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Abstract

We prove that a random Cayley graph on a group of order N has clique number O(log N log log N) with
high probability. This bound is best possible up to the constant factor for certain groups, including Fg,
and improves the longstanding upper bound of O(log? N) due to Alon. Our proof does not make use
of the underlying group structure and is purely combinatorial, with the key result being an essentially
best possible upper bound for the number of subsets of given order that contain at most a given number
of colors in a properly edge-colored complete graph. As a further application of this result, we study
a conjecture of Alon stating that every group of order N has a Cayley graph whose clique number
and independence number are both O(log N), proving the conjecture for all abelian groups of order N
for almost all N. For finite vector spaces of order N with characteristic congruent to 1 (mod 4), we
prove the existence of a self-complementary Cayley graph on the vector space whose clique number and
independence number are both at most (2 4+ o(1))log N. This matches the lower bound for Ramsey
numbers coming from random graphs and solves, in a strong form, a problem of Alon and Orlitsky
motivated by information theory.

1 Introduction

Given a group G and a subset S of G with the property that s=! € S whenever s € S, the Cayley graph Gg
is the graph with vertex set G where two vertices x and y are joined by an edge if and only if xy~! € S.
For example, for N = 1 (mod 4) prime, the Paley graph Py is the Cayley graph on Zy whose generating
set S is the set of quadratic residues, so that vertices  and y are joined by an edge if and only if x — y is a
quadratic residue.

Our first concern in this paper will be with estimating the clique number, the order of the largest complete
subgraph, of random Cayley graphs. For the usual binomial random graph G /2, the graph with N vertices
where each edge is chosen independently with probability 1/2, it has been known since seminal work of
Erdés [16] in the 1940s that the clique number is at most 2log, N with high probability and this bound was
later shown to be asymptotically tight (see, for example, [8] 27] and their references).

Building on work of Green [23], Green and Morris [24] showed that the same upper bound holds with
high probability for the clique number of the uniform random Cayley graph on Zy with N prime, where each
set {s, —s} is included in the generating set S independently with probability 1/2. One of our main results
says that there is an absolute constant C' such that the uniform random Cayley graph on any group G with
N elements has clique number at most C'log N loglog N with high probability, which improves on an earlier
bound of C'log® N due to Alon [2] and, for some groups such as F%, is best possible up to the constant.

Surprisingly, the proof of this result does not make use of the structure of groups in any meaningful way
and applies in a much more general combinatorial setting, to what we call random entangled graphs. The
main input, and arguably our real main result, is an essentially best possible upper bound for the number
of subsets of order n that contain at most Kn colors in a proper edge-coloring of the complete graph Ky.
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To show the power of this result, we also use it to make progress on an important conjecture of Alon [2]
on the existence of Ramsey Cayley graphs. A graph on N vertices is said to be C-Ramsey if both its
clique number and its independence number, the clique number of its complement, are at most C'log N. This
definition is motivated by an old result of Erdés and Szekeres [18] saying that there are no 1/2-Ramsey graphs
(see also the recent breakthrough by Campos, Griffiths, Morris and Sahasrabudhe [I2] which improves this
1/2 to 1/2 + € for some absolute constant € > 0), implying that Ramsey graphs, if they exist, are essentially
best possible. In the other direction, Ramsey graphs do exist, since the result of Erdés [16] on the clique
number of random graphs implies that almost all graphs on N vertices are 2-Ramsey. It has also long been
conjectured that the family of Paley graphs should be a good source of Ramsey graphs, though the difficulty
in proving this was one of the sparks that initiated the closer study of both the clique number and the
Ramsey properties of random Cayley graphs.

With this notation in hand, Alon’s conjecture states that there is an absolute constant C' such that
every finite group has a C-Ramsey Cayley graph. The results of Green [23] and Green and Morris [24]
mentioned earlier imply that this conjecture is true over Zy. There it is sufficient to consider uniform
random Cayley graphs, but over other groups such as Fy, where the clique number of the random Cayley
graph is Q(log N loglog N) with high probability, this cannot work. Nevertheless, by using our counting
result together with some additional ideas, we are able to prove Alon’s conjecture for a range of groups,
including abelian groups of order N for almost all N and finite vector spaces of characteristic at least
5. Arguably our strongest result in this direction says that if G is a finite vector space of order N with
characteristic congruent to 1 (mod 4), then it has a self-complementary Cayley graph whose clique number
and independence number are both at most (2 + o(1)) log N. This solves, in strong form, a problem of Alon
and Orlitsky [7] arising from information theory asking whether self-complementary Ramsey Cayley graphs
exist.

We will describe our work on Alon’s conjecture in detail below, but first we look more closely at our
results on the clique number of random Cayley graphs and the more general combinatorial results from
which they follow.

1.1 Clique number of random Cayley graphs

Given a group G, the random Cayley graph G, is obtained by including, for each s # 1, the set {s,s™'}
in the generating set S with probability p independently of all other such sets. In particular, Gy, is the
uniform random Cayley graph on G. The first question of concern to us here is that of estimating the clique
number of random Cayley graphs, a natural problem with applications and connections in several fields,
including discrete geometry, graph Ramsey theory and information theory (see, for instance, [I] and [7]).

The main general result on the clique number of uniform random Cayley graphs to date is due to Alon [2],
who showed that there is an absolute constant C' such that if G is a group of order N, then the uniform
random Cayley graph on G has clique number at most C'log? N with high probability (see [1, Bl [7), [14] for
proofs of various special cases and variants of this result). For the particular case of cyclic groups, this result
was improved by Green [23], who showed that there is an absolute constant C' such that the clique number
of the uniform random Cayley graph on Zy is at most C'log N with high probability. This result was later
improved by Green and Morris [24] for N prime, in which case they showed that the clique number is at
most (24 0(1)) log N with high probability, asymptotically matching the bound for the clique number of the
uniform random graph on N vertices.

In the other direction, Green [23] observed that the uniform random Cayley graph on F3 has clique
number O(log N loglog N) with high probability (see also [29] for more precise estimates). The reason for
this is that F5 has many subgroups and if all the nonidentity elements of a subgroup H are included in
the generating set S, then H forms a clique in the Cayley graph. Over F5 and other groups with many
subgroups of an appropriate size, such as abelian groups of bounded exponent, this becomes the dominant
source of cliques in random Cayley graphs.

In light of such examples, our first result gives an upper bound for the clique number of uniform random
Cayley graphs over a general finite group which is tight up to the value of the absolute constant C'. Since
the result also holds for G, for any fixed 0 < p < 1, we will state it in that level of generality.

Theorem 1.1. For every 0 < p < 1, there exists a constant C such that, for any finite group G of order N,
the clique number of the random Cayley graph G, is at most C'log N loglog N with high probability.



We prove Theorem via the first moment method, for which we need to calculate the expected number
of cliques of given order n in a random Cayley graph. This in turn leads to the following deterministic
question: given a finite group G of order N, how many subsets A of G of size n satisfy |[AA™Y < K|AJ?
Note that here A=' = {a™! :a € A} and AB = {ab:a € A,b € B}. One of our main results is the following
general upper bound on this count.

Theorem 1.2. There is an absolute constant C such that, for any finite group G of order N, the number
of subsets A of size n with |AA™'| < Kn is at most NCE+Fmn)(C K",

The bound in this theorem is again tight up to the value of the absolute constant C'. Indeed, if G = F3?,
which has order N = 2™, the number of subspaces of order Kn = 2% is
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which is at least N¢log(kn) provided Kn < N'=¢. The number of subsets of size n in each such subspace is
(Ifl") > K™ Aslong as n = d + w(1), most such subsets span the subspace and so are subsets of only one
such subspace. Thus, under these mild assumptions, we get at least (1 —o(1))N¢1°8(K") K™ subsets A C Fg’
with |A| = n and |A — A| < Kn. To show that the factor N°¥ is also necessary, let G be an abelian group
which has a subgroup of order n — K. This subgroup, together with any K additional elements, gives a
subset A of n elements with |4 — A| < K(K —1)+ 1+ 2K(n— K) < 2Kn. But the number of such subsets
is (N}’;*K), which is at least (N/2K)¥ provided n < N/2.

Over certain abelian groups, and particularly Zy, beginning with the work of Green [23] and Green and
Morris [24] on the clique number of uniform random Cayley graphs, there has been a large amount of work
devoted to understanding the bounds for the number of subsets A of G of size n satisfying |A + A| < K|A|
(and the methods generally extend to counting those A of size n satisfying |A — A| < K|A|, the problem of
interest to us here). For example, if K = o(n/log® N), one can obtain very precise results, accurate up to a
multiplicative error of exp(o(n)), through a delicate application of the hypergraph container method (see, for
instance, [9), 10, [IT]). Unfortunately, these results are quite specific to the particular abelian groups under
consideration and it seems that entirely different approaches are needed for the general case. Our approach
here, which we now describe in more detail, is to pass to a more general combinatorial framework and to
prove results in this setting which imply, and considerably generalize, our stated results for groups.

Combinatorial generalizations of Cayley graphs

Consider an edge-coloring ¢ of the complete graph K. An entangled graph with respect to ¢ is a spanning
subgraph of K obtained from a subset S of the colors whose edge set is the union of all edges whose color
is in S. We say that an edge-coloring is A-bounded if each color class has maximum degree at most A and,
more informally, locally bounded if it is A-bounded for some constant A. We will also use the standard
phrase proper edge-coloring as a synonym for a 1-bounded edge-coloring. Observe that Cayley graphs can
be thought of in these terms, since we can color each edge zy with the set {xy~!,yz=1} and each vertex is
then incident with the same color at most twice. That is, Cayley graphs are 2-bounded or, if the exponent
of the group is 2, 1-bounded entangled graphs.

Given an edge-coloring ¢ of K and 0 < p < 1, the random entangled graph G.(p) is the entangled graph
with respect to ¢ formed by including each color in the defining set S with probability p independently of all
other colors. Several important random graph models, including Erdés—Rényi random graphs and random
Cayley graphs, are special cases of random entangled graphs coming from locally-bounded edge-colorings.
Indeed, the random Cayley graph G, is G.(p) with ¢ the 2-bounded edge-coloring coming from the group
G, while the Erdés—Rényi random graph G(N,p) is G.(p) with ¢ the 1-bounded edge-coloring of Ky where
all edges have a different color.

Theorem is therefore a simple corollary of the following result, which gives an upper bound for the
clique number of random entangled graphs coming from locally-bounded edge-colorings.

Theorem 1.3. For every natural number A and 0 < p < 1, there exists a constant C such that, for
any A-bounded edge-coloring ¢ of Ky, the clique number of the random entangled graph G.(p) is at most
C'log N loglog N with high probability.



The assumption that each color class has bounded degree is essential for the bound in Theorem to
hold. For example, consider the edge-coloring ¢ of the complete graph on vertex set [IN] where each edge
(i,4) with ¢ < j is given color ¢. In particular, each color class is sparse, but the coloring is not locally
bounded. However, for any subset S of the set of colors, which may be identified with [N — 1], the colors in
the clique on vertex set .S are all from S, so the clique number of the random entangled graph G.(p) will be
(p+ o(1))N with high probability for p fixed and N tending to infinity.

As we already indicated in the Cayley graph case, the real result underlying Theorem is a counting
result, which, in our combinatorial setting, says that in any proper edge-coloring of K, there are few
vertex subsets of a given order that have few colors on their edges. A similar result for locally-bounded
edge-colorings follows in a straightforward fashion (see, for instance, Theorem from this result and an
application of Vizing’s theorem.

Theorem 1.4. There is an absolute constant C' such that, for any proper edge-coloring of Ky, the number
of subsets with n vertices in which at most Kn colors appear is at most NCE+mn)(C K,

In fact, a weaker version of Theorem [1.4] saying that the number of subsets with n vertices in which
at most Kn colors appear is at most NCKI"n(CK)" s already sufficient to prove Theorem Since the
proof of this weaker bound is considerably simpler, we give it in full in Section [ as a warm up to the proof
of Theorem [T.4] The main idea in the proof is to show that for each n-vertex subset A that contains few
colors, there is a spanning tree in A using very few colors. We show the existence of such a spanning tree
through a greedy growth procedure. Starting from a vertex v; of A, we select a sequence of colors ¢; and let
V; denote the connected component of A containing v; in the graph whose edges are all those whose color
is in {cp,€1,...,¢i—1}. In each step, we select the color ¢; which maximizes |V;41| — |V;], which allows us to
conclude that Vs = A for some s = O(K logn).

The proof of the stronger estimate in Theorem [T.4] requires a more sophisticated growth procedure. The
target structure for this procedure is no longer a spanning tree on A, but rather a tree spanning a large
subset of A. This is not just a technical device, because, as shown by the following theorem, Q(K logn)
colors are sometimes needed to build a spanning tree of A.

Theorem 1.5. There is an absolute constant C such that, for any proper edge-coloring of K, which uses
at most Kn colors, there is a spanning tree using at most CK log(n/K) colors. Moreover, provided K <
n/(logn)8, this bound is tight up to the constant factor.

To build a tree on a large subset of A using very few colors, we expose a random sequence of colors and
keep track of the evolution of the connected components of the graph on A whose edge set is the union of
these colors. For our purposes, the evolution of these components will split into two phases. In the first
phase, where we expose O(K) colors, the components grow steadily until a typical component is adjacent to
Q(Kn) different colors, a constant fraction of all the colors in A. Then, in the second phase, the components
coalesce, the total number of components decreasing by a multiplicative factor for each new exposed color.
Therefore, after O(logn) more steps, we will have connected a component of order €2(|A|), as required. The
actual counting result then follows from carefully tracking the number of different colored trees that can
arise from this growth procedure together with some additional ideas.

Connections to additive dimension

Given a sequence of elements S = (c¢1,...,¢) in a group G, define span(S) to be the set of all elements
of the form []'_, ¢ for w; € {~1,0,1}. Given a subset A of G, we define the additive (or multiplicative)
dimension d.(A) of A to be the minimum size of a sequence S such that A is contained in span(S). There
have been numerous previous results regarding the additive dimension of subsets with small doubling in an
abelian group G. Notably, Sanders [32] (see also Schoen and Shkredov [34]) showed that, for G abelian, if A
is a subset of G of size n with doubling at most K, that is, with |A + A| < K|A]|, then d.(A) = O(K logn).

There are other notions of additive/multiplicative dimension which are closely related to d.(A) in the
abelian case. A set S in a group G is said to be dissociated if the identity element is not equal to any
product of the form H:le ¢ with ¢q,. .., ¢; a nonempty sequence of distinct elements of S and w; € {—1,1}
for 1 < i < t. We may then define dim(A) to be the maximum size of a dissociated subset S of A. In an
abelian group, any maximal dissociated subset S of A satisfies A C span(S) and, hence, dim(A) > d.(A4).



Moreover, Schoen and Shkredov [34] observed that dim(A) = O(d.(A)logd.(A)) in abelian groups. The
results of [32] and [34] actually say that if A is a subset of an abelian group G with doubling at most K,
then dim(A) = O(K logn), which then implies the result highlighted in the previous paragraph. In recent
work, Alon, Bucié¢, Sauermann, Zakharov and Zamir [6] proved a bound for general groups G, showing that
if A is a subset of G of size n > 2 with |AA| < K|A|, then dim(A) = O(K lognloglogn).

Here we show that the upper bound d.(A) = O(K logn) extends from abelian groups to general groups
and, moreover, that an analogous result holds in the following broader combinatorial setting. Consider a
proper edge-coloring of the complete graph K,,. For a vertex v of this graph and a sequence S of colors, let
span(S;v) be the set of vertices which can be reached from v via a path whose edge colors form a subsequence
of S. Our combinatorial generalization of the bound d.(A4) = O(K logn), which is an easy corollary of the
proof of our weak version of Theorem [I1.4] is then as follows.

Corollary 1.6. For any proper edge-coloring of K, using at most Kn colors and any vertex v, there is a
sequence S of O(K logn) colors such that all vertices are contained in span(S;v).

The promised upper bound on d, (A) for sets A with small doubling in general groups is in turn a simple
corollary of this result.

Corollary 1.7. For any subset A of a group G of size n with |[AA™Y| < K|A|, there is a set S of size
O(Klogn) such that A C span(S). That is, d«(A) = O(K logn).

One might notice that Corollary considers sets A with |[AA™!| < K|A| rather than |AA| < K|A|.
However, the analogous result does also hold for AA. The proof requires some minor modifications, mainly,
that instead of coloring the edges of the complete graph on A, we must color the edges of the complete
bipartite graph whose parts are copies of A. We say more about this after Theorem

If we make use of ideas from the proof of the full strength version of Theorem we may, in the case
of abelian groups, improve the upper bound on d.(A) in Corollary to d.(A) = O(K loglogn + logn).
Moreover, if the group has exponent at most r, we may push the bound to d.(A) = O(K logr+logn). These
bounds get much closer to the lower bound of Q(K + logn) that comes from considering the union of K
generic parallel subspaces of size n/K in F3".

Theorem 1.8. If G is an abelian group and A is a subset of G of size n with |A — A| < K|A|, then
d.(A) = O(K loglogn + logn). Furthermore, if G has exponent r, then d.(A) = O(K logr + logn).

As was the case for Corollary a result analogous to Theorem [1.8| also holds for sets A with |4+ A| <
K|A|. This again follows from working with respect to the complete bipartite graph whose parts are copies
of A, though we will not go into this in detail.

In subsequent work [22], using as input some of the combinatorial ideas behind the proof of Theorem |1.4
the second and third authors establish a conjecture of Ruzsa which sharpens the above upper bound on d,(A)
for abelian groups with bounded exponent. More precisely, Ruzsa [31] conjectured that, in any abelian group
G with exponent 7, any subset A of G of size n with |A — A| < K|A| must be contained in a subgroup of
size at most exp(O,(K))n. The result in [22] confirms this conjecture, showing that any such A must be
contained in a subgroup of size at most r(+ox() Ky which is sharp up to the ox (1) term. Note that this
implies and gives a stronger conclusion than the upper bound d.(A) < O(K logr + logn), which would only
yield that A is contained in a subgroup of size at most 7@K logr+logn) — O(Klogr)y,O(logr)

1.2 Alon’s conjecture on Ramsey Cayley graphs

Our other main results, for which Theorem [I.2]is an essential input, concern the following striking conjecture
of Alon [2] (see also [3| []).

Conjecture 1.9 (Alon). There is a constant C' such that every finite group has a C-Ramsey Cayley graph.

While this conjecture was verified by Green [23] in the particular case of cyclic groups by studying the
clique number of the uniform Cayley graph, essentially nothing was previously known in the general case.
Indeed, as we have seen above, even when G is an abelian group, it is not always the case that a random
Cayley graph on G is Ramsey with high probability, a fact which led Green [23] to remark that ‘one should



not expect the full conjecture, if it is true, to be easy to prove’. Despite this difficulty, by analyzing the
clique number of appropriate non-uniform random Cayley graphs, we are able to prove Alon’s conjecture for
a broad range of groups. For instance, we have the following result.

Theorem 1.10. There is a constant C such that if the largest factor of N which is a product of powers of
2 and 3 is at most (log N)l/looo, then, for every abelian group G of order N, there is a C-Ramsey Cayley
graph on G.

In particular, this theorem applies when G = F{, so there are groups for which the uniform random
Cayley graph fails to be Ramsey with high probability, but for which Ramsey Cayley graphs nevertheless
exist. One takeaway from Theorem which we highlight is that Alon’s conjecture holds for abelian groups
of order N for almost all N.

Corollary 1.11. There is a constant C' such that, for almost all N, every abelian group G of order N has
a C-Ramsey Cayley graph on G.

For finite vector spaces of characteristic at least 5, we can prove a much more precise result, saying that
there are Cayley graphs whose clique and independence number both asymptotically match those in the
binomial random graph G 1 /2.

Theorem 1.12. For every vector space V of order N whose characteristic is at least 5, there is a Cayley
graph on V whose clique and independence numbers are both at most (2 + o(1))logy N.

Our methods also allow us to solve a longstanding problem of Alon and Orlitsky [7] asking whether
there are Ramsey Cayley graphs which are self-complementary, where a graph is self-complementary if it is
isomorphic to its complement. Without the extra stipulation that the graph be Cayley, self-complementary
graphs whose clique and independence numbers are both at most (2 + o(1))log, N were constructed by
McDiarmid and Steger [28]. We prove a similar result in the Cayley setting.

Theorem 1.13. For every vector space V' of order N whose characteristic is congruent to 1 (mod 4),
there is a self-complementary Cayley graph on V whose clique and independence numbers are both at most
(24 0(1))log, N.

The motivation for the problem of Alon and Orlitsky came from information theory, where they studied
how much one can save in zero-error communication problems through repeated use of a channel. Over a
channel with confusion graph G, the maximum possible number of messages that can be sent without error
with k uses of the channel is the independence number a(G*) of G¥, the strong product of k copies of G.
Normalized, the number of messages per use of the channel over k uses is ¢, (G) := a(G*¥)'/*. The Shannon
capacity of G is the limit ¢(G) := limp_ o ¢x(G), which exists as the independence number of the strong
product is supermultiplicative. If G is a self-complementary Ramsey graph on N vertices, which Alon and
Orlitsky [7] show exist for N a multiple of 4, then a(G) = O(log N) and a(G?) > N. Such a graph G
satisfies ¢1(G) = O(log N) and ¢3(G) > v/N. Thus, one can get substantially more efficient communication
by repeated use of such a channel rather than through a single use.

In their work, Alon and Orlitsky were interested in whether a variant of their result holds for dual-
source coding. They observed that such a variant, which brings in the chromatic number rather than the
independence number of strong graph powers, would follow from the existence of self-complementary Ramsey
Cayley graphs, which is now addressed by Theorem[I.13] To say more, we next explain the dual-source coding
problem.

Suppose that there are two sets X and Y and a collection of pairs S C X x Y. A sender is then given an
element x of X and a receiver an element y of Y such that (z,y) € S. Assume that both the receiver and
the sender know S and their own positions in X and Y. What is the smallest number of messages the sender
needs available to them to allow them to communicate the value of x? If we let G be the characteristic graph
with vertex set X where x and z’ are adjacent if and only if there exists y with (z,y), (z/,y) € S, then it is
a simple exercise to show that the answer to this question is x(G), where x(G) is the chromatic number of
G. We also note that, for any given graph G, there exist X, Y and S for which G is the associated graph.

Suppose now that the sender is given k elements x1, ...,z € X and the receiver k elements y1,...,yx €Y
such that (z;,y;) € S for all . What is the smallest number of messages the sender now needs available



to them to allow them to communicate the values of x1,...,73? The answer is x(G*). The reason for
Alon and Orlitsky’s question is their observation that if G is a self-complementary Cayley graph with NV
vertices, then yx(G?) < N. Therefore, if there is a self-complementary Cayley graph G with N vertices
whose independence number is O(log N) and G is the characteristic graph of a dual source, then at least
X(G) = Q(N/log N) messages must be available to communicate one element of X, but at most N messages
are needed to communicate two elements of X. Our Theorem [I.13] answers Alon and Orlitsky’s question in
a strong form, asymptotically matching the lower bound for Ramsey numbers coming from random graphs.
It also improves on work of Alon and Orlitsky themselves, who showed that there are self-complementary
Cayley graphs with N vertices whose independence number is O(log? N).

Getting back to the proofs of Theorems [T.10} [[.12] and [T.13] we have already mentioned that, because
uniform random Cayley graphs can fail to be Ramsey for finite vector spaces, we must instead consider a
different distribution on random Cayley graphs. This distribution is designed so that subspaces cannot form
cliques or independent sets and, more generally, that any potential clique or independent set A must have
large doubling |A — A|/|A|. Combined with our counting result, Theorem this expansion property of
potential cliques allows us to remove the loglog |G| factor from the bound on the clique number. Unlike
the results of Section [T} we do need to make use of additive structure here. Indeed, our method relies on
showing that any potential clique lacks solutions to certain systems of linear equations and we then make
use of known results in additive combinatorics to prove the required expansion property.

The more precise results in Theorems[I.12|and [I.13]also require an additional input, namely, an essentially
tight upper bound on the Freiman dimension of sets with small doubling in finite vector spaces. For |A +
A|/|A| instead of |A — A|/|A], such a result was already shown by Even-Zohar and Lovett [2I]. We get the
result we need by appropriately modifying their technique.

Organization of the paper. In Section[2] we give the short proof of a weak version of Theorem that
is already sufficient to recover Theorems and In Section [3] we then give the full details of the proofs
of our main counting results, Theorems[I.2)and [[.4] We prove Theorem [I.5] on spanning trees with few colors
in Subsection [3.4 and Theorem [I.§ on the additive dimension of sets with small doubling in Section [3.5 In
Section [, we prove our results on Alon’s conjecture, Theorems [I.10] [[.12] and [[.I3] We conclude with some
further remarks on open problems and ongoing related work.

2 Counting subsets with few colors

In this section, we give a first estimate for the number of vertex subsets of given order in a locally-bounded
edge-colored complete graph that contain few colors inside. This estimate will already be sufficient to show
that the clique number of random entangled graphs with N vertices, and therefore random Cayley graphs over
groups of order N, is O(log N loglog N) with high probability. We begin by working under the assumption
that the edge-coloring is proper, that is, that each color class has maximum degree at most one. We will
then use Vizing’s theorem to lift this result to locally-bounded edge-colorings.

Theorem 2.1. There is an absolute constant C' such that in any properly edge-colored complete graph on N
vertices, the number of subsets of n vertices in which at most Kn colors appear is at most NCEK™m(CK)™.

Proof. Label the vertex set of the complete graph as [N] = {1,..., N}. Instead of directly counting subsets,
we will give an upper bound on the number of sequences of n distinct vertices which have at most Kn colors
between them. Each set of n vertices gives rise to n! > (n/e)™ such sequences, so it will suffice to prove that
there is an absolute constant C' such that the number of sequences of n distinct vertices which have at most
r = Kn colors between them is at most NCK 7 (Cr/e).

Let V = (v;)I_; denote an arbitrary (but not yet determined) sequence of n distinct vertices that induce
at most 7 colors between them. Observe that r > n —1 as the induced coloring on V' is also proper. We view
V as a set together with an ordering of its vertices. We can fix v; as any one of the N possible vertices and
set Vo = {v1} and ng = 1. After step i, we will have picked out a subset V; of n; distinct vertices together
with the location of each of these vertices in the ordering. Furthermore, we will be able to determine both
V; and the location of its elements using only a small number of choices. These subsets will be nested, in
that V;_1 is a subset of V; for each i for which V; is defined. We stop after step i if n; = n (so that V; = V).



Otherwise, n; < n and we continue on to step i + 1. We then let u; = [n;(n —n;)/r] and nj41 =n; +u;. In
particular, the sequence (n;) only depends on n and r.

Observe that between V; and V' \ V; there are n;(n —n;) edges and, as at most r colors are used on these
edges, there is a color ¢; with at least n;(n — n;)/r edges of color ¢; between V; and V' \ V;. Furthermore,
there are at most (];) < N? choices for the color ¢;. Since each color forms a matching there are u; vertices
in V'\ V; that form a matching to V; in the color ¢;. We can pick the indices (in the sequence V') of the
vertices of this matching which are in V'\ V; in (";") ways. Suppose these indices are ]1, ooy Ju;- We can
pick which vertices in V; they each connect to in the matching in at most (n;),, < n;* ways. That is, we
have at most n; choices for the vertex with index j; to match to in V;, then at most n; — 1 choices for the
vertex with index js to match to in V; and so on. As the u; vertices in V; that are matched to the vertices
in V'\ V; are already determined from these choices and the color ¢; forms a matching, the u; vertices in
V \ V; with indices ji,...,J,, are determined as the unique vertices that are adjacent in color ¢; to the
corresponding vertices in V;. We add these u; vertices in V' \ V; to V; to obtain V;;1. In total, we made at
most N (", "*)nj" choices to determine the vertices in V; 11\ V; together with their location in the ordering
provided we had already determined V; and the location of its elements in the ordering.

Note that if n; < n, then u; < n — n; is a positive integer and so ny = n and V; = V for some positive
integer s. Moreover, if n; < n/2, then

Nip1 =n; +u; >n; (L+ (n—ny)/r) >n;(1+1/2K) > net/ 4K,
Therefore, after at most 4K Inn steps, we arrive at n; > n/2. If n; > n/2, then
n—nip1=n—n;—u; <n—n; —(n—n)/2K = (n—mn;)(1 —1/2K) < (n —n;)e” /2K,

Therefore, after another at most 2K Inn additional steps, we stop with n = ns. Hence, s < 6K Inn.
Thus, there are at most

s—1 Us
n— n—n
NT] N2< )n“ < N2t | | ( Z) nit < Nt (er)" =t < NR2E Rt (op)n
1 , L=y i (er) (er)

choices for the sequence V. The second inequality follows from substituting i 1n the value of u; and using the
identity El o Ui = n — 1. Indeed, using induction one can show that ZZ o U; is the number of edges in a
tree on n; vertices and n = n,. The last inequality follows from the upper bound on s. This completes the
proof. O

Let us quickly note that the proof above also yields Corollary Recall the statement, that, in any
proper edge-coloring of K, using at most Kn colors, there is a vertex v and a sequence S of O(K logn)
colors such that all vertices are contained in span(S;v).

Proof of Corollary[1.6 Following the proof of Theorem we can find a sequence of colors ¢y, ..., cs with
s < 6K Inn and sets of vertices {v1} =V C Vi3 C--- C V; = V(K,) such that all vertices of V;11 \ V; have
an edge with color ¢; to V;. It follows immediately from induction that for all vertices v in V; there is a path
from vy such that the sequence of colors on the path is a subsequence of the sequence cq, ..., c;. O

We also deduce Corollary which states that if A is a subset of a group G of size n with [AA™!| < K|A],
then d.(A) = O(K logn). That is, there is a set S of size O(K logn) such that A C span(S).

Proof of Corollary[I.7 Given a group G and A C G with |[AA™!| < K|A|, consider the edge-coloring of the
complete graph on A using r < K|A| colors where {x,y} receives the color {zy~! yz~'}. Note that each
color class is either 1-regular or 2-regular. Let n = |A|. By partitioning the color classes that are 2-regular,
we obtain a proper edge-coloring of the complete graph on A using at most 3Kn colors.

Applying Corollary to this proper edge-coloring, we obtain a sequence of colors ¢y, ...,cs with s =
O(Klogn) and a vertex vy such that every vertex is connected to vy via a path whose colors form a
subsequence of ¢y, . . ., ¢s. Each color ¢; corresponds to an element of G' (more precisely, each color corresponds
to an equivalence class {g, g~ '} from which we make an arbitrary choice of an element g € G). It is then
easy to check that A C {vy [[;_, ¢/’ : w; € {—1,0,1}}. This implies d.(A) = O(K logn), as required. O

i=1"1



As promised, we now lift Theorem to locally-bounded edge-colorings using Vizing’s theorem.

Theorem 2.2. There is an absolute constant C such that in any edge-colored complete graph on N wvertices
in which each color class has maximum degree at most A, the number of subsets of n wvertices in which at
most Kn colors appear is at most NCAK(CAK)™,

Proof. Vizing’s theorem [35] says that every graph of maximum degree A can be properly edge-colored with
A+1 colors. We may therefore split each color class in our edge-coloring into at most A+1 color classes so that
we get a proper edge-coloring. Any subset which had at most Kn colors originally now has at most (A+1)Kn
colors. By Theorem the new proper edge-coloring of Ky has at most NC(A+1)KIn "(C(A+1)K)™ subsets
with at most (A 4+ 1)Kn colors. Thus, the original edge-coloring of Ky has at most NC(A+DEln(C(A +
1)K)™ subsets with at most Kn colors. Substituting in A +1 < 2A and increasing C' by a factor of 2, we
get the desired result. O

The same proof actually gives a more general result. We call a graph G = (V, E) a \-edge-expander if,
for every subset S of V', e(S,V'\ S) > A|S|(n —|S|). Note that a complete graph is a 1-edge-expander and a
balanced complete bipartite graph is a 1/2-edge-expander.

Theorem 2.3. There is an absolute constant C such that in any edge-colored graph on N wvertices in which
each color class has mazimum degree at most A, the number of subsets S of n verticels in which there are
Kn colors such that these Kn colors induce a \-edge-expander on S is at most NCAN  Klnn(CAN-LK)™,

We may use this result to prove the variant of Corollary with AA instead of AA~!. Indeed, since
K, is a 1/2-edge-expander, we can apply the same argument to that used in the proof of Corollary
to conclude that for any proper edge-coloring of K, , using at most Kn colors, there is a vertex v and a
sequence S of O(K logn) colors such that all vertices are contained in span(S;v). The promised variant of
Corollary then follows by considering the coloring of the edges of the complete bipartite graph whose
parts are copies of A where the color of each edge (a,b) is equal to ab. The key observation is that if v is
the starting vertex, chosen to be on the second side of the bipartition, and w is another vertex on the same
side that can be reached via a path of edges with colors c1, ..., ¢, then w = 1101_10203_1 R

The following corollary of Theorem comes from simply coloring the edge (a,b) of the complete graph
on G with one of the colors ab or ba arbitrarily or, alternatively, from coloring (a, b) with the color {ab, ba}.

Corollary 2.4. There is a constant C' such that if G is a finite group of order N, then the number of subsets
A C G with |A| =n and |AA| < K|A] is at most NCEW(CK)". Similarly, the number of subsets A C G
with |A| = n and |AAY < K|A] is at most NCKInn(CK)™.

Given a group G of order N, consider the complete balanced bipartite graph with 2N vertices whose
parts V4 and V5 are each a copy of G and where each edge (a,b) € V; x Vs is colored ab. Each color class in
this coloring forms a perfect matching and so has maximum degree one. Therefore, using the fact that the
balanced complete bipartite graph is a %—edge—expander, we have the following corollary of Theorem

Corollary 2.5. There is a constant C such that if G is a finite group of order N, then the number of pairs
of subsets A, B C G with |A| = |B| =n and |AB| < K|A| is at most NCKInn(CK)?n,

We now turn our attention to estimating the clique number of random entangled graphs. It will be
slightly more convenient to phrase our results in terms of estimating the independence number rather than
the clique number, but the two problems are clearly equivalent. We first note a probabilistic lemma.

Lemma 2.6. Let G = (V, E) be a graph on n vertices with mazimum degree A and let t be a positive integer
with At <n/8. If T is a uniform random subset of t vertices from G and X is the random variable counting
the number of edges in the induced subgraph G[T], then the probability that T is not an independent set is at
least min(1/4,E[X]/2).

Note that the lower bound on the probability in Lemma [2.6] is tight up to a constant factor since the
probability is trivially at most 1 and, as X is a nonnegative integer-valued random variable, at most E[X].



Proof of Lemma[2.6. The event that T is not an independent set is the same as the event that X > 1.
We may assume that Pr[X > 1] < 1/4, as otherwise we are done. Under this assumption, we prove that
Pr[X = 1] > E[X]/2, which will complete the proof. We have

PrX =1]=> Prle CT|Pr[f ¢ TV f € E\{e}|eCT]. (1)
eck
For incident edges e and f, the probability that f C T conditioned on e C T is :L;j As each edge e € E

is incident to at most 2(A — 1) other edges, the probability that there is an edge of G incident to e that is
in T conditioned on e C T is at most 2(A — 1)£=2 < 1/4. Moreover, since the probability a random subset
of order ¢t — 2 contains an edge is at most the probability that a random subset of order ¢ contains an edge,
the probability that there is an edge of G not incident to e that is in T conditioned on e C T is at most
Pr[X > 1] and, hence, Pr[3f € E'\ {e} satisfying f C T|e C T] < 1/4 + Pr[X > 1] < 1/2. Substituting into
, we have

1
PriX =1] > 5 ;EPr[e C T] = E[X]/2,

completing the proof. O

We now use this result to prove that locally-bounded edge-colorings of the complete graph contain subsets
of any large order with many colors.

Lemma 2.7. For any edge-colored complete graph on n wvertices in which each color class has mazximum
degree at most A < n/100 and any t > \/n/A, there is a subset of t vertices that contains at least 5%
colors.

Proof. Let ty be the maximum positive integer for which A(%) < (n —1)/4. Such a t, satisfies 1/n/A <
to < y/n/A. Since ty > 5, we also have Aty < n/8. We will prove that there is a subset T of ¢y vertices that

contains at least %(g") > 555 colors. As every superset of T' contains at least as many colors as 1" does, this
will complete the proof.

Consider a random subset T of tg vertices. We will show that the expected number of colors in T is at
least %(2‘)) and, hence, that there exists a subset of ¢y vertices with at least %(t;) colors inside. For any given
color ¢ in the edge-coloring, the maximum degree condition implies that the number m of edges in that color

satisfies m < An/2. The number X of edges of that color in a uniform random subset of order ¢y satisfies

- (5 () 2 (/) -2(E) 0o

Therefore, by Lemma which we can apply since Aty < n/8, the probability that T does not form an
independent set in color ¢ is at least E[X]/2. Summing over all colors, the expected number of colors in the
random subset of £y vertices is at least %(tzo) O

Note that the bound in Lemma on the number of colors in the subset is sharp up to a constant factor,
as, if n — 1 is a multiple of A and n is even, we can edge-color the complete graph on n vertices so that each
color is A-regular and, hence, has exactly (n —1)/A colors. The lower bound on the subset size is also sharp
up to a constant factor, as a set of ¢ vertices can have at most (;) colors inside.

We now note the main corollary of Theorem that will be needed in estimating the independence

number of a random entangled graph.

Lemma 2.8. Let ¢ be an edge-coloring of Ky in which each color class has mazimum degree at most A
and consider the random entangled graph G.(p) in which each color class from this edge-coloring is included
with probability p = 1 — q independently of the other color classes. Let C' be the constant from Theorem [2.3
and suppose Ko > 10¢ 1 In(CA/q) and t > xInz, where v = 10Cq~'Aln N. Then, with high probability,
no subset of t vertices with at least Kot colors is a clique in G.(p).

Proof. Let r = Kt with K > K. By Theorem the number of subsets of ¢ vertices with exactly r colors
is at most NCAKost(CAK)t. The probability that a given set of ¢ vertices with 7 colors is a clique in G.(p)
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is at most p” < e~ ?". Hence, the expected number of vertex subsets of order ¢ with r colors inside which
form a clique is at most NCAK et (CAK)te9" < e~9/3. Indeed, the assumed lower bound on ¢ implies
that NCAKIogt < ¢a7/3 and the lower bound on K implies that (CAK)! < e9"/3. Summing over all r > Kt,
the probability that there is a subset of ¢ vertices with at least Kyt colors that forms a clique in G.(p) is at
most
Z e—qr/3 < e—qKot/?)(l _ e—q/3)—1 _ 0(1)7
r>Kot

as required. O

By combining Lemmas and we can now prove the promised result, saying that, for ¢ > 0 and A
fixed and any edge-coloring ¢ of the complete graph K in which each color class has maximum degree A,
the independence number of the random entangled graph G.(q) is O(log N loglog N) with high probability.
In particular, this implies Theorems [I.1] and [T.3]

Theorem 2.9. Let 2 < A< N—-1,0<q <1 and let ¢ be an edge-coloring of Ky in which each color class
has mazimum degree at most A. Let n = C'q 2A%In(A/q)In N1n(¢ *AIn N), where C' is a sufficiently
large constant. Then, with high probability, the independence number of the random entangled graph G.(q)
is less than n.

Proof. Let K = 10¢~*In(CA/q), where C is the constant from Lemma and let ¢ = n/(20AK). Note
that an independent set in G.(q) is the same as a clique in G.(p) with p = 1 — ¢q. By Lemma and our
choice of n, which implies that ¢t > xlog z with x = 10Cq~'Aln N, with high probability no set of ¢ vertices
which contains at least Kt colors is an independent set in G.(g).

Note that our choice of n guarantees that ¢t > y/n/A and A < n/100. Hence, by Lemma [2.7} every set
of n vertices in our edge-colored complete graph Ky contains a subset of ¢ vertices with at least 555 = Kt
colors inside. Thus, with high probability, the independence number of G.(g) is less than n.

In the next section, among other things, we will prove Corollary which replaces the K Inn factor
in the exponent of N in Theorem by K + Inn. In turn, writing s = A/q, this implies that we can
improve Lemma to say that if Ky = (¢~ Ins) and t = Q(sIn N max(1, ¢In(22Y) /1ns)), then, with

Ins
high probability, no subset of ¢ vertices with at least Kyt colors is a clique in G.(p). Substituting this into
the proof of Theorem we see that if n = O(s?In N max(In s, ¢In (AILHSN))), then, with high probability,

the independence number of the random entangled graph G.(q) is less than n. For comparison, Theorem
allows us to take n = O(s?In NlnsIn(sln N)), so we get a noticeably better bound for small gq.

3 Connected components with few colors and improved counting

Let A be a subset of n vertices in a properly edge-colored complete graph with at most Kn colors appearing
in A. In this section, we study a random process where we select a random subset of the colors and connect
vertices in A using these colors. In Section [3.1 we will describe this process in detail and warm up by
showing that exposing O(K log K) random colors results in a subgraph where most vertices are in connected
components whose incident edges to the rest of the graph use at least a constant fraction of the total number
of colors. Then, in Section we give an improved, although significantly more difficult, analysis to show
that the same conclusion holds with only O(K) colors, which is best possible up to the value of the implied
constant. We use this result in Section [3.3] to improve the results of the last section counting the number
of vertex subsets of order n with at most Kn colors inside in a properly edge-colored complete graph. In
Section[3.4] we use our results to estimate the minimum number of colors needed to find a connected spanning
subgraph in A and give a construction to show that our bound is tight. Finally, in Section we give an
improved bound on additive dimension in abelian groups.

3.1 Connected components using O(K log K) random colors

Before describing our random process, we note a relatively simple lemma showing that we may always assume
that each color appears at most n/K times.
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Lemma 3.1. Given a vertex set A of order n and a proper edge-coloring of any graph on A with at most
Kn colors, there is a proper edge-coloring of the same graph which refines the given coloring, uses at most
2Kn colors and where the number of edges in each color class is at most n/K.

Proof. We refine the coloring as follows: for each color class, we arbitrarily partition the set of edges of that
color into sets of size |[n/K | and a remaining nonempty set (if it exists) of size smaller than |n/K|. The
number of colors in the new coloring with size less than [n/K | is at most the number of colors in the original
coloring. On the other hand, the number of colors with [n/K | edges is at most (3)/[n/K] < Kn. Hence,
the number of colors in the new coloring is at most 2Kn. O

We now describe our random process for selecting the colors and fix some notation that we will use in
analyzing it. We choose a sequence s = (s;);>1 of random colors, where each s; is chosen uniformly at
random, allowing repetitions, from the set of colors that appear on A. Let s;;; = {s1,...,s;} denote the
set consisting of the first i colors in this sequence and let C; be the collection of connected components
induced by the union of the edges with colors in sp;;. For each component C' € C;, let N(C') denote the set of
colors between C' and the remaining components. For any vertex v € A, we write N(v) for the set of colors
of edges incident to v and C;(v) for the component in C; containing v. For a component C' and a vertex
subset U, we let N(C;U) denote the set of colors that appear on edges between C and U. Finally, we let
N7 (e;C) = miny|>1—eyn [N(C; U)|, where we note that in this subsection we will take ¢ = 1/4. This may
be thought of as a robust measure of the number of colors emerging from C'.

Lemma 3.2. Consider a proper edge-coloring of the complete graph on a set A of n vertices using at most
2Kn colors, where each color class contains at most n/ K edges. Then there exists a set S of 80K In K colors
such that, for at least In/10 vertices v € A, v is contained in a connected component C(v) formed using
edges with colors in S satisfying [N (1/4;C(v))| > Kn/64.

Proof. For each vertex v, we define a (nondecreasing) set of vertices T;(v) and a set of colors S;(v) inductively
in 4. For i = 0, we set Ty(v) = {v}. In each step i > 0, we set S;(v) = U, e,y V(). We say that a vertex
w is (v,4)-bad if |[N(u) N S;(v)] > n/2 and (v,i)-good otherwise. We call a vertex u € C;(v) \ Ci—1(v) a
(v,1)-core vertex if u is (v,i — 1)-good. If (v,i)-core vertices exist, we pick an arbitrary (v,4)-core vertex u
and update T;(v) = T;—1(v) U {u}. Otherwise, we set T;(v) = T;_1(v) and proceed to the next step.

For w > 0, let Fy,(v) be the smallest ¢ such that |T;(v)| > w+ 1. Note that Fy(v) =0 as [To(v)| = 1. Let
ty = Fy(v) — Fy—1(v). Our aim now is to bound E[t,].

Let i = Fy—1(v) and C = C;(v). Let uq,...,u, be the vertices in T;(v). Then, by definition, each vertex
u; adds at least n/2 new colors N (u;)\U; -; N(u;7). Among them, at most 4/5;(v)|/K colors go to vertices
that are (v,7)-bad. This is because the number of vertices which are (v, i)-bad is at most 4|S;(v)|/K, by the
following claim.

Claim 3.3. For any set of colors S, the number of u with |N(u) NS| > n/2 is at most 4|S|/K.

Proof. The number of edges with some color in S is at most |S|n/K. The number of pairs (u,s) where
u€ A, s €S and s € N(u) is thus at most 2|S|n/K. Hence, the number of u with |[N(u) N S| > n/2 is at

most 255K = 4|5/ K. O

Let @ be the set of colors between C and (v, i)-good vertices. If w < K/16, then
Q= (n/2 = 4]Si(v)|/ K) |Ti(v)| = wn/4,

where we note that |S;(v)| < n|T;(v)| = nw < Kn/16. Let jo denote the smallest j > 4 such that s; € Q.
Since the C;(v) are nondecreasing and S;(v) = S;(v) for all j € [i,i + t,,), we have that i + ¢, < jo. But
then, since t,, < jo — ¢ and jg — ¢ is the number of time steps starting from ¢ until a color in ) is sampled,
we have

2Kn 2Kn
Elty] < — < —— =8K/w.
tel =0 = wnga =
In particular, the expected value of Fi /16(v) is at most
K/16 K/16
> Efty] < ) 8K/w < 8KInK.
w=1 w=1
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Thus, by Markov’s inequality, the event Fy/16(v) > 80K In K has probability at most 1/10. Hence, the
expected number of vertices v where we need ¢ > 80K In K to have |T;(v)| > K/16 is at most n/10.

By averaging, there is ¢ < 80K In K and a sequence of 4 colors such that at least 9n/10 vertices v satisfy
|T;(v)| > K/16. Each u € T;(v) contributes at least n/2 many distinct colors on the edges between C;(v) and
the entire vertex set. Since N (g;C;(v)) is defined by taking the minimum of |N(C;(v); U)| over all vertex
sets U with |U| > (1 — &)n and the coloring is proper, we may lose at most en colors for each u € T;(v).
Hence, for all v with |T;(v)| > K/16, we have

[T (v)|
INT(g; C;(v))| > Z (n/2 —en) > Kn/64,

j=1

where we used that ¢ = 1/4. O

3.2 Connected components using O(K) random colors

We now improve the main result of the previous subsection by removing the log K factor from the number of
colors required. This will then allow us to find a large component (of order at least n/4) using O(K + lnn)
colors.

Lemma 3.4. Consider a proper edge-coloring of the complete graph on a set A of n vertices using at most
2Kn colors, where each color class contains at most n/K edges. Then there exists a set S of 900K colors
such that, for at least In/10 vertices v € A, v is contained in a connected component C(v) formed using
edges with colors in S satisfying [Nt (3/8; C(v))| > Kn/128.

We first give an overview of our proof strategy and introduce several key parameters and objects. We are
given a proper edge-coloring of the complete graph on a set A of n vertices using at most 2K n colors, where
each color class contains at most n/K edges. As before, we pick a sequence of colors s1, s, ... randomly one
at a time. Let 6 = 1/16 and W = log(dK). Given the (infinite) sequence s = (s;);>1 of random colors, we
consider the following procedure which defines, for each vertex v and each integer j € [1,2"], a set of vertices
B; = Bj(v) of order j which is determined by the sequence of colors s. Note that here and throughout the
remainder of this section, we fix a vertex v and drop the dependence on v in the notation.

We let By = {v}. For each j > 2, we define P; to be the set of vertices v with |[N(u) \ N(B,_1)| > n/2,
where, for B C A, N(B) denotes the set of colors on the edges between B and A\ B. We then define
tj to be the smallest positive integer distinct from fs,...,¢; 1 such that the sampled color s;; connects
Bjlioga5-1y) with a vertex u in P; (if there is more than one possible choice for u, we choose the first in
some predetermined ordering of the vertices). We let B; = Bj_1 U {u}. We will run this procedure for
j <2W =K, setting T; = max; <;t; at each step.

Our key lemma is the following.

Lemma 3.5. Suppose k > 900K and J =2V = §K. Then
P(T; > k) < 2exp(—£/(128K)).
We now quickly deduce Lemma from Lemma
> J(n/2 - 3n/8) = Jn/8 =

Kn/128, since each vertex in B introduces at least n/2 new colors. Moreover, B is connected using the
colors si,...,s7,. Therefore, by Lemma with k = 900K, the expected number of vertices v for which

Proof of Lemma[3.4 For each vertex v and B; = Bj(v), INT(3/8;B;)| >

the component C' containing v built using colors sy,..., s, satisfies [NT(3/8;C)| > Kn/128 is at most
2nexp(—r/(128K)). Hence, there exists a choice of colors sq,..., s, such that at least 9n/10 vertices v are
contained in a component C' with [N*(3/8;C')| > Kn/128 using the colors s1, ..., 5. O

We next turn to the proof of Lemma [3.5]
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Proof of Lemma[3.5. For each j € (2¥,2%t1], define S; = N(Baw, P;) \ N(Bgu-1), where, for B,P C A,
N(B, P) denotes the set of colors on the edges between B and P. Note that the S; form a nonincreasing
sequence of sets for j € (2¥,2¥*1]. For j < J, we have that

1S;] > 2v71(1/2 — 46)n, (2)

since each vertex Bj \ Bj_; introduces at least n/2 new colors for j/ € (2¥~1,2¥], at most 4jn/K < 4én
of which are not to P;. In turn, the latter claim follows since, by Claim the number of vertices not
contained in P; is at most 4|B;|n/K = 4jn/K.

Let H, denote the set {t; : 2% < j < 2¥T!} of size 2. Note that, by definition, all of the ¢; are
distinct. Let I be the set of w € [0, W — 1] for which Thuws1 > Thw. For each I C [0, W — 1], each sequence
(Tow+1)we[o,w—1) of positive integers and each choice of sets H, C [1, Tgw+1] of size 2% for each w € I, we
bound the probability of the event & that I = I and, for all w < W — 1, Thws1 = Tow+1 and Hy, = H,,. Let
Ew be the event that Thuw41 = Ty and Hyy = H,, for all w’ < w. Let F,, denote the o-algebra generated
by the (t;,s;,) for j < 2**+1. Note that £, is measurable in F,,. We have the following claim.

Claim. Conditional on F,, the distribution of the sequence of colors (s;) can be described as follows.
For t € Uw,<w H,, s; is determined by F,,. For ¢t ¢ Uw,<w H,/, s; is a uniformly random color outside
Eyt = Uj<2;+1:tj>t N (Byioss:-1) , Pj). Furthermore, the s; are conditionally independent given F,,.

i
that ¢; = ¢ and s;; = s for all j < 2w+l In particular, there exists a sequence of colors §; such that

the corresponding t]'- (8) = t7 and 51&; = sj. For clarity, in this proof, we emphasize the dependence on the
sequence of colors (s or 3) of t;, B, P;.

For each sequence of colors (s;) such that Spr = S for j < 2%l and s; ¢ E, ¢ for all t ¢ Uw/gw H,/, we
will prove by induction on j that ¢;(s) = t;(3). As ts is the smallest time at which a color in N(By, Py) is
sampled, when s; ¢ N(By, P,) for all t <t and s;; = 3¢5, we have ta(s) = t2(5).

For the induction step, assume t;/(s) = t;/(5) for all j < j. We have that B;/(s) = B;/(5) for all j/ < j
and, therefore, Pj/(s) = P;/(8) for all j* < j. Recall that ¢; is defined as the smallest time distinct from

Proof. Consider a sequence of distinct integers ¢7 and colors s} such that there is a positive probability

ta,...,t;—1 for which a color is sampled that connects Byjiog,;-1)) to a vertex u € Pj. As Byjiog, ;-1 (8) =
Bjliega5-1)1 (5) and Pj(s) = P;(35), it is easy to check that under the conditions s; & N(Byioss -1 (8), P;(5))
for t < ¢} distinct from ¢3,...,¢7_; and sy» = -, we have t;(s) = ¢;(5).

If a sequence s does not satisfy that s; ¢ Ey ¢ for all t ¢ |J,,«,, Hu, then there is a smallest j such
that s; € N(Byiossi-11(8), P;(3)) for some t < ¢ with ¢ ¢ U, <, Hw- We then have inductively that
Bj:/(s) = Bj/(3) for all j/ < j and P;j(s) = P;(8), from which it follows that ¢;(s) < t;(3).

Therefore, conditional on ¢; = 5,85 =8; for all 7 < 2¥*1 all consistent sequences of colors s are exactly
given by the conditions that s;- = s} for j < 2vF and s; ¢ B, for all ¢ ¢ Uw<w Hur- This immediately
implies the conclusion of the claim. O

Conditional on F,,_1, under the event &,, we have that s; ¢ Sowt1 for all t € (0, Tow+1) \ Uy <4 H, and
s¢ € N(Bgw) for t € H,,. From the claim, these events are independent for different ¢. Noting that Syw+: is
disjoint from Ey,_1 ¢ € N(Bgw-1) and using , we have that the probability s; ¢ Syw+1 conditional on Fy,—1

277701 /2-48)n Similarly, as |N(Baw)| < 2"¥n, the probability that s; € N(Baw) conditional

is at most 1 — SHem
, which we used that the number of colors is at least (3)/(n/K) > Kn/4.

. o2vp 2wt
on F,_1 is at most Tnji = K

Thus,

qut2\ 2" 2w=1(1/2 — 45)n\ >+ %
< _
P(Sw | fw—l) = ( K ) <1 2Kn )

2w+2 2"
S( 7 ) exp(—(Towsr — 2¥)2¢ 4/ K).

Let £ = max . By taking a union bound over the possible sets Hy C [1, Tyes1] of size 2¢ which include
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Toe+1, We see that
P(TJ > K | fg_l)
< Z P(Tyetr = Toet1 | Fo—1)

Tot+1>K
2€+2 2
T
> <2€2£—+11> (K> exp (~(res = 2927/K)
Tot+1>K
[
24 4€T2£+1 2 ONel—4

< > i\ % exp (—(rper1 — 29274 /K)
Tol+1>K

Note now that In(4ex) — 2/32 < —x/64 for z > 600 and, hence, for Toer1 > max (2! k) > 900K,
28 In(4deryers /K) — (o1 — 29)2°/(16K) < 2° In(4eryees /K) — T9e412° /(32K) < —2°70011 /(64K).
Hence, summing over all possible choices of Z,

]P’(TJ > li)

2Z
4€TQI+1 I\ l—A4
230> 72[+1—2f+1( " ) exp (=(raer — 20)2-1/K)

€21 Tyr41>K

< Z Z — 2@ 1P (72e722+1/(64K))
1 on 2
Z 2041 exp (—2°/(64K))

= 5 (1 exp(—27/(64K)))

1>1:2¢0< K
2¢ exp (—2k/(64K))

+ (s — 20+ 1) (1 — oxp(—27/ (64K )

120> K
256 K , ,
< Z exp (—2°6/(64K)) + 80 E exp (—2°6/(64K))
K
1>1:26< K I>1:20>K
< 2exp(—k/(128K)).

21{
a1 2D (o (2 /GaKY) = S0
for Toer1 > 9t+1 >2K. O

Here we used the simple estimates 1 — exp(—xz) > /2 for x < 1/64 and

As a corollary of Lemma we now show that there is a set of at most 900(K + Inn) colors such that
there is a component of order at least n/4 formed by these colors in any proper edge-coloring of K, with at
most Kn colors. The key additional ingredient is contained in the following lemma.

Lemma 3.6. Assuming the setup and conclusion ofALem(na there exists a set S’ of 900 Inn colors such
that there is a connected component using colors in S" U S of order at least n/4.

Proof. We say that a vertex v is good if the connected component C'(v) containing this vertex formed by
edges with colors in S has [N1(3/8;C(v))| > Kn/128. We run a process where, at each time step i > 1,
we choose a random color s; and consider the connected components formed by {s; : ¢/ < i} U S. Let N;
be the number of good connected components at step i, where a component is good if it contains only good
vertices. We stop the process once there is a component of order at least n/4, so we can assume that there
is no component of order at least n/4 until 900Inn colors have been sampled. For each good component
C(v) at step i, let P denote the set of good vertices outside C(v). We have |P| > n —n/4 —n/10 > 5n/8,
as |C(v)] < n/4 and the number of vertices which are not good is at most n/10. Thus, the number of colors
between C(v) and P is at least [NT(3n/8;C(v))| > Kn/128. Hence, picking a uniformly random color, the
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expected number of good components with an edge in that color to a different good component is at least
(Kn/128)/(2Kn) - N; = N;/256. Therefore, there exists a color for which at least N;/256 good components
have an edge in that color to a different good component. This implies that a color can be chosen to guarantee

that N; 41 < N;(1 —1/512). Hence, we can choose the colors so that 1 < N; < n(1 —1/512)" for all ¢ > 1,
which is a contradiction if ¢ > 900 1nn. O]

Combining Lemmas [3.4] and [3.6] we obtain the promised result.

Lemma 3.7. Consider a proper edge-coloring of the complete graph on a set A of n vertices using at most
2Kn colors, where each color class contains at most n/K edges. Then there exist 900(K + lnn) colors such
that there exists a component A. of order at least n/4 in these colors in A.

3.3 Improved counting

We now prove Theorem [1.4]in the following slightly reworded form.

Theorem 3.8. There is an absolute constant C' such that, for any proper edge-coloring of Ky, the number
of vertex subsets A of order n spanning at most Kn colors is at most NCE+mn) (CK)",

A key part in the proof of this theorem is played by structures that we call efficiently colored trees.
Given a vertex subset A of order n in a proper edge-colored complete graph, an efficiently colored tree on a
subset A. of A is a tree together with an edge-coloring using an ordered list of 900(K + Inn) colors with the
following properties:

e There is a partition of A, into components By, ..., By, each connected by edges with the first 900K
colors.

e After revealing i of the remaining 9001nn colors and the corresponding edges between the connected
components, the number of connected components is at most (1 — 1/512)"n.

The importance of efficiently colored trees for us stems from the following result, which has essentially the
same proof as Lemma [3.6] above.

Lemma 3.9. In any proper edge-coloring of a complete graph, for every vertex subset A of order n which
spans at most Kn colors, there exists a subset A, of A of order at least n/4 and an efficiently colored tree
on A..

We now give the proof of Theorem 3.8

Proof of Theorem[3.8 By Lemma [3.9] for any set A of the required form, there is a subset A, of A which
admits an efficiently colored tree. We will bound the number of sets A by first bounding the number of
efficiently colored trees, thereby giving an upper bound on the number of possible choices for A.. We then
bound, for each A, admitting an efficiently colored tree, the number of sets A extending A..

We first count the number of efficiently colored trees. Each efficiently colored tree can be specified as
follows:

1. Select a set S of 900K colors and a set Sy of 9001nn colors.

2. Select an unlabelled tree on n’ € [n/4,n] vertices (in at most 3" ways for n sufficiently large by a
theorem of Otter [30]) and a partition of the tree into components By, ..., Bp.

3. Select a color for each edge in the components B; using the colors in Sj.

4. For each 0 < 7 < 900lnn, we keep track of a set of ¢; components, starting with the components
By,...,B; for i = 0. There are £; — 1 edges of the tree between the components. We then select a
subset of these ¢; — 1 edges and assign the edges in this set the i-th color in Ss.
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Upon performing the above steps, we obtain a tree on n’ vertices together with a coloring of its edges. We
only consider such trees where ¢; satisfies ¢; < (1 — 1/512)"n. As the edge-coloring is proper, for each such
colored tree, upon specifying the choice of the root of the tree among the IV vertices of Ky, there is at most
one way to identify all remaining vertices of the tree with vertices in K. Thus, the number of efficiently
colored trees, and hence the number of choices for A, is at most

N2 N2 n/ 1 , 900 1Inn
.3 . K)r—¢. oti=1 . N.
<900K) (900 In n> 3 <£ - 1> (900£) g)

Here, the first term (9(1)\62}() (906\1 ;n) corresponds to the number of choices for S; and S3, the term (Tzl__ll)
corresponds to the number of ways to select £ — 1 edges of the tree partitioning it into ¢ components, the
term (900K )"/_[ is an upper bound on the number of ways to color each edge in the components B; with
a color in S, the terms 2%~1 correspond to the number of ways to choose the subsets of the sets of £; — 1
edges to be colored with the i-th color in S5 and the last term N is the number of ways to assign the root
of the tree to a vertex in K.

Next, we identify A from A.. Starting from A’ = A., we consider the following process. Let N(A’) be
the set of colors between vertices in A’. If there exists a vertex a in A for which there are at least n/8 colors
between a and A’ which are not contained in N(A’), then we include a in A’, noting that there are at most
N choices for a. This can occur at most 8K times. In the end, we obtain a set A’ such that, for all a € A,
there are at least n/8 edges between a and A’ with color in N(A’). Let Y be the set of all vertices in Ky
such that the number of edges between this vertex and A’ with color in N(A’) is at least n/8. We have

Y| < %(?/)l = 8|N(A’)| < 8Kn. The number of choices for the remaining vertices of A, given that they

are all in Y, is therefore at most (n‘gl,) < (8eKn/(n—n'))"".
Hence, the number of sets A is at most

’

> N1800(K+Inn)gn (72/__11) (900K )™ ~¢ . 29007 . N . NS . (8eKn/(n —n'))" ™™

n’€[n/4,n],L<n’

< Z leoo(K+1nn)37l(900K)n/—1 . 9950n | pr8K+1 (8eKn/(n—n'))" "
n'€ln/4,n]

< N1800(K+Inn) (QIOOOK)nN2OK,

’

as required. O

We note the following immediate corollary counting the number of subsets spanning few colors in locally-
bounded colorings. The proof, which we omit, is almost exactly the same as that of Theorem 2.2 but with
Theorem [3.8 replacing Theorem [2.1] as the main input.

Corollary 3.10. There is an absolute constant C' such that in any edge-colored complete graph on N vertices
i which each color class has mazximum degree at most A, the number of subsets of n vertices in which at
most Kn colors appear is at most NC(AK+mn) (CAK)™,

The following improvement of Corollary which includes Theorem [I.2] is now an immediate corollary.

Corollary 3.11. There is a constant C such that if G is a finite group of order N, then the number of
subsets A C G with |A| = n and |AA| < K|A| is at most NCEF)(CK)™ . Similarly, the number of subsets
A C G with |A| =n and |AA™Y < K|A| is at most NCE+n) (C K™,

Though we will not go into the matter in detail, it is again possible, as in Theorem [2.3] to extend our
results to A-edge-expanders, a result which in turn has the following corollary.

Corollary 3.12. There is a constant C' such that if G is a finite group of order N, then the number of pairs
of subsets A, B C G with |A| = |B| =n and |AB| < K|A| is at most NCE+n)(CK)?n,
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3.4 The number of colors required to connect the entire graph

In this subsection, we take a look at the number of colors needed to find a connected spanning subgraph in
a proper edge-coloring of K,, with at most Kn colors. We begin with a simple observation that, together
with the results of the previous subsections, will give our upper bound.

Lemma 3.13. Given a proper edge-coloring of K,, with at most Kn colors, a subset S of V(K,) of order s
and any § > 0, there exist (n/s)K In(1/0) colors such that all but at most dn vertices of K, are connected
to S by a path using these colors.

Proof. Starting with Sy = S, for every ¢ > 0, the number of edges between S; and the remaining vertices
is |S;|(n — |S;]) and thus there is a color which connects at least |S;|(n — |S;|)/(Kn) new vertices to S;.
Define S;41 to be the union of S; and these new vertices. We can then guarantee that n — |S;11] <
(n—|S:)A—=1Si|/(Kn)) < (n—|S:])(1 = (s/n)/K). Thus, after at most t = (n/s)K In(1/0) steps, we obtain
that the complement of S; has size at most dn. O

Theorem 3.14. In any proper edge-coloring of K, with at most Kn colors, there is a spanning tree con-
taining at most 1000K In(n/K) colors.

least n/4. By Lemma [3.13| with 6 = K/n, by using an additional 4K In(n/K) colors, we obtain a component
whose complement has order at most K. By using K additional colors, we can thus connect all n vertices.
This implies that there is a spanning tree using at most 900(K +logn) +4K In(n/K)+ K < 1000K In(n/K)
colors, yielding the required result. O

Proof. By Lemma can find a set of 900(K + logn) colors that connects a component of order at

We now give a construction which shows that the bound in Theorem [3:14]is tight up to a constant factor.

Lemma 3.15. For any sufficiently large n and 1 < K < n/(Inn)8, there is an edge-coloring of the complete
graph K, with at most Kn colors such that every connected spanning subgraph has at least ;—OKln(n/K)
colors.

Proof. Let s = v/Kn. We show that there exists a proper edge-coloring of the complete graph K, , with at
most 5Kn colors for which any spanning tree uses at least M := K In(n/K) colors. The conclusion of the
lemma follows from rescaling the parameters by appropriate factors.

For disjoint vertex subsets A and B, we say that a set .S of colors connects A to all of B if each vertex in
B has at least one incident edge whose other vertex is in A and whose color is in S. Partition the vertex set
of K, 1, into parts A,, of size n and A, of size s. We will construct a proper edge-coloring of the complete
bipartite graph K, with parts As and A,, using at most Kn+ 2s?/K = (K +2)n colors such that no set of
M colors connects A,, to all of A;. We then properly edge-color the complete graph on A,, arbitrarily with
a new set of n colors and all edges in the complete graph on Ay with (;) < Kn/2 new colors. In total, we
will use at most (K + 2)n +n+ Kn/2 < 5Kn colors.

If there is a spanning subgraph that uses at most M colors, then we may assume it is a spanning tree.
Furthermore, we can replace edges of the tree that have both vertices in A by edges in the complete bipartite
graph between A, and A, to get a spanning tree that still uses at most M colors and does not have any
edge with both vertices in A,. It follows that there would be a set of M colors that connects A,, to all of
A, contradicting the claimed property. It therefore suffices to show that there is an edge-coloring of the
complete bipartite graph K, with parts A; and A,, using at most Kn + 2s?/K colors such that no set of
M colors connects A,, to all of A,.

First consider the following random edge-coloring of K ,. For each vertex v in A;, pick a uniformly
random proper coloring of the edges adjacent to v from a fixed set of Kn colors. We refer to this random
edge-coloring as the original edge-coloring of K, ,. For each edge e, declare that e is bad if there exists an
edge €’ adjacent to e (necessarily at the vertex of e that lies in A,) such that e’ is assigned the same color
as e. For each bad edge, we assign to that edge a distinct color from a new set of colors. After recoloring
the bad edges in this way, we obtain a random proper edge-coloring of K ,,, which we refer to as the new
edge-coloring.
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For each edge e, the colors of the edges adjacent to e on the A,, side are independent choices each taken
from a set of Kn colors. Thus, the probability that e is not bad is

(1—1/(Kn))*' >1—s/(Kn).

Therefore, the expected number of bad edges is at most sn - 22~ = s?/K. Hence, the expected number of
additional colors used to color K ,, is at most s*/K. Thus, by Markov’s inequality, with probability at least
1/2, the number of additional colors used to color K, is at most 2s/K.

Next, we bound the probability that there exist M colors in the original coloring which connect A, to all
of A,. Note that if the new edge-coloring has M colors which connect A, to all of Ay, then so did the original
edge-coloring using the same set of edges. Fix a set S of M colors. In the original coloring, the probability
that a given vertex in A, is not incident to an edge whose color is in S is at least (1 — 2L)" > ¢ 2M/K
where, for the inequality, we used that 0 < Kﬂn < 1/8. Therefore, the probability that a given vertex in
A, is incident to at least one edge of color in S is at most 1 — e 2M/K_ These events are independent over

different vertices in Ay, so the probability that S connects A,, to all of A is at most

(1- 672M/K)s < efse—QM/K _ efK(n/K)1/4.

Taking a union bound over all (154") possible sets S of M colors, the probability that there exists a set of
M colors that connects A4,, to all of A, is at most

KTL 1/4 eKn M 1/4 1/4
—K(n/K) < —K(n/K) < M _—K(n/K) < )
( >6 () e n-e 1/6

The second to last inequality follows from the choice of M and the conditions in the lemma statement on
n and K. To see the last inequality, note that by taking the natural logarithm it suffices to show that
Mlnn — K(n/K)Y/* < —1. As M = %Kln(n/K), by dividing by K and reorganizing, it suffices to show
that (n/K)"/* > +In(n/K)Inn+1/K, which would follow from (n/K)Y* > In(n/K)Inn. By our conditions
on n and K, n/K can be taken sufficiently large that (n/K)'/® > In(n/K) and, by the upper bound on K,
we have (n/K)'/® > Inn. Hence, the desired inequality holds.

Therefore, with probability at least 1 —1/2 — 1/e > 0, the new edge-coloring of the complete bipartite
graph K, has the desired properties, completing the proof. O

3.5 Improved bounds on additive dimension

In this subsection, we will make use of some of the ideas from the previous subsections to prove Theorem
Recall the statement, that if A is a subset of an abelian group G of size n with |4 — A| < K|A|, then
d.(A) = O(Kloglogn + logn). Moreover, if G has exponent r, then d.(A) = O(K logr + logn). Most of
the proof works over a general group, so, to stay in keeping with the results and proofs on which it builds,
we will stay in this setting until the very end, only specializing to the case where the group is abelian when
we need to.

Proof of Theorem[1.8, Consider a group G and a subset A C G with |A| = n and |[AA™!| < Kn. As in the
proof of Corollary we consider the edge-coloring of the complete graph on vertex set A which assigns
to each edge {z,y} the color {xy~! yz~'}. This is an edge-coloring where each color class has maximum
degree at most two, so Vizing’s theorem implies that by increasing the number of colors by a factor of at
most three, we may obtain a proper edge-coloring of the complete graph on A.

Applying Lemmawith J =6K for § =1/16 and k = 900K, we obtain, as in the proof of Lemma
a set Sy of k colors such that for a set Gy of vertices v with |G| > (1 — 2exp(—+x/(128K)))n, we can find
a set B(v) of size J such that each vertex of B(v) can be connected to v using a sequence of edges of color
in S; with length at most [logJ]. Indeed, consider the procedure in Lemma for a vertex v such that
the event in Lemma holds. Letting B; = B,(v), every vertex u € B; \ Bj_1 is connected to a vertex
in Byliogs;—1)) through an edge with color in S;. Hence, inductively, we have that every vertex in Baw is
connected to v through a sequence of edges with color in S; of length at most w. Thus, every vertex in
B(v) = Bjy(v) can be connected to v using a sequence of edges of color in S; with length at most [log J].
Furthermore, [N*(3/8; B(v))| > Kn/128.
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Recall that each color s can be identified with a set of group elements {g,g~'}. We may also identify each
color s with an arbitrarily chosen element from the corresponding set of group elements. Abusing notation,
we will sometimes replace a set of colors, such as S7, by the subset of G that its elements identify with.
Using this identification, set

tlog J
B(t):{ H qi:qieSlLJSllU{l}}.

i=1
We will need the following key claim.

Claim 3.16. There exists a sequence S5 of at most L = 1536 Inn elements of G, a set G C A of size at least

n/4 and a vertex v; € G such that
G C <H {s, 1}) v1B(2L).

SESs

Proof. Consider an arbitrary vertex vq; € Gy. Let Cy = {v1}. For i € [1,L — 1], we consider the following
process, which defines a set C; C Gy for which the sets zB(L — i) are disjoint for all x € C;. Let C;—1 =
Ci—1B(L —i)> N Gy. For a suitable s; € G to be chosen later, we will define C; to be a set containing all
x € C;_; and, for each x € C;_; such that s; B(z)N(Go\Ci_1) # 0, exactly one vertex v € s, B(z)N(Go\Ci—1)-

We first observe that the sets xB(L — i) are disjoint for all z € C;. Indeed, suppose that there exist
x,y € C; such that B(L —i) NyB(L —1) # 0. Any x € C; can be written in the form s;*2*b, for ¢, € {0,1},
z* € C;—1 and b, € (2*)"1B(2*) C B(1). Furthermore, note that we can take b, = 1 if ¢, = 0. Thus, we can
find 2%, y* € C;—1 and b, € (z*) "' B(x*), b, € (y*) " B(y*) such that s{*2*b,B(L —i)Ns; y*b,B(L —1) # 0.
If ¢, = ¢y, then we have that *B(L — i+ 1) Ny*B(L — i + 1) # 0, which cannot occur since the sets
aB(L — i + 1) are disjoint for z € C;_;. Otherwise, suppose, without loss of generality, that ¢, = 1 and
¢y = 0. Then z = s;2*b, is contained in yB(L —i)B(L—1i)~! = yB(L —1i)? C C;_; for y € C;_1, contradicting
r € Gy \ﬁ This establishes the desired conclusion.

If |C;—1| < n/4, we claim that we can find s; such that |C;|—|Ci—1| > |C;—1]/768. Indeed, since |Go\Ci—1| >
5n/8, for each = € C;_1, we have |N(B(z),Go \ C;—1)| > Kn/128. Thus, picking a uniformly random color
¢, the expected number of z € C;_; for which there is an edge in color ¢ between B(z) and Gy \ C;_; is at
least |C;—1|/384 (recall that the proper edge-coloring we constructed uses at most 3Kn colors). Observing
that each edge in color ¢ corresponds to either a group element s; or its inverse, we obtain that there exists
s; such that the number of x € C;_; for which s;B(z) N (Gy \ Ci_1) # 0 is at least |C;_1|/768. Finally, note
that, for x,y € C;_1, we have s;B(z) N s;B(y) = 0, since B(x) C «B(1) C aB(L — %) (recalling that we only
consider ¢ < L — 1). Hence, we can find s; such that |C;| — |C;—1| > |C;—1]/768.

By our choice of L = 1536 1Inn, we cannot have n > |C;| > (1+1/768)|C;_1] for all i < L — 1. Thus, there
is some 7 < L — 1 such that |C;_1]| > n/4. We then define G = C;_1, so that

g Q ]j{Sﬁ].} ’U18(2L)

j=1
Taking Sy = {s1, $2, ... } gives the required conclusion. O

Let T = |S2| < 15361nn. Set

R = (H {s, 1}) v B(2L)
sES?

and, for t > 1,
R(t) = (R"TUR).

By Claim [3.16 we have that G C R(1) and G~ C R(1).

For each vertex u in A\ G, we say that u is nearly covered if u has a neighbor in G through an edge
with color in G~'G. Thus, for each vertex u which is not nearly covered, the colors between v and G are
distinct from the colors in G. Observe also that the set of nearly covered vertices is contained in R(3).
Consider a vertex uj; which is not nearly covered. For XY C A, let N(X,Y) denote the set of colors
on the edges between X and Y. Let ¢; be the color of an edge between u; and G. Define G; to be the
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set of not nearly covered vertices u' which have N(u/,G) N N(u1,G) # (. Let v';v € G be such that
' ()"t =wwtor w/(v) "t = wult. If ¢ = uy ' for ¥ € G, we can then write v/ = v~ v’ = vy o1

or v = vul_lv’ =ve oM. As such, G; must be contained in
G- {c1,e1'} -GG CR() e o' R(2).

Given vertices uq, .. ., up, we define G, to be the set of vertices u’ that are not nearly covered, N(u',G)N
N(un,G) # 0 and N(u',G) N (U;<p N(ui,G)) = 0. Let ¢;, denote an arbitrary color between uy and G. As
above, we have that

Gn € (I G) U (R - {en '} R(2)) -
i<h
If there exists a vertex which is not nearly covered and which is not contained in G; for any i < h, we then
take up11 to be an arbitrary such vertex and continue the process. Observe that the N(u;,G) are pairwise
disjoint and each has size at least |G| > n/4. Thus, the number of steps is bounded above by O(K). We
therefore conclude that there is a set of colors S3 of size O(K) such that

Ac |J (RO {ss,55'}-R(2).

53€853

Upon specializing to the case where G is an abelian group, we observe that each element of A can be
represented as a sum of elements of £(.51 U Se U S3) where the multiplicity of each element in +S53 is at most
1, the multiplicity of each element in +S5 is O(1) and the multiplicity of each element in +5; is at most
O((logn)(log K)). By selecting S; to include all multiples 2¥s; for s; € S; and 2° < O((logn)(log K)), we
can then represent every element of A as a {—1,0, 1}-combination of elements in the multiset 4(S; U Sy U
S3) (where the elements in Sy have O(1) multiplicity), which has size O(K log((logn)(log K)) + logn) =
O(K loglogn+logn). Hence, d,(A) = O(K loglog n+logn). Furthermore, if G has bounded exponent r, then
we only need to include in Sy all multiples 2°s, for s; € S and 2° < r, yielding d, (4) = O(K log r+logn). [

4 Alon’s conjecture

In this section, we prove several results relating to Alon’s conjecture that there exists an absolute constant
C such that every finite group has a C-Ramsey Cayley graph. In Section [{.I] we warm up by showing
that there are self-complementary Ramsey Cayley graphs, which already answers a question of Alon and
Orlitsky [7]. Then, in Sections and we address Alon’s conjecture directly by first proving that it
holds for all abelian groups of order coprime to 6 and then lifting this result to all groups with a large abelian
subgroup of order coprime to 6. In particular, these results imply Corollary that Alon’s conjecture
holds for abelian groups of almost all orders. Section [£.4] contains the proofs of Theorems [I.12] and [I.13]
Recall that the first of these states that if p > 5 is a prime and V is a vector space V of order N with
characteristic p, then there is a Cayley graph on V in which the clique and independence numbers are both
at most (2 + o(1)) logy N, while the second says that if the characteristic is 1 (mod 4), then we may even
take the Cayley graph to be self-complementary. Both proofs work in far more general contexts, which we
explain in detail in the section itself. Finally, in Section [£5] we prove a technical result needed for the
proofs of Theorem and giving an essentially tight upper bound on the number of subsets A of
of size t with |A — A] < Kt. The proof is a modification of the proof of a similar result on A + A proved by
Even-Zohar and Lovett [2I], but may nevertheless be of independent interest.

4.1 Self-complementary Ramsey Cayley graphs

In this short subsection, we answer a question of Alon and Orlitsky [7] by showing that there are self-
complementary Ramsey Cayley graphs. The proof of this result already contains many of the ingredients we
will use throughout the rest of the section, but in simplified form. Though we present the proof over groups
of the form Zg, one can easily modify the construction to work over Zg for any fixed prime p =1 (mod 4). A
key point to note is that in order to obtain a Ramsey Cayley graph over Z¢ we cannot simply take a uniform
random Cayley graph, since such graphs have clique number ©(log N loglog N) with high probability, where
N = 5% is the number of vertices.
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Theorem 4.1. For every d, there is a self-complementary Ramsey graph over Z¢.

Proof. Let G = Z¢ and N = |G| = 5. The nonzero elements of the cyclic subgroups of G partition G \ {0}.
The set of nonzero elements of a cyclic subgroup of G is a set of the form {z,2z,3xz,4x}. For each such
cyclic subgroup, we pick exactly one of {x,4x} or {2z,3z} to be a subset of the generating set S uniformly
at random. This guarantees that the generating set S has several properties:

e S is symmetric.
e The Cayley graph G5 is self-complementary through the isomorphism ¢ : Zg — Z¢ given by ¢(z) = 2.
e For each nonzero x € Z¢, exactly one of x and 2z is in S.

It therefore suffices to show that with high probability the clique number of Gg is O(log N) = O(d).

We claim that every set A C G which is a clique in G satisfies |A — A| > |A|*/3. For a clique A in G,
we have A — A C S and, since S does not contain both = and 2z for any x, A has no nontrivial solution to
the equation a; — ag = 2(a3 — a4) or, equivalently, to a1 + 2a4 = as + 2a3. This implies that all the sums
ai + 2a4 with aj,a4 € A are distinct, so A+ 2+ A = |A|%2. On the other hand, by the Pliinnecke-Ruzsa
inequality, |A +2- A| < [34] < (|A — A|/|A])?|A|]. Hence, |A — A| > |A]*/3, as claimed.

To complete the proof, it suffices to show that, for some appropriate constant C’; the expected number
of cliques of order n = C’'log N in Gg is o(1). We will show that we may take C' = 100C, where C' > 1 is
the constant in Theorem By Theorem the number of sets A C G with |4 =n and |A — A] =m
is at most NCEK+nn) (CK)" where K := m/n. For any possible clique A of order n in Gg, we have that
|A—A| > |A|4/3 and the probability that A is a clique in Gg is 2~ (4=41=1/2 \where we used that nonzero
distinct elements of A— A, no pair of which are inverses, appear in S independently of each other. Therefore,
the expected number of cliques in Gg of order n = C’log N is at most

Z NC(m/n+lnn)(Cm/n)nQ(lfm)/2 _ 0(1)

n4/3<m<n?
Hence, the clique number of Gg is less than n with high probability. O

The same proof works over Zg for any fixed prime p = 1 (mod 4), since in this case there exists a € Z,
with @? = —1 and we can partition Zg into disjoint sets of the form {z,ax,a?r,a®s}. However, we will

need some additional ideas when we prove the stronger and more general Theorem [I.13 later in the section.

4.2 Abelian groups with order coprime to 6

In this subsection, we prove Alon’s conjecture for abelian groups of order coprime to 6.

Theorem 4.2. There is an absolute constant C' such that, for every abelian group G of order coprime to
6, there is a Cayley graph on G with no clique or independent set of order C'log|Gl|.

For the rest of this subsection, let G be an abelian group of order N coprime to 6. We next describe how
we pick a random symmetric subset S of G and we will then show that the random Cayley graph Gg with
high probability has no clique or independent set of order C’log |G|.

We first consider the equivalence relation x = —x, which partitions the set of nonzero elements of G into
pairs. We then partition the family of such equivalence classes into disjoint orbits of the map x +— 2z. We
select a random subset S of G as follows. Partition the set of equivalences classes given by the orbit of x
into consecutive sets of size two {z, 2z}, {42, 8z},... and possibly one singleton (which happens if and only
if the orbit is of odd size). For each of these sets of size two, we include exactly one of the two corresponding
equivalence classes uniformly at random as a subset of S. If there is a singleton, we pick its equivalence class
to be a subset of S uniformly at random. Note that we make all of these random choices independently of
each other.

From this construction, it is clear that the distribution of the random Cayley graph G g and its complement
are identical. In particular, each nonzero element of G has probability exactly 1/2 of being in S. Furthermore,
we have the following claims.
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Claim 4.3. For any set X of nonzero elements of G, the probability that X is a subset of S is at most 2~1X1/2,

This claim follows from first observing that any such X has a subset X' C X with |X’| > |X|/2 such
that if x € X', then —x ¢ X’. The events that elements of X’ taken from different pairs or singletons are in
S are independent, while for elements of X’ taken from the same pair there is a zero probability that both
lie in S. Hence, for any such subset X', the probability X’ is a subset of S is either 271X I or zero.

Claim 4.4. For any nonzero y € G, the quadruple {y, 2y, 4y, 8y} ¢ S.

This claim follows from the fact that none of the sets of size two in the partition is a subset of S. We first
observe that we cannot have 2y = —y or 8y = —y, because the order of the group is coprime to 6. Moreover,
if 4y = —y, then {y, 2y, 4y, 8y} = {v, 2y, —y, —2y}, but y and 2y cannot both be in S in this case. We may
therefore assume that none of 2y, 4y or 8y is —y. The quadruple {y, 2y, 4y, 8y} might still not consist of
distinct elements, but, as G has size coprime to 6, the only pair in the quadruple that can be equal is y and
8y. But even in this case, the quadruple (which is then a triple) is not a subset of S.

In particular, for any clique A in the Cayley graph Gg with generating set .S, since S does not contain
any quadruple {y, 2y, 4y, 8y}, there is no y € G with ty € A — A for t € {1,2,4,8}. Hence, ifty € A— A
for some nonzero y € G and all t = 1,2,4,8, then A — A has nonempty intersection with both S and the
complement of S U {0}, so A cannot be a clique in Gg.

The next lemma shows that if 7" is a set of small positive integers that are coprime to |G| and A C G is
such that there is no nonzero y € G with ty € A — A for all ¢t € T, then the ratio |[A — A|/|A4| is large.

Lemma 4.5. Let T be a nonempty set of positive integers, each less than m, with |T| = q and let N be a
positive integer such that every integer in T is coprime to N. If A is a subset of an abelian group G of order
N such that there is no nonzero y € G with ty € A— A for allt € T, then |A — A| > |A|}+1/(Z*m),

Proof. Order the elements of the set T in increasing order as ¢1 < t3 < --- < t, and suppose |A— A| = K|A|.
Beginning with Ay = A, we will pick a sequence of subsets Ag D Ay D --- D A, with |4;| > K’21m+m\A|
fori>landtjyc A—Aforalll <j<iandallyc A; — A;.

Observe that |A;_1 + t;A;—1| < |A + ;4] < K'TL|A| by the Pliinnecke-Ruzsa inequality. By the
pigeonhole principle, there is u; € A;_1 + t;A;_1 such that u; = b+ t;a for at least |A;_1|>/(K' 1| A]) pairs
(a,b) S Ai—l X Ai—1~ Let Az be the set of a € Ai—l such that U; — tia S Ai—17 SO ‘Az| Z |Ai_1|2/(Kti+1|AD.
We will prove by induction on i that |A;| > K’21'm+m|A| andtjy € A—Aforalll <j<iandally € A;—A,.
This holds for i = 0. Assuming |A;_1| > K=2" ™™ |A|, we then have that

|A;] > ‘Al;l‘z/(Kti'H‘AD > K—(ti+1)—2im+2m|A‘ > Kv—Zi'rrz—',-'rrzlA'7

where we used that max T' < m. Moreover, for any a;,a; € A;, we have that ¢;(a;—a}) € A;_1—A;_1 C A—A.
By induction, since 4; C A;_1, we also have that t(a; —a;) € A — A for all t < t;_; in T. Thus, we have
that ty € A — A for all y € A; — A; and t < t;, completing the induction.

If now |A| > K™, then |A,| > 1 and there is some nonzero y € A — A with ty € A— Aforallt €T, a
contradiction. Therefore, K > |A|Y/(2"™) and so |A — A| = K|A| > |A]*+1/(2"m), O

We are now ready to prove Theorem [4.2]

Proof of Theorem[{.4 For the random S described earlier, if there is a nonzero y such that {y, 2y, 4y, 8y} C
A — A, then A — A contains both an element of S and a nonzero element not in S, so A is not a clique
in the Cayley graph Gg with generating set S. If there is no nonzero y such that {y,2y,4y,8y} C A — A,
then, for T' = {1,2,4,8}, there is no y with ty € A — A for all t € T. Therefore, by Lemma if we set
|A — A| = K|A|, then we have K > |A|'/144,

By Theorem the number of A C G with |A| = n and |A — A| = m is at most NC(E+loen)(C K",
where K = m/n. By Claim the expected number of cliques in Gg of order n = C’log N is at most

Z NC’(m/n+10gn)(Cm/n)n27(mfl)/2 _ 0(1)

n1+1/144gmgn2

Thus, with high probability, there is no clique in Gg of order C’log N. Similarly, since the complement of
the random Cayley graph Gg has the same distribution as G g, with high probability, there is no independent
set in Gg of order C"log N. O
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4.3 More general groups

The main result of this subsection says that if a group G has a large abelian subgroup H of order coprime
to 6, then there is a Cayley graph on the group which is Ramsey. As above, the generating set S is not
picked uniformly at random (which is necessary for groups with many subgroups of a particular size such
as ZZ). However, the elements not in H are picked uniformly and independently at random. In particular,
if |H| = o(|G|), most elements are picked uniformly and independently at random and we only need to be
careful about how we pick the elements on a vanishing proportion of the elements of G.

Theorem 4.6. There is an absolute constant C' such that if G is a group of order N with an abelian
subgroup H of order |H| > N/(log N)Y/10% coprime to 6, then G has a Cayley graph which is C'-Ramsey.

Proof. We pick a random subset S of G to be the generating set of the Cayley graph as follows. We pick
the nonzero elements of H to be in the generating set exactly as described in the proof of Theorem for
abelian groups whose size is coprime to 6. In particular, this implies that every subset B of a right coset of
H which could possibly be a clique in the Cayley graph satisfies [BB~1| > |B|'T1/144, Each element not in
H is an element of S with probability 1/2 independently of all other elements except its inverse.

Consider a subset A of n = C'log N elements of G. By the pigeonhole principle, there is a right coset
of H which contains a subset B C A with |B| > n/(N/|H|) > n%%. If A is a clique, then B is as well, so
|AA~Y| > |BB7Y| > |B|**+1/144 > pl005 Thus, by Theorem the number of sets A C G of size n with
|AA~Y < Kn that are potential cliques of the random Cayley graph is at most

NC(K+logn) (CK)" = N(C-‘ro(l))K’

where C is an absolute constant and we used that K > n09.

Note now that each set A with |A| = n > 2 has probability at most 9—(14A7 =1)/2 of being a clique.
Indeed, AA™! is a symmetric set that contains the identity element 1, each nonidentity element appears in
S with probability 1/2, the events that elements of AA~* N H and their inverses appear in S are negatively
correlated (as in the proof of Theorem and, finally, each element of AA~!\ H appears in the generating
set S independently of all other elements except its inverse. Summing over all possible sizes m = |[AA™!| of
AA~! and substituting in N = 2"/ o’ gives that the expected number of cliques of order n in the random
Cayley graph is at most

Z N(CFo(D))m/ng—(m-1)/2 _ 2((C-&-o(l))cul_1/2)m _ 0(1).

n1-005 < m<n2

Similarly, the expected number of independent sets of order n in this random Cayley graph is o(1). Hence,
with high probability this random Cayley graph is C’-Ramsey for some appropriate absolute constant C’. [

From the fundamental theorem of finite abelian groups, if N’ is the largest factor of N that is coprime
to 6, then any abelian group of order N has a subgroup of order N’. This immediately yields Theorem [L.10]
and Corollary [[.I1] with the latter stating that, for almost all N, every abelian group of order N has a
C’-Ramsey Cayley graph.

4.4 Ramsey Cayley colorings

A Ramsey-type problem first raised by Erdés, Hajnal and Rado [I7] in 1965 (see also [19]) asks for the order
of the largest clique avoiding one of the colors that can be found in any r-coloring of K. For r = 2, this
problem is equivalent to the problem of determining the classical diagonal Ramsey number. More generally,
for any 1 < s < r, one may ask for the order of the largest clique containing at most s colors that can
be found in any r-coloring of K. To get an upper bound, it is easy to check that in a uniform random
r-coloring the largest clique in the union of any s colors has order (2 + o(1))log, ,; N with high probability.

In this subsection, we prove a generalization of Theorem [[.12] saying that there are Cayley r-colorings
that asymptotically match this bound, where an r-edge-coloring of the complete graph on a group G is a
Cayley r-coloring if each color class is a Cayley graph on GG. That is, a Cayley r-coloring is formed by taking
a partition of G \ {0} into r symmetric sets Sp,...,S, and coloring the edges of the complete graph on G
by letting color ¢ be the Cayley graph with generating set S; for each 1 <14 <.
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Theorem 4.7. Fix integers 1 < s <r. Let V be a finite vector space of order N with characteristic p > 2r.
Then there is a Cayley r-coloring of the complete graph on V such that the clique number of the union of
any s color classes is at most (2 + o(1))log, /s N.

We also prove Theorem [1.13] in this subsection. Recall that this says that for every vector space V of
order N whose characteristic p is congruent to 1 (mod 4), there is a self-complementary Cayley graph on
V whose clique and independence numbers are both at most (2 + o(1)) logy N. We call a Cayley r-coloring
of I} rotational if the coloring is given by ¢ : Fj \ {0} — Z, and there is a scalar a € F, of order 2r such
that c(a'z) = ¢(x) 4+ 4 (mod r) for all z € F' \ {0} and i € Z. In such an edge-coloring of the complete
graph on [}, the Cayley graphs of each color are isomorphic (through multiplication by a fixed power of
«). In particular, in the case r = 2, the graphs of each color are self-complementary. The following theorem
therefore generalizes Theorem [1.13

Theorem 4.8. Fix an integer r > 2. Let V be a finite vector space of order N with characteristic p = 1
(mod 2r). Then there is a rotational Cayley r-coloring of the complete graph on V' such that the largest
monochromatic clique has order at most (2 + o(1))log, N.

We first describe the Cayley r-colorings we will use to prove Theorems and

Constructions for Theorem[4.7. We use two different colorings, depending on whether the characteristic
p is small or not. In each coloring, for each line L through the origin of I}, we color the nonzero elements
of L independently of all other lines through the origin.

If p < 227, then we use the following coloring. For each line L through the origin, we can write its set of
p — 1 nonzero elements as {x,2z,...,(p — 1)z} for some representative x € L. Since the coloring must be
symmetric (so the color of y and —y are the same for each nonzero y), we only need to specify the colors
of the (p — 1)/2 elements z, 2z, ..., (p — 1)z/2. We equipartition this set of (p — 1)/2 elements uniformly at
random into 7 sets and then make each set symmetric by adding —y to each set if y is already in the set.
We thus obtain a partition of the set of nonzero elements of L into  nonempty sets Ly, ..., L, (the fact that
these sets are each nonempty follows from p > 2r). The generating set S; for color 7 is then the union of the
sets L; over all lines L through the origin. In this Cayley r-coloring, the union of the generating sets of any
set R of colors with |R| < r does not contain all the nonzero elements of a line. Hence, there is no nonzero
y € F}, such that {y,2y,...,(p — 1)y} are all in Sg, where Sg := |, Si- But then, by Lemma for any
A which can possibly be a clique with colors in R, we have |A — A| > |A|'TP 277,

If p > 227, then we use the following coloring. First note that the order of 2, which we call h, satisfies
h > log, p. We consider the equivalence relation = —z which partitions the nonzero elements of F} into
pairs. We write T for the equivalence class of . We then partition the nonzero equivalence classes on each
line L through the origin into orbits of powers of 2, each of size h or h/2 (depending on whether —1 is a
power of 2).

We partition each orbit B, which is of the form {z, 27, 27, .. ., 2’1/*1?} with h' = h or h/2, into intervals
I of size r with at most one remaining interval of size less than r. Note that there is at least one interval
of size r since h/ > r. We color the equivalence classes in each such interval I independently of all other
intervals, randomly coloring the elements of I with colors from [r] while guaranteeing that each color appears
at most once (and exactly once if the interval has size r). The generating set S; for color i then consists of
all elements of color .

In this Cayley r-coloring, the union of the generating sets of any set R of colors with |R| < r does not
contain all the elements of an interval I of size r. Hence, there is no nonzero y such that {y,2y,...,23" 3y}
are all in Sg, where Sk = (J,c Si- Here, we note that in the partition of a given orbit into intervals of size
r with at most one additional interval of size less than r, any consecutive interval of size at least 3r — 2 must
fully contain an interval of size r from the partition. But then, by Lemma [4.5| with T = {1,2,...,23 73} (so
we may pick ¢ = 3r — 2 and m = 23773 + 1), for any A which can possibly be a clique with colors in R, we
have |A — A| > |A[*+2°"

In either case, for any subset R of the colors of size s < r and any set X of nonzero elements, X has a
subset X’ of size at least | X|/2 which does not contain both an element = and its negative —z and where
the events that elements in X’ have colors from R are negatively correlated. Therefore, the probability that
a set A C F? forms a clique in the union of the Cayley graphs with colors in R is at most (s/r)(4=41=1)/2,
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Moreover, as noted above, for |R| < r and any A which has positive probability of being a clique with all
colors in R, we have
A=Al > |A]' 3)

for some ¢ > 0 depending only on 7.

Constructions for Theorem [4.8, We again use two different colorings depending on whether the char-
acteristic p is small or not. As p = 1 (mod 2r), there is & € F,, of order 2r and so " = —1 (mod 2r).
We fix such an . We also let ¢ be a multiple of r that is growing slowly to infinity with N. For exam-
ple, ¢ =~ loglogloglog N will work. The reason that we need to let ¢ — oo slowly with N is that when
the characteristic p is large we lose the negative correlation property that appeared in the construction for
Theorem (.7, but we do still have that the probability a set A gives a monochromatic clique is at most
p—(1—e)IA=A1/2 where the o(1) crucially depends on ¢ — co. However, to get our bounds to match those
of the uniform random r-coloring, we also need that |A — A| = w(|A|log|A]|), which we can guarantee with
our arguments only if £ doesn’t grow too quickly with N.

When p < 22, we use the following coloring. The set I \ {0} of nonzero elements is partitioned into
the nonzero elements of the lines through the origin. We can write the nonzero elements of a line through
the origin as L, = {ax : a € F;} for some z € F \ {0}. We color the nonzero elements of each such line
independently of the other lines through the origin. Pick a generator g for F)\. We equipartition the set of
elements ¢’z for j = 0,1,..., p2r — 1 into 7 color classes uniformly at random and then Complete this to a
rotational coloring of the line by letting c(a‘g’z) = ¢(¢’x) +i (mod r) for j = 0,1,... : t-l_landieZ. To
ensure that the coloring is well-defined, we claim that the sets {+a’g’} for j € [0, &= — 1] and i € [0, — 1]
partition F,, \ {0}.

Assume instead that the sets {£a’g’} for j € [0 = — 1] and ¢ € [0,r — 1] are not d1SJ01nt so there is
'] < &% and |i’| < 7, not both zero, such that o’ = igﬂ (mod p). We then have g™/ = (£a/')" = +1

(mod p) and, since |rj’| < (p—1)/2, this implies 75’ = 0 and hence j/ = 0. Then o’ = +1 (mod p) and, since
a has order 27 and |i’| < r, we have i’ = 0, a contradiction. Therefore, the sets {£a’g’} for j € [0, p2r1 —1]
and 7 € [0,r — 1] are disjoint and, as there are (p — 1)/2 such sets, they must also partition F,, \ {0}. Since
the nonzero elements of a line through the origin cannot be monochromatic, Lemma [4.5] again implies that,
for any A which can possibly be a monochromatic clique, we have |A — A| > |A|1TP 2 2

When p > 227, we use the following coloring. Partition F} \ {0} into sets of the form M, = {2%a'z :
a,i € Z} for some representative x € Fj; \ {0}. We will color the elements of each M, independently of the

elements not in M,. Let h be the order of 2in F7, so h > log, p. Let I’ be the least positive integer such
that 2" is a power of a in F)¥. Then h' = h/d for some divisor d of h with d < 2r and each M, has size
2rh'. Partition the set {0,1,...,h’ — 1} into intervals of size ¢, with possibly one interval of size at least ¢
and at most 2¢ — 1. We can do this since h’ > £. For each such interval I, we equitably color the elements of
{2%x :i € I} at random. We then extend this to a rotational coloring of all of M,, by setting c(a‘y) = c(y)+i
(mod r). For any monochromatic clique A in this edge-coloring, the set S = {2/a‘x : j € I} for a given i,
x € Fy \ {0} and interval I cannot be monochromatic and, hence, cannot be a subset of A — A. Further, for
every nonzero y € I, the set {y,2y,..., 23¢=3y} contains such a set S. Hence, by Lemma for any A

which can possibly be a monochromatic clique, we have |4 — A| > |A[1¢ 27"

Recall that, for any X C F} \ {0}, there is X’ C X with [X'| > [X[/2 such that there is no z with both
2 and —z in X’. For the coloring used when p < 227, for any set of the form X = A — A, the events that
elements of the corresponding X’ each have the same particular color are negatively correlated and each
have probability 1/r. Therefore, the probability that a set A C F}; forms a monochromatic clique of a given
color in the rotational Cayley r-coloring is at most 7~ (4=41=1)/2,

For the coloring used when p > 22, we no longer have negative correlation. However, the events are
still close to being negatively correlated, so we can show that the probability a set A forms a monochromatic
clique of a given color is at most r~(1HeM)IA=Al/2 " For a set A to have positive probability of being a
monochromatic clique of color ¢ € Z,, there must be no y € X’ and o'y € X’ with i # 0 (mod 2r) of the
same color, where X' is the reduced set corresponding to X = A — A. For a given M, and an interval I as
defined above (which satisfies ¢ < |I| < 2¢ — 1), each y € M, N X’ of the form y = a2z for i € I receives
color ¢ if and only if 2’z receives the color ¢ — j. Therefore, for a set A to have positive probability of forming
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a monochromatic clique, several independent events must occur, each saying that 2%z receives a certain color
for each ¢ € J C I, where the subsets J = J(A,x,I) have sizes that sum to |X’|. The probability that
each ¢ € J receives the required color is the ratio of two multinomial coefficients, the denominator being the
number of equitable r-colorings of |I|, which is

(on )
ny, N2, ..., Np

with each nj = |I|/r, and the numerator being

< || —1[J] )
ny—mi, g — M, ..., Np—my)’

where my, is the number of elements of the form 2%z with ¢ € J that are to receive color k, so mq +- - +m, =
|J|. The ratio of these two multinomial coefficients is then

I (01,
T W

where (a), = H2:1(a —j+1). For any A that has positive probability of being monochromatic, the

Qr

probability that X’ is monochromatic is [[; Q7. We wish to compare this with =Xl To this end, we will

give an upper bound on Q}/ul. By the simple observation that, for any integers Y > a > b > 0, we have
Y)a(Y)p < (Y)a-1(Y)pt1, given |J|, the ratio Q is maximized when (my,...,m,) is an equipartition of

|7|. Furthermore, the maximum of Q}/Ul occurs when |J| = |I| = ¢, so

—1/t
1] o ¢
QI - <m1, ma, ..., m,) ’

with each my = ¢/r. This multinomial coefficient is the largest of the (ztizl

) < ¢™ multinomial coefficients
in the multinomial expansion of ¢, so, since £ — oo, we have Q; < r~(1=°()I/I Taking the product over
all T, we get that the probability a set A (with |A] = oo as N — o) forms a monochromatic clique is, as
required, at most r—(1—o(1)[A=A}/2,

Moreover, as £ is tending to oo slowly with N, in both cases any A of size (2 + o(1) log,. n which has a
positive probability of being a monochromatic clique satisfies

|A— AJ > |A|(log |A])*.

Proofs of Theorems [4.7] and The proofs of Theorems [£.7] and [£.§ use the colorings described above
together with the following upper bound on the number of sets of a given size with small difference set. The
crucial point for us here is that the constant factor in front of K in the exponent of N is exactly 1.

Lemma 4.9. For K > 1, the number of subsets A of F}, of sizet with |A—A| < Kt is at most At N E+log, t+1
where N = p™.

This bound is close to optimal. More precisely, for K a positive integer and t/K a power of p, the
number of subsets A of F}; of size ¢ with |[A — A| < Kt is at least (N/t)K+1o8, (t/K) " ndeed, consider those
sets A= H + {x1,...,2x } which are the union of K distinct cosets of a subspace H of size t/K. Any such
set A satisfies |[A — A] < (K? — K + 1)|H| < K|A|. As we assumed t/K is a power of p, the number of
distinct subspaces of size t/K is

log,, (t/K)—1

N_p] N Ing(t/K)
) el O B
o UK-p t/

Thus, the number of such A = H + {z1,...,zx} is at least
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where we note that there are (N / (It(/ K )) ways to choose K distinct H-cosets. We defer the proof of Lemma
to the next subsection, first showing how to complete the proofs of Theorems [£.7] and

Proof of Theorem[{.7 Fix for now a nonempty proper subset R of the set of colors with |R| = s. As discussed
carlier, the probability that a set A C F? forms a clique with all colors in R is at most (s/r)(4=41=1/2,
Moreover, by Lemma the number of sets A with |[A| = ¢ and |A — A| < m is at most ¢4 N™/t+108, t+1
and, by , any clique A with all colors in R has |A — A| > |A|'T¢ for some ¢ > 0 depending only on r.

Summing over all possible sizes m of |A — A| with m > |A|'*¢, the probability that there exists a set
A C F} with [A] =t which forms a clique with all colors in R is at most

Z t4tNm/t+logp t+1(s/7,)(m71)/2.

e <m<y?
Let 6 =t~%/? and t = 2(1 + 0) log, /s(IV). Then,

Z t4tNm/t+10gp H'l(s/r)(m_l)/Q < Z t4tNm/t+logp t+1N—(1+5)m/tT1/2
ttre<m<t? ttre<m<t?
_ Z 4t Nlog,, t+1—dm/t,.1/2
tl+e<m<t2
< N—t”/2/2t4t+2rl/2
_ (S/T)t1+°/2/4(1+5)t4t+2T1/2

= ON<1).

Taking a union bound over all 2" —2 possible nonempty proper subsets R of the set of colors, we get that, with
high probability, the clique number of the union of any s < r color classes is at most (2+on(1))log, ;(N). O

Proof of Theorem[4.8 The proof goes through essentially the same as the proof of Theorem with the
analogous estimates substituted. O

4.5 Counting sets with small difference sets in vector spaces

We now prove Lemma [£.9] for which we will need a quantitative version of the Freiman-Ruzsa theorem. One
version of this theorem, due to Ruzsa [31], says that if G is a finite abelian group of exponent ¢, then any
subset A of G with |A+A| < K|A| is contained in a coset of a subgroup of G of size at most K2t5"|A|. In the
same paper, Ruzsa conjectured that the subgroup size can be reduced to t“%|A| for some absolute constant
C' and this conjecture was subsequently proved by Even-Zohar and Lovett [20 2I] for prime exponents.
Let (A) denote the affine span of A, that is, the smallest coset of a subgroup containing A. If we write

[(4)

F(p,K) :sup{|A||AQIFZ for some n, |A + A| §K|A|},
A

2K —2
p

then the result of Even-Zohar and Lovett [2I] says that F(p, K) < £ for p > 2 prime and K sufficiently
large. Here we adapt their proof to the setting where we replace sumsets by difference sets. If we write

A
F~(p,K) :sup{|<|1:||AQIFZ for some n,|A — A] §K|A|},
A

then the following is the result we need.

Theorem 4.10. For K > 1 and any prime p > 3,
P

F(p,K) < .
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By considering A = (eq,...,e7) +{0,€p11,...,e01x}, we have that |[A — A| = (1 + 2K + K(K —1))p’ =
(K +1/(K + 1))|A|, while [(4)] = 275 |A|. Thus, Theorem [4.10[is tight up to a p°(1/%) factor.

Our proof of Theorem [4.10] follows [21] quite closely. Without loss of generality, in the definition of
F~(p,K), by passing to a subspace if necessary, we may restrict the supremum to subsets A of [, which
affinely span F). By changing basis if necessary, we may also assume that A contains the standard basis
€1,...,en of F.

We consider the lexicographic order on the elements of F}. Recall that, for two vectors u,v € Fy, we
write u < v in this ordering if u; < v; for the largest coordinate ¢ for which u; # v;, where the coordinates
are viewed as integers in {0,1,...,p—1}. For L C F} and k < |L], let IS(k, L) denote the initial segment of
size k of L, which is the set of the k smallest elements of L in the lexicographic order.

For a given v € F}, let £, be the set of all lines in the direction v, that is, £, = UueF; LY, where
LY = {u+tv|t € Fp}. Given a set A, we define its compression in the direction v, denoted by C,(A), to be
the set obtained from A by replacing each set L N A, for all L = Ly, u € F}), with the initial segment of Ly
of the same cardinality, that is,

Co(A) = | J IS(IL¥ N A, LY).

u€lFy

For a vector v € )}, we denote by /(v) the largest index i for which v; # 0. The following key lemma is

the analogue of a similar result in [21].
Lemma 4.11. If A, B CF} and v € F}} is a vector with vy = 1, then |C,(A) — Cy(B)| < |Cy(A — B)I.

Proof. Let i = {(v). For u,z € F}, let ug, z¢ be the translates of u, z by scalar multiples of v such that their
i-th coordinates are 0. Note that IS(|A N LY%|, LY) = {uo,...,ug + (|JAN LY — 1)v} as v; = 1. Hence,

|(Cy(A) — Cy(B)) N{xo+tv|t € Fp}| = min(p, HllLaX(|Aﬂ {uo+tv|t € Fp}| 4+ |BN{xo —uog +tvft € Fp}|) —1).

On the other hand,

|Cy(A— B)N{xo+tvt € Fp}| =|(A— B) N{xo + tv|t € Fp}|
> min(p, max(|A N {ug + tv|t € F}| + |[BN{zo —uo + tv|t € Fp}|) — 1).
U

Thus, |Cy,(A) — Cyp(B)| < |C,(A — B)|, as required. O

In [21], the authors use compressions along directions v with v,y = 1 to deduce the structure of com-
pressed sets. We say that A is *-compressed if A = C,(A) for any v with vy, = 1 and ey,) —v € A. The
following lemma follows identically to Lemma 7 of [2I]. Recall that eg,...,e, denotes the standard basis
vectors of FJ, which we assume are contained in A. We also observe that given any set A containing the
standard basis, any compression in the direction of v where vy(,) = 1 and ey(,) —v € A would fix the standard
basis in A, so A remains affinely spanning.

Lemma 4.12. Let A be a subset of Ty with {e1,...,e,} C A which is *-compressed. Let h be mazimal such
that H = (eq,...,en) is a subset of A. Then A can be written as the disjoint union

HU(epy1 +H)U---U((s —Depp1 + H)U(AN(sept1+ H)U (AN (epye + H))U---U(AN (e, + H)),
where 1 < s <p—1 and s is mazimum with the property that (AN (sep11+ H)) # 0.
We are now ready to prove Theorem [£.10]

Proof of Theorem[{.10. Let A C F} be such that {ei,...,e,} € A, so (A) = F}}. We repeatedly apply
compressions along directions v satisfying vy,y = 1 and ey,) —v € A. For each such compression, the
difference set |[A — A| does not increase and the standard basis e, ..., e, remains in A. By applying finitely
many such compressions, we arrive at a set A C F} with |[A — A| < K|A| and {ey,...,e,} C A which is
*_compressed. A must then have the form given in Lemma [4.12] so that

A—A=[H+ ([-s,s]lent1 U {epra,--. en}t — 10,8 — llept1) U (—{enta,-.-,en} + 10,5 — llepy1))] U [X — X],
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where X = (AN (sepr1 + H))U (AN (epya+ H))U---U(AN (e, + H)).
We have

|[H+([—s, slent1U({enta, - .- en}—[0, s—1]eptr1)U(—{enta, - .., en}t+[0,s—1lens1))| = |H|(25+1+25(n—h—1)).
Furthermore, if we set A; = AN(e;+H) for j > h+2 and A1 = AN(sep41+H), then, for j # j' € [h+1,n],
the sets Ajs — A; are disjoint from each other and from the set
H+ ([—s,slep+1 U ({enta,---sent —[0,8 — 1ept1) U (—{ent2,-. . en}t + 10,5 — 1lent1)).
Thus,
|A— Al > (2s(n—h)+ 1)|H| + Z |A; — Ay > (2s(n—h)+1)|H| + Z (n—h—1)|A,],
J#3'5 3,3’ Zh+1 j>h+1

where, in the last inequality, we used that }_, ,;[4; — Aj[ > (n —h —1)[4;].
On the other hand,

Al =sH|+ > |4l
j>h+1

Hence,

|[A—A| > 2s(n—h)+1)|H|+(n—h—-1)(A| —s|H|])=(n—-h—=1)|A]+ (1 + s(n — h+1))|H]|.

Thus,
K>|A-Al/[A|>n—h—14(1+s(n—h+1))p"/|A], (4)
v (1+ s e
1+s(n—h+1))p
Al >
Az = (5)
From ,recalling that (A) = F} and noting that 1 + s(n — h+ 1) > n — h + 2, we have
(A _p" _ (K—n+h+lp"" _(K—nth+)p"" K—-n+h+1
Al " JA = 1+sn—h+1) - n—ht2 TP R K (K —nth-2)

Since AC HU (epr1 + H)U--- U (sepr1+ H)U (epyo+ H)U---U(e, + H), we have |A| < (n — h + s)p".
Thus, from ,

(1+s(n—h+1))ph ILts(n—h+1)

K>n—-—h-1 >n—h-1 — h.
=" + | Al =" + n—h+s =n

Let z = K —n+ h > 0. Recalling that p > 3, we then have that

z+1 < 1
p*(K—2+2) - K+2

so that K
Al
Al — K+2

as required. O

We now recall some basic definitions from additive combinatorics. For subsets A C G and B C H of
abelian groups G, H, a mapping ¢ : A — B is a Freiman (2—)homomorphism if p(a1)+e(az) = p(a))+e(ab)
for any aq, aq, a},ay € A with a; +as = a} +a. If, in addition, ¢ is bijective and its inverse is also a Freiman
homomorphism, then ¢ is called a Freiman isomorphism. The Freiman dimension of a subset A of [} is the
largest d such that there exists a subset of ]Fg with full affine span that is Freiman isomorphic to A. As a
corollary of Theorem we obtain that the Freiman dimension over ), of a set A C Fyy with [A—A[ < K|[A|
is at most K +log,, |A]. We now use this corollary to prove Lemma which says that the number of subsets
A of F7 of size t with |[A — A| < Kt is at most t** N 4108 +1 where N = p™.
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Proof of Lemma[{.9 The proof follows the proof of Proposition 26 of [23]. Lemma 11 of [23] implies that
the number of Freiman isomorphism classes of sets in Fy of size ¢ is at most ¢**. Lemma 13(i) of [23] says

that if A has Freiman dimension d, then there is a subset A of A of size d + 1 such that any Freiman
isomorphism between A and a subset B of I} is uniquely determined by the image of A. Thus, for each
Freiman isomorphism class consisting of sets with Freiman dimension d, the number of subsets of F}} in that
isomorphism class is at most N9*1. Therefore, using our bound on the Freiman dimension of A, the number
of A CF}} of size t with doubling at most K is at most At N E+log, t+1 a5 required. O

5 Concluding remarks

Other random graph models. A different model of random graphs extending random Cayley graphs was
proposed and studied by Christofides and Markstrom [I4]. Recall that a Latin square is an N x N square
filled with symbols from [N] in such a way that each symbol appears exactly once in each row and column.
Given an N x N Latin square L and a subset S of [N], the Latin square graph G(L, S) is the graph on vertex
set [N] where ij is an edge if and only if either L;; or Lj; is in S. Christofides and Markstrém initiated the
study of the random Latin square graph G(L,p), which, for a given N x N Latin square L, is the Latin square
graph G(L, S) where each element of [N] is included in the generating set S independently with probability
p. This clearly generalizes random Cayley graphs, since one can just start with the multiplication table of a
given finite group G as the relevant Latin square.

Among other results, Christofides and Markstrém [I4] proved that both the clique and independence
numbers of random Latin square graphs are O(log? N) with high probability. They also suggested that
both of these bounds might be improvable to O(log N loglog N), which would be best possible for the
same reason as for random Cayley graphs. Since a random Latin square graph can be viewed as the edge
union of two random entangled graphs, it easily follows from our results that random Latin square graphs
have independence number O(log N loglog N) with high probability, verifying one part of their suggestion.
However, for the clique number, the corresponding bound does not directly follow.

Nevertheless, all of the random graph models we have discussed, including binomial random graphs,
random Cayley graphs, random entangled graphs coming from locally-bounded colorings and random Latin
square graphs, fall into a more general framework where each edge e in a complete graph appears with a
fixed probability 0 < p < 1 independently of all edges except for those in a bounded-degree subgraph G.. In
a forthcoming paper [15], we will study such random graphs and, among other results, extend Theorem [1.3
our result estimating the clique number of random entangled graphs, to this setting. In particular, this
confirms that the clique number of random Latin square graphs is O(log N loglog N) with high probability,
confirming the second part of Christofides and Markstréom’s suggestion.

Uniform edge distribution and extractors. Building on the techniques in this paper, it is possible to
show that the edges of the random Cayley graph over any finite group G are uniformly distributed with high
probability in the sense that there is an absolute constant ¢ > 0 such that the density of edges between any
two sets of order at least log |G| (loglog |G|)¢ is § + o(1) as |G| tends to infinity. This improves upon a result
of Konyagin and Shkredov [25], who proved a similar result for abelian groups.

These results also connect to the study of randomness extractors in theoretical computer science. Fol-
lowing Chattopadhyay and Liao [13], who studied the abelian case under the name of sumset extractors,
we say that f : G — {0,1} is a (G, k, €)-extractor if, for all distributions Pj, P> on a finite group G with
maxyeq P;(g) < 27% and independent samples U; ~ P;, we have that drv(f(U1Uy '), Ber(1/2)) < ¢, where
drvy is the total variation distance. A standard reduction shows that it suffices to verify this property when
each U; is the uniform distribution on a subset of G of order at least 2¥. That is, we only need to show that
the edges of the Cayley graph defined by f are close to uniformly distributed between all pairs of sets each
of order at least 2%, which is exactly the problem we have discussed above.

In their paper [13], Chattopadhyay and Liao constructed explicit sumset extractors over Fj for k =
log n(loglogn)'™°() and asked whether random functions f give good extractors. The results of Konyagin
and Shkredov [25] address this question, showing that in any finite abelian group uniformly random functions
are good extractors for 2¥ = log |G|(loglog |G|)¢ and |G| sufficiently large. Our results show that this remains
true for arbitrary finite groups.
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Abelian Ramsey Cayley graphs in small characteristic. Alon’s conjecture remains wide open for F7
and Fy. The main challenge in these cases is that it is no longer possible to directly construct a 2-coloring
of the nonzero elements of these groups so that there is no monochromatic subspace. In fact, a classical
result in Ramsey theory, the finite unions theorem, shows that this is not possible over F3 for n sufficiently
large. As such, to make progress on Alon’s conjecture for Fy, we need to better understand the quantitative
bounds for Ramsey numbers of subspaces in F4. In particular, we propose the following conjecture, which
would be an automatic corollary of Alon’s conjecture in [y if it were true, as an intermediate step.

Conjecture 5.1. There exists C > 0 and a two-coloring of T3 \ {0} such that there is no subspace H of size
Cn for which all nonzero elements of the subspace are monochromatic.

While this would be an important step towards proving Alon’s conjecture for F%, it may be that the true
bound is considerably smaller. The best lower bound we know of follows from an appropriate adaptation
of Sanders’ quantitative bounds for Rado’s theorem [33] to the finite field setting and gives that every two-
coloring of F% \ {0} contains a monochromatic subspace of size at least loglog- - -logn for some bounded
number of iterated logs.
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