneous (d — 1)-dimensional GAP B of size at least c;|A’|, where a
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translate of A’ is contained in C',B and ged(B) = ged(A’) = ged(A). We have that A D 2"A’ D
20’710 A" contains the homogeneous (d — 1)-dimensional GAP 2"~1C’, ' B. Furthermore, as
A" = 27" A, the set A is contained in a translate of 2"t2A4’ by Lemma , so A is contained in
a translate of 2"+2C" B. Thus, we have |C) '2"71B| >, |2"*2C!B| >4 |A|. By the induction
hypothesis and the discussion preceding the lemma, C% 19h=1B contains a proper homogeneous
GAP @ of dimension at most d — 1 with |Q] >4 |C’ 2"=1B| >, |A|. Furthermore, gcd(Q) =
ged(B) = ged(A) and, for Cy sufficiently large, Cy@Q contains a translate of 2h+20&B and, hence, A.

Case 2: The minimum width of A’ is less than 2C’, and at least C/.

Let A/ =274 = {Z‘ij:l nig; - ni € [27"a;,27"b;]}. Without loss of generality, we may assume that
A’ is not proper and that C’, < 27"(b; —aj + 1) < 2C". Let B’ = {2?12 nigi : n; € [27"a;, 27"0;]}.
By the induction hypothesis, either B’ contains a proper homogeneous GAP Q' of dimension at
most d — 1 and size at least cq_1Vol(B’) or a proper homogeneous GAP @’ of dimension at most
d — 2 and size at least ¢q_1|B’|, where ged(Q') = ged(B’) and Cy_1Q’ contains a translate of B'.

Let A* = Q" + [27"a1,27"b1]q1. Note that A* C A’ and Cy_;A* contains a translate of A’. If
A* is proper, then, since Cy_1A* is not proper, there exists z < Cy—1 such that zA* is proper and
22A* is not proper. Let A = zA* and note that A is homogeneous. By Lemma C’dA contains
a proper homogeneous (d — 1)-dimensional GAP B of size at least cd|A| where A is contained in a
translate of C,B and ged(B) = ged(A) = ged(A). We have that A contains 2/ A* D [2h271 |24 D
2h=10 i 1A where we used that z < Cy_1. Thus, A contains the homogeneous (d — 1)-dimensional
GAP (Cy-1C%)~12"1B. Furthermore, A is contained in a translate of 2"*24" and, hence, in a
translate of 2"*2C,_; A* and A = 2A* is contained in a translate of C!,B, so A is contained in a
translate of Cy_1C%2"2B. Thus, we have |(Cy_1C) 712" "1 B| >, |C4-1C"2"2B| >4 | A|. By the
induction hypothesis and the remark preceding the lemma, (Cd,lCl’i)*12h*IB contains a proper
homogeneous GAP @ of dimension at most d — 1 with |Q| >4 |(Cy—1C})~12""1B| >, |A| and
ged(Q) = ged(B) = ged(A). Furthermore, for Cy sufficiently large, Cy@Q contains a translate of
Cy-1C"2"2 B and, hence, A.

Next, assume that A* is not proper. Since @’ is proper, if A* is not proper, then there exists
¢;,¢5 € Q and x1,79 € [27"a1,27"b1] such that ¢} + 211 = ¢4 + v2q1. Thus, recalling that
27"(by — a1) < 20, there is o € [1,2C"] such that aq; € Q' — Q’. Note that A is contained in
a translate of 2"*t2A’ by Lemma and each element of 2"+2(A’ — [27"a1]q1) can be written as
the sum of an element of 2"*2B’ and xq, for x < 2"*2(|27"b;| — [27"a;]). Since aq; € Q' — Q'
for some o € [1,2CY], we can write zq; as the sum of an element in [2C’]¢; and an element in
2h2(127hpy | — 27701 ])(Q" — Q') C 230 (Q" — @'). Therefore, A is contained in a translate of
[2CHq1 +2M3C(Q — Q') + 2" 2B C [2CY 1 + 2MTAC)(B’ — B') and, in particular, [28B’| >4 |A].
By the induction hypothesis, either 2" B’ contains a proper homogeneous GAP Q" of dimension at
most d — 1 and size at least cg_1Vol(2"B’) or a proper homogeneous GAP Q" of dimension at most
d — 2 and size at least cq_1|2"B’|, where gcd(Q”) = ged(B') and Cy_1Q" contains a translate of
2"B'. Let Q = Q" 4 {0,1}q1.

If Q is proper, then, since A contains 2"B’, A contains a proper translate of @ of size at least
|Q| >4 |A|. Note that for a GAP B’, we have that —B’ is a translate of B, so B’ — B’ is a translate
of 2B’. Hence, for Cy > 64C"Cy—1, we have that CyQ contains a translate of [2C}|q1 + 2"5C, B/,
which contains a translate of [2C")]q; +2"+*C’(B’ — B’), which further contains a translate of A. We
also have ged(Q) = ged(q1,ged(Q”)) = ged(qr, B') = ged(A). Thus, @ has the required properties.

On the other hand, if @ is not proper, then ¢; € Q" — Q" and, hence, as A is contained in a
translate of [2C%]q; + 2"4C’ (B’ — B'), we have that A is contained in a translate of

(2C5)(@Q" — Q") + 2" H1CY(B' — B) € (202" + Ci2")(B' — B') C 2" 5Cy(B' — B),
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which is contained in a translate of 2"*6C’B’. Thus, recalling that Cy_1Q” contains a trans-
late of 2"B’, A is contained in a translate of 64C;_1C,Q" C C4Q". Furthermore, ged(Q") =
ged(q1,ged(Q")) = ged(qr,ged(B’)) = ged(A), where we used that ¢ € Q" — @Q”. Hence, in this
case, Q" itself has the required properties. O

2.5 Stability under random sampling

In this subsection, we define some notions of stability for subsets A of [0,n — 1] and show that these
properties are preserved for large random subsets of A. We will repeatedly use the fact that, by
Lemma the h-dimension of a subset A of [0,n — 1] with 0 € A for h > n'/# is bounded by 1+ 3
when n is sufficiently large in terms of .

Definition 2.28. Let xz,8 > 1 and let A be a finite set of natural numbers with 0 € A. For each
positive integer d, let Py(A) be the d-bounding box of A. We say that A is weakly-(x, 3)-stable if,
for any A’ C A with |A’| > |A] —x and 0 € A’, we have that, for all d <1+ § and every GAP P of
dimension d with differences at most n? and volume at most 2Vol(Py(A)), A is not contained in P.
When 0 ¢ A, we say that A is weakly-(z, 3)-stable if AU {0} is.

The following observation will be important below.

Lemma 2.29. Let § > 1, let S be a subset of [0,n — 1] with 0 € S and, for h € [n*/? n], let d be
the h-dimension of S. Then, for n sufficiently large in terms of B, the d-bounding box Py(S) has
differences bounded above by n®.

Proof. By Lemma we have |hS| 35 hTVol(Py(S)). Assume, for the sake of contradiction, that
Py(S) = {Zle niq; : n; € la;,b;]} and q1 > n?. Note that hS C hPy(S)N[0, h(n—1)]. Furthermore,
for each fixed no,...,ng, there is at most one integer n; for which niq; + Zfl:2 n;q; € [0, h(n — 1)].
Hence,

d
[hPy(S) N[0, h(n — D) < [J(bi — ai + 1) - b1 < b4 Vol(Py(S)) /(b — a1 + 1).
=2

However, this contradicts the bound |hP;(S)N[0, h(n—1)]| > |hS| >4 h¢Vol(Py(9)) for n sufficiently
large. O

Corollary 2.30. Let > 1 and let A be a weakly-(x, 3)-stable subset of [0,n — 1]. Then, for any
subset A' of A of size at least |A| — x, any h € [nY/P n] and n sufficiently large in terms of 3,
Vol(Py(A' U{0})) > 2 Vol(Py(A)), where d is the h-dimension of A" U{0}.

Proof. Let d be the h-dimension of A’U{0}, which is at most 1+ 3 by Lemmam By Lemmam
P4(A’U{0}) has differences at most n?. Since A is weakly-(x, 3)-stable, there is no GAP of dimension
d with differences at most n* and volume at most 2 Vol(P;(A)) such that P contains A” for a subset
A" of AU{0} with [A”| > |A] — 2 and 0 € A”. Hence, Vol(P4(A’ U {0})) > 3Vol(P4(A)). O

The following lemma gives a useful property of weakly-(z, 3)-stable sets.

Lemma 2.31. There is a constant cg > 0 such that if A is a weakly-(x, B)-stable subset of [0,n—1],
then, for any subset A of A of size at least |A| — x, any h € [P n] and n sufficiently large in
terms of B,

[h(A"U{0})] = cglRA.
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Proof. Let d be the h-dimension of A’ U {0}, which is at most 1 + 8 by Lemma [2.26| By the same
lemma, we have that, for some constant ¢ > 0 depending only on £,

|h(A" U {0})] > chdVol(Py(A U {0})) > gthol(Pd(A)) > %|hA|,

where we used that hA C hP;(A) and, since A is weakly (z,[)-stable, Vol(P;(A" U {0})) >
%Vol(Pd(A)) by Corollary O

For a positive integer d, let ¢4 be the identification map ¢4 : Py(A) — Z%. Weak stability tells
us that the bounding box of any large subset A’ of A is close in size to the bounding box of A, but
later we will also need to control the subgroup (¢4(A’)) spanned by A’ in Z¢. Given a subset A of
[0,n — 1], let D4 be the set of d for which there exists h € [n/? n] such that d is the h-dimension
of AU{0}. The next lemma shows that a weakly stable set A contains a large subset A’ such that
any large subset A” of A’ spans the same subgroup of (¢p4(Py(A))) as A’ for all d € D 4.

Lemma 2.32. For any 8 > 1, there exists Cy > 1 depending only on [ such that the following holds
for n sufficiently large in terms of 5. Assume that A is a weakly-(z, (3)-stable subset of [0,n — 1].
For each d € Dy, let ¢g be the identification map ¢q : Py(A) — Z%. Then there exists a subset A of
AU{0} with 0 € A" and |A'| > |A| — x/2 such that, for all d € Da and any subset A" of A" with
0€ A" and |A"| > |A| — z/Ch, (¢a(A")) = (¢a(A)).

Proof. Say that a subset A’ of AU {0} is good if 0 € A’ and, for all d € Dy and any subset A” of
A" with |[A"] > |A'| —x/Cy and 0 € A", (pq(A")) = (pa(A")).

Let Aj = A. We iterate the following step. For ¢ € [0,Cy/2], if A} is good, then we output
A" = Al. Otherwise, there exists d € Dy and a subset A” of A} with |A”| > |A}| — 2/Cp, 0 € A”
and (¢q(A")) C (pa(Aj)). Set Aj,; = A” and continue. We terminate when either A; is good or we
arrive at i > Cp/2. Observe that if the procedure terminates at iteration i < Cp/2, then A) is good
and satisfies the desired property in the lemma statement.

By Lemma [2.26], max D4 < 5+ 1. Thus, for each 4, there exists d € D4 such that the subgroup
(pa(AL)) has index at least 2¢/(+1) in Z9. Let m; be the projection onto the j-th coordinate in Z%.
Then there exists j < d such that 7;({¢4(A%))) has index at least 2¢/(¥5+1) In particular, for any
box B containing 0, we have |(¢q(A})) N B| < |B|/2%/(d6B+1),

Assume that this procedure has not terminated by the i-th iteration. Let d € D4 be such that
the subgroup (¢4(A)) has index at least 2/(5+1) in Z?. Since d € D, there exists h € [n'/#, n] such
that d is the h-dimension of A. Let d’ be the h-dimension of A,. By Lemma d’ is bounded in
8 and

|RA;| 3> B Vol(Py (A7)).

Since A is weakly-(z, 3)-stable, Corollary [2.30| implies that Vol(Py (A})) > 2Vol(Py(A)) and so
|hAj| 5 h* Vol(Py(A)).

Furthermore, A C Py(A), so |hA| < h¥ Vol(Py(A)). Hence, we obtain that [hA%| 5 |hA|. But,

again by Lemma [2.26]
|hA| > 5 h?Vol(Py(A)),

so that
|hAL| 5 h?Vol(Py(A)).

Since hoq(A%) C (pa(A})) N héq(Pa(A)), we have that

|(@a(AD) N hoa(Pa(A))| >5 h'Vol(Py(A)).
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Since we also have that
[(@a(A7)) N hoa(Pa(A))| <g |hpa(Pa(A))|/27/ U < hiVol(Py(A)) /27 D),

we get the bound 7 < dCg < Cég for some constants Cg, Cé depending only on 5. In particular, if
the constant Cy in the lemma statement satisfies Cy > 20’6, then we arrive at a contradiction if the
procedure has not terminated by the Cp/2-th iteration. Hence, for such a Cy, we can always find
the desired subset A’ in the lemma statement. O

Taking the lead from this lemma, we now define a notion of strong stability.

Definition 2.33. Let 8 > 1 and let Cj be the constant depending on § in Lemma [2:32] Let A
be a subset of [0,n — 1] with 0 € A. For each positive integer d, let P;(A) be the d-bounding box
of A and ¢4 : Py(A) — Z¢ its identification map. We say that A is strongly-(z, B)-stable if it is
weakly-(z, 8)-stable and, for all d € D4 and any A’ C A with |A'| > |A| —2/Cy and 0 € A’, we have
that (¢pq(A")) = (pa(A)). When 0 ¢ A, we say that A is strongly-(x, 3)-stable if AU {0} is.

Thus, Lemma implies that a weakly-(x, 3)-stable set A has a subset A’ of size at least
|A| — /2 such that A’ is strongly-(z/2, §)-stable.

Lemma 2.34. For 8 > 1, let Cy be the constant depending on 3 in Lemma[2.33 and let C > Cj be
sufficiently large in terms of B. Let A be a strongly-(x, B)-stable subset of [0,n — 1] of size m with
0 € A, where n is sufficiently large in terms of 3. Let S be a random subset of A of size a|A|, where
ax > Clogn. Then the following claims hold:

1. With probability at least 1—exp(—az/16), the inequality Vol(P4(SU{0})) > 2 Vol(Py(A)) holds
for all d € Dg.

2. With probability at least 1 —exp(—ax/(16Cp)), the set S is weakly-(3ax, B)-stable and, further-
more, the following property holds. For each d € Dy, let Py(A) be the d-bounding box of A and
¢a : Ps(A) = Z¢ its identification map. Then, for any subset S’ of S with |S'| > |S|—tax/Cy,
(0a(S")) = (pa(A)). In particular, S is strongly-(ax, B)-stable.

Proof. We verify the two claims in turn.

Proof of 1. Assume that Vol(P;(S U {0})) < 3Vol(P4(A)) for some d € Dg, noting, by Lemma
that d < 14 . Then there exists a GAP P of dimension at most d and volume less than
3Vol(P4(A)) such that all elements of A\ P are not contained in S. Since A is strongly-(z, 3)-stable,
we have that |A\ P| > x. By a result of Hoeffding [I5, Theorem 4], the probability that all elements
of A\ P are not contained in S is at most exp(—azx/8). Note that there are at most n*(1+5) centered
GAPs of dimension at most 1 + 3 with differences at most n? and widths at most n. Therefore,
by Lemma and the union bound, using the assumption that ax > C'logn, we obtain that the
probability Vol(Py(S U {0})) < 3Vol(Py(A)) for some d € Dg is at most exp(—ax/16)/2.

Proof of 2. Assume that we can remove at most %am elements from S to obtain S’ so that there is
a GAP P of dimension d < 1+ 3 with differences at most n? and volume at most 3Vol(Py(SU{0}))
that contains S"U{0}. In particular, there exists a GAP P of dimension at most 1+ with differences
at most n? and volume at most 2Vol(Py(S U {0})) < 3Vol(P4(A)) such that [SN (4\ P)| < jaz.
Since A is strongly-(x, 5)-stable, |A\ P| > z, so Hoeffding’s result again implies that the probability
1SN (A\ P)| < $az is at most exp(—az/8). By the union bound, taken over all n*(*#) possible
choices for the centered GAP P, the probability that we can remove at most %oza; elements from S
to obtain S” with S" U {0} C P for some such P is at most exp(—ax/16)/2.
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Let h € [n'/#,n] and let d be the h-dimension of A. For any proper subgroup I of (¢4(A)), since
A is strongly-(z, 3)-stable, we have |A\ T'| > 2/Cy. Therefore, taking a union bound over the n®#
choices of possible subgroups spanned by elements of ¢4(Py(A)) and using that ax > Clogn for
C sufficiently large in 3, the probability that we can remove at most %aw/ Cy elements from S to
obtain S" with (¢4(S”)) a proper subgroup of (¢p4(A)) is at most exp(—ax/(16Cp))/2. The required
conclusion follows by combining the results of the two paragraphs. O

2.6 Resilience and preprocessing

In this short subsection, we describe a preprocessing step that outputs a stable subset of A, allowing
us to apply the results of the previous subsection. We first define yet another notion of stability.

Definition 2.35. Given € > 0, § > 1 and a subset A of [0,n — 1], we say that A is (¢, 3)-resilient
if, for any d < 1+ 8 and any A’ C A of size at least |A]/100, we have Vol(P;(A" U {0})) >
n~=Vol(P;(A U {0})).

We have the following consequence of Lemma [2.26]

Corollary 2.36. Let > 1, C' > 0 and let € > 0 be sufficiently small in 8 and C. Let A C [0,n —1]
be (e, B)-resilient with 0 € A. Let h € [n*/?,n] and let d be the h-dimension of A. Assume that A is
contained in a d-dimensional GAP Q with identification map ¢¢g and |¢q(Q)| < C|Py(A)|. Then,
for any subset A" of A with size at least |A|/100, ¢p4(A’) has dimension d.

Proof. Assume that ¢g(A’) has dimension smaller than d. Then ¢g(A’) is contained in the inter-
section of a (d — 1)-dimensional subspace I' and the box P := ¢g(Q) with widths wy,...,wq.

Since I' has dimension d — 1, there exists a basis vector e; € Z% which is not contained in I
Hence, (¢q(A’)) intersects each translate of Ze; in at most one point. Furthermore, the number of
translates of Ze; intersecting hP is at most h9~! H#i w; < h% 1 P|. Hence,

(A U{0})] < [hoo(A"U{0})] < |héq(A) N (do(A))] < AT P.

On the other hand, by Lemma d < 1+ (3 and, letting d’ be the h-dimension of A’ U {0}, we
have
|h(A"U{0})| >3 b Vol (Py (A" U{0})).

Since A is (e, §)-resilient, we have
Vol(Py (A" U {0})) > n~“Vol(Py(A)).

Thus,
|h(A" U {0})] >3 n~ A% Vol(Py (A)) > n~¢|hAl.

Again by Lemma [2.26] we have |hA| 5 h?|P;(A)], so
R4 P| 5 n Y Py(A)| > C '~ h%| P|.
However, since h > n'/#, this is a contradiction for e sufficiently small. O

The next lemma shows that we can replace a set A with a large subset which is strongly stable
and resilient.
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Lemma 2.37. Let 8> 1, € > 0 and let A be a subset of [0,n — 1] of size m. Assume that n < mP
and n is sufficiently large. Then there is a constant ¢ > 0 depending only on € and 3 such that the
following holds. For any positive integer ¢, there exists a subset A of A of size at least ¢'m — 1003t
such that A is both strongly—(@,ﬁ)-stable and (e, B)-resilient.

Proof. Assume that A is not strongly—(logtm,ﬁ)—stable and (e, 3)-resilient. We run the following
process.
Step 1. If A is not weakly- ( —, B)-stable, we can remove at most - g elements from A to obtain

a subset A" whose d- boundlng box has volume at most a 3/4-fraction of the d- boundlng box of A
for some d < 1+ 3. We replace A by A’ and repeat this step until A is weakly- ( B)-stable, only
then moving to Step 2.

Step 2. If A is weakly- (logm’ﬁ) stable but not strongly-(
a subset A’ of A with |A'| > |A] —
then move to Step 3.

logm’

B)-stable, apply Lemma to find
[)-stable. We replace A by A’ and

t
logm’

which is strongly-(-

logm logm?
Step 3. If A is (e, 3)-resilient, we terminate with the required set. If A is not (e, §)-resilient,
there is a subset A" of A with size at least |A]|/100 and d < 1+ 8 such that Vol(FPyz(A" U {0})) <
n~“Vol(P;(A U {0})). In this case, we replace A by A’ and return to Step 1.

Note that in each iteration of Step 1, the volume of the d-bounding box goes down by a factor
of 3/4. Since each d-bounding box of A has size at most n and there are at most 1 + § choices
for d, there are at most (1 +logy/3n)(1 + B) such iterations. The number of iterations of Step 2
is bounded by the number of iterations of Step 1. Finally, the number of iterations of Step 3 is
bounded by a constant in € and 8. Indeed, in each iteration of Step 3, for some d < 1 + 3, we have
that Vol(Py(A U {0})) decreases by a factor of at least nc. Since Vol(Py(A U {0})) < n in the first
iteration, there can be at most (1 4 /3)/e many iterations of Step 3.

Furthermore, in each iteration of Step 1 or Step 2, the size of the set decreases by at most 10 m,
while in each iteration of Step 3, the size of the set decreases by at most a factor of 100. Thus,
the iterations must terminate at a strongly- (logtm,ﬁ) -stable and (e, §)-resilient set with size at least

C m — 2 10gm (10g4/3 n + 1)(1 + /8) > C m — 100521; Where C — ].00 (1+/8)/6 1S a constant dependlng
only on 8 and e. O

~ We also have the following variant of Lemma with a much larger A if we do not require that
A is (e, B)-resilient. The proof is essentially identical to that of Lemma and so is omitted.

Lemma 2.38. Let 3 > 1 and let A be a subset of [0,n — 1] of size m. Assume that n < m? and
n 1s sufficiently large. Then, for any positive integer t, there exists a subset A of A of size at least
m — 1005%t such that A is strongly—(@,ﬂ)—stable.

2.7 Growing the set of subset sums

In this final subsection, we collect some simple results which will allow us to control the growth of
a set of subset sums as we iteratively add elements to the set. Similar results can already be found
in the work of Erdés and Heilbronn [9] and Olson [I§] from the 1960s.

Lemma 2.39. Let S be a finite set of integers and let aq, ..., ar be distinct integers. Then

k
(S+ar+-+a)\ S| <) |(S+a)\ S|

i=1
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Proof. We prove the lemma by induction on k. The statement is obvious for £k = 1. Assuming the
statement is true for k < h, we have, for k = h + 1, that

(SH+ar+---F+ap)\ S| <|(SH+ar+---+ap) \ S|+ [(S+a1+ -+ apy1) \ (S+ a1+ +ap)]

=[(S+a1+-+an) \ S|+ |[(S+ani1)\ 9|
h+1

< Z!(SJrai)\S\-

Hence, the statement is true for all £ > 1. O

Lemma 2.40. Let S be a finite non-empty set of integers. Then the set of a € Z with |(S+a)\ S| <
@ has size less than 2|S|.

Proof. Consider the multiset {s — s’ : 5,5 € S} of size |S|%. If |(S +a)\ S| < @, then a appears
more than |S|/2 times in this multiset. Hence, there are fewer than |S|?/(|S|/2) = 2|S| such a. O

Lemma 2.41. Let S and A be finite non-empty sets of integers and let k be such that |kA| > 2|S].
Then there exists a € A such that |(S + a) \ S| > %

Proof. Assume that [(S+a)\S| < |S| foralla € A. By Lemma this implies that |(S+a)\S| < @
for all a € KA. But then, by Lemmam, we have |kA| < 2|5], contradicting our assumption. [

3 Proof of Theorem [1.5]

In this section, we give the proof of Theorem [I.5using the tools developed in the previous section. We
first give an overview of the argument, which shares certain common features with the framework
used in [7]. First, we randomly partition A, or rather a large stable subset A of A, into ¢ sets
Ay, ..., Ay of roughly equal size which, with high probability, inherit the relevant stability properties
from A. For each set A;, we then find a subset Al of size s/l for some positive constant ¢ such that

S(AD] >, |74 U 0D)].

i

Once this is achieved we can obtain the desired homogeneous GAP by summing the sets ¥(A}) and
using Lemma [2.15] and Corollary [2.17]

To show that we can find subsets A} of each A; with [Z(A})| large, we consider an iterative
procedure where we add in one element of A; at a time so as to maximize the growth of the
set of subset sums at each step. After step j, we will have a subset S; of A; with j elements
removed and a set X(j) consisting of the subset sums of the j removed elements. We initialize
with Sy = A; and ¥(0) = {0}. Then, at each step j > 1, we pick an element a; € S;_; such that
|(2(j—1)+a;)\X(j—1)| is maximized and let S; = Sj_1\{a;} and 3(j) = X(j —1)U(Z(j—1)+aj).
We run this iteration for c¢s/¢ steps.

In order to control the growth of |X(j)| at each step, we appeal to Lemma‘ 2.41} which relates the
growth of [X(j)| to the size of the iterated sumsets of the available elements S;_;. More concretely,
1X(5)]/12(j — 1)| will be at least 1 4 1/(2k;), where k; is the smallest integer such that |k;(S;—1 U
{0} > 2|Z(5 —1)]. Usmg that |Sj_1| > |A;] — 7 + 1, we define certain numbers t; which give lower
bounds on the sizes of 2"(S;_1 U{0}). In particular, when |S(j —1)| < t5,, we have that |X(j)| grows
by a factor of at least 1 +27"~1. This allows us to bound the number of iterations where |£(5)] lies
in the interval [tp,tp 1], as it must grow significantly in each such iteration. Combining this with
estimates on t, we obtain the desired lower bound on |X(cs/f)| at the end of our iteration.
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Proof of Theorem[1.5. By Lemma with ¢t = slogm, we can replace A by a subset A of size at
least m — 100(4/3/1)?s log m which is strongly-(s,4/3/n)-stable.

Let ¢ be a constant to be chosen later. Partition A randomly into £ sets Aq,..., Ay of roughly
equal size. Let C be the constant depending only on 43/n from Lemma . By Lemma there
is a positive constant C; depending only on 43/n such that if s > C1¢logn, then, with probability

at least 1 — exp (—ﬁ), the following event £ holds:
e For all i € [{], A; U {0} is strongly-(5;,4//n)-stable.
e For all i € [(] and all d € Da,, Vol(Py(A; U{0})) > 3Vol(Py(A U {0})).

e For each h such that 2" € (/48 n], let d be the 2"-dimension of AU {0}. Let P;(AU{0}) be
the d-bounding box of AU {0} and ¢4 : Py(A U {0}) — Z% its identification map. Then, for
all i € [¢] and any subset S of A; with |S| > |A| — 557, (94(5)) = (¢a(4)).

We next show that, under the event £, we can find a subset A} of A; of size at most ﬁoﬁ such
that

D(AD] > |7(AU0D)].

i
We consider the following iterative process. Initialize Sy = A; and ¥(0) = {0}. At each step
j > 1, we pick an element a; € S;_; such that [(3(j — 1) + a;) \ X(j — 1)| is maximized. We then
let Sj = Sj-1\{a;} and X(j) = X(j — 1) U(Z(j — 1) + a;). We run this iteration for 55 steps.
If at step j, we let k; be the smallest positive integer such that |k;(S;—1 U {0})| > 2]2(] - 1),
then, by Lemma [2.41} we have |3(j)| > ( + m) |X(7 — 1)|. For each positive integer h, let

2"(B U{0})].

1
th == min
2 BCA;:|B|>|Ai|—s/(20)

If [3(j —1)] < tp, for some j < 575, then, since |Sj_1| > [A;] —s/2¢, we have that 12h(S;_1u{0})| >
2tp, > 2|8(j — 1)|. Thus, k; < 2", so that [S(j)] > (1+ 2h+1) |X(5 — 1)|. Therefore, using that
1+z > 2% for 0 < z < 1, the number of steps j < 557 where |[E(j)| € [th—1,tp) is at most

1+ 2/t ]og 1o 7
We claim that for h > ho = 7 logm, —hl is bounded by a constant depending only on 1 and .

Indeed, let dj_; be the 2"~'-dimension of A; U {0}, which, since 2"~1 > m/4 > p?/*#is bounded
by a constant depending only on 3 and 7 by Lemma [2.26] We have

tn < |12"(A; U {0})] < 2"t [Py, (A U{O})].
On the other hand, under the event £, Lemmas and [2:26] imply that
et > 1207 (A U {O])] 3, 20001 Py (A; U {0)).
Thus,

ty,
7<<57]2dh ' <y 1
th—1

Now let h, be such that ‘E <2C Z)’ € [th,,th,+1). Then we have that

1+ 2hF1] > 5
Z ( + Ogth 1) — 20/

0<h<hs+1
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However, by the claim above, we see that

t
Z <1 + o+t log ) < (24 hy) + oMo+l ]og thy + Z o+t log h
0<h<h.+1 th-1 ho<h<hs+1 th

Ly o A 200108 g 100y 4 2N
where we used that t,, < 2"0n < n?. Hence, there is a constant ¢(3,1) > 0 such that

9hs 4 h, + 2/Dlogm 41605 > -
+ hy + 0gn_c(ﬂ,n)200£

Therefore, since 2" > h,,

hs > C(an) S _ n/4 > c(ﬁvn)f
2z =5 g ) A leen = 5577

for n sufficiently large, where we used that s > m” and n < m?.
Hence, with dj,, being the 2"-dimension of A; U {0}, Lemmas and imply that

2 (57 )| 2 the > 2% 1Py, (A U{OD)] 5, | (AU {0}
2Cy¢ ’ * v

where, in the last inequality, we used to conclude that

S

Suop] < (5)™

since, under the event &,

| Pay,, (A UL0})[ = Vol(Fy,, (A; U{0})) = ZVol(Pdh* (AU{0})) > 7| Pa,, (AU {0})].

3
1

Thus, there exists a subset A} of A; of size at most ﬁoé such that

[B(AD] 5, |FAU{OD)].

[AUL0)] <,y 28| Py, (AU{O})] <y 20 | Py, (45 U{O})],

By Lemma 6} letting d be the 7-dimension of AU{0}, then |[h(AU{0})| >4, " hi|Py(AU {0})|

where h = 3. Let P = Py(Au{0}). By Clalm E and Lemma E we can assume that
is a centered GAP and that éhP is proper for some ¢ depending only on 8 and 1. Let ¢

P
be

the identification map ¢ : P — Z%. We then have that h¢(A U {0}) is subset of hé(P) with

|h¢(AU{0})| 5., |ho(P)| and 0 € he(A U {0}). By the first claim in Corollary [2.17} we have that

there exists a d-dimensional centered GAP Q of dimension d in Z¢ with the followmg properties:

o Q2 (ho(AU{0}) Nhe(P),
e ( is contained in a translate of Cgmhqb(]s),

. C’gmhqﬁ(fl U {0}) contains a translate of @ (and so h¢(A U {0}) is reduced in Q),

o Q] < Cgplhg(AU{0})].
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Since hg(AU{0}) C Q and ¢p(AU{0}) is a subset of Z%, we have ¢p(AU{0}) C h~1Q. Let Q = h~1Q.
We then have that Q D (h¢(AU{0}))N¢(P), Q is contained in a translate of Cgmqﬁ(p) and ¢(AU{0})
is reduced in Q. Furthermore, since @ is contained in a translate of Cg,¢(P), it follows that chQ
is contained in a translate of ¢(6h15) for some ¢ depending only on 8 and 7 and thus, as ch(@ is a
proper GAP in Z% and éhP is proper, ¢~ (¢hQ) is also proper.

For all ¢ € [¢], we have

S(A) € 67 (570(P) N (6(4))))
and
DAY > |FAU{OD)] 5, (/01 2)

Thus, (gZ)(A’)) must have index bounded by a constant in 4 and 1 in Z%. Under the event &, since
|Aj| < 5557, we have that (¢(A; \ 47)) = (¢(A)). Thus, by greedily choosing elements of A; \ A}, we
obtain a subset A} C A; \A’ of size bounded in 8 and 7 such that (¢(A” U A})) = (¢(A)). Note that
A'UA” C A and \A’\ < 2657 80 B(AJUAY) C (557 + Cpp)( AU{0}). Then, for T; = ¢( (ALUAYY),
we have that T; C 5,Q and Tj is reduced in 5;Q, since (p(A;U AY)) = (¢(A)) and ¢(A) is reduced in
Q. Furthermore, by (2) and since |Q| <g, |¢(P)|, Ti occupies a constant fraction ¢, of 7,Q. By
Lemma [2.15] for ¢ sufficiently large in terms of 5 and 7, the sum of the sets T; contains a translate
of Y5;Q = T Q for some constant y depending only on CB , and d. Hence, Y(ThU---UTy) contains

a translate of £°Q by an element of S(p(A)) € (p(A)).

Since ¢~1(¢hQ) is proper for some ¢ depending on 3 and 7, we obtain that there is a GAP
P :=¢1(Q) and a subset A’ = Ule AL U AY of A of size at most s such that A U {0} is contained
in P and X(A’) contains a homogeneous and proper translate of csP, where ¢ > 0 depends only on
B and 7. O

As we will need it for the proof of Theorem [I.4] we now record a variant of Theorem [I.5] where
A is explicitly stable and resilient. We omit the proof, which is the same as that above, except that
we apply Lemma rather than Lemma [2.38| at the outset.

Theorem 3.1. For any 8 > 1, ¢ >0 and 0 < n < 1, there are positive constants ¢ and d such that
the following holds. Let A be a subset of [n] of size m withn < mP and let s € [m",em/logm]. Then
there exists a subset A of A of size at least cm which is both strongly-(s, B)-stable and (e, B)-resilient,
a proper GAP P of dimension at most d such that AU {0} is contained in P and a subset A’ of A
of size at most s such that X(A") contains a homogeneous translate of csP, where csP is proper.

4 Convex geometry and subset sums

In this section, we show that we can approximate the set of subset sums of a set A by a certain
convex polytope and collect several useful properties of this polytope. In the next section, we will
then combine the results of this section with Theorem [3.1] to prove Theorem [I.4]

Definition 4.1. Given a finite subset A of Z¢, we define the zonotope Z4 to be the Minkowski sum
of the segments [0, 1] - a with a € A.

Lemma 4.2. Let A be a subset of a box Q in Z* with widths wy, ..., wqg and 0 € A and let Z4 be
the corresponding zonotope. Then, for any z € Z4, there exists a subset sum s(z) of A such that
|zi — s(2)i] < /d|AJw; for alli < d.
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Proof. Since z € Z4, we can write z = ) 4 2qa, where the coefficients z, are in the interval [0, 1].
For each a, let Z, be the random variable which is 1 with probability z, and 0 otherwise, with each
Z, independent of all others. Consider also Z = ) 4 Z,a, noting that E[Z] = 2.

We next compute the variance of the i*" coordinate of Z, obtaining

2
EkZ—zﬁ}:E (}:&z—zﬂm>

a€A

Note that |a;] < w; from our assumption that 0 € A C . By independence of the zero-mean
random variables (Z, — z4)a;, we have that

E (Z(Za — za)ai> =Y aE[(Ze — 2)’) = a7 > za(1 = za) < wi|Al/4.

acA a€A a€A

Thus, by Chebyshev’s inequality, we have

PO&—MZ wmw)gﬁ.

Hence, by the union bound, with probability at least 1 — d - ﬁ = 3/4, we have that, for all i < d,
’Zz' — Zi| S d\A|wl
Since Z € ¥(A), we have arrived at the desired conclusion. O

Given a subset A of Z¢, the dimension of A is the dimension of the span (A) in R¢, while the
affine dimension of A is the dimension of A —a for any a € A. The next lemma says that any subset
of Z% with affine dimension d contains a simplex of large volume.

Lemma 4.3. In any set A of m distinct integer points in Z¢ with affine dimension d, there exist
d + 1 points such that the simplex spanned by these points has volume at least cqgm.

Proof. We first claim that if P is a simplex with maximum volume spanned by d + 1 points of A,
then A can be covered by a copy of 2P. Indeed, consider the d 4+ 1 hyperplanes H, going through
a vertex x of P parallel to the face of P not containing z. Every point of A must lie to the same
side of the hyperplane H, as P, as otherwise that point together with the vertices of P other than
x would define a simplex with larger volume than P. Let H, be the closed half-space containing P
adjacent to H,. The intersection of the half-spaces H, defines a simplex P isomorphic to 2P, whose
vertices are the reflections of each vertex z of P about the face of P not containing x. Since A is a
subset of H, for each z in P, A is also a subset of their intersection P, proving the desired claim.
By an old result of Blichfeldt [5] (see also [3]), the volume of the convex body spanned by a set
1

of m distinct integer points in Z¢ with affine dimension d is at least %(m —d) > @’ where we

used that m must be at least d + 1. Combining this observation with the above claim, we obtain

that vol(2P) > ﬁm for a maximum volume simplex P spanned by points in A. In particular, P
has volume at least mm > cqgm, as desired. O

We now use this result to derive a lower bound on the volume of the zonotope Z4 associated
with a set A C Z%.
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Lemma 4.4. Let 0 < ¢ < 1/3 and suppose A C Z% has the property that every subset of A of size
at least c|A| has dimension d. Then the volume of the zonotope Z4 is at least /| A|%TY, where ¢ > 0
depends only on ¢ and d.

Proof. By Lemma there exist d + 1 points in A U {0} spanning a simplex with volume at least
cgm. Let A; be obtained from A by removing these points. We then repeat this process, stopping
only when the dimension of the remaining points is less than d. By assumption, we can repeat this
process for at least (1 —c¢)|A|/(d+ 1) — 1 steps. This yields (1 — ¢)|A|/(d + 1) — 1 simplices, each
of volume at least cqc|A|, such that Z4 contains the Minkowski sum of these simplices. By the
Brunn—Minkowski inequality, we see that the volume of Z4 is at least

(75 1) ) = e

for an appropriate ¢ > 0, as required. O

The final ingredient we will need is the following result of Tao and Vu |24, Theorem 3.36]. Recall
that a subset A of R? is symmetric if A = —A. Moreover, a lattice of rank r in R? is a discrete
additive subgroup of R% generated by r linearly independent vectors.

Lemma 4.5. Let B be a convex symmetric body in R and let T' be a lattice in R® of rank r. Then
there exists an r-tuple w = (w1, ...,w,) € I'" of linearly independent vectors in I' and an r-tuple
N = (Ny,...,N;) of positive integers such that

(r?"B)NT C (~N,N)-w C BNT C (—r* N,r* N) - w,
where (=N, N)-w={>_, zjw; : x; € (—N;, N;) NZ}.

We now come to the main result of this section. This says that given a dense subset A of a box @
in Z%, if we add a box @' that is not too large to ¥(A), we cover all integer points in a neighborhood
of the zonotope Z4. This then allows us to show the existence of a large GAP inside ¥(A4) + Q'.

Lemma 4.6. For any positive integer d and any 0 < ¢ < 1/3, there exist ', > 0 such that the
following holds. Let A be a subset of a box Q in Z% with widths w, ..., wq and 0 € A such that the
dimension of any subset of A of size at least c|A| is d. Let Q' be a box in Z¢ with widths wi, . .. , W
such that Q' is symmetric around 0 and w} > 8y/d|Alw;. Then X(A) + Q' contains all integer
points in Z4 + conv(c’Q’). Furthermore, 3(A)+ Q' contains a translate of a GAP P of size at least
" max(|Q'[,|A|™") such that the affine span of P is R* and P contains ¢"Q’ and " Z N 7%, where
Z is a translate of the zonotope of a subset A* of A of size at least |A| — 2¢.

Proof. From Lemma we have that for all points z in Z4, there exists a point Z € 3(A) such
that

Thus, provided ¢’ < 1/4, for any y = z + ¢ with ¢ € conv(¢’Q’) and y € Z¢, we can find 7 € X(A)
with
lyi — Zi| < Vd|Alw; + ¢"w; < 3wi/8.
Hence,
yeX(4)+Q'.

Since any subset of Z% of size at least d + 1 contains a non-empty subset with zero sum, we
can iteratively remove non-empty subsets of A with zero sum until we are left with at most d + 1
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elements. Hence, there is a subset A* of A with size at least |A| — (d + 1) where > 4. a/2 € Z%.
But Za« — Y ,c4-a/2 is symmetric about 0, so that Z4« has an integer translate Z which is
symmetric around 0. Furthermore, by Lemma the volume of Z4- and, hence, that of Z is at
least, ¢/|A*|4H1 > &|A|TH

By Lemma there is a GAP P such that P C (conv(¢’@Q’)+Z)NZ% and P D (cq(conv(c"Q) +
Z))NZ< for some ¢g > 0. Since the volume of Z is at least &| A%+, the volume of ¢g(conv (¢’ Q')+ 2)
is at least ¢, max(|Q'], Vol(Z)) > ¢/ max(|Q’|, |A|**!). Hence, by a variant of Minkowski’s convex
body theorem due to van der Corput [§] saying that a symmetric convex body in R of volume larger
than 29k contains at least k integer points, the number of integer points in the symmetric convex
body cg(conv(¢’ Q')+ 2) is at least ¢/ max(|Q’|, |A|*T"). Note that the affine span of (cq(conv(c”Q)+
Z)NZ% is R and (cg(conv(c’Q’) + Z)) N Z4 contains a translate of both ¢4'Q’ and ¢’ Z N Z¢. We
thus have that ¥(A)+ @’ contains a translate of a GAP P of size at least ¢’ max(|Q’|,|A|?T!) whose
affine span is R and P contains ¢’Q’ and ¢ Z N Z%, where ¢” = min(c/’, ). O

5 Proof of Theorem [1.4]

We are now in a position to prove Theorem In this section, for simplicity of notation, we will
often use the same symbol ¢y for different constants that depend on a particular parameter f, but
allowing the value to change from line to line.

Proof of Theorem[1.] Let 8 = k, let € be a constant which is sufficiently small in terms of 5 and let
s = (long)Q. By Theorem we can find a subset A of A with |A| > ¢|A| which is (e, §)-resilient
and strongly-(s, 5)-stable, a centered GAP P with dimension d bounded in terms of § such that
AU {0} is contained in P and a subset A’ of A of size at most s such that $(A’) contains a proper
homogeneous translate of cgsP. Without loss of generality, we can assume that P is symmetric,
noting that, since P is centered, this extends each of the widths of P by at most a factor of 2. Since
cgsP is proper and cgsP is contained in a translate of ¥(A’), which is itself a subset of [0, ns], we
have

ccq(cps)®m < cq(cps)*|P| < |egsP| < ns+1 < mPH, (3)

where the first inequality follows since P contains A U {0} and the second inequality follows from
Lemma . If d > 8, we would then have that d > [3]| 4+ 1, as d is an integer. But, by , this
implies that m?—~ < (ccdcg)_l(log m)??, which is false for n sufficiently large. Therefore, d < 8 = k.

Suppose P = {Z?:1 niq; : n; € [ai, b} with b; = —a; (as we are assuming P is symmetric) and
¢ is the identification map ¢ : cgsP — Z9. Consider the map 1 : Z¢ — 7Z given by ¥(n1,...,nq) =
Zf’:l niq;. Since Y(A’) contains a translate of cgsP, P(X(¢p(A\ A')) 4 ¢(cssP)) is contained in
a translate of $(A). By Lemma |s(A U {0})|] < s%Py(A U {0})| and, on the other hand,
Is(AU{0})] > |2(A)| > [epsP| >5 s%|P|. Hence, we have |¢(P)| = |P| <z |Pa(A U {0})], so,
provided e is sufficiently small in terms of 5, we may apply Corollary to conclude that, under
the map ¢, any subset of A of size at least |A|/100 has dimension d. Thus, we have that ¢(AU{0})
is a subset of a box ¢(P) in Z¢ with widths 2b; + 1,...,2bs + 1 and under ¢ the dimension of
any subset of A U {0} with size at least |A]/100 is d. Moreover, ¢(cgsP) is a box with widths

at least cgsby, ..., cgsbg, where cgsb; > 81/d(|A| +1)(2b; 4+ 1). Hence, by Lemma we obtain

that X(p(A \ A’)) + ¢(cgsP) contains a GAP P’ whose affine span is RY, whose size is at least
camax (AT, |cssP|) (here we use that cgsP is proper, so that |¢(cgsP)| = |cgsP|) and where P’
contains a translate of ¢(cgz5P) and cqZ N Z%, where Z is a translate of the zonotope of a subset
of p(A\ A’) of size at least |A\ A'| — 27,
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Thus, ¥(P’) is a GAP of dimension d in Z with volume at least cgq|A|%*! and size at least
ca38P| >qp s%m. Furthermore, ¢)(P') is homogencous, since P’ is contained in X(p(A\ A’)) +
¢(cgsP), P’ contains a translate of ¢(cgpsP) and ¥(A U {0}) C (P) and, hence, ged(P') =
ged(P) | ged(A U {0}). If ¢(P') is not proper, Lemma implies that either ¢ (P’) contains a
proper homogeneous GAP of dimension at most d and size at least cq|A|™! or 1 (P’) contains a
homogeneous GAP of dimension at most d — 1 and size at least cg gsm.

First, consider the case where (P’) contains a homogeneous GAP of dimension at most d — 1
and size at least cdﬁsdm. By repeated further applications of Lemma we may conclude that,
for some d’ € [1,d — 1], ¥(P’) contains a proper d’-dimensional homogeneous GAP of size at least
caps®m > m¥/(logm)?™! > m@+1 ] as required. Moreover, the same conclusion holds if (P’
contains a proper homogeneous GAP of dimension at most d — 1 and size at least cq|A|?t7.

Finally, consider the case where ¢ (P’) contains a proper d-dimensional homogeneous GAP of
size at least cq|A|%T1. We have ¢(P’) C [0,mn] as 1(P’) is contained in $(A), so

cal AP <mn +1,

which implies that d < g if m > anl/ﬁ for sufficiently large Cz. Since d is an integer, d < [f]|—1 =
k — 1. Thus, the conclusion of the theorem holds in all cases. O

Remark. We can guarantee that ¢)(P’) contains either a proper d’-dimensional homogeneous GAP
of size at least m@*!/(log m)?4*! for some d’ < d or a proper d-dimensional homogeneous GAP of size
at least cg|A|9T! and minimum width at least ¢4 5| A|. Indeed, recall that 1 (P’) contains a translate
of cqpsP, where cqgsP is proper, and ¢ (P’) is contained in mP. In particular, (cqgs/m)y(P’) is
proper. Furthermore, the minimum width of (cg gs/m)y(P’) is at least cg gs/m-cq g5 > m/(logm)?,
where we use that ¢(P’) contains a translate of ¢4 gsP to conclude that it has minimum width at
least cq gs. Therefore, in the proof of Lemma@ we can check that only Case 1 can occur and, thus,
either ¢)(P’) contains a proper d’-dimensional homogeneous GAP of size at least m*!/(logm)2d+!
for some d’ < d or it contains a proper homogeneous translate of cgi(P’).

Hence, it remains to verify that the minimum width of ¥ (P’) is at least cq g|A|, which implies
that the minimum width of ¢4 (P’) is at least cqg|A|. For this, we note that P’ contains ¢y Z NZ<,
where Z is a translate of the zonotope of a subset A, of A\ A’ of size at least |A\ A'| — 2¢. Write
P = {Z?Zl nip; : n; € I;} and assume, without loss of generality, that |I;] is the minimum of the
|I;]. Note that py,...,pq form a basis of Z¢ and define projection maps 7; : Z¢ — Z by ;(z) = n; if
T = Z?Zl n;p;. Recall, from our application of Corollary that any subset of A of size at least
|A|/100 has full dimension under ¢. Thus, A, contains at least cg|A| elements = with 7 (2) # 0.
We then obtain that max(m;(Z)) — min(m1(2)) > cg|A| and, hence, since P’ contains cqZ N Z%, we
have that |I1] > ¢4 g|A|, as required.

6 Maximum non-averaging sets

In this section, we prove Theorem , the main tool being Theorem Let E[(n) be the maximum
integer for which there are two non-averaging subsets A and A of [n] of size H(n) with max(A) <

min(A) whose sets of subset sums have no non-zero common element. As for the function H(n) (see
[7, Corollary 1.10] and its proof), we can show that

h(n) < 2H(n) + 2. (4)

Moreover,
H(n) < H(n) < Cn'/2. (5)



To prove Theorem it thus suffices to prove the following result.

Theorem 6.1. There is an absolute constant C such that, for alln > 2,
H(n) < CnV?* (logn)?. (6)

Proof. We prove the theorem by strong induction on n. Let ng be any fixed positive integer. As
H (n) < n holds trivially, by taking C sufficiently large, we may assume that @) holds for all
2 < n < ng, giving us the base cases of our strong induction. For the induction hypothesis, assume
that n > ng and @ holds for all n’ < n. Our aim for the rest of the proof is to show that @ holds
for n.

Let o = v/2—1. Let H(n) = m and assume, for the sake of contradiction, that m > Cn®(logn)?.
Then there are non-averaging subsets A and A of [n] of size m with max(A) < min(A) whose sets
of subset sums have no non-zero common element.

Claim 6.2. If ¥(A) contains a homogeneous progression P of length larger than n, then Z([l) must
intersect ¥(A) in a non-zero element.

Proof of Claim. Let a be the common difference of P and z its initial element. By the pigeonhole
principle, any set of a integers contains a non-empty subset whose sum is divisible by a. We may
therefore partition A greedily into subsets T} U --- U T, each of size at most a, such that, for each
1 < s — 1, the sum of the elements in 7; is a multiple of a. Furthermore, the sum of the elements
in each T; is at most an. Thus, as long as ZzeTlu-nuTsfl z > x, 2(121) intersects P in a non-zero

element. But if we let M = max(A) < min(A), then 2 < M|A| — an = Mm — an, whereas
Y cerueur, , 2 > M|A'| —an = Mm — an. Thus, X(A) intersects ¥(A) in a non-zero element, as
required. O

By Theorem there exists an absolute constant ¢ > 0 such that, for some d, there is a subset
A of A of size at least c|A|, a d-dimensional GAP P containing AU {0} and a subset A’ of A of size
at most - such that ¥(A’) contains a proper homogeneous translate of IZQTn
have d < 2. Indeed, if d > 3, then

P. Furthermore, we

2 7 4

3
SA) > () P>
[2(40] = <2logm Pl = 8 (logm)? .

where we used that |P| > |A| > em, m > Cn®(logn)? and, by Lemma that |kP| > (k/2 |
(

whenever P is a d-dimensional GAP and kP is proper. However, this contradicts X(A') C ¥
[mn].

We first consider the case d = 1. Let L be the length of P. Since P contains A, which is
a non-averaging set of size ¢m, we have h(L) > em. As h(L) = O(LY?) by and , there
is a constant ¢y > 0 such that L > c¢ym?. Thus, Z(/l) contains a homogeneous progression of

)P
4) €

length at least Qfog“mL > Czlfyog”;j > n, where the last inequality holds as C is sufficiently large and

m > Cn®(logn)?, where o = /2 — 1 > 1/3. By Claim this is a contradiction.
Suppose now that d = 2. Let P =z + [0, w; — 1]g1 + [0, wa — 1]g2 with w; < wy. First, consider

the case where wy > n. Since X(A’) contains a proper translate of lgzg%P for a subset A’ of A of

cm

ey and X(A') is a subset of [mn], we have

size at most




Hence, m/(logm)? < 4c=*, which contradicts our assumption that m > Cn®(logn)? for a sufficiently
large choice of C.

Next, consider the case where ws < n. Since A is a non-averaging set, the intersection of A with
each translate of [0, ws — 1]g2 has size at most h(wy) < 3ﬁ(w2) < 3Cw$(logwy)?, where the first
inequality is by and the second inequality is by the induction hypothesis. Hence, the size of A s
at most wyih(ws), implying that wih(ws) > ]fl\ > em, so 3Cwiw§ (logws)? > em. Since wy > wy,
we have ww$ (logws)? < (wyws) /2 (log(wiws))?. Thus,

wiwy > %(cm/30)2/(1+a) /(log(cm/3C))4 (),

Hence,

c'm >c m
2w1w2_z

1 V2 V2
= T (logm)? 5 -Z(cm/3C') 2 /(log(em/3C))*V2.

(logm)

Since X(A’) is a proper subset of [mn], we have

2 A m2 4 2
logm

2

cA+V2 m2+Vv2 2m,

16(3C)V2 (logm)2(log(cm/3C))2V?2 =

1 ml—i—l/a
< )
= C17a (log(m/ )2

P‘ < |B(AN)] < mn
logm

where, in the last inequality, we used m > Cn®(logn)?, so that n < (m/C)®/(log(m/C))?/®. In
particular, since 1/a = v/2 + 1,

(log m)?(log(em /3C))2V2 / (log(m/C))?Y2+2 > 4V2C/(16 - 3V2),

SO

(logm)?/(log(m/C))? > +V2C/(16 - 3V2). (7)

Recall now that m > Cn®(logn)?. If m < C? and n > ng is sufficiently large, the left-hand side
of is at most 4(log C)? and otherwise the left-hand side of (7)) is at most 4. In either case, as
C' can be taken sufficiently large, cannot be satisfied, a contradiction. Hence, m < Cn®(logn)?,
completing the induction. O
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