SIMPLICIAL TURAN PROBLEMS
DAVID CONLON, SIMON PIGA, AND BJARNE SCHULKE

ABSTRACT. A simplicial complex H counsists of a pair of sets (V, E) where V is a set of
vertices and E € Z(V) is a collection of subsets of V' closed under taking subsets. Given
a simplicial complex F' and n € IN, the extremal number ex(n, F') is the maximum number
of edges that a simplicial complex on n vertices can have without containing a copy of F.
We initiate the systematic study of extremal numbers in this context by asymptotically
determining the extremal numbers of several natural simplicial complexes. In particular,
we asymptotically determine the extremal number of a simplicial complex for which the

extremal example has more than one incomplete layer.

§1. INTRODUCTION

Turdn’s paper [23] in which he showed that complete, balanced, (r — 1)-partite graphs
maximise the number of edges among all K -free graphs is often seen as one of the starting
points of extremal combinatorics. Already in this paper, he asked for similar results for
hypergraphs. More than 80 years later, still little is known in this regard.

A hypergraph H = (V, E) consists of a vertex set V' and an edge set £ < Z(V) = {e <
V}. We say that H is k-uniform (or a k-graph) if E < V¥ = {e € V : |e| = k}. The
extremal number for n € IN and a k-graph F' is the maximum number of edges in an F-
free k-graph on n vertices and is denoted by ex*)(n, F). The Turdn density of F is then
7(F) = lim,, . ex® (n, F) (Z)fl (this limit was shown to exist by monotonicity in [16]).
The problem of determining the extremal numbers or the Turan densities of hypergraphs
is often referred to as the Turan problem. For graphs, this problem is reasonably well
understood, as a result of Erdds, Stone, and Simonovits [9,10], generalising Turdn’s theorem,

iggj, where x(F') is the chromatic number

says that the Turdn density of any graph F' is
of F.
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In contrast, for hypergraphs, only a few Turan densities are known, one prominent
example being that of the Fano plane [2,8,15,17]. Even the Turén density of the complete 3-
graph on four vertices, K f’), is still not known, although it is widely conjectured to be 5/9.
In fact, the problem is already open for the 3-graph that consists of three edges on four

vertices, denoted by K f’)_

. For more on the hypergraph Turan problem, we refer the
interested reader to the survey by Keevash [18].

In this work, we consider the Turdn problem for (abstract) simplicial complexes. A
hypergraph H = (V, E) is a simplicial complex if for all e € E and ¢’ < e, we have ¢’ € E.
In other words, a simplicial complex is a hypergraph whose edge set is closed under
taking subsets (we also say that E is hereditary). The k-uniform layer of a simplicial
complex H = (V,E) is H, = (V,E®), where E®) = {e € E : |e| = k}. In line with the

geometric interpretation of simplicial complexes, we define the dimension of H to be
dim(H) = max{k>0: E® = @} — 1.

For brevity, when describing the edge set of a simplicial complex, we will generally not
mention the induced edges, i.e., the edges which are properly contained in another edge.

The extremal number for n € IN and a simplicial complex F' is the maximum number
of edges in an F-free simplicial complex on n vertices and is denoted by ex(n, F'). For a
family of simplicial complexes F, we define ex(n, F) analogously. We are by no means
the first to study the extremal problem for simplicial complexes. For example, already in
1983, Frankl [12] observed that ex(n, F) = 37~ (") for F = ([s], Z([s])) and derived the
celebrated Sauer—Shelah—Vapnik—Chervonenkis lemma [20,21,24] as a corollary. However,
we believe that we are the first to study the problem systematically, asymptotically
determining the extremal numbers of several natural simplicial complexes.

As a first attempt, one might hope for some way to reduce the Turan problem for
simplicial complexes to that for uniform hypergraphs. Indeed, given a simplicial complex F
of dimension k — 1, let H be the simplicial complex with [V(H)| = n, E@ = V(H)®
for 0 <i <k —1and E® the edge set of a k-graph on V(H) that is Fj-free. Then H is

clearly F-free, yielding the following general lower bound.

Observation 1.1. If F' is a simplicial complex of dimension k — 1, then
kel
(k)
ex(n, F) = ex'"(n, Fy) + ;) (z) .

We will show that this bound is asympotically optimal for several simplicial complexes.
However, this is not always the case. To say more, we recall an old conjecture of Hajnal

(originally formulated in terms of traces of sets rather than simplicial complexes). Given
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positive integers k and d with k& > d, let F(k,d) be the family of all simplicial complexes
with vertex set [k] and 1 + Zf:(] (]:) edges. The problem of determining ex(n, F(k,d))
can be seen as a variant of the well-known Brown—Erdds—Sés problem [22] for simplicial
complexes. Hajnal’s conjecture (see [6,14]) is then that ex(n, F(k,d)) = Z?:o ("), in
keeping with the lower bound in Observation 1.1. Bollobéds and Radcliffe [5] proved this
conjecture for k = 4 and d = 2. However, in full generality, it was disproved by Frankl [11]
and later, in a very strong sense, by Bukh and Goaoc [7]. In particular, from their result it
follows that for every d > 2 and every exponent ¢ € IN, there is a sufficiently large £ such
that ex(n, F(k,d)) = Q(n*). However, for k > 5 and d > 2, the problem of determining
the asymptotics of ex(n, F(k,d)) remains wide open. Indeed, it seems to be significantly
harder to determine the extremal number of a simplicial complex if it does not agree with
the lower bound in Observation 1.1.

Our main result, Theorem 1.2 below, breaks through this barrier, asymptotically deter-
mining the extremal number of a simplicial complex B for which the extremal number is
not given by the bound in Observation 1.1. To the best of our knowledge, this is the first
result of this type and shows that the extremal behaviour of simplicial complexes can be

genuinely different from that of the uniform hypergraph given by the largest layer.

Theorem 1.2. For B = ({v1,...,vs5}, {v304, V10203, 110405 }), there is a constant C € N
such that

9(n 21
B) < - —
ex(n, B) 8<2)+16n+0

for every n = 5.
As shown by the following example, this bound is best possible up to the constant.

Example 1.3. Let n € N with n =6 mod 8, let V =V} v V, for some sets V; and V,
with |V3| even and |Vi| + |V2| = n, and let M be a perfect 2-uniform matching on V5.

Furthermore, let
E' = {abc:abe M and ce Vi} u V\®

and let E be the downward closure of E’. Then set H = (V| E) and note that B &€ H and

n= !Vi\) L=l

51 =" it - il + (1) + 5

The right-hand side is maximised if V4] = 2n— 1, in which case it is equal to (5) + 2tn+ 2.

The proof of Theorem 1.2 is the longest and most difficult part of this paper. We believe
that the approach used for this proof might have further applications for hypergraph Turan-

type problems. Roughly speaking, it proceeds by gaining more and more structure on an
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extremal B-free simplicial complex, ultimately yielding the same structure as Example 1.3.
This is done by introducing and analysing a parameter g, which is defined for every vertex
and depends on its link, and symmetrising a subset of the vertices determined by p.

We now state our results where, up to lower order terms, the extremal number is given
by the lower bound in Observation 1.1. We begin with the comparatively simple case of

two disjoint 3-edges connected by a 2-edge.

Theorem 1.4. For the simplicial complex F = ({vq, ..., vs}, {v1v903, V40506, V104}), there
is C € N such that n> —n +2 < ex(n,F) <n*—n+C.

Given a 3-graph F and A < V(F), let F'* be the simplicial complex obtained from F
by adding a new vertex a and all 2-edges from a to A (and then taking the downward
closure). Our next theorem follows from a more general result, Theorem 4.1, that we
prove in Section 4. It gives a general condition under which the extremal number of F'* is
approximately equal to the bound in Observation 1.1 provided we also require that the
host simplicial complex is 2-dimensional. Let us call a 3-graph proper if for every ¢ > 0,

there is some ny € IN such that for every n > ngy, we have

G (n. F
(1+¢e)[ex®(n, F) —ex®(n—1,F)] > exn, F) :
n

For instance, if ex®)(n, F) ~ Cn® for some C' > 0 and « > 1, then F is proper. Moreover,
by duplicating a vertex that has at least the average degree in an extremal example for F
on n — 1 vertices (combined with a standard double counting argument from [16]), one can

easily see that if the shadow of F'is complete, then F' is proper.

Theorem 1.5. For every proper 3-graph F', A < V(F) and n,e > 0, there is ng € N
such that the following holds. If a 2-dimensional simplicial complexr H on n = ng vertices
satisfies
ex®(n, F) (JA = 1) AG)
ST s <7 ) 1+27, 1.1
T+ A +n)[1+ 5 ] (1.1)

where A®) = max, oy gy d®) (zy), and e(H) = (1+¢)[ex®(n, F)+ (3)]. then H contains
a copy of F't.

The following corollary of Theorem 4.1 (using that the extremal number of the 3-graph
with two edges on four vertices has been determined in [13]) asymptotically determines the

extremal number of another natural simplicial complex on five vertices.

Corollary 1.6. For the simplicial complex F' = ({vy,...,vs}, {v10203, Vo304, Vovs, U3U5})

and € > 0, there is ng € N such that ex(n, F) = (3 + £)(}) for every n = no.
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Finally, we determine the asymptotics for the extremal number of the simplicial complex
on four vertices given by two 3-edges that intersect in two vertices and a 2-edge between

the two vertices which do not lie in the intersection.

Theorem 1.7. For the simplicial complex F' = ({vy, va, v3, v4}, {v10203, Vov3v4, V104 }) and e >

0, there is ng € N such that ex(n, F) = (% + 8) (g) for every n = ny.

Notation. For a simplicial complex H = (V,E), S € V, and i € IN, we define the i-
uniform degree of S by d¥(S) = [{e € E : S € e,|e|] = i}|. Omitting parentheses
around 1- and 2-sets, we have, in particular, that d?(v) = [{e € E : v € e, |e| = i}
for v e V. We also write d®(v) = > ._,d9(v). The degree of v counts all edges
containing v except the singleton, that is, d(v) = > iss d®(v). The neighbourhood
of vis Nv) ={w eV ~v:3ee E:vwe e} and, more generally, the neighbourhood
ofaset Sis N(S) ={weV ~S:3ee F:Scewee}. When considering simplicial
complexes and the context is clear, we will usually only mention those edges whose
downward closure is the edge set. For a vertex v € V, let L, be the link of v in H, i.e.,
the simplicial complex with vertex set V' — v and edge set {e¢ —v : v € e € E}. Finally,
we write EO(H) = {e € E: |e| = i}, eD(H) = |[EY|, and e(H) = |E|. Similarly, we
write v(H) = |V].

§2. PROOF OF THEOREM 1.2

Let H = (V, E) be a simplicial complex with |V| =n, B ¢ H, and assume for the sake
of contradiction that |E| > 2(3) + 2tn + C, where C' is some sufficiently large constant.

Roughly speaking, we proceed as follows. By induction on the number of vertices, we may
assume some minimum degree. The proof is then centered around a parameter o(v), defined
for every vertex v. Depending on the role that v plays in the link of another vertex w, we
know how o(v) and o(w) relate. This allows us to determine the rough structure of H. By
continuing to analyse p and by symmetrising a subset of the vertices determined by o, we
can simplify this structure further. Finally, we obtain a B-free simplicial complex which
equals the extremal example aside from maybe the sizes of the two partition classes and
has at least as many edges as the initial H. A simple optimisation then finishes the proof.

Let us formalise the proof by performing an induction on n. Let ny € IN be sufficiently
large and choose C' € IN large enough that every simplicial complex on n < ng vertices with
at least %(;) + %n + C edges contains a copy of B. We take those cases as the base of our
induction. The remainder of this section is devoted to the induction step.

For n > ng, assume that every simplicial complex on n —1 vertices with at least %("_1) +

2
%(n—1)+0 edges contains B. Let H = (V, E') be a simplicial complex with |V| =n, B € H,
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and assume for the sake of contradiction that |E| > (%) +2in+C. If there is a vertex v € V

with d(v) < %(n — 1) + 3, we have that |[E(H —v)| > 2(5) + 2in+ C —d(v) — 1 >

%(";1) + 2¢(n — 1) + C and so, by induction, H — v contains a copy of B. Therefore, we

may assume that for every v e V|

9 )
d(v)>§(n—1)—l—ﬁ.

Clearly, H cannot contain any edges of size at least five. Thus, the links consist only

(2.1)

of 3-edges, 2-edges, and 1-edges (and the empty set). Furthermore, we have the following.
Claim 2.1. For every v eV, there is no 2-uniform path with three edges in L,,.

Proof. Assume that there is a 2-uniform path abed in the link of some v € V. Since H is a
simplicial complex, we have bc € E and, by the definition of the link, we have abv, cdv € E.

Thus, there is a copy of B in Hla,b,c,d,v], a contradiction. O

For a simplicial complex F' and a subcomplex F’' < F, we say that F’ is isolated in F
if F' does not contain an edge containing both a vertex of F” and a vertex in V(F) \ V(F").
Claim 2.1 means that every link consists only of: isolated vertices, isolated (2-)edges,
isolated induced (2-uniform) stars with at least two edges, isolated (2-uniform) triangles,
and potentially isolated 3-edges. However, the next claim states that H does not have any

4-edges, so the links do not in fact contain any 3-edges.
Claim 2.2. There are no 4-edges in H.

Proof. Assume that e = vivv3vy is a 4-edge. Note that no 3-edge can intersect e in exactly
two vertices, as otherwise B € H. For i € [4], let N; be the set of vertices in V' \ e which
are contained in a 3-edge with v;. Note that for all distinct ¢, j € [4], we have that v; has
no 2-edge to any vertex in N; (as otherwise, again, B < H), so in particular N; and N; are
disjoint. Without loss of generality, we may assume that |[N7| < --- < |Ny|. Since all 2-edges
between v; and the vertices in Nyw N3w Ny are missing, d® (vy) < (n—1)— (| No|+|N3|+| Ny)).
Together with (2.1), this implies that

n-1, 5

8 16
On the other hand, by Claim 2.1, L, [N;]| does not contain any 2-uniform path on three

d(g)(vl) + d(4)("01) > ‘NQ’ + ‘Ng’ + ‘N4’ +

edges. It is easy to check that this means the number of 2- and 3-edges in L, is at

most 4|Ny|/3. Adding the 3- and 4-edges in e containing vy, we obtain
4
d(S)(Ul) + d(4)(1}1) <4+ §|N1‘,

which is a contradiction for n sufficiently large. 0
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Definition and basic properties of p. Let us now introduce the central parameter of

the proof. Let ¢(v) denote the number of isolated 2-edges in L, and define

o(v) = €@ (L) + p(v) = 2.

The idea behind this parameter is that it is (a lower bound on) the number of 2-edges
that must be missing at a vertex w if w appears in an isolated 2-edge in L,. We make this

precise with the following claim.

Claim 2.3. Let v,w,z € V be such that wz is an isolated edge in L,. Then d®(w) <
n—1— o(v). Moreover,

-1 2
Q(w)>d(3)(w)—2>n8 _1(73+Q(v)'

Proof. Let ab € E®(L,) \ {wz} and note that since wz is an isolated edge in L,, we
have that a,b,w,z are distinct. If aw € E, then H[a,b,v, w,x] contains a copy of B, a
contradiction. Thus, the only 2-edge in H formed by w and a vertex that is contained in
a 2-edge of L, is wx. In other words, w is ‘missing’ a 2-edge to every vertex spanned by
a 2-edge in E@(L,) \ {wx}.

Recall that, by Claims 2.1 and 2.2, L, consists only of isolated vertices, isolated 2-
edges, isolated induced (2-uniform) stars with at least two edges, and isolated (2-uniform)
triangles. Clearly, every isolated 2-edge in L, spans exactly two vertices. Moreover,
we have that isolated (2-uniform) triangles and stars span at least as many vertices as
they have 2-edges. Therefore, the total number of vertices spanned by E® < {wz} is at
least e (L,) + ¢(v) — 2 = o(v). By the argument in the paragraph above, each of those
vertices corresponds to a missing 2-edge in w. This yields the first inequality of the claim.

The moreover part simply follows from the first part, (2.1), and the definition of p. [

The following claim is in a sense the reverse of the previous one. For v,w € V,
we say that w is a tip of a star in L,, and write w < v, if there are x,y € V such
that wx, zy € E(L,).

Claim 2.4. Let v,w eV be such that w < v. Then d® (v) < n — o(w). Moreover,

o(v) = d®(v) —2 > ngl - 1112, + o(w) .
Proof. Let x,y € V be such that wzx,zy € F(L,) and note that vz € E(L,). If vx is an
isolated edge in L,,, the statement follows from Claim 2.3. If there is some ¢’ € V \ {v, z, y}
such that vy’ € E(L,) or zy € E(L,), then H[v,w,x,y,y'] contains B. Thus, we
are left with the remaining case that both v and x lie in at most two 2-edges in L,

namely, vz and possibly vy and zy. As in the proof of Claim 2.3, if there is ab e E?)(L,,)
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with abn {v,z,y} = @ and av € E, then B < H|a,b,v,w, z]. That is, v is missing a 2-edge
to every vertex spanned by an edge in E®(L,) \ {vz,vy, ry}. Again, as in the proof of
Claim 2.3, there are at least e®(L,) — 3 + ¢(w) = o(w) — 1 such vertices. This yields the
first part of the claim.

The moreover part again follows from the first part, (2.1), and the definition of p. [

At this point, we already begin to see some resemblance of H to the extremal example,

namely, in the structure of the links of those vertices with extremal p.

Corollary 2.5. Letve V.
(1) If o(v) = mingey o(w), then the 2-edges of L, form a matching of size larger

than %1 + %.
(2) If o(v) = maxyey o(w), then the 2-edges of L, do not contain any isolated edges.
(3) The link of v consists only of isolated vertices, isolated 2-edges, and isolated induced

(2-uniform) stars with at least two edges.

Proof. For (1), note that if the 2-edges of L, do not form a matching, then there would be
a vertex w that is a tip of a star in L,, implying that o(w) < g(v) by the second inequality
in Claim 2.4. Moreover, (2.1) implies that d®(v) > 2% + 2.

For (2), note that if there is an isolated 2-edge xy in L,, then o(x) > o(v) by Claim 2.3.

To see (3), recall that we already know that L, consists only of isolated vertices, isolated
2-edges, isolated induced (2-uniform) stars with at least two edges, and isolated (2-uniform)
triangles. Assume now that there is a triangle with vertices w, x, and y in L,. Then
considering the link of w yields x < w (since z and y are tips of a star centered in v
in L,,) and thus o(x) < o(w) by Claim 2.4. However, considering the link of = similarly

gives w <« x and so o(w) < o(z), a contradiction. O

Next, we bring the structure closer to the extremal example by performing some sym-

metrisations.

Symmetrisation of vertices. We begin by defining V] as the set of vertices in H for which
the 2-edges in the link form a matching. Note that, by Corollary 2.5 (1), we have V} # &.
Moreover, no two vertices of V] are contained in the same 3-edge. Indeed, if v,w € V] are
such that wx € L, for some vertex z € V, then, by Claim 2.3, we have o(w) > o(v). But
since vx € L, as well, we have go(w) < o(v), a contradiction.

Now pick v € V} with d(v) maximal among the vertices in V;. Clearly, if we replace each
vertex in V; (one by one) by a copy of v and add all 2-edges between these vertices, then
the total number of edges does not decrease. Moreover, recalling that the 2-edges of L,

form a matching, it is not hard to check that no new copies of B are created in this way.
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Thus, from now on we can consider H to be the resulting simplicial complex. In particular,
all vertices v € V; have the same link L, whose 2-edges form a fixed matching M.

Note that, by (2.1), we have [M| > = + 2 and therefore, by the definition of o(-), we
have, for all v € V;, that

4 8

The following notation will help us as we make more use of Claims 2.3 and 2.4. For v, w €

1 5 11
g(v)>2<”8+16)—2:” . (2.2)

V and i € N, write v < w if there are vertices v = vy, . .., v; = w such that, for all j € 4],
we have that v;_; < v;. Furthermore, for S < V, write S & w if there is some v € S such

that v <~ w. Note that v < w just means v «— w.
Claim 2.6. There is nov eV and 1 > 3 such that V) Lo,

Proof. Assume for the sake of contradiction that v € V and ¢ € IN with ¢ > 3 such

that V; <~ v. Then there are vy € Vi and vy, v9,v3 € V (with vz being v if i = 3) such

that vy <« v1 « vy < v3. By (2.2), we know that o(vy) > ”T_l — %. Applying Claim 2.4
twice yields o(vo) > 2+ — & 4+ 2(2t — 38) = 221 — 21 This means, again by Claim 2.4,
that d?(v3) < n—p(vs) = n— 21 + 28 = =1 4 3l apq
1 43 5(n—1) 119
d¥ () > = -2 oy > -
(vs) 16 o(vz) 8 16
It follows that d® (vs3) > d® (v3) for n sufficiently large. However, Corollary 2.5 (3) implies
that d® (v3) < d®(vs) — 1, yielding the required contradiction. O

Next, guided by the intuition coming from the extremal example, we show that the

vertices in V(M) (which we might also call V3) are exactly the vertices v for which V; <= v.

Lemma 2.7. For v eV, the following are equivalent:
® VE V(M)

e V] L v holds and Vi < v does not hold fori1 = 2.

Proof. “<": Let x € V] be a tip of a star in L,. This means in particular that v is contained
in a 2-edge in L,. But any such edge is in M, so that v e V(M).
“=". Let w € V be such that vw € M and let z € V;. In particular, vw is an isolated

edge in L, so that o(v) > o(z) + "5+ — 22 by Claim 2.3. Note that wa € E(L,). If wz is an

27
16°

a contradiction. Therefore, wx is not an isolated edge in L,, meaning that there is another

isolated edge in L,, then another application of Claim 2.3 would yield o(x) > o(v)+ % —

2-edge intersecting wz. Since vw is an isolated edge in L,, such an edge cannot contain z,
so it must contain w, implying that d(LQU) (w) = 2. In other words, z is a tip of a star in L,,

. 1
ie., r <.
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By Claim 2.6, it is enough to show that V' < v does not hold for any 7 = 2. Assume for
the sake of contradiction that it does hold, i.e., that there is some z € V; and r € V' such
that x «— r <« v.

Note that V; < 7 holds and V; <~ r does not hold for i > 2, since otherwise we
would have V; oy for some i > 2, contradicting Claim 2.6. Hence, by “<”, we know
that » € V(M). Observe that any 2-edge in H between vertices in distinct edges of M
would yield a copy of B and that r « v in particular implies that rv € E(H). Thus, rv € M
(and so r = w), implying that rx € E(L,). Finally, recall that r is a tip of a star in L, and
note that x cannot be a vertex of this star, since rv is an isolated 2-edge in L,. Therefore,
in L,, the 2-edge xr is a pendant edge to this star. However, this gives a (2-uniform) path

with three edges in L,, contradicting Claim 2.1. O

Gaining further structure. Recall that Corollary 2.5 (3) states that the link of any
vertex consists only of isolated vertices, isolated 2-edges, and isolated (2-uniform) induced
stars with at least two edges. The following key lemma says that vertices of V(M) contain

exactly one star in their links.

Lemma 2.8. If vw € M, then L, contains exactly one isolated (2-uniform) induced star

with at least two edges and the centre of this star is w.
We first prove the following statement.
Claim 2.9. IfveV and w ¢ V; with w < v, then V; <~ v for some i = 2.

Proof. Assume that the statement is not true and let v and w be a counterexample
where o(w) is minimal. As w ¢ Vj, there is some vertex with 2-degree at least 2 in L,
and, therefore, some w' € V' with v’ < w. Note that by Claim 2.4, we have o(w’) < o(w).
If w' € Vi, then V; < v, contrary to our assumption that v and w are a counterexample
to the statement. Thus, w’ ¢ V; and since g(w) was chosen to be minimal among all
counterexamples, we have that w and w’ are not a counterexample, meaning that there is

some i > 2 such that V; <~ w. But then V; & v, contrary to our assumption. O
Let us now prove Lemma 2.8.

Proof of Lemma 2.8. First, note that a vertex in V(M) must have a (2-uniform) star with
at least two edges in its link for otherwise it would be in V. To show that v has at most
one (2-uniform) star with at least two edges in its link, assume the opposite. Then there
are x;,y; € V for i € [3] such that x; # y; and z129, T123, Y192, Y1y3 € E(L,).

First, let us observe that s, 23, y2, y3 € V1. Indeed, assume that one of x5, x3, ys, y3 is not

contained in Vi, say, without loss of generality, x5. By Claim 2.9 and the fact that o < v,
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we would then have V; <= v for some i > 2. But, by Lemma 2.7, this contradicts v € V(M).
Therefore, xa, 3, Y2, y3 € V1. But then vay € E(L,,) and vy, € E(L,,) contradict the facts
that x5 and y, have the same link and v lies in a matching edge in this link.

Lastly, let us show that w is the centre of a star with at least two edges. Recall that
the vertices in 1V are symmetrised, so that, in particular, every vertex in V; forms an edge
with w in L,. Hence, it is enough to show that |V;| = 2. For this consider a vertex a € V(M)
and recall that there must be a 2-uniform star with at least two edges in L,. If one of the
leaves in this star is not in Vi, then Claim 2.9 implies that V; < g for some i > 2. But, by
Lemma 2.7, this would contradict @ € V' (M). Thus, we indeed have |V;| = 2 and w is the

centre of a star with at least two edges. 0

Remark 2.10. In the remainder of this subsection, we will show how to symmetrise the
pairs that form edges in M. This is not strictly necessary for the proof, so the reader may
already jump to the next subsection. However, we believe that this technique of iterative
partial symmetrisation, where we symmetrise certain vertex subsets and certain subsets of
the pairs of vertices at appropriate junctures, has the potential to be more broadly useful

in the study of hypergraph Turan problems, so we decided to include it regardless.
We symmetrise the pairs that form edges in M by essentially replacing any pair by a

pair of larger degree as long as there still exist pairs which do not ‘look the same’. More
precisely, for distinct z,y € V', we set
E.(z,y) ={e~z:ee E(H),en {z,y} =z},
Ey(x,y) ={e~y:ee E(H),en{z,y} =y}, and
Ea:y(xv y) :{6 N {:E,y} ‘ee€ E(H)’ en {$, y} = {$a y}}
When the pair z, y is clear from context we will omit the ‘(z,y)’ from the notation. If there

are zy,z'y’ € M such that E, # E,, E, # E,, or E,, # E.,, we perform the following

operation on H. Without loss of generality, assume that
| Eo| + [Eyl + |Enyl = |Ex| + [Ey| + | Epy|. (2.3)

Delete the vertices ' and ¢y’ and all edges containing at least one of them (these are

precisely E,, E,, and E,,/). Then add vertices v and v as well as the sets of edges
Ef={evu:ecE,}, Ef={evv:ecE,}, and E] ={eu{u,v}:ecE,}

and call the resulting simplicial complex H’. Intuitively, this means that we replace the

pair z'y’ by a copy of the pair zy. We will say that u is a copy of z and that v is a copy
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of y.! To see that this operation is well defined, note that no edge in F,, E,, or Egy
contains a vertex from the pair 2'y’ and, therefore, we never try to add new edges containing
the deleted vertices 2’ and y'. Indeed, if, for example, 2’ is contained in an edge of F,,
then = and 2’ are in a common edge of H, so, since H is hereditary, za’ € E(H). But
then, since xy, 2’y € M, any vertex in V; together with z,2’,y, vy’ forms a copy of B, a
contradiction. Note that, because of (2.3), we do not decrease the number of edges, i.e.,
we have |E(H')| = |E(H)| (and |V(H")| = |V(H)| = n).

We now show that this symmetrisation does not introduce a copy of B, i.e., B & H'.
Indeed, assume that B € H' on some vertices vy, . .., vs with vjv9v3, viv4v5, V304 € E(H').
Since B ¢ H, we have {z,y} n {v1,...,v5} # @ and {u,v} N {vy,...,v5} # @.

First assume that z,u € {vy,...,v5} or y,v € {vy,...,vs5}, say, without loss of generality,
x,u € {vy,...,vs5}. Because there is no edge in H' that contains both a vertex from xy
and one from uv, we may assume that vy = x and u € {vg,v5}. For the same reason, v; ¢
{x,y,u,v}. We will now argue that in H the vertex v; is the centre of a 2-uniform
star with at least two edges in L,. But, since v; # y, this will contradict Lemma 2.8.
If {u,v} = {vy4,v5}, then vzvy € E(H’) implies that vz # y. Recalling that uv is a copy
of zy, we see that vixy € E(H), whereby vy # y is the centre of a 2-uniform star with at
least two edges in L, (namely, vyv3 and v,y). This yields the aforementioned contradiction
and so we infer that v ¢ {v4,v5}. But then, again using that u is a copy of x, we see
that vy # y is still the centre of a 2-uniform star with at least two edges in L, (namely, v,vs

and vy z, where z € {vg,v5} \ u). Once again, this yields a contradiction.

The remaining cases are where x,v € {vy,...,v5} and y,u ¢ {vq,...,v5} or y,u €
{vi,...,us} and z,v ¢ {vy,...,v5}. Without loss of generality, we may assume that z,v €
{vi,...,v5} and y,u ¢ {vy,...,v5}. As before, we may also assume that vy = z and v €

{vg,v5} and we still know that vy ¢ {z,y,u,v}. From u ¢ {vi,...,v5}, it follows that
for z € {vy, v5} v, we have z # u and so, since v is a copy of y and vyvz € E(H'), we have
that viyz € E(H). But then y ¢ {vq,...,vs5} and xy € E(H) yield B € H[vy,z,v3,y, 2], a
contradiction.

Thus, H' is a B-free simplicial complex on n vertices with at least as many edges as H.
We repeat this operation iteratively so long as there are xy, 2'y’ € M such that E, # E,.,
E, # Ey, or Eyy # E,,y. We may therefore indeed assume that in H the pairs of M are
‘symmetrised’, i.e., for all zy,2'y’ € M, we have E, = E,/, E, = E,, and E,, = E,,y.

10bserve, however, that u is not a copy of x in the usual sense. For instance, there are no edges

containing both u and y.
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The vertices outside V; U V(M). Observe that H[V; u V(M)] already has the same
structure as Example 1.3, except perhaps for the orders of V; and V/(M). In this subsection,
we conclude the proof by showing that Vi :=V ~ (V; U V(M)) = @. First note that, for

every vertex v € V3, we have
V&, (2.4)

Indeed, since v ¢ V7, there is a tip of a star in L,, so Claim 2.9 gives V) <y for some i > 1
Since v ¢ V(M), v is not contained in a 3-edge together with any vertex in V; and so i > 2.
Lastly, Claim 2.6 yields ¢ = 2.

Now we show that there are no 3-edges with all vertices in V.
Claim 2.11. En V¥ = .

Proof. Assume that abc € E with a,b,c € V3. Clearly, ab € L. and, by Corollary 2.5 (3),
in L. the pair ab is either an isolated 2-edge or part of an isolated induced (2-uniform)
star with at least two edges. A similar conclusion holds for the two other pairs in {a, b, c}.
Suppose that two pairs of vertices, say ab and ac, appear as isolated 2-edges in L. and Ly,
respectively. Then, by Claim 2.3, this would imply that o(c) < o(b) and o(b) < o(c),
respectively, which is a contradiction. Therefore, at least one of the pairs in {a,b,c}
appears as part of an isolated induced (2-uniform) star with at least two edges in the
relevant link. But this means that at least one of the vertices a, b, ¢, say a, appears as a tip
of a star in the link of one of the other two, say b. That is, a < b. But then V} - b,
so that Vi & b, contradicting Claim 2.6. O

Next, we show that if V3 is non-empty, then V(M) must be very large.

Claim 2.12. If V3 # @, then |V(M)| > n — 2t

5 -
Proof. Let v € V3. If there is a 3-edge uvw € E with u € Vi, then vw is an edge in L,
and since L, only contains isolated 2-edges, this would give v € V(M), a contradiction.
Together with Claim 2.11, this implies that every 3-edge containing v contains a vertex
of V(M). On the other hand, Lemma 2.8 states that for every xy € M, L, contains exactly
one (2-uniform) star with at least two edges and that the centre of this star is y. The
leaves of this star are all in V4 by Claim 2.9 and Lemma 2.7. Since v ¢ Vj, this implies
that if v lies in a 3-edge with x, then it lies in exactly one such 3-edge (which appears as
an isolated 2-edge in L,). Note also that any 3-edge in H intersects at most one xy € M,
since H does not contain any 2-edge between two vertices in distinct zy, 2'y’ € M.

Recall that vzy cannot be an edge (because then, in L,, v would be a leaf of the

star centred in y). Hence, assuming that v lies in a 3-edge with each of z and y, there
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are u,w € V3 such that wvz,wvy € E. If u # w, we directly obtain a copy of B. If u = w,
we obtain a copy of B by using a vertex in V] (for instance, with x being the vertex that
is contained in both 3-edges of this copy of B). Therefore, v cannot lie in a 3-edge with
both  and y. Combining this with the above, we obtain that

d® ) < [V(M)|/2. (2.5)

On the other hand, by (2.2), we have that o(a) > @ — L for all a € V4, so that d®(v) >

% — 22 by (2.4) and two applications of Claim 2.4. Together with (2.5), this yields the

claim. O

Now we can finish the proof. Since there is a vertex in Vi by Corollary 2.5 (1), the
minimum degree condition (2.1) implies that there is some vw € M. Claim 2.3 and (2.2)
together imply that d® (v) > % -

However, we can get an upper bound as follows. Recall that by Corollary 2.5 (3),
the 2-edges in L, are isolated 2-edges and isolated induced 2-uniform stars with at least
two edges. Lemma 2.8 yields that there is exactly one star with at least two edges, its
centre is w and, by Claim 2.9 and Lemma 2.7, its leaves are precisely the vertices in V;.
Hence, the 2-edges in L, are precisely given by a star with at least two edges and centre w
whose leaves are precisely the vertices in V; as well as a matching of isolated 2-edges all of

whose vertices are in V3. Therefore, we have

d®(v) < |V +|‘;3’ <n—|V(M)|. (2.6)

If V3 # @, (2.6) and Claim 2.12 yield d® (v) < % — &I, which contradicts the lower
bound above. Hence, V3 = @, which means that H looks like Example 1.3 up to the sizes
of the partition classes. A simple optimisation and the extremality of H then yields that H

is the hypergraph in Example 1.3.

§3. PROOF OF THEOREM 1.4

For the lower bound, take an n-vertex simplicial complex containing all pairs as 2-edges
and an intersecting family of 3-edges. The total number of edges is 1 + n + (g) + (ngl) =
n?—n + 2.

For the upper bound, suppose C' is sufficiently large. We will show by induction on n
that every simplicial complex on n vertices with at least n? —n + C' edges contains a copy
of F.

The base case of the induction follows simply from C' being large. Now assume that for
every m < n — 1 every simplicial complex on m vertices with at least m? — m + C edges

contains a copy of I and let H be a simplicial complex on n vertices with at least n? —n+C
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edges. Since (' is large, we can assume that n is large as well. First note that if there is a
vertex v with d(v) < 2n — 3, then

e(H—v)zn*—n+C-2n-3)-1=n—-1>*-(n-1)+C,

so that, by induction, H — v and, thus, H contain a copy of F'. We may therefore assume
that d(v) = 2n — 2 for every v e V(H).

Next we want to argue that if H contains two intersecting 4-edges, then it contains a copy
of F. Let us therefore assume that H contains an edge e = wxyz. Then it is easy to see that
if any 3-edge intersects e in exactly one vertex, then H contains a copy of F. In particular,
this implies that if any other 4-edge intersects e, it does so in exactly three vertices. Assume
that there is some such €' = w'zyz. Then w’ (and w) cannot be contained in any 3-edge
that contains a vertex outside of e U ¢’. But this yields that d(w’) < 1+n—1+6 <n+6,
a contradiction. Thus, no two 4-edges intersect, which also implies that there are no edges
of size larger than 4 and that every vertex is contained in at most one 4-edge.

We now show that d®(v) < 3n for all v € V(H). Let v € V(H) be arbitrary and
let a € V(H) be such that va € E(H). We first show that there is a 3-edge containing a
but not v. This follows directly if a is contained in a 4-uniform edge, so we may assume
that d¥(v) = 0. Therefore, we have

d¥a) = d®?(a) —dP(a)=2n—2—-(n—1)=n—1,

so there must be a 3-edge e containing a but not v. But then every 3-edge that contains v
has to intersect e, so that d® (v) < 3n.

We now fix v e V(H) and let o = ‘Nnﬂ < 1. Consider some 3-edge uvw and note that
every 3-edge of H which intersects N(v) has to intersect uvw. Thus, the above bound on
the 3-degree applied to u, v, and w in turn yields that there are at most 9n such edges.

Therefore,

e(H=N(v))=n’>—n+C — (20m + (o;n) +a(l —a)n® + 9n>

2(1—&(1—@)—Oj)nQ—(1+2a+9)n+C’>((1—a)n)2—(1—a)n+C.

The result therefore follows by induction.

§4. PROOF OF THEOREM 1.5

We will actually prove the following more general theorem, of which Theorem 1.5 is a

special case.
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Theorem 4.1. For every proper 3-graph F, A < V(F) and ¢ > 0, there is ng € N such
that the following holds. If a simplicial complexr H on n = ngy vertices satisfies

B o(F) — (i+1)
(A’]A| 1) +i (Fy)Ay \A][H A7 @

]

eSnn~

vl

2

ex®(n, F) +n?| > [

i>2
where A = max,, ey @ d(zy), and e(H) = (1+¢)[ex®(n, F) + (3)], then H contains
a copy of 't if either:

(1) H does not contain any edge of size 4 or

(2) F is contained in a 4-edge.

To see that Theorem 4.1 indeed implies Theorem 1.5, observe that (n%?))n is a decreasing

function and tends to e~® as n tends to infinity. Therefore, we have that (1.1) yields (4.1).

Proof of Theorem 4.1. Let F' be a proper 3-graph, A < V(F) and € > 0. Let C be
a sufficiently large constant (C~! « &,1/v(F)). We will show by induction on n that
if H is a simplicial complex on n > v(F™) vertices satisfying (4.1) and e(H) > (1 +
e/2)[ex®(n,F) + (3)] + C, then H contains a copy of F*. It then follows that there
is some ng such that every simplicial complex H on n > ng vertices satisfying (4.1)
and e(H) = (1 + ¢)[ex® (n, F) + (3)] contains a copy of F''.

The base of the induction and the statement for small n both follow from C being large.
Now let n be large and assume that for every n’ < n — 1, every simplicial complex H' on n’
vertices satisfying (4.1) (with n’ in place of n) and e(H') > (1+¢/2)[ex®) (n’, F) + (7;/)] +C
contains a copy of F'*. Let H be a simplicial complex on n > ng vertices satisfying (4.1)
with e(H) = (1+¢/2)[ex®(n, F) + ()] + C. Assume for the sake of contradiction that H
does not contain a copy of F'*. We first derive a minimum degree condition. Suppose that

Zi@;n [BX(B)TE"’F) + n] Note that for some fixed n > 0

there is a vertex v in H with d(v) <

(n+3)™
e3nn

instead of €) and since n is large, we therefore have

and large n, we have (1 +¢&/2) > 1+ n. By the definition of proper (applied with n

1 2 n G(n, F
(1+¢/ 3)(71 +3) [ex® (n, F) — ex®(n — 1, F)] = ex®(n, F)
e’nm n

or, after rearranging,

e*n™  ex®(n, F)

(1+¢/2)[exP(n, F) —exP(n—1,F)] = (n+3)"  n

e3n™
(n+3)n

Keeping in mind that n is large and so <1+ %, this in turn implies that

e3n™ [ex(3) (n, F)

n+ 3)"

e(H—v)><1+;>[eX(3)(n,F)+(g>]+0—( +n]—1

n
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2(1—1—%)[6}((3)(71—1,17)4- (n;1>] +C.

In order to apply induction, we must also check that (4.1) holds for H —v and n — 1 instead

ex® (n—1,F) > ex® (n,F)
n—3 = n )

of H and n. But, by a double counting argument from [16], we have

S0, since n is large, we have

e O —1,F) + (n— 1]

(n + 2)n1
A= 1)"3(n—3)ex®(n—1,F) N en—1)""(n+3)" en
(n+2)—1 n—3 (n+2)"1le3n®  (n+3)
eA(n —1)"3(n — 3) ex®(n, F) L_" e3n”
(n 4 2)n—1 n n—1(n+3)"
n  enn?

> (3) F 2
n—l(n+3)”[ex (n, )+n]

n [(yAy ~1)  1u(F) - \Al][l S Agm]

A\

n—1 |A| n |A| )
(i+1)
(|4l -1) 1 w(F) — |4 Ayl
> [ + ] L+ ) —],
|A| n—1 |A| [ Z; i ]
where the second inequality follows from %m > #iﬁ;ﬁ for large n. Hence, we

can apply induction to H — v, yielding FF* € H — v € H, a contradiction. Thus, we may
e 228 4 ] for every ve V(H).
If either of the conditions (1) or (2) holds, we know that H contains a copy of F.

Abusing notation slightly, we now use I’ and A to denote the images of F and A under

assume that d(v) >

some embedding. For H not to contain a copy of F'", there must be a missing 2-edge

between every vertex in V(H — F) and some vertex in A. Therefore, there is some

vertex a € A with at least "]Z(‘F) missing 2-edges. Note also that since d¥(zy) < A® for

all zy € V(H)® and H is hereditary, we have that, for every ve V,
A(Hl)

d(v) <d®()[1+ )]

iz !

Combining this with our lower bound on the degree (of any vertex) and our upper bound

on d®(a), we get that

e3nn [ex(3)(n, F)
(n+3)" n
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(1Al = U+ v(F) = |4] [, ¢ AGD
< 1+ Er—
A ey
and, hence,
Bn ex® (. F Al—1) 1o(F)-|A AU
e’n™  rex(n, F) ]<[(‘ | >+7U< ) — | ‘][1+ —
(n+3)" n? Al no |4 iz !

But this contradicts (4.1), meaning that H does contain a copy of F'. O

§5. PROOF OF THEOREM 1.7

Proof of Theorem 1.7. For the lower bound, simply consider the simplicial complex on n
vertices that has three (almost) balanced partition classes and all 2-edges and 3-edges
which intersect each partition class in at most one vertex.

For the upper bound, first note that if a simplicial complex contains an edge of size at
least four, then it contains a copy of F. Thus, we only need to show that given € > 0, there
is some ng such that every simplicial complex H on n > ng vertices with at least (2 +¢) (%)
edges, all of which are of size at most three, contains a copy of F. Next, note that F' is

contained in the simplicial complex
+
™ = ({v1, 02, v3, 04, vs}, {v10203, 020304, V10405 }) -

Bollobés [4] showed that for every e > 0, there is some ny such that every 3-graph on n > n;

vertices with at least (2 + 5)(

n

3) edges contains the 3-graph

Fy = ({v1, v, 03,04, Us}, {v10203, V20304, V10405 }) .

From this, we can infer our result as follows. For every € > 0, there is some ns such that
every simplicial complex H on n = ny vertices with at least ( % +¢€) (g) edges not containing
any edge of size larger than three has at least (% +3) (g) 3-edges. Thus, the 3-uniform layer
of any simplicial complex H on n > ny = max{n;,n} vertices with at least (2 + ¢)(5})
edges contains a copy of F3, which in the simplicial complex H induces a copy of F'* and,

thereby, a copy of F. O

§6. CONCLUDING REMARKS

In this work, we studied the Turan problem for simplicial complexes. Since this problem
seems to be of comparable difficulty to the Turan problem for uniform hypergraphs, any

non-trivial result on the following problem would be of interest.

Problem 6.1. Given a simplicial complex F' and a positive integer n, determine ex(n, F)

or its asymptotics.
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Theorem 1.2 shows that this problem is distinct from the problem for uniform hypergraphs
in that, for some F', the extremal construction for F' has more than one incomplete layer.
On the other hand, we showed that for several simplicial complexes F', the extremal number
is asymptotically given by the trivial bound ex® (n, F},) + Zf;ol ("), where k = dim(F) + 1.

This suggests the following problem.

Problem 6.2. Given an integer k > 3, characterise the (k — 1)-dimensional simplicial
complexes F with ex(n, F) = ex®(n, Fy,) + Y} (™).

As mentioned in the introduction, Hajnal (see [6,15]) initiated the investigation of a
variant of the Brown-Erdds—Sés problem [22] for simplicial complexes. We believe this
special case of the Turan problem for simplicial complexes to be of particular interest.
Recall that F(k,d) denotes the family of all simplicial complexes with vertex set [k]
and 1 + Zf:o (':) edges.

Problem 6.3. For k£ > 5 and d > 2, determine ex(n, F(k, d)) or its asymptotics.

We have already noted that Bollobds and Radcliffe [5] solved Problem 6.3 for k£ = 4
and d = 2. A simple inductive argument gives the following upper bound for the case k = 5
and d = 2.

Proposition 6.4. For every n > 5, ex(n, F(5,2)) < 3(n”? + 3n?).

Proof. We proceed by induction, noting that the base case n = 5 follows easily since %(n5/ 24
3n?) = 55 > 32 = Z?:o (f) Suppose now that H is a simplicial complex on n vertices

with e(H) > $(n®? + 3n?).
If there is a vertex v such that d(v) < 1(n%?* + 3n — 2), then

1 1
e(H—v)> 5(715/2 +3n2 —n?? —3n+2) — 1> 5((71 —1)°2 4 3(n —1)?),
so, by induction, H — v contains some F' € F(5,2). Therefore, we may assume that

d(v) > (n*? + 3n - 2) (6.1)

for every vertex v e V(H).

Suppose that there is an edge e € E®(H). Then it is easy to see that for any vertex
ve V(H)\ e the set e U {v} spans at least 17 edges. Hence, we may assume that E®) = &
and so (6.1) yields that d® (v) = 1(n%? + n) for every vertex v € V/(H). Therefore, for any
vertex v € V(H), the classical theorem of K6vari, Sés and Turan [19] implies that there is
a (2-uniform) copy of Cj in the link of v. It is not hard to check that the vertices of such
a Oy together with v span at least 18 edges. 0
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Question 6.5. Is it true that ex(n, F(5,2)) = Q(n"?)?

Let LCSY be the 3-uniform hypergraph with V(LCE’)) = {u,vq,...,vs4} and E(LCf’)) =
{uv;viy1: i € [4]}, where the indices are viewed as in Z/4Z. In other words, LCY is the 3-
uniform hypergraph consisting of a vertex u with a (2-uniform) Cj in its link. By following
the proof of Proposition 6.4, we get that ex(n, F(5,2)) < ex® (n, LCE’)) + (%) +n+1.
In particular, improving the bound ex® (n, LC’f’)) = O(n*?) would answer Question 6.5
in the negative. However, a result of Brown, Erdés and Sés [22, Theorem 3] shows that
ex® (n, LCE’)) = Q(n°?), perhaps giving some evidence towards a positive answer for
Question 6.5.

Let us conclude by briefly discussing the problem of determining the extremal number of
the simplicial complex induced by the k-uniform clique on ¢ vertices for t > k + 2. Denote
the simplicial complex given by the downward closure of Kt(k) by K(t, k).

Problem 6.6. Given t > k + 2, determine the asymptotics of ex(n, K(t,k)).
A simple symmetrisation argument yields the following result for the case k = 2.

Observation 6.7. For ¢ > 3, ¢ > 0 and n sufficiently large, ex(n, K (t+1,2)) = (1+¢)% (7).

Proof. Let H be a simplicial complex on n vertices without a K (¢ + 1,2) and, subject to
this condition, with the maximum number of edges. Assume that there are three vertices
x, y and z such that zy and yz are not in F(H) but zz is. If d(y) > d(x),d(2), then
we can replace z and z by copies of y. This would yield a simplicial complex without
a K(t+ 1,2) but with more edges than H, a contradiction. Otherwise, for one of x and z,
say, without loss of generality, for z, we have d(z) > d(y). In this case we can replace y by
a copy of z, again yielding a simplicial complex without a K (¢ + 1,2) but with more edges
than H. Thus, we may assume that non-adjacency is an equivalence relation, so that H
is complete r-partite for some r < t, that is, the vertex set can be partitioned into r sets
such that every edge contains at most one vertex from each of these sets. Therefore, H
has max,ep (1 + )2 (") = (1 + )4 (7) edges. O

r t

This problem is related to another much-studied problem in extremal combinatorics.
Following Alon and Shikhelman [1], given two k-graphs F' and G, we write ex(n, F, G) for

the maximum number of copies of F' in a G-free k-graph on n vertices.

Observation 6.8. For t > k + 2, ¢ > 0 and n sufficiently large,
ex(n, K (t, k) = (1 £ e)ex(n, K1), K{V) .

Proof. Consider a simplicial complex H on n vertices with at least (1 + €)ex(n, Kt(f)l, Kt(k))

edges. Any t-edge in H would immediately yield a K(t, k), so we can assume that H does
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not contain any edges of size larger than ¢t — 1. Thus, since n is taken sufficiently large,
H contains at least (1 + /2)ex(n, K¥), K edges of size t — 1. Each of these induces
a Kt(f)l But, by definition, this implies that H contains a Kt(k) and, thereby, a K(t,k).

Suppose now that H” is a k-uniform hypergraph on n vertices that maximises the number

of copies of Kt(ﬁ)l without containing a K\™. Let H' be the (t — 1)-uniform hypergraph on

the same vertex set that is obtained by placing a (¢t —1)-edge for every Kt(f)l of H" and let H
be the downward closure of H'. Clearly, since n is large, H has more than ex(n, Kt@l, Kt(k))

edges. It is also easy to check that H does not contain a copy of K (t, k). U

Combining Observation 6.8 with [1, Proposition 2.2], which implies that ex(n, K; 1, K;) =
(1 + o(1))(%)", gives another proof of Observation 6.7. Moreover, using flag algebras,
Bodnar [3] recently proved that ex(n, K ég)) = (2 +0(1))(}). By Observation 6.8, this
implies that ex(n, K(5,3)) = (2 + 0(1))(};). To the best of our knowledge, Problem 6.6

remains open for all other (¢, k) with ¢ > 6 or k > 3.
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