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Abstract
Answering a question of Erdds and Graham, we show that for each fixed positive rational number z the
number of ways to write z as a sum of reciprocals of distinct positive integers each at most n is 2(c= T for
an explicit constant ¢, increasing with x.

1 Introduction

The study of Egyptian fractions, that is, sums of reciprocals of distinct positive integers, has a long history in
combinatorial number theory (see, for example, [4]). The fact that every positive fraction can be written as an
Egyptian fraction goes back at least to work of Fibonacci at the start of the 13th century. Much more recently, a
result of Bloom [2] says that any subset of the natural numbers of positive upper density has a finite subset the
sum of whose reciprocals adds to one.

In this paper, we will be concerned with a problem raised by Erdés and Graham [8, Page 36] in 1980 (see also [3]
Problem 297]): how many ways are there to write one as a sum of distinct unit fractions with denominator at most
n? Very recently, Steinerberger [I1] showed that the number of such Egyptian fractions is at most 2°-93". This
already answered one particular question of Erdés and Graham, who asked whether the answer was 2"~°("), Here
we answer their question much more precisely by showing that the count is 2(:ton(1)en for an explicit constant
c~0.91117.

Our main result more generally estimates the number of Egyptian fractions summing to any fixed positive
rational. Let h : [0,1] — R be given by h(p) = —plogsp — (1 — p) log,(1 — p) for p € (0,1) and h(0) = (1) = 0.

Theorem 1. For any fized © € Qso, the number of subsets A C [n] with x =Y, 4 1/a is 2%+ where
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————dy = .
/o MO

In particular, ¢, is a strictly increasing function with ¢ =0, ¢1 = 0.91117 and ¢, — 1 as x — oo.

and X\ is the unique real number such that

Our proof has two main steps. In the first step, we use entropy methods to show that 2(¢=t°(1)n ig the correct
asymptotic count for the number of Egyptian fractions formed by adding distinct unit fractions with denominator
at most n whose sum is at most x. Then, in the second step, we use a method reminiscent of the absorption
technique in extremal graph theory to show that the same asymptotic count holds for the number of Egyptian
fractions summing to exactly x. Very roughly, we first set aside a small reservoir subset of [n]. Then, after finding
many subsets of [n] disjoint from this reservoir whose sums of reciprocals are somewhat smaller than « and whose
denominators have no very large prime power factors, we iteratively ‘clean’ these fractions by adding unit fractions
from the reservoir to obtain a sum 2’ < x with small denominator. This is accomplished through the use of a recent
result [5] on the existence of homogeneous generalized arithmetic progressions in subset sums. Finally, we find a
small subset of the reservoir whose sum of reciprocals is equal to the remaining difference xz — x’.
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2 Counting through entropy

In this section, we will use entropy methods to estimate the number of subsets A C [n] with s(A) := > ., 1/a < .
To state our result, we need some notation. As in the introduction, let h(p) = —plogyp — (1 — p)logy(1 — p) for
0 <p<1and h(0) = h(1) =0. Given z > 0, we choose p1,...,p, € [0,1] so as to maximize Y. _; h(pm) given
S Pm/m < x. We then let P(z) be the distribution of (Y1, ...,Y,,), where each Y,,, = 1 with probability p,, and
0 otherwise independently of each other. Then the (Shannon) entropy of P(z) is given by H(P(z)) = >." _, h(pm)-

m=1

Lemma 2. Fore >0 and z € (0,(1 — &)(Inn)/2), the number of subsets A C [n] with s(A) < x is bounded above
by 28(P@) - Furthermore, there is ¢y, > 0 with ¢, = ©(e2%) such that, for any U C [n], the number of subsets

A CU with s(A) < x is bounded below by oH(P(2))=(n—|UD)-O(y/n/can)
We first characterize P(x).
Lemma 3. For z < (1/2)(3." _, 1/m), the distribution P(z) is given by setting p, =

1 .
el 7w Jor the unique

1+e
Com such that Y0 _ pm/m = x. Moreover, there is C > 0 such that, provided x < (1 —¢)(Inn)/2, ¢z, > 0 and

Cen € [C71e™2% ,Ce™2%]. Finally, for e > 0 and assuming x € [g,1/¢], cx.n = A+ 0,(1), where A > 0 is the unique

solution to
! 1
———dy = =.
/0 y(L+ )™

H(P(z)) = (1+ on(l))n/o h (@) dy = O(n). (1)

Note that here the 0,(1) terms may depend on €.

In particular,

Proof. Note that H(P(z)) is strongly convex and bounded (as a function of p1,...,p,) in [0,1]”. The unique

stationary point of H(P(z)) in [0,1]" is py = --- = p, = 1/2. Thus, for < (1/2)(3_1 _; 1/m), the maxima of
H(P(z)) must be achieved on the boundary of [0,1]"N{}", pm/m < z} and, since h(z) = 0 for = € {0,1}, we must
have that the maxima are achieved on )", pm,/m = x. At a maximum (pj,...,p ), we must have that VH(P(zx))

is parallel to (1,1/2,...,1/n). Noting that 2/(p) = log :=2, we obtain that such a point satisfies p%, = for

some ¢’. By the condition Y m<n Pon/m = x, we must also have that ¢ satisfies

1
1+ec’/m

Z m 1+€c’/m) =z

m=1
Letting ¢ = ¢;,n, = ¢’/n, we have that

1 n
n (m/n)( l—l—e“/(m/")) -

m=1

It is easy to check that ¢ > 0 when z < (1 —¢)(Inn)/2 and, for = sufficiently large, that ¢ = ©(e~2*). Indeed, for
the last estimate, we observe that

en/k 1
> =0
cn/m ’
m=cn/(k+1) m(l Te )

SO

1
> ey = o(1).

m<cn
For 1 <k <1/c,
cn(k+1) 1 1 en(k+1) 1 )
> < : > > .
o ML e ™) TR /U0 e m(L o een/m) T (k4 1)(1+el/E)

Note that 1 + e/* =2 4+ O(1/k), so we obtain that

1/c 1 1/c 1 1
Z 1+61/(k+1)) Z (k+1)(1+el/k) = éln(1/0)+0(1)7




from which we immediately deduce the desired estimate on c.

Finally, for « € [¢,1/¢] and ¢ > 0, we can approximate %ZZ=1 m by the integral fo yid

1+ec/v) Y-
We thus obtain that for A > 0 satisfying fol mdy = x, we have ¢;, = A+ 0,(1), from which follows
readily.

We will use the following version of the standard Berry—Esseen bound [I} [7, [10] in the proof of Lemma

Lemma 4. Let Xi,...,X, be independent centered random variables with E[X?] = (; and E[X}] = p;. Let

7 = (ZZ;;:% and Z' be a standard Gaussian. Then
i=16i

27‘11 Pi
sup [Pr[Z < y] — Pr[Z' <y]| < C-E5=——.
veR o 1= I (i1 6?2

Proof of Lemma[2 Let S be a finite set of real numbers and n = |S|. Let rg(z) be the number of subsets of S
that sum to at most x. Define the random variable X to be a uniform random subset of S whose elements sum
to at most . Note that the entropy of X satisfies H(X) = logy rs(z), so rs(z) = 2H(X). For each s € S, let X,
be the indicator random variable of the event s € X and let p, = Pr[X], so that B[} _¢sX,] = > cgsps < .
Observe that X has the same distribution as the joint distribution of the n random variables X;. Therefore, by
subadditivity of the entropy function, we have

X) < ZH(XS) = Zh(ps)

ses seS

Hence, we get the upper bound
rs(z) < 2",

where h is the maximum value of ) g h(ps) over all choices of (ps)ses satistying » g sps < 2. In particular, for
S = {1/m :m € [n]}, we obtain that the number of subsets A C [n] with s(A) < x is at most 27(P(*)) " as claimed.

We now turn to the lower bound. Consider independent Bernoulli random variables Y,,, for m € [n] satisfying
Y, = 1 with probability p,, and Y, = 0 otherwise. Let Y = (Y1) mepn), Z = Zme[n] Y,,/m and E be the indicator
of the event Z < z. Recall that, for a € {0,1}, the conditional entropy H(Y|E = a) = —3_ c(g 1y Pr[Y = y|E =
a]logPr[Y = y|E = a] and H(Y|E) =3 (o1 Pr[E = a|H(Y|E = a). Since E is determined by V', we have

H(Y)=H(Y,E)=H(Y|E)+ H(E)=H(E)+ Y _ Pr[E=dH(Y|E=a).
a€{0,1}

We thus have 1

—— (HY
Pr[Z < a] (H(Y)
Let ¢ = ¢z, as in Lemma @ By that lemma, the random variable Z has variance

> (e~ wrammpns) = (Z e;;/m> -o(2): )

m=1 m=1

HY|E=1) = — H(E) — Pr[Z > o] H(Y|E = 0)). 2)

) Similarly, for 1 < k < 1/¢, ch(kH) et/

m=cnk m

To see the last bound, observe that Z::/’Zn/ (k+1) ﬁ# = @(
~1/k

O(< s ). The desired bound follows from summing these estimates over k.
By a similar argument, the sum of the centered third moments of the Y; is

3 LA SRR LY U S Y G SR
1_|_ecn/m m m(1_|_ecn/m) 1+ecn/m m(1+ecn/m)

m=1

n —cn/m
Mty

m=1

@) ((0711)2) . (4)

Pr(E =1) = Pr[Z < 2] = Pr[g < 0] + O((cn)~Y/2) = 1/2 + O((en)~V/?), (5)

The Berry-Esseen bound, Lemma [4] then yields that, for g ~ N(0, 1),



where we used that E[Z] = z, together with and ([4).
We next bound H(Y1,...,Y,|E=0) <> " _ HY,y|E =0). To bound the summands, we note by Bayes’ rule
that
Pr(E =0]Y,, =1)Pr(Y,, =1)
Pr(E = 0)

and we will use a similar argument with the Berry-Esseen bound to show that Pr(Y,, = 1|E = 0) is close to
Pr(Y,, = 1). Indeed, the calculations above similarly yield that the random variable Z!, = Z —Y,, +1/m is a sum
of independent random variables with EZ), =z + L — m, Var(Z!,) = ©(1/(cn)) and the sum of centered

third moments O(1/(cn)?). By Lemma 4| for g ~ N(0, 1),

Pr(Y,, =1|E =0) =

Pr(E =0|Y,, =1)=Pr(Z,, > x)

m

m — m ecn/m
= Pr (g > — 1/ \ZIF(Z(’;)TQ ))> + O((en)~1/?)
=1/24+0 ((cn)1/2 + \/nc?n) ;

assuming that m > 10y/cn for the last bound, where we used the simple estimate Pr(g > z) = 1 4+ O(z) for |2| < 1.
Therefore,

(& =0y, = 1/2+0 (cn)*1/2+@ —
\P@r(;'io) 1>_1‘: 1/250((@1)_1/2) >_1 go(Vm’+¢1&>.

Thus, by Bayes’ rule,

IPr(Y,, = 1|E = 0) — Pr(Y; = 1)| Ja 1
) <O( )

From (6]), we have

piv =1 (10 (YT 4 L)) <putv =150y <putv =1 (100 (Y2 L)),

Since h'(p) = log 1;—1’ < log %, we have that

h(Pr(Y;, = 1|E = 0))

< h(Pr(Yy, =1)) + | log

Pr(Yy, = 1|E = 0) — Pr(Yy, = 1)]

Pr(Y,, = 1) (1 —o(

_|_
QH
N

cn 1
< h(Pr(Y,, =1))+ | log -0 ( — | Pr(Y,, =1)
i (- (”%)) w
1
< h(Pr(Y,, 1)log ————
< h(Pr( ))+O< ) OgPr(Y —7y
where in the last inequality we used that Pr(Y,, = 1) < 1/2, so log Pr(Ym:I)(lfé(‘/,er\/L)) =0 (log m)
Therefore,
H(Yr,...,Yo|E=0)< Y H(Y,|E =0)
m=1
<10Ven+ Y h(Pr(Yy, = 1|E=0))
m>10y/cn
ven 1 1
< ~ R = - -
<10ven+ Y (H(Ym)+0< T e Pr(Y,, = 1)log B ¥, =T
m>10+/cn
cn 1 1
SH(Yl,..., )—|—10\/cn—|— Z (\/7+\/E>Pr(ym:1)log13r(}/—l)
m>10v/cn m



<SHMY,....Y) +10en+ Y O(\/WC?Jr 1) cn/m

/ cn/m
m>10/en cnj e
< H(Yi,....Yn) +O0(y/n/c).
. . cen/k Ven 1 cn/m cen ,—k k2 _ —k
Again, for the last estimate, we note that Zm:m/(kﬂ) T Ten ) Treensm <O| ze NG O(e~"y/cn) and,

for 1 <k <1/e, Zf:i]zg,? (@ + \/10—1) % <O (cnk\}E> <0 (%\/cn). Summing over k, we thus have

3 o<m+ 1) M _ o /aTo).

cn/m
10y m ven ) 1+e

Combining with , and noting that H(F) < 1 and Pr(Z < x) = 1/2 4+ O((cn)~'/2) by (5, we obtain that

H(Yi,...,Yo|E=1) > (1= 0((en)"V/?))(H (P(x)) — O(V/n/e)) = H(P()) = O(/n]c).

Using that for any random variable X we have H(X) < log |supp(X)|, we obtain that the number of subsets A C [n]

with s(A) < z is at least 27(P@)=0(/n/¢)  This implies that the number of subsets A C [n] \ U with s(A) < z is

at least
2—(n—|U|)QH(P(:IC))—O(\/H/C)7

as required. 0

3 Subset sums of modular inverses

The main technical tool we still need is the following result, which says that if ¢ is a large prime power and we
take a dense subset I of the interval [¢°,2¢%], then every residue class mod g can be written as the sum of a small
number of reciprocals of elements of I. Roughly speaking, this allows us to cancel out any particular prime power
from the denominator of a fraction in the absorption step of the proof of Theorem [I} Given a set A of integers, we
will use the notation X[*/(A) for the collection of sums of subsets of A of size at most s.

Theorem 5. Let d,€ > 0 and let ¢ be a prime power which is sufficiently large in terms of d,e. If I is a subset of
[¢%,2q°] consisting of elements coprime to q with |I| > 6q¢, then XI(I=1) (mod ¢) = Z, for s = q¢°/2.

In the proof of Theorem [5) we will make use of the following key result from [5]. Recall that a generalized
arithmetic progression (henceforth GAP) P of dimension k is a set of integers {xg + {121 + laxa + - -+ + L2 |0 <
by < Ly,...,0</{y < Li}. AGAP is called proper if it has size exactly Li Ly - - - Ly. We say that P is homogeneous
if x¢ divides z1,...,x,. For a natural number ¢, we define tP to be the t-fold sumset of P, while if ¢ is a positive
real number which is not an integer and P = {Zle n;z; : a; < n; < b;}is a homogeneous GAP, we can generalize

the definition by setting tP = {Zi;l n;xz; : ta; <n; < tb;}

Theorem 6. For any > 1 and 0 < n < 1, there are positive constants ¢ and k such that the following holds. Let
A be a subset of [n] of size m with n < mP and let s € [m", em/logm). Then there exists a subset A of A of size at
least m — ¢~ 'slogm and a proper GAP P of dimension at most k such that Au {0} is a subset of P. Furthermore,
there exists A' C A of size at most s such that ©(A’) contains a homogeneous translate of csP, where csP is proper.

We will also need the following simple variant of Dirichlet’s simultaneous approximation theorem. For a residue
class ¢ (mod ¢), we use the notation ¢ for the unique integer in (—q/2, ¢/2] congruent to ¢ modulo q.

Lemma 7. Given a prime power q, integers dy,...,dr coprime to q and positive integers aq,...,a such that
Hle a; = A, there exists a positive integer T < q and integers di, ..., d) such that Td; = d (mod ¢q) and |d}| <
2(q/a;) - (A)q)'* for all i € [k].

Proof. Let b; = 2(q/a;) - (A/q)"/*. Note that |sd;/b;| takes at most q/b; values as s ranges over Z,. By the
pigeonhole principle, there exist distinct s # s’ in Z, such that |sd;/b;| = |s'd;/b;] for all i € [k], since Hle ==
(q/A)27F Hle a; < q. Letting T = s’ — s, we then have that |Td;| < b; = 2(q/a;) - (A/q)"/*. O



We now proceed to the proof of Theorem 5] The basic idea is to use Theorem [f] to argue that there is a large
subset J of the set of inverses I~ which is contained in a proper GAP P of bounded dimension & such that $[5(.J)
contains a proper translate of csP. We then exploit the nature of the set of inverses to argue that & must in fact
be 1, that is, P is simply a progression, from which the required result quickly follows.

Proof of Theorem[5 Let s = ¢°/2. Let T and I-1 denote the set of integer representations (in (—q/2, q/2]) of I and
I~'. By Theorem [} there is ¢ depending only on ¢ such that we can find J C I-1 of size at least |I| —c'slog |I| =
(1 —0(1))|I| and a proper GAP P of dimension k = O.(1) such that J U {0} C P and [*/(J) contains a translate
of ¢sP which is proper.

By expanding P by a factor of up to 2* if necessary, we can write P = Z’Z:l[—amau]du. Let A = Hf_l .
With these a,, and d,, we apply Lemma [7] to find a value of T satisfying the conclusions of that lemma and let
TP = {tz:x € P}. Note that, for any j € T - P, |j| < XF_, a,|d,| < 2kq(A/q)"/*.

Claim. Let N denote the number of solutions to the equation i-j =T (mod q) withi € I and j € T -J. Then
[1/2 < N < /181989 . 8Jq (A /q) /", (7)

We first complete the proof of Theorem [5| assuming the claim. From and the assumption that |I| > §¢°, we
deduce that
A > 6k(16k)7kq17Ck/ loglogq.

On the other hand, since X[¥I(.J) contains a translate of csP with csP proper and Xl¥/(J) C (—sq/2, sq], we have
that
FsFA < FsF|P| = |esP| < |2E(J)] < sq.

Hence, A < ¢ Fgs'=% = ¢ Fg'=(:=De/2 Provided ¢ is sufficiently large in terms of 8, ¢, these two estimates on A
together imply that k = 1. Therefore, c¢sP is an arithmetic progression of length Q(As) > ¢. Furthermore, P must
have common difference coprime with ¢ as J C I~ is contained in P. Hence, any translate of csP covers all residue
classes in Z,. This finishes the proof of the theorem assuming the claim.

It remains to verify the claim. Since each j, € J has j; ler (mod ¢q), the number of solutions to i-j = T
(mod q) withi €I, j=T-joeT-JCT-Pisat least |J| = (1—0(1))|I| > |I|/2. Since I C [¢%,2¢°], we have that

i3] < 2¢° - 2kq(A/q)"/*.

As such, if - j = T (mod q), then 7 - j = qz 4+ T, where 0 < |z| < 4kq®(A/q)"/*. But the number of solutions to
the equation 7 - j = gz + T with 0 < |z| < 4kq®(A/q)"/* is bounded above by

Z T(QI—FT) < qC/loglogq -8qu(A/q)1/k,
x| <4kq=(A/q)t/*

where 7(n) denotes the number of divisors of 7 and we have used the standard bound 7(n) < ¢©/1°81°84 for an
absolute constant C' and all n < ¢2. This completes the proof of the claim. O

4 Absorption

We are now ready to prove Theorem [I]in the following explicit form. We recall that a positive integer n is t-smooth
if all of its prime factors are at most ¢ and t-powersmooth if all of its prime power factors are at most ¢.

Theorem 8. Let € > 0 be sufficiently small. Then there exists & > 0 such that if x < £Ilnn is a rational whose
denominator is (n*~¢/2)-powersmooth, then the number of subsets A C [n] with x =3, 4 1/a is at least 207",

where ¢, — 0 as e — 0 and .
1
o ~:/0 h <W> 4

1 1
— dy ==x.
/o y(1+ ey

We first record a simple lemma guaranteeing that most integers at most n are (n'=¢/2)-powersmooth.

with A the unique real number such that



1-9

Lemma 9. For § sufficiently small, n sufficiently large in terms of § and t = n*~°, at least (1 — 20)n positive

integers at most n are t-powersmooth.

Proof. Tt is well known that if ¢ = n*, the number of ¢-smooth numbers up to n is asymptotic to ¢ (u)n, where 1
is the Dickman function taking values in (0,1) for v € (0,1). Moreover, for v > 1/2, ¢)(u) = 1 + Inu. Thus, for
u=1-0and t=n'"? atleast (1+In(1 — ) — o(1))n > (1 — 36)n positive integers at most n are n'~%-smooth.
Among the t-smooth numbers, the only ones that are not t-powersmooth are those divisible by a prime power p®
where p < t but p® > ¢. Using the prime number theorem, we may upper bound the total count of such exceptional

smooth numbers by n n
> [F] =m0 ]F] = o

p<t
Hence, at least (1 — 28)n — o(n) > (1 — 26)n positive integers at most n are ¢-powersmooth, as required. O
Finally, we prove Theorem |8 Recall the notation that, for A C [n], s(4) = >, .4 1/a.

Proof of Theorem[8 By choosing c. suitably, we can assume that n is sufficiently large in terms of €. Let L be
sufficiently large, assuming in particular that Theorem |5 applies for € as in the statement of the theorem, § = %
and all ¢ > L. Let K denote the least common multiple of all prime powers at most L. We first reserve the set R
of multiples of K in [n]. Let P(q) = ¢-[¢°,2¢°] \'R and P = |J, P(g), where g ranges over all prime powers at most
n'=¢/2. Here ¢-S = {gs : s € S} and the notation [¢°, 2¢] refers to the set of integers in this interval. Let S denote
the set of (n!~¢/2)-powersmooth numbers at most n and U = S\ (RUP). Lemma@ implies that |S| > (1 —O(g))n

and we also have that [P N [n]| < - 2¢° < 415z Thus,
n—|U| <n/K+ O(en). (8)

Let 7 > 0 be a constant to be chosen later. By Lemma[2] applied with z replaced by (1 —n)z, we can find many
subsets of U whose sums of reciprocals are at most (1 — n)x. Indeed, the number of such subsets is at least

QH(P((1=1)2)) ~ (n—|U))~O(/nTer e )

Fix one such sum corresponding to a set Ag C [n], and let g =  — s(Ag) > nz. Consider the following procedure,
where at each step ¢ we have a real number x; and a set A; for which s(4;) = z;:

1. In decreasing order over the prime powers larger than L, consider the largest prime power ¢ = ¢; < n'=¢/2 of
a prime p = p; which appears as a factor of the denominator of x;. We then find B; C (1/q) - P(q) of size at
most ¢°/2 such that, for z; = Z—; with u;, v; coprime, s(B;) = —U?}q (mod ¢). We say that step i succeeds if
we can find such a B;. If it does succeed, we update ;11 = x; — s(¢ - B;) and A;11 = A; Uq - B;, noting by
our choice that no nonzero power of p divides the denominator of x;;1. Furthermore, any new prime power
divisor of x;41 is at most 2¢°.

2. We iterate until all the prime powers ¢; > L have been processed. At this point, the final output z; is a
rational number whose denominator is L-powersmooth. We then find a subset of the reservoir R whose sum
of inverses is equal to zy.

The following claim guarantees that the procedure above succeeds.

—1—¢/2

Claim. For each i, step i succeeds. Furthermore, s(q; - B;) < ¢; and, for some absolute constant C > 0,

lxp — x| < Ce™PL¢/2, (9)

Proof. Theorem [5] implies immediately that step ¢ always succeeds. Furthermore, by our choice of B;,

e/2

q; —1—¢/2
s(qi . Bl) < q,LLE =4q; e/ .
1

The estimate @[) follows since the ¢; are distinct integers between L and n, so
—1—¢/2 1 1
g —zol = sl B)< Y TP < Y mTE2 <o L),
7 L<gi<n L<m<n

as required. O



We ensure that L,7 > 0 are chosen (depending on ¢) so that Ce='L~5/2 < nz/2. From @, we have that x > z
and x — xy is a positive rational number at most & whose denominator is L-powersmooth. As such, we have that
K(x — xy) is a positive integer with K(z — zy) < Kz. We now note that there exists a subset D C [n/K] such
that s(D) = K(x — xy), where we use the assumption that z < {Inn for £ chosen sufficiently small in €, so that
Kz < elog(n/K). To see that this is the case, one may, for example, make use of Croot’s result [6] that one can
always be written as the sum of reciprocals of numbers from any interval of the form [¢, (e + o(1))t]. This allows us
to iteratively remove K (x — x¢) disjoint subsets from [n/K], the sum of the reciprocals of each of which is one. We
then set their union to be D, noting that K - D C R is disjoint from & and P.

We then have x =", 77 + >: 5(¢i - Bi) + s(Ap) and the number of such distinct representations is at least
the number of choices for Ay, which is bounded below by

QH(P((1=n)2))~(n=U])=O(\/n/e o) > gH(P(@)=cen.

for an appropriate constant ¢, with ¢. — 0 as € — 0, where we have used Lemma [2[ and . This completes the
proof of Theorem O

Note added. As we completed this paper, we learned that a result similar to our Theorem [I] was obtained
simultaneously and independently, though using rather different methods, by Yang P. Liu and Mehtaab Sawhney [9].
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