Sums of algebraic dilates
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Abstract
We show that if A1,..., \x are algebraic numbers, then

A+ A At A Al > HOu, . A)JA] = of|A])

for all finite subsets A of C, where H(A1,..., ) is an explicit constant that is best possible.
The proof combines several ingredients, including a lower bound estimate on the measure of
sums of linear transformations of compact sets in R%, a variant of Freiman’s theorem tuned
specifically to sums of dilates and the analysis of what we call lattice density, which succinctly
captures how a subset of Z¢ is arranged relative to a given flag of lattices. As an application,
we revisit the study of sums of linear transformations of finite sets, in particular proving an
asymptotically best possible lower bound for sums of two linear transformations.

1 Introduction
For any subset A of C and Aq,..., Ay € C, the sum of dilates A+ Xy - A+ ---+ A\ - A is given by

A+)\1-A+~--+)\k~A::{a0+)\1a1+~--+)\kak:ao,al,...,akeA}.

Our concern in this paper will be with estimating the minimum size of |[A + Ay - A+ -+ + A, - A]
in terms of |A]. For A1,...,\r € Q, this problem was essentially solved by Bukh [4], from whose
results it follows that if \; = p;/q for ¢ as small as possible for such a common denominator, then

[At A - At o+ A Al = (Ipa] + -+ okl + [a])[A] = o(JA])

for all finite subsets A of C, which is best possible up to the lower-order term. This result was later
sharpened by Balog and Shakan [I] when k& = 1 and then Shakan [18] in the general case, improving
the o(]A|) term to a constant depending only on Ay, ..., Ag.

When at least one of the )\; is transcendental, it was shown by Konyagin and Laba [I1] that

A+ A A+ + A - A = w(|A]).

The problem of giving more precise lower bounds for |[A+ A+ A| when X is transcendental was studied
in some depth by Sanders [I5] [16] and Schoen [I7], with progress tied to advances in quantitative

*Department of Mathematics, Caltech, Pasadena, CA 91125, USA. Email: dconlon@caltech.edu. Research
supported by NSF Awards DMS-2054452 and DMS-2348859.

fDepartment of Mathematics, Caltech, Pasadena, CA 91125, USA. Email: jlim@caltech.edu. Research partially
supported by an NUS Overseas Graduate Scholarship.



estimates for Freiman’s theorem on sets of small doubling. Using quite different techniques, Conlon
and Lim [0] recently resolved this problem, showing that there is a constant ¢ such that

A+ - Al > eViosT g,

which, by a construction of Konyagin and Laba, is best possible up to the value of c.

Our focus here will be on the complementary case, where each of \1,..., A is algebraic. Early
results in this direction were proved by Breuillard and Green [2] and Chen and Fang [5], with the
latter showing that, for any fixed A > 1, [A+ X+ A| > (1 4+ A)| 4| — o(]4]) for all finite subsets A of
R. The problem of giving more precise lower bounds for |[A + A - A| when X is algebraic was raised
explicitly by Shakan [I8] and by Krachun and Petrov [12], with the latter authors conducting the
first systematic study and making the first concrete conjectures.

To state their conjecture, suppose that f(z) € Z[x] is the minimal polynomial of \, assumed to

have coprime coefficients, and f(x) = H?Zl(aix + b;) is a full complex factorisation of f. If we set

H(\) = Hf:1(|ai| + |bi]), the conjecture of Krachun and Petrov [12] is then as follows.

Conjecture 1.1. For any algebraic number X,
A+ XAl = HAN[A] = o(]A])
for all finite subsets A of C.

Krachun and Petrov [12] gave some evidence for their conjecture by proving it in the special case
where A\ = /2. Subsequently, as a consequence of their work [7] on a conjecture of Bukh regarding
sums of linear transformations, Conlon and Lim verified the conjecture for all A of the form (p/ q)l/ d
with p,q,d € N. Assuming all of p, ¢ and d are as small as possible for such a representation, their
result, which includes that of Krachun and Petrov, says that

[ A+ XAl = (pM 4 ¢V A] - o(|Al)

for all finite subsets A of C. Their results also imply a general lower bound for sums of algebraic
dilates, though this bound only matches the conjectured one in some special cases.

More recently, Krachun and Petrov [I3] have revisited the problem, proving their conjecture in
full whenever X is an algebraic integer. This is somewhat incomparable to the result of Conlon and
Lim, since (p/ q)l/ ¢ when written in lowest terms, is only an algebraic integer when g = 1. Here we
again revisit the problem, proving Conjecture[I.1]in full for all algebraic numbers. Our method also
extends to longer sums of algebraic dilates, so we will state our results in that level of generality.

To state the result, given algebraic numbers Aq,..., Ag, recall that if the field extension K :=
Q(A1y..., M) of Qis of degree d = deg(K/Q), then there are exactly d different complex embeddings
o1,...,0q : K — C. We also need to define the denominator ideal (see, for example, [19]), which is

the ideal in the ring of integers Ok given by
©>\1,~~-,/\k§K = {,T € Ok | xM € Ok for l = 1,.. ,k} .

The key quantity H(A1,...,A;) that plays the role of H(\) for sums of many algebraic dilates is
then

:&

H(A1, o Ak) = NijoOay,oaex) | | A+ loi(A)] + loi(A)| + -+ + |oi(Ax)]),

i=1



where Nk /g(Da,,....a.;k) is the ideal norm of Dy, . ,:x, equal to [Ok : Dy, .. a,:x]. To see that
this indeed generalises H (), observe that we can write the minimal polynomial f(z) € Z[x] of A
as f(x) = D(x — A\1)(x — Aa) -+~ (& — A\q) for some integer D and Aq,...,\q the conjugates of .
Then H(A) = [D|(1 4 |A1]) -+ (1 4 |Aa|) and it can be shown that |D| = Nk o(Dx;x). With this
definition in place, our main result, which is best possible up to the behaviour of the lower-order
term, is as follows.

Theorem 1.2. For any algebraic numbers A1, ..., Ak,
A+ XA+ + XN Al > HA, -, M| Al = o(JA))
for all finite subsets A of C.

In practice, we will view the problem of estimating sums of algebraic dilates as one about
estimating sums of linear transformations. More precisely, if we consider the number field K =
Q(M1,...,\x) as a vector space over Q, that is, as Q¢ with d = deg(K/Q), then multiplication by
\; becomes a linear map M; from Q¢ to itself, so the problem of giving a lower bound for |A + A; -
A4+ ;- A| for A C R becomes equivalent to the analogous problem for |[A+MjA+- -+ MA|
for A ¢ Q¢. A further reduction (see Section [2| for details) then recasts the problem in terms of
estimating |LoA + L1 A+ -+ + L A| for Lo, L1, ..., L) € Maty(Z) and A C Z%.

Such sums of linear transformations have been studied before [3, [7, 4], with much of the
motivation coming from a conjecture of Bukh asking whether a discrete Brunn—Minkowski-type
inequality holds for sums of linear transformations. A corrected version of his original conjecture,
first stated in [7], is as follows.

Conjecture 1.3. Suppose that Ly, ..., Ly € Maty(Z) are irreducible and coprime. Then
d
Lo+ -+ L3 A] = (Idet(Lo) @+ -+ [ det(£,)[/) " |A] - of|A])

for all finite subsets A of Z.2.

The conditions on Ly, ..., Ly, that they be irreducible and coprime, are necessary, with irre-
ducibility guaranteeing that the problem does not reduce to one of lower dimension and coprimeness
that it cannot be restated in terms of matrices with smaller determinants. The formal definitions
are as follows, though we refer the reader to [7] for a more complete discussion and some illustrative
examples.

Definition 1.4. We say that Lo,...,L; € Maty(Z) are irreducible if there are no non-trivial
subspaces U, V of Q% of the same dimension such that £;U C V for all i.

Definition 1.5. We say that Lo,...,Lr € Maty(Z) are coprime if there are no P, Q € GL4(Q)
with 0 < | det(P)det(Q)| < 1 such that

PLO, PL1Q,...,PLLO € Matd(Z).
In particular, LoZ® + - - - + £, Z¢ = 7.

For k = 1, Conjecture was fully resolved in [7] and the lower bound for |A + A - A| when
A is of the form (p/ q)l/ ¢ followed as a corollary. Here we work in the opposite direction, showing



that our main result, Theorem [1.2] on sums of algebraic dilates implies a lower bound for sums
of certain linear transformations. To state this result requires some further definitions, the first of
which is an additional condition beyond irreducibility and coprimeness that a collection of linear
transformations must satisfy for our methods to apply.

Definition 1.6. We say that Lo, ..., Lr € Maty(Q) are pre-commuting if there is some P € GL4(Q)
such that PLy, ..., PLy pairwise commute.

Suppose now that Lo, ..., Lr € Matg(Z) are non-zero, pre-commuting, irreducible and coprime.
Let G be the polynomial

G(zo,...,x) :=det(xoLo + -+ + 1 Lk).

If P € GL4(Q) is such that PLy, ..., PLy are pairwise commuting, then, by a folklore result, these
matrices are simultaneously upper-triangularisable over C, so G factorises into linear terms

d
G(zg,...,x5) = H(aoﬂo + -+ agiTk).
i=1
We may then define H(Ly, ..., L) to be the quantity
d
H(Lo, ..., Lx) = [[(laoil + - + |anil)-
i=1

With this definition in place, our main result about sums of linear transformations, which is again
best possible up to the lower-order term, is as follows.

Theorem 1.7. Suppose that Lo, ..., L, € Maty(Z) are pre-commuting, irreducible and coprime.
Then

for all finite subsets A of Z.%.

The first step in establishing our results is to prove a continuous analogue of this statement,
a sharpening of the estimate coming from the Brunn—Minkowski inequality standing in the same
relation to our results as that inequality does to Conjecture [I.3] For & = 1, such a continuous
result was proved by Krachun and Petrov [I2]. We extend it here to sums of several pre-commuting
linear transformations. Our main contribution, Theorem [I.2] whose proof occupies the bulk of this
paper, says that a discrete version of this continuous estimate holds for sums of pre-commuting
linear transformations corresponding to sums of algebraic dilates. The proof of Theorem then
involves showing that this seemingly special case really encapsulates all pre-commuting families.

Before moving on to a more in-depth discussion of our proof and what is novel about it, we note
that for £ = 1 the condition that the matrices £y and £; be pre-commuting is always true, since
the irreducibility condition implies that £y and £, are invertible, so we may take P = L 1 As
such, we have the following corollary of Theorem [1.7] resolving another conjecture of Krachun and
Petrov [12] (see also [7]) and, unlike the k = 1 case of Conjecture verified in [7], best possible
up to the lower-order term for all £y and L.

Corollary 1.8. Suppose that Lo, L1 € Maty(Z) are irreducible and coprime. Then
|LoA+ L1 A| = H(Lo, L1)|A] — o(|Al)
for all finite subsets A of Z.2.



1.1 A sketch of the proof

Our overall strategy is similar to that used by Krachun and Petrov [13] to treat the case of algebraic
integers. After rephrasing the problem in terms of sums of linear transformations, their approach
can be summarised as having the following three steps:

1. Establishing a continuous version of the required estimate.
2. Reducing to the case where A is a dense subset of a box.
3. Representing the discrete set A by a continuous set A.

The idea is that Step 2 guarantees that the A obtained in Step 3 is well-behaved. One can then
apply the continuous variant from Step 1 to A and the required result in the discrete world follows.
However, despite having the same general outline, our proof is significantly more complex. We now
discuss each step in turn, though we refer the reader to the relevant sections for more details and
precise definitions.

Step 1 is the part which is most similar to that of Krachun and Petrov. After lifting the problem
to one about sums of certain pre-commuting linear transformations, we prove a tight lower bound
for the continuous analogue of this problem by partitioning the underlying space into eigenspaces
and then symmetrising our set along these eigenspaces.

For their Step 2, Krachun and Petrov make use of Freiman’s theorem on sets of small doubling,
one version of which says that any finite set of reals A with |A + A| < C|A| is contained in a small
generalised arithmetic progression (or GAP, for brevity). For our result, we need to prove a novel
variant of Freiman’s theorem for sets A with a small sum of dilates, that is, with

JA+ X A+ + M- A < CJA]

It is not hard to show that any such A also has small doubling, so, by the usual version of Freiman’s
theorem, it must be contained in a small GAP. However, a GAP does not necessarily have a small
sum of dilates. Our variant of Freiman’s theorem, stated below, says instead that A is contained
in what we call an Ox-GAP, which shares with A the property that it has a small sum of dilates.

Theorem 1.9. For every C > 0 and p € N, there are constants n and F such that for any A C K
satisfying
JA+ X - A+ + X - A < CJA],

there exists a p-proper Og-GAP P C K containing A of dimension at most n and size at most
F|A|.

To prove this result, we first need to extend several results in additive geometry, a term we
borrow from Tao and Vu [20, Chapter 3], to the ring of integers O. Once the theorem is in place,
we can map A to a dense subset of the box [0, N)? via a Freiman isomorphism of the surrounding
Og-GAP, reducing the problem, as promised, to the case of a dense set.

Step 3 is the main and most difficult step. To say something about it, we first describe the
method used by Krachun and Petrov [13] to estimate |A + A - A| when A is an algebraic integer.
As indicated earlier, they viewed this problem in terms of estimating the size of |A + LA| where
A is a dense subset of the box [N]¢ and £ € Mat;(Z) is a linear transformation corresponding to
multiplication by A and we will discuss it in these terms here.



A naive way of representing A by a continuous set A is to divide the box [N]¢ into small cubes
and set A C R? to be the union of the cubes which intersect A. However, this is not a good
representation, since the volume of A can be very different from |A|. Indeed, if A consists of all the
points in [N]¢ with even coordinates, its representation A would be the same as if A contained all
the points of [N]%.

Krachun and Petrov’s solution is to introduce a new dimension to encode the “local density” of
A at a point x, which is, roughly speaking, the relative density of A within a small box containing
x. More precisely, their continuous representation is a (compact) set A C R4+!, which can be seen
as having a base in R? resembling A, as described in the naive way above, and fibres in R, with
the fibre at the point x € R¢ being the interval [0, 7], where r is the local density of A at z. In
particular, the volume of A matches the size |A|. The key to their approach is the following simple
observation.

Observation 1.10. The local density of B= A+ LA at x + Ly is at least the local density of A
at x.

If B is the continuous representation of B, then this observation is equivalent to saying that B
contains A + L'(A), where £ : R — R+ s given by £'(x,y) = (Lz,0) for x € R? and y € R.
Therefore, Vol(B) > Vol(A + L'(A)). One can then apply the continuous version of sums of dilates
to obtain a tight lower bound for Vol(A + L'(A)) in terms of Vol(A) and translate the result back
to the discrete world using the fact that Vol(A) = |A|.

The problem with extending this approach to general algebraic A is that Observation [1.10]is too
weak. Indeed, if A is not integral, estimating |A + A - A| is equivalent to estimating |£1A + L2 A]
for some L1, Ly € Maty(Z) and A a dense subset of [N]?. The analogue of the observation in this
situation is that the local density of £L1A + L2A at Lix + Loy is at least m times the local
density of A at . However, this is not tight, since if A contains all the lattice points in some convex
region, then the local density of A is 1 uniformly and, by coprimeness, we also expect the local
density of £1 A+ L5 A to be 1 uniformly. But the observation only guarantees that the local density
of L1A+ Lo A is at least m, which is less than 1 if X is not integral.

Since the local structure of L1 A4 4+ LoA at L1x + Loy depends on the local structure of A at x
and y, which can look completely different, we need to consider asymmetric sums £1 Ay + Lo As. As
an example, consider the periodic sets Ay, Ao C Z given by A; = {0,3} + 6Z and Ay = {0,4} + 6Z
and the sums 2- A; +3- Az and 2- A + 3+ A; (for technical reasons we work with periodic sets when
defining our notion of local density). Both A, As have density 1/3, whereas 2- A1 +3- Ay = 6Z has
density 1/6 and 2- As+3- A; = {0,2,3,5} + 6Z has density 2/3. Notice that although 2- A; +3- Ay
is less dense than A; and As, the swapped sum 2- A5 +3- A7 is more dense. In fact, this observation
holds more generally.

Observation 1.11. Suppose A1 has local density o1 at x and As has local density oo at y. If
L1A1 + LoAs has local density n at L1z + Loy and L1 As + Lo A1 has local density ' at L1y + Lox,
then nm’ > o103.

This somewhat resolves the previous issue: although B = £1A + L5 A can be locally less dense
than A in some places, it must be more dense in others. To justify this observation, consider the
sets A1, Ay as before. Draw the elements of Z/67Z as a 2 x 3 grid according to their residues modulo
2 and 3 and scale the grid to be a square of side length 1. Denote by LD(A;) the union of the cells
representing the residues modulo 6 contained in A; and similarly for LD(A3) (see Figure|[1]). Note



0 1 2 (mod 3) 2 (mod 3)
0 (mod 2) 0 (mod 2)
1 (mod 2) 1 (mod 2)

Figure 1: The shaded regions are LD(A4;) and LD(A3).

0 1 2 (mod 3) 0 1 2 (mod 3)
0 (mod 2) 0 (mod 2)
1 (mod 2) 1 (mod 2)

Figure 2: The shaded regions are LD(2- A; + 3+ Ay) and LD(2- A2 + 3 - Ay).

that the density of A; is equal to the volume of LD(A4;). Then do the same for 2- A; + 3 - Ay and
2- Ay +3- Ay (see Figure .

Writing 7 and mo for the projections onto the mod 3 and mod 2 axes, respectively, we see that
LD(2-A;4+3-Ay)isam(LD(A;)) x ma(LD(A3)) rectangle, while, if we allow a permutation of the
columns, LD(2- A3 +3- A1) is a w1 (LD(A2)) x m2(LD(A;)) rectangle. This justifies Observation [I.11}
that Vol(LD(2- A; + 3+ A3)) - VOl(LD(2 - A2 + 3 - 41)) > Vol(LD(A;)) - Vol(LD(As)), in this case.
We also note that |7 (LD(A;))] is preserved under £; = 2x, while |m3(LD(A;))]| is preserved under
£2 = 3X.

The set LD(A), which records how A is arranged relative to certain lattices, is roughly what
we call the “lattice density”. More precisely, for a (periodic) set A C Z¢ and a flag of lattices
F ={Lo C Ly C---C Ly}, the lattice density LD(4; F) is a compact downset in [0, 1]¥*1 which
encodes information about the density of A relative to the lattices L;. Our continuous representation
A is then a compact subset of R¥T**1 with a base in R? resembling A and fibres in R¥*! equal to
the local lattice density at each point of A.

Once again, estimating [A+ X1 - A+ -+ A\ - 4] is equivalent to estimating |LoA+- - -+ Ly A] for
some Lo, ..., L, € Maty(Z). The key now, proved through a refinement argument, is that one can
find two flags F,G such that m;11(LD(L;A4;G)) =~ mi+1(LD(A; F)) for each i = 0,...,k. In turn,
this allows us to show that if Ag,..., Ar C A are (periodic) sets, then LD(LoAg + -+ - + L1 Ax; G)
roughly contains the cuboid with side lengths

|1 (LD (Ao; F))I, - -, k41 (LD(Ag; F))l-

By making appropriate choices of Ay, ..., Ay C A locally, this implies that if B = LoA+---+ LA,
then B C R¥*1 contains the sumset £HA + - -+ + L} A, where £} : RETFL — RITFHL jg given by



Li(z,y) = (Liz,mit1(y)) for v € R? and y € R¥+L. In line with the application of Observation m
in the algebraic integer case, we can then apply our continuous estimate to LA+ - - -+ £} A, which
in turn yields the desired result in the discrete case.

1.2 Notation

Throughout the paper, we will use the following notation:

® )\, A1, ..., A\, are algebraic numbers with Ag = 1.

o K :=Q(\1,..., ) is the number field generated by A, ..., k.
The degree of K over Q is d := deg(K/Q), so K = Q<.

The ring of integers over K is denoted by Ok, so O = Z4.

o We write K := K ®g R = Oxg ®z R2R?% and K¢ := K ®g C = C?.

We will generally use i to index 1,...,d, j to index 1,...,n and [ to index 1,...,k (possibly
starting at 0). However, this is not strict and the usage can depend on context.

1.3 Organisation of the paper

The remainder of the paper is laid out as follows. We begin, in Section [2] by formally describing
how to rephrase the problem of estimating sums of algebraic dilates in terms of estimating sums
of linear transformations, in particular observing that the linear transformations corresponding
to taking various algebraic dilates are simultaneously diagonalisable. In Section [3| we prove the
continuous analogue of our estimate, extending a result of Krachun and Petrov to sums of arbitrarily
many simultaneously diagonalisable linear transformations of compact sets. It is also here, in
Section that we show that Theorem is best possible. We extend several results from
additive geometry, including Minkowski’s second theorem and John’s theorem, to rings of integers
in Section[4, culminating in our Freiman-type structure theorem for small sums of dilates. We then
use this result in Section [f] to reduce the proof of Theorem [I.2] to the special case where A is a
dense subset of a box. In Section [6] we introduce lattice densities and prove some of their basic
properties, while in Section [7] we introduce two key families of flags of lattices and establish some
relations between lattice densities taken relative to these flags. Using these results, we conclude
the proof of Theorem in Section [§ by verifying it in the dense case. In Section [0] we discuss
the general problem of estimating sums of pre-commuting linear transformations, showing how it
reduces to Theorem [[.2] Finally, in Section [I0} we point towards some further possible research
directions.
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2 Mapping to Z?

In this section, we show how the problem of estimating sums of algebraic dilates can be recast in
terms of estimating sums of linear transformations. Our first lemma, generalising [13, Lemma 3.1],
will allow us to assume that A is a subset of K.

Lemma 2.1. Suppose that \1,..., \x € C and A C C is finite. Then there exists a finite set
B C K =Q(\,..., ;) such that |B| = |A| and |B+X - B+ -+ -B| < |JA+ - A+ -+ X - Al

Proof. Let L be the field extension of K generated by A. Pick any K-linear map f : L. — K which
is injective on A. Such a map exists since A is finite. Set B = f(A). Then |B| = |A| and, for any
ag,...,a € A,

flao + a1 + -+ Agag) = flao) + A f(ar) + -+ + A f(ar)-
Hence, [ B4+ XA B+ -+ A Bl =|f(A+X M- A+ -+ X A <A+ X - A+ -+ - 4. O

In light of this result, we will henceforth assume that A C K. For any a € K, there exists a
positive integer n such that na € Og. In fact, this is true for any fractional ideal Z C Ok — for
any a € K, there exists a positive integer n such that na € Z. Thus, since A is finite, by rescaling
A to n- A for an appropriately large n, we may assume that A C Z if we wish to without any loss
of generality.

To pass to linear transformations, we fix a Z-basis e; = 1, e, . ..,eq of O and let ® : O — Z¢
be the isomorphism mapping the e; to the standard basis of Z¢. This map extends linearly to an
isomorphism ® : K — Q<. Under this isomorphism, multiplication by A; corresponds to the linear
map M; € Mat;(Q) defined by

My(z) = (N - ().

The problem of estimating |A + Ay - A+ -+ X\, - A| for A C K is then equivalent to estimating
A+ MiA+ -+ MA| for AcC Q%

One further step allows us to convert the problem into one about sums of linear transformations
with integer entries. Recall, from the introduction, that the denominator ideal of Aq,..., Ag is the
non-zero ideal ® = OKD)\IIOKH- . -ﬂ)\,zl(’)K with the property that N} C Ok foralll =0,..., k.
If we fix an isomorphism &' : ® — Z¢, then multiplication of the elements of ® by \; corresponds
to the linear map £; : Z% — Z? defined by

El(ac) = ‘I)()\l . (I)I_l(sr:)).

By rescaling, we may assume that A C ©, so that Theorem becomes equivalent to the following
result, whose proof will now be our principal goal.

Theorem 2.2. For all finite subsets A of 7,
|LoA+ -+ LAl = H(A1, ..., Ap)|A] — o(|A]).

The next lemma determines all the (simultaneous) eigenvalues of the A;, when they are viewed
as Q-linear maps on K. In the statement and proof, we will use the fact that there are exactly d
different complex embeddings (that is, injective field homomorphisms) of K in C, which we denote
by o1,...,04 with oy the identity.



Lemma 2.3. Viewing K = Q%, multiplication by \; induces a Q-linear map M; : Q% — Q<.
Then the maps My, ..., My are simultaneously diagonalisable over C into the diagonal matrices
Do, ..., Dk, where Dy has diagonal entries (o1(\;),...,04(N)) forl=0,... k.

Proof. Let K¢ = K ®g C and define o : K¢ — C? to be the C-linear map defined by o(a ® ¢) =
(cor(@),...,coq(c)). We claim that o is an isomorphism. Indeed, let o € K be a generator of
K,ie., K = Q(a). Then (1,aq,...,a%"1) is a Q-basis for K and oy(a),...,04(a) are all distinct.
Under this basis, which is also a basis for K¢, o is represented by the matrix

1 oi1(a) o1(a@)? - op(a)d?

1 0'2(04) Ug(CY)Q Ug(a)d_l

1 og(a) o4(@)®> - og(a)? !
which is non-singular, since it is a Vandemonde matrix. Let eq,...,eq € C? be the standard basis
of C* and v; = 07 1(e;). Then vy,...,vy form a basis for Kc. We claim that, in this basis, M;

diagonalises into the desired form. It suffices to check that M;(v;) = o;(\;)v;.
Let x1,...,24 € K be a Q-basis for K. Then v; can be written in the form v; = 1 ®c¢;1 +--- +
T ® ¢, for some ¢;; € C, so that o(v;) = e; says that

k
Z CilO'j(l’l) = 5”
=1

But then
k k
0j(Mi(v;)) = o <Mz (Z T @ Cim)) =0; (Z (Nzm) ® Cim)
m=1 m=1
k k
=3 Cim0i(Nm) = 05(N) D im0 (Tm)
m=1 m=1

= aj()\l)éij = ai()\l)&j.

It follows that M;(v;) = o;(A)v;, as required. O

3 The continuous version

We now come to the first part of our argument, which is to extend an estimate of Krachun and
Petrov [13, Theorem 2] on sums of linear transformations of compact sets to more than two variables.
We will need to assume that the linear transformations are simultaneously diagonalisable. But, as
we have seen in Lemma [2.3| above, this is exactly the situation we are concerned with.

Throughout this section, we will fix an identification Ky =2 R? and take p to be the Lebesgue
measure on R? and, hence, on K. Our main result may then be stated as follows.

Theorem 3.1. Suppose Lq,...,L; € Maty(R) are simultaneously diagonalisable over C into the
diagonal matrices Dy,..., Dy, where D; = diag(\ja,...,\q) with each A\;; € C. Then, for any
compact A C RY,

d
(L1 A+ LoA+ -+ Ly A) > (H > |Au> u(A).

i=11=1
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Moreover, equality holds for some A with u(A) > 0.

Proof. Let A = {(A14, Aai, .. )\kl)} Since complex conjugation preserves each £;, it permutes
the elements of A. Thus, we can split A into two parts A; and As, where A; C RF consists of those
tuples fixed by conjugation and Ay consists of conjugate pairs of tuples. Then we may decompose

R? into the eigenspaces
-DBe B Ex
A€M (AX)EA,

where each E) is 1-dimensional and each E, 5 is 2-dimensional. For A\ = (A,-..,A\k) € Ay, each
L; acts on Ey by A;. For (A, \) € Ay, each £; acts on E,x by |A1| Rarg(n,), Where Ry is the rotation
map on R? by 4.

We prove the theorem in the following more general form. Suppose we have a decomposition

b
j=1

where dim E; = d; and £; acts on E; by r;; P, where r;; > 0 and Pj; is an orthogonal matrix
acting on F;. In other words, for any vector v € R?, if we decompose it into v = vy + - - - + v, with
v; € B for all 1 < j <n, then Liv =r;nPvi + -+ + 710 Pipv,. We will show that

dj
(L1 A+ LoA+ -+ LA H(Z’“w> (A).

We perform Steiner symmetrisation, a continuous analogue of compression introduced by Steiner
in his classical work on the isoperimetric problem, along each of the eigenspaces E; as follows.
erte R? = E; @ E, where E is the direct sum of the remaining spaces. Let 7 ;R4 — E; and

‘RY > FE be the projections onto E; and E, respectively. For a compact AC Rd and x € F,
Write Ay = m(my () C Ej for the ﬁbre of A at x. Then u(A) = [ u(Ag)du(z). The Steiner
symmetrisation of A along E; is the set S;(A) C R? with the same support as A on E and such
that, for each x € m2(A), S;(A), is the closed ball centered at 0 with the same volume as A,.

Claim 3.2. The Steiner symmetrisation has the following properties:
1. u(S5(A)) = p(A).

S;(A) is invariant under any orthogonal transformation of Ej.

S;(L1A) D Li(Sj(A)) for all l.

S;(A) is compact.

If B is compact, then S;(A+ B) 2 S;(A) + S;(B).

S v e e

If F € GL(E) and F' € GLq(R) is given by I, @ F and F'(A) = A, then F'(S;(A)) = S;(A).
Proof. 1. This is true since p(S;(A)y) = p(A;) for all x € E.

2. This is true since S;(A), is a ball for all z € E.

11



3. Let z € my(A) and B = Sj(A)s, a ball. Then £i(S;(A4)) = U,er,a) LilE; (B) & Liz. Note
that £;|g,(B) is also a ball of volume pu(L;|g,(Az)) < p((L£1A)z,2). Thus, Li|g,(B) & Liz C
S;(LyA) and the result follows.

4. Since A is bounded, so is S;(A). To show that S;(A) is closed, it is sufficient to show that for
any sequence 1, Ts, ... € E converging to z € E, we have u(A,) > limsup,, u(A;, ). Since A
is closed, A, D limsup, A,,, so it suffices to show that p(limsup; A;,) > limsup, p(A,,). But
this is true since the A,, are uniformly bounded.

5. For z € m(A) and y € ma(B), let r,7’ be the radii of the balls S;(A), and S;(B),, with
volumes V,V’. Then (S;(A) + S;(B))s+y is a ball of radius r + 7/, maximised over all z,y
with the same fixed sum. But, by the Brunn—Minkowski inequality,

p(Si(A+ Blaty) = p(Si(A)z + S5 (B)y)
> (1(S5(A)e) VY 4 pu(S5(B)y) V)%
— (Vl/dj + V/l/dj)dj
= 1((S5(A) + 55(B))a+y)-
Thus, S;(A+ B)z4y 2 (S;(A) + S;(B))z+y and the result follows.

6. Let z € E. Since F'(A) = A, we have Ap(,;) = A,. Therefore, Sj(A)p) = S;j(A)s, so we
have F'(S;(A)) = S;(A). O

Perform Steiner symmetrisation on A successively along F1, ..., E, to obtain, by Claim (4),
the compact set B = S1(S2(- -+ Sn(A)--+)). By Claim [3.21), (5) and (3),

W(LIA+ -4 Lo A) = u(S; (L1 A+ -+ L1 A))
> p(Sj(L1A) + -+ + S;(LA))
> w(L1(S;(A)) + -+ + Li(5;(A4))).
Iterating, we see that u(L1A+-- -+ LxA) > p(L1B+- -+ L B), where we also have u(B) = pu(A).
Let EE be the linear map that just scales by r;; on each Ej, i.e., E;(vl +ootoy) =rpur 4+

Tinvp for any v; € E;. By repeated applications of Claim 2) and (6), we may check that B is
rotationally invariant on each Ej;, so we have £;B = £;B. Thus,

LB+ -+ LyB) = p(LB+ -+ L}.B)
> p((Ly + -+ Ly)(B))
= |det(Ly + -+ L})|u(B)

1 k dj
= H< ) u(B).
j=1 \I=1

Finally, to see that equality may hold, observe that we can take A to be the product of the unit
balls in each E;. O

In particular, this yields the smallest possible value of u(A+A1-A+---+ X - A) in terms of p(A).
To see this, let M; € Maty(Q) be the matrix representing multiplication by A; for I = 0,...,k,

12



as defined in Section Then, by Lemma the M, are simultaneously diagonalisable into
the diagonal matrices D; with entries (o1();),...,04(N;)), where o1,...,04 are all the complex
embeddings of K. By Theorem [3.1] we therefore have

A+ M -A+- -+ - A) = pf(MoA + - + MRA)
d
> <H(1 +loi(M)[+ -+ |Ji()‘k)|)> 1(A).
i=1

Comparing this to our main result, Theorem we see that the discrete version differs from the
continuous one only in the factor Ny /Q(”D A1, Am:K ), Which is a measure of the non-integrality of
A1, ..., Ak We say more below.

3.1 Lower bound construction

In this short subsection, we give a lower bound construction for the discrete case, showing that the
constant H (A1, ..., ;) in Theorem is best possible. In brief, the construction is a discretised
version of the equality case in Theorem [3.1

Proposition 3.3. Let \1,..., A\ € K = Q[\1,..., ] be algebraic numbers. Then there exist
arbitrarily large A C C such that

A+ A At + N Al < HO, .. M)Al +0(14] 7)),
where d = deg(K/Q).

Proof. Let 01,...,04 : K — C be the complex embeddings of K and set ® = Dy, . k. View-

ing multiplication by X\; as a Q-linear map M; : K — K for each [, take A’ C Kpg satisfy-

ing the equality case in Theorem with p(A’) = 1. Then p(A" + X - A+ -+ A - A) =
) n

(IT 1+l 4+ + [ AD) (4.
Let n be an arbitrarily large positive integer and let A =nA’ ND, so that

|A| = u(nA’)/ Vol(Kr /D) + O(n?~1) = n?/ Vol (Kg /D) + O(n®™1).
On the other hand, for each I, A;- A C \;-® C Ok, so we have
A4+ A+ X ACn(A + 0 - A+ + - AN Ok.
Therefore,
A+ A A+ M- A < pn(A + X - A+ + X - A)/ Vol(Kr /Ok) + O(né™1)
d
=n? (H(l + oA+ + ai(/\k))> /Vol(Kg/Ok) + O(n™1).
=1

Since Vol(Kr/®)/ Vol(Kr/Ok) = [Ok : D] = Nk ,o(D), we obtain that

d
[A+ X - A+ + X - A < Ng (D) (H(l +loi(A)[ + -+ |0i(/\k)|)> | Al + O(n1)
=1
= H(\,..., \p)|A] + O(JA| 7). O

13



4 Algebraic additive geometry

In this section, we extend several results from additive geometry to rings of integers, culminating
in the version of Freiman’s theorem for sums of dilates mentioned in the introduction. Along the
way, we prove several results that may be of independent interest, including versions of Minkowski’s
second theorem and John’s theorem for lattices over rings of integers.

4.1 A norm on Ok and Ky

In this subsection, we define a norm on Ok and Kx and note some of its basic properties (this is not
to be confused with the field norm Ng ,g(-) on K, which we also use). Recall from Section [2f that

we have an isomorphism ® : O — Z% given by sending a basis ey, ..., eq of O to the standard
basis. By pulling back ®, the co-norm on Z? defines a norm |[|-|| on O, namely, for I, ...,ls € Z,
l1e1r + -+ lgeq|| := max L]

The open ball B(L) of radius L > 0 under this norm is then given by
B(L) = {1161 + -+ lgeq € Ok | |lz‘ < L for all Z}

||I-|| extends linearly and continuously to a norm on Kg, which we also denote by ||-||. The open ball
Bgr(R) of radius R > 0 in K is then

Br(R):={e1®r1+---+eq®@rq € Kr | |r;| < R for all i}.
The following lemma may be seen as defining some constants associated to the norm ||-||.
Lemma 4.1. There exist constants C1,Co,C3 € N such that the following hold:
1. For all z,y € Kz, |ay]l < Cy [l2] 1]l
2. Foralll=0,...,k, Co); € Og.
3. Foralll=0,...,k and x € O, \jx € C% - B(Cs ||z|])-

Proof. 1. Let M > 0 be the maximum of |le;e;|| over all pairs ¢,j € [d]. Now, for any z =
e1®x1+ - +eg®rgand y=e3 @y + - +eqyq with x;, y; € R, we have |z;| < ||z|| and
lyi| < |lyll. Therefore,

eyl = 11D eie; @ waysll <Y llese; @zl =D lleies| [wii| < d”M ||l [|y]|,
5 1,7 4,J
so we may pick C; = d?M.

2. Since O is of full rank, for any A € K, there is some integer C' > 0 such that CA € Og.
Thus, we may pick Cy to be the lowest common multiple of the C’s corresponding to each \;.

3. Pick an integer C3 such that C5 > C;C max; || \;]|. Then we have Coljz € Ok and ||Colz| <
C1Co || Ml |z|| < Cs ||z||. Therefore, \jx € C% - B(Cs ||z])). O

Throughout the rest of this section, we will use the constants C1, Cs, C3 as given by this lemma.
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4.2 An algebraic Minkowski’s second theorem

In this subsection, we prove a variant of Minkowski’s second theorem for lattices over rings of
integers. Before we state this result, let us recall the original theorem of Minkowski. We first need
a definition, noting that here a convex body is assumed to be convex, open, non-empty and bounded.

Definition 4.2. Let I' C R" be a lattice of rank m and B C R™ a convex body containing 0. We
define the successive minima {; = ¢;(B,I') of B with respect to I' by

¢; :=1inf {¢ > 0| £- B contains j linearly independent elements of I'}

for each 1 < j < m. Note that 0 < 1 < --- < ¥, < 0.
Minkowski’s second theorem (see, for example, [20, Theorem 3.30]) is then as follows.

Theorem 4.3 (Minkowski’s second theorem). Let I' C R™ be a lattice of full rank and let B be a
centrally symmetric convex body in R™ with successive minima 0 < €1 < --- < {,. Then there exist
n linearly independent vectors vy, ...,v, € I' with the following properties:

o for each 1 < j < n, v; lies in the boundary of £; - B, but {; - B itself does not contain any
vectors in I' outside the span of vi,...,vj_1;

o the octahedron with vertices +v; for 1 < j < n contains no elements of I in its interior other
than the origin;

e one has
270 (v1,..., )] < ly -4, Vol(B) < gn

n! - Vol(R®/T) —

To state our variant of this theorem, we need to first clarify what we mean by a lattice over a
ring of integers.

Definition 4.4. An Og-lattice is a lattice I in K™ = Q%" that is closed under multiplication by
Ok. That is, for any v € I' and a € Ok, av € T'. Equivalently, I" is a discrete Og-submodule of
K™. Observe that Q- T' = K - I' is a K-subspace of K". The O -rank of ' is the dimension m of
this subspace. Note that, when viewed as an ordinary lattice, the rank of I" is md.

For the next definition, we recall, from Section [2| that we view O as having a fixed Z-basis
€1,...,€4.
Definition 4.5. For a real number r > 1, a subset B C Ky is said to be r-thick if e; - B Cr- B
for all i € [d].

For example, by Lemma [L.1] |le;z|| < Cy|le;|| [|#]| = Ci ||z for all z € Kg, so that Bg(L) is
C1-thick for any L > 0.
We now redefine successive minima, but with respect to Og-lattices.

Definition 4.6. Let I' be an Og-lattice of Og-rank m and B a convex body in Ky containing 0.
We define the successive minima ¢; = ¢;(B,T") of B with respect to I" by

¢; :=1inf {{ > 0| £- B contains j K-linearly independent elements of I'}
for each 1 < j < m. Note that we again have 0 < /1 < --- < /£, < 00, since I' has Og-rank m and

so contains m K-linearly independent elements of K™.
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We may now state and prove our version of Minkowski’s second theorem for Og-lattices.

Lemma 4.7. Let r > 1 be a real number, let ' C K™ be an O -lattice of full rank and let B be
an r-thick centrally symmetric convex body in Kg with successive minima 0 < £y < --- < {,. Then
there exist n K-linearly independent vectors vy, ...,v, € I' with the following properties:

o for each 1 < j < mn, v; lies in the boundary of {; - B, but {; - B does not contain any vectors
in I' outside the K-span of vi,...,v;_1;

e the octahedron with vertices +1ev; fori € [d], j € [n] contains no elements of T in its interior
other than the origin;

o if TV is the Ok -lattice generated by vy, ..., vy, then

(2/r)"[L: ] _ (-~ £)? Vol(B)
(nd) = Vol(KR /T)

<2nd, (1)

We note that here the volume of a set B C K7 is defined by fixing some isomorphism K% = R"™?
and using the standard Lebesgue measure on R™?. Crucially, the statement of the lemma does not
depend on the particular identification Kg = R™, since any two volume forms differ by a scalar.

Proof of Lemma[].71 The proof is essentially identical to that of the original theorem given in [20]
Theorem 3.30], though some care is required to differentiate between the Q-span and K-span.

By the definition of /1, we may find v; € I" on the boundary of ¢; - B, where ¢; - B does not
contain any non-zero elements of I'. By the definition of A2, we may then find v3 € T' on the
boundary of ¢5 - B which is K-linearly independent of vi, where {5 - B contains no elements of I'
outside the K-span of v;. Continuing, we have a K-basis v1, ..., v, such that v; is on the boundary
of ¢; - B, where ¢; - B does not contain any element of I' outside the K-span of vy,...,v;_1, as
required by the first property.

Since vy, . .., v, are K-linearly independent, the vectors e;v; are Q-linearly independent. There-
fore, the octahedron S with vertices i%eivj is non-degenerate and spans K™ over Q. Suppose the
interior of S contains a non-zero point v € I'. Let m be the smallest positive integer such that v
lies in the K-span of vq,...,v,,. Then v does not lie in the K-span of vq,...,v,,—1. Since £, - B
contains vy, . . ., vm and B is r-thick, r£,, - B contains e;v; for all i € [d] and j < m. Therefore, ¢,, -B
contains :I:%eivj for all ¢ € [d] and j < m, so its interior ¢,, - B contains v. But this contradicts
the definition of ¢,,, since ¢, - B cannot contain any vector outside the K-span of vi,...,vm_1,
including v. Hence, the interior of .S contains no vector in I, verifying the second property.

Since e;v; € rl; - B, we have that B contains the vectors r}g e;v; and, hence, the octahedron S’

with vertices :l:@eivj for i € [d], j € [n]. The volume of the simplex with vertices 0 and e;v; for
allie[d], j€n]is ﬁ Vol(KE/T"). Since S’ is the union of 2"¢ scaled copies of this simplex, the

volume of S’ is
1 nd

rnd¢d. .. pd (nd)!

Vol(S') = Vol(KT/T).
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Therefore, since B contains S’, we have

1 nd

2
V > - - n /T
ol(B) > Vol(S5") r”dﬁcli~-~€‘ril (nd)! Vol(Kg /I')

n\dm.
(@) B

establishing the lower bound in .
For the upper bound, we require the following lemma.

Lemma 4.8 (Squeezing lemma [20, Lemma 3.31]). Let S be a centrally symmetric convezr body in
R™, A be an open subset of S, V be an m-dimensional subspace of R™ and 0 < 0 < 1. Then there
exists an open subset A’ of S such that Vol(A’) = 6™ Vol(A) and (A’ —A)NV CH-(A—-A)NV.

Let V; be the R-span of the K-span of v1,...,v;, so that V; is a jd-dimensional real subspace
of Kg. We apply the squeezing lemma iteratively, starting with Ag := % - B, to create open sets
A17 e 7An—1 Q AO such that

4\
VOI(Aj) = (f;) VOI(Ajfl)
J

and

0.
(4, —4;)NV; ﬁ%zﬁqu —4;)NV;

for j=1,...,n—1. Then Vol(A4,,_1) = ({1 ---£,27™)?Vol(B) and one can show by induction that

(An1 = An )NV € 2 (A1 — A;0) NV,

n

On the other hand, A;_; C Ag = % - B and B is centrally symmetric, so A;_1 —A;_1 C ¢, - B.
It follows that
(Ap—1 — A1) NV; C A - BNV,

for j =1,...,n. By the definition of successive minima, A; - BNV} does not contain any point in
I' except for those in V;_;. This implies that A, _; — A,—1 does not contain any point in I' other
than the origin. If Vol(A4,,_1) > Vol(Kg/T), then, by Blichfeldt’s principle, one can find a translate
A,_1+tof A,_1 containing two distinct points of I'. Thus, A,,_1 — A,,_1 contains a non-zero point
of I', a contradiction. Therefore, we have Vol(A,_1) < Vol(Kg/I'). Hence, we have

(y - £,27™)¢Vol(B) < Vol(K#/T),
giving the upper bound in . O
4.3 Okg-GAPs and an algebraic John’s theorem
Recall that a generalised arithmetic progression (or GAP) P C Z% is a set of the form

P:{’Uo+l11}1+"'+ln’vn‘OSZj<Lj forallj}
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for some vg, ...,v, € Z% and Ly,..., L, € N. The dimension of P is n. We say that P is proper if
all elements on the RHS are distinct and k-proper if

{livi + -+ 1,0, |0 <1 < kL; for all 5}

has all elements distinct.
Our object of study for the remainder of this section is the following algebraic analogue of a
GAP, which we call an Og-GAP.

Definition 4.9. An Og-GAP is a set P C K of the form
P={vo+lvi+ -+, |l; € B(L;) for all j} (2)
for some vg,...,v, € K and Lq,...,L, € N. The dimension of P is n. For p € N, define
p* P = {pvg + lLivi + -+ 1,v, | l; € B(pL;) for all j}. (3)

We say that P is proper if all the elements on the RHS of are distinct and p-proper if all the
elements on the RHS of are distinct. Note that p « P is similar, but, because B(L;) is an open
ball, not exactly equal, to the p-fold sumset pP.

The classical John’s theorem (see [10] or [20, Theorem 3.13]) says that any centrally symmetric
convex body A in R™ can be approximated by an open centrally symmetric ellipsoid F in the sense
that E C A C y/n- E. A discrete version of this result, due to Tao and Vu [2]], says that the
intersection of a centrally symmetric convex body with a lattice in R™ can be approximated by a
GAP. Here we prove the following algebraic analogue of this result.

Lemma 4.10. For any real number r > 1, there are integer constants Dy, Do > 0 such that the
following holds. Let I' C K™ be an Og-lattice of full rank and B C Kg be an r-thick convex
centrally symmetric body. Then there exist vy,...,v, € K and positive integers Ly, ..., L, such
that the Ok -GAPs given by

P1 :{11U1++lnvn|l]€B(L])f0ra’”J}7
PQ = {11U1++lnvn|l] GB(DlLJ) fOT’a”j}

satisfy

PlgBﬁng-Pg. (4)
D,

Unlike for the discrete John’s theorem for ordinary lattices, the constant Dy is necessary here.
Indeed, if K has non-trivial ideal class group, then, for I' C Ok a non-principal ideal, we cannot
hope for a one-dimensional Og-GAP to span the same lattice as I', since any such Og-GAP is
generated by a single element.

Proof of Lemma[{.10. Applying John’s theorem to B C KJ = R we obtain an open centrally
symmetric ellipsoid £ C Kg such that E C B C Vdn-E. For any € E and i € [d], e;x € ;- B C
r-B Crvdn-E, so E is r1-thick with 7, := rv/dn. Consider the norm |-|| ; on Kj whose unit ball
is F, that is,

|z||p :=inf{{>0|z el - E}.
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Since E is rq-thick, for any ¢ > 0 and = € Kg, € ¢ - E implies that e;z € £ - E. Therefore, for
any v € Kg,
leizllp < rillelg - (5)

Since |a;| < ||I|| for any | = ai1e1 + - - + aqgeq € Ok, we also have, for any x € K, that

d
izl p < Naiesllp < dra 1] 2] (6)

i=1

Let vq,...,v, € K be as in Lemma [£.7] when applied to the centrally symmetric convex body
E. For each j, let

1
Ljy=|———F1.
’ [ndﬁ ||Uj|E—‘

Then, for any I; € B(L;), ||| < m Thus, by (@,

1
Lvill 5 < dry L] vl g < o

Therefore, if I; € B(L;) for all j,

n
j=1

In other words, Py C ENT C BNT, giving the first inclusion in (4]).
Let I'" C T be the Og-span of vy, ..., v,. Then, from Lemma [[:I'] < D:= |[r"(nd)!]. As
a finite abelian group, I'/T” has order at most D, so every element has order dividing D!. Therefore,
D!-T CTY or, equivalently, I' C 51”.
Since E is a centrally symmetric ellipsoid, the norm ||-|| ; arises from an inner product on Kg.
Define a volume form on KJ based on this inner product. Then Vol(E) = V,,4, the volume of the

unit ball in R, For ug, ... ,Ung € KR, write ug A - Auyq for the parallelotope in K3 spanned by
U1, ... Upg. Then Vol(ug A+ Aung) < |Juillg -+ [|tndll -
Let the successive minima of E with respect to I' be £1,..., £y, so we have |lvj||, = ¢;. Let

z € BNT CVdn-E, so that ||z||; < Vdn. Since z € I' C 2I", we can find unique integers I;; for
i1=1,...,dand 7 =1,...,n such that

1
T = 5(1116101 + -+ laneqvn)-
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Using Cramer’s rule, we can solve for |I;;|. This gives

Vol(eqvy A== Ax A+ Aequy)

|l;j| = D! Vol(eytr - A eqon) here x is in place of e;v;
_ D'Vol(elful Ao AT A Aequy)
’ Vol(K g /T7)
< DI 2 g H(i/,j’);é(i,j) leirvj ||
- Vol(Kg/T)
nd—1
T 2l I gz 105l
< D! o 175 by (5
Vol(Kz /IV) v @
— Dlynd—1 (b))l
b 4 Vol(KR/TY)

From Lemma [£.7] we have

o . O 0,\° 00\
Vol (K3 /T) > Vol(K3 /T) = (=5 Vol(E) = (=5 Via.

Therefore, using that ||z, < vdn and L; > ————, we have

ndri ||v; HE

Dlrpd=tond ||z Dlrpt2"* indy/nd
EjVnd Vnd ’

|lij| <

‘We obtain the second inclusion in by setting Dy = D! and Dy = {D!r{‘dQ”d“nd\/ nd/Vnd—‘. O

We now come to a key lemma, for which we need our algebraic version of John’s lemma, saying
that if P is an Ox-GAP that is not p-proper, then there is an Og-GAP of smaller dimension which
contains and is not too much larger than P.

Lemma 4.11. If P is an Og-GAP of dimension n that is not p-proper, then there is an Og-GAP
Q of dimension n — 1 containing P with |Q| < p | P|.

Proof. Assume that P is centered and of the form
P = {ll’Ul + -+ Lo, ‘ lj € B(L])}

with L; > 1 for all j. Since P is not p-proper, there exist [;,1; € B(pL;) for all j such that I; # [}
for some j and
livp + -+ lyvp = Loy + -+ Lo,

Setting a; = l; — I’ € B(2pL;), we have that the a; are not all 0 and ajvy + -+ + apv, = 0. We
may assume without loss of generality that a,, # 0. Then we have the relation

Up = ———— — o — _ (7)
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Let w = (—%,...7—‘1;—:) € K"l Let I':= O% ' + O -w € K" 1. Then I is a discrete

lattice which is invariant under multiplication by O and so is an Og-lattice. T is also of full rank,
since it contains (9’;(_1. Consider the homomorphism f : I' — K given by

fl(z1, .. po1) + Tpw) == 2101 + - -+ + THUp.

Then f is well-defined because of the relation . Note also that f is Og-linear, that is, f is linear
and f(ax) = af(z) for any a € O,z € T'. We may also extend f Og-linearly to a K-linear map
fiK"l S K.

Let By C Kﬂg_l be the convex centrally symmetric body

Bo:={(z1,-.,@n-1) € Kg 7' | 2 € Br(Li)} .

Let B = By + Bgr(Ly,,)-w, which is also a convex centrally symmetric body. Since By and Bg(Ly,)-w
are Ci-thick, so is B. Indeed, if © € By and y € Bgr(L,) - w, thene; - (x +y) =e;-x+e€; -y €
C1-Bo + C1 - (Br(Ln) - w) = C1 - (Bo + Br(Ln) - w).

Claim 4.12. One has the inclusions
PC f(BNT) C (2pCy +1)*P.

Proof. For the first inclusion, let v = lLijvy + -+ + lv, € P with I; € B(L;). Then v =
F((li, . ln1) + lyw) with ||]| < Lj, so that (I1,...,l,—1) + l,w € BNT.
For the second inclusion, let (I, ..., l,—1)+l,w € BAI' with [; € Og. Since (I1,...,l—1)+l,w €

B, there exist z1, ..., x, € Kg with ||z;|| < L; such that (I1,...,l,—1)+l,w = (1,...,2p_1) FTrw.
In other words, I; — a;i” =z — a(’l—i” forj=1,...,n—1. Let z = l“a_ﬂ € Kg, so we have

lj —T; = a2 (8)
forall j = 1,...,n. Let x € Ok be the closest element to z according to the metric ||-||. Recall

that this is the co-norm, so we have ||z — z|| < 1. Let l} =lj—a;z € Og. Then livs +- -+, =
vy 4+ -+ Loy, so we have f((l1,...,lh—1) + lyw) = ljvy + -+ Il,v,. Tt suffices to show that
Hl;H < (2pCy + 1)L; for all j. But we have

511 = 15 = as

< |l = ajz — ;| + ||zl

<la;(z —2)[ + L; by (8)
< Culajll |z = = + L; by Lemma 1]

as required. O

By Lemma we can find constants D1, Dy = O, (1) and Ox-GAPs Py, P; of dimension n— 1
such that P, = Dy x P, and P, C BNI' C i - P». In particular, P> can be covered by D{“l
translates of P;.

Applying the homomorphism f, we obtain

S(P) S F(BAT)C o (Py)
2
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Since f is Ok-linear, f(P;) and f(P,) are also Ox-GAPs of dimension n—1. Setting Q = Diyf(Pz),
which is again an Og-GAP of dimension n—1, we have, by the claim above, that P C f(BNT") C Q,
so it suffices to show that @ is small. Since P, can be covered by D! = O,,(1)-many translates
of Py, f(Py) can also be covered by O, (1)-many translates of f(P;). But then

[f(P)| < [F(P)] < [F(BNT) < [(2pC1 + 1) x P| <o p [P,

as required. O

4.4 Freiman’s theorem for sums of dilates
One version of Freiman’s fundamental theorem on sets of small doubling is as follows.

Theorem 4.13 (Freiman [§]). For every C > 0, there are constants n and F such that for any
A C 7% satisfying |A + A| < C|A|, there exists a proper GAP P C Z% containing A of dimension
at most n and size at most F|A|.

We have now built up sufficient background to prove the promised Freiman-type structure
theorem for sets with small sums of dilates, which we restate for the reader’s convenience.

Theorem 4.14. For every C > 0 and p € N, there are constants n and F' such that for any A C K
satisfying

[A+ X - A+ + - A < C|4),
there exists a p-proper Og-GAP P C K containing A of dimension at most n and size at most

FIA.

Recall, from Lemma that we have constants Cy,C35 € N with the property that \jx €
C%-B(Cg lz||) foralll = 0,...,kand x € Og. Thus, if P is an Ox-GAP, then \;- P lies in a translate

of C% -(C5xP). Indeed, if £ = vg+1l1v1+- -+ 1y € P, then Nz = Moo+ (Nl)vr+- -+ (Nl )vm
with A\l; € C%B(C’g l:]]). Therefore,

[P+ X P44+ X - P <|(k+1)C3x P|
< ((k+1)Cs)™|P|.
In other words, P has a small sum of dilates. That is, Theorem embeds a set A with a small

sum of dilates into another, more structured set which, unlike an ordinary GAP, also has a small
set of dilates. We now proceed to the proof of this statement.

Proof of Theorem[{.1] By translating, we may assume that 0 € A. By the Ruzsa triangle inequal-
ity,
JA+A|M - A+ F N A <A+ N A+ F - AP < CPAPA

Using the trivial bound [A\; - A+ -+ i, - A| > | A], we obtain |A + A| < C?|A|. By the Pliinnecke—
Ruzsa inequality, |A + A + A| < C%|A|. By the Ruzsa triangle inequality again,

(A+A) + XA+ + A AlA| S A+ A+ AJJA+ N - A+ -+ ), - A < CTIAP,
so[(A+A)+ A -A+---+ X+ A < C7|A|. Similar repeated applications of the triangle inequality
gives [(A+A) + A1 - (A+A) 4+ + XN - (A+ A)| < OO A|l. Thus, A+ Xy - A+ -+ A\ - A has
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small doubling constant. Therefore, by Freiman’s theorem, A+ A1 - A+ ---+ A\x - A is contained in
a proper GAP
Py = {lwl + -4 lnovno ‘ —L;<l; < Li}

of dimension ny with |Py| < |A|. Note that since 0 € A C Py, we are free to assume that Py is
centered.
Now let P; be the Og-GAP given by

P = {ll’l)l + 4 lnovno ‘ l; € B(Ll)} .
Then P; contains Py. At first glance, it might seem that the size of P; could be as large as |Pp|%.
However, we now show that this is not the case.

Claim 4.15. |P| < |FPy.

Proof. For a subset X C K and ¢ > 0, we say that X is (¢, Py)-small if X can be covered by ¢
many translates of Py. For brevity, we will simply say that X is Py-small if ¢ is a bounded constant
independent of X, Py. Thus, if X,Y are Py-small, so is their sumset X + Y. Indeed, if X,Y can
be covered by x,y-many translates of Py, respectively, then X + Y can be covered by zy-many
translates of Py + Py, which itself can be covered by 2"°-many translates of F.

We shall show that for each ¢ € [d], j € [no], the set S;; := {e;v;,2e;v;,...,Lje;v;} is Py-small.
Then we would have proved the claim, since the sets {—Lje;v;, ..., Lje;v;} are then Py-small, Py
is the sum of these sets and there are only a bounded number of them.

Since A1,...,\; generate K, there exist (fixed) integers b,aq,...,a; with b > 0 such that
be; = a1A1 + -+ + apAg. It will suffice to show that the set S := {be;v;,2be;v;,. .., L;be;v;}
is Pp-small, since S;; can be covered by b translates of it. But then it suffices to show that
S = {a v, 2a;\vj, . .., Ljag\jv; } is Po-small for each [, since S is contained in S + --- + 5.
But then, finally, it suffices to show that S; := {\jv;,2\v;, ..., Lj\v;} is Py-small for each [, since
S} is covered by |a;|-many translates of Sj.

Suppose |Py + Py| < ¢|A|, where ¢ = O(1) is a positive integer. Let s be an arbitrary positive
integer with s < L;/c. Consider the sets

A A+ svj, A+ 2sv5,..., A+ csvj.

All these sets have size |A| and are contained in Py + Py. But | Py + Py| < ¢| 4|, so two of these sets
intersect, say (A + msv;) N (A+ m'sv;) # 0 for 0 < m < m/ < c. Thus, (m' —m)sv; € A — A.
Therefore, clshjv; € cl(A - A) —el(N - A) C e!lPy — clPy. Since 1 < s < L;/c was arbitrary, we have
that the set

{c\wj, 2y, .. | Ljfe] oy} CelPy — Py

is Py-small. Thus, the set T := {c!\jv;, 2¢!\v;, ..., Lic!\jv;} is Py-small. Finally, S; is Py-small
since it can be covered by c!-many translates of T'. O

If P, is p-proper, then we are done. Otherwise, by Lemma we can find an Og-GAP P,
of one dimension smaller containing P; with |Py| < |Py]. If P is also not p-proper, we invoke
Lemma [I.11] again to obtain P3 and so on. Note that we can only do this at most ng times, since

any Og-GAP of dimension 1 is necessarily p-proper. Thus, we will eventually find a p-proper
Ok-GAP P containing A of dimension O(1) with |P| < |A]. O

23



5 Reduction to a dense subset of the box

With the results of the last section in hand, we are now able to complete the second part of our
plan, reducing the proof of our main result, in the form of Theorem to the case where A is a
dense subset of the box [0, N)<.

Lemma 5.1. For any ¢ > 0, there exists Ny such that if N > Ny and A C [0, N)¢ with |A| > eN¢9,
then
Cod+ -+ LxA] > H(M, - M) Al - 0.1 A]).

The proof of Lemma which is the heart of this paper, will occupy us for the next few sections.
Before moving on to this, we first show that, together with our version of Freiman’s theorem for
sums of dilates, Lemma [5.1] completes the proof of Theorem [2.2]

Proof of Theorem assuming Lemma[5.4} Let A C Z? be finite and suppose that
|LoA+ -+ LAl < H|A],

where H = H(Ay,..., ;). Let &, 9’ D be as in Section Setting A’ = ®'~1(A) C D C O, we
have
A"+ X - A+ - A < H|A.

Let C3 be as in Lemma[£.1] By Theorem our version of Freiman’s theorem for sums of dilates
applied with p = (k + 1)C3, A’ is contained in a (k + 1)Cs-proper Ox-GAP P C K of dimension
n = 0(1) and size |P| = O(]A’|). Suppose P is of the form

{’Uo + v+ -+ v, | lj € B(LJ)}

Then [P| ~ ([T}, L;)4, where the notation A ~ B indicates that the quantities A and B are

equal up to a constant multiplicative factor depending only on A1,...,Ax. By translating A’, we
may assume that vg = 0. By Lemma we have \; - B(L;) C C% - B(CsL;) for all j,I. Thus,
)\l~A/ QA;PQ é(CS*P) for all {.

We will now map P to a dense subset of a box via a Freiman isomorphism. Let vj = 1 and
v =3(k+1)CsLi_yv;_ for I =2,...,n. Let P* be the Ox-GAP

P = {lv] + vy + -+ vy, | 1 € B(Lj)}.

Then P* is (k + 1)Cs-proper. Indeed, if lyv] + lovd + - + l,vk = ljvT +lhvs + -+ - + 1L v for some
lj, 1 € B((k+1)C3L;), then we have

(i =1y 4+ (I, = U)v) = 0.
Suppose Iy # 1} for some t € [n]. Let ¢ be the largest such index, so we have
(I = vy = (b =)oy + -+ + (e = y)of g
However, ||(I; — l;)vf|| > v = 3(k+ 1)C5Li— v, whereas
[ L R S RSy MY Ly (g [P SO Lo [ S o (PRSI A LY |
< (Nl + 13 IDvr + -+ (el + [[1 -1 [viy

<2k + 1)Cs Ly} + -+ 20k + 1)CsLi_yvf_,
< 3(](1 + 1)C3Lt_111;:_1,
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a contradiction. This proves that P* is (k 4+ 1)Cs-proper.
Consider U : (k + 1)C3 x P — (k + 1)C3 % P*, the natural bijection given by

lhvr 4+ lpvn = livg +1v; + -+ Loy,

Let A* = U(A'), so that |A*| = |A/|. We claim that for [ = 0,...,k, we have U(Ca); - A') =
Co); - A*. Indeed, first observe that the LHS is well-defined, since A\; - P C C% -(C3* P), so we have
Co); - P C C3% P, which is in the domain of ¥. For any a = lyv; +---+1,v, € A’, set l;-l = Co\; -1,
which belongs to B(C5L;) by Lemma Then

U(Coi - a) = V(o1 + -+ Lyon) = 1o + -+ 1oy
= CQ)\l . (117)1K +---+ ln’U:;) = CQ)\I\I/((],).

This proves the stated claim that U(Co); - A’) = Co); - A*.
Since P is (k+1)Cs-proper, Cs5x P is (k+1)-proper. Hence, U is a (k+1)-Freiman isomorphism
on C3 % P and, therefore, since C3 > (5,

W(Co- (A + A At X A)) = W(Codo - A+ Coy - AT -+ Coy - A')
=U(Cohg- A" )+ U(CoAy - A )+ + T(Corg - A)
=CoAg- A"+ CoAy - A" + - + O\ - A”
=Cy- (A" + X - A"+ X - AY).
It follows that
|JA* + X - A 4 N A = A N A N A,

Note that P* C B(L) for some L ~ H;‘L:1 L;. Recall that C5 is an integer satisyfing Co\; € O
for all I. In particular, C; € © and, since P* C Ok, Cy - P* C ®. Since Cy - P* C B(CyL),
®'(Cy - P*) is contained in a box [~ N, N|¢ with N ~ L. But N? ~ |P| ~ |A] and so ®'(Cy - A*) is
a dense subset of the box [~N, N]?. By Lemma (after translating into the box [0,2N + 1)4),
we have

|[LoA+ -+ LA =|A + X - A+ + X\ - A
= |A" A AT N A
= |Lo(®'(C2 - A%)) + -+ + Li(2'(C2 - A7))]|
> H|A"™| = o(|A%])
= HIA| - o(|A]),

as required. O

6 Lattice densities

As already mentioned in the introduction, the key to proving Lemmal[5.1]is to represent each discrete
set A by a continuous set A, which we call a lattice density, to which we can apply the continuous
estimate given by Theorem In this section, we introduce these lattice densities and prove some
general facts about them. Very roughly, the lattice density of a set A C Z¢ will encode the density
of A with respect to certain lattices.
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6.1 Lattice densities for periodic sets

Let L be a lattice of rank d, that is, L = Z% We say that A C L is d-periodic if its group of
translational symmetries has rank d. Let F = {L; C Ly C--- C Ly} be a flag of sublattices of L,
each of which has rank d. In this section, we will define the lattice density of any d-periodic set
A C L with respect to the flag F, denoted by LD(A; F), which will be a subset of [0,1]* that is a
finite union of closed axis-aligned boxes.

For any affine lattice M C L of rank d, we write pps(A) for the density of ANM in M. Since A
is d-periodic, this density is always well-defined. In particular, 0 < pps(A) < 1. This already allows
us to define the lattice density for k = 1. Indeed, if F = {L;} and AN L; # 0, we set LD(A4; F) to
be the interval [0, pr, (A)] C R, while if AN L; =0, we set LD(A; F) = 0.

For k > 1, let ay,...,a, € Li be any set of coset representatives of Ly/Ly_1, where m = [Ly, :
Li—1]. Let Dj = LD(A + a;; F \ Lx) C [0,1]%1 for each j € [m] and

o= (0[5 2] e

Finally, set LD(A; F) = Ck(D), where C} is the compression in the k-th direction, defined as
follows.

In our case, we will only be compressing sets which are finite unions of axis-aligned closed boxes.
Let X € R be such a set and 1 < i < d. Let m; : R — R 1 be the projection along the i-th
axis. For z € R%1 let X, = 7TZ-_1($), viewed as a subset of R, and write |X,| for the measure of
X,. Now define C/(X) to be the set Y such that m;(X) = m;(Y) and, for each z € m;(X), Y, is
the interval [0,|X.|]. However, because of boundary issues, this is not quite the compression we
want. For example, if X = [0,1]% U [1,2]?> € R?, then C5(X) = [0,2] x [0,1] U {1} x [1,2]. The
artifact {1} x [1,2] is undesirable and only arises because the boundaries of the two squares [0, 1]
and [1,2]? overlap in the projection. To remove this artifact, we formally define C;(X) to be the
closure of the interior of C/(X). Since we will only be compressing sets which are finite unions of
axis-aligned closed boxes, we still enjoy the main properties of compressions, such as preservation
of the measure of X and that C;(X) is also a finite union of axis-aligned closed boxes. We will say
that X is C;-compressed if C;(X) = X and compressed if it is C;-compressed for all i.

Observe that, because of the compression, LD(A; F) is independent of the ordering aq, ..., an.

Example 6.1. Suppose d=1,k=2, L =7, F ={3Z CZ} and A = 12Z U (12Z + 1) U (6Z + 3).
Pick a; = —i for ¢« = 1,2,3 to be the coset representatives of Z/3Z. Let A; = (A — i) N 3Z for
1 =1,2,3. Thus, A, Ay, A3 are the parts of A in the residue classes mod 3, translated so they all
lie in 3Z. We can easily check that

[ ] A1 = 122,
[ ) A2 = @,
o A3 =127+ {0,6,9}.

From the definition, D; = LD(A;; {3Z}) = [0, psz(4;)], so we have Dy = [0,1/4], D3 = ) and
D3 = [0,3/4]. Stacking these intervals vertically and compressing, we get LD(A; F) C [ 1)? a;
shown in Figure
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0 (mod 3) Ds

2 (mod 3)

1 (mod 3)| Dy

Figure 3: On the left, the D, are stacked, while on the right they are compressed to give the final
lattice density.

Throughout the rest of this section, F = {L; C --- C Ly} will be a flag of full-rank sublattices
of a lattice L 22 Z? and A C L a d-periodic subset of L, our aim being to understand the properties
of the lattice density LD(A; F). We begin with some basic observations.

Lemma 6.2. The following are true:
1. For any a € L, LD(A; F) =LD(A + a; F).
2. LD(A; F) is compressed.
3. If B C A is d-periodic, then LD(B;F) C LD(A; F).
4. pr,(A) = Vol(LD(A; F)).
5. LD(A; F) is a finite union of boxes of the form

mo mg
0,7] % [0, —22 | x...x |0, — "k |
0.7] { [LZILl]] [ [LkiLkld
where r € (0,1] and ma, ..., my are positive integers.

Proof. We proceed by induction on k. In the base case k = 1, we have LD(4; F) = [0, pr, (4)] and
it is easy to check that all of the required properties hold.

Assume therefore that & > 1. Let Dy,..., Dy, D be as defined above. We verify each property
in turn:

1. Addition by a permutes the cosets Ly/Li_1, so let a},...,al, be a permutation of ay, ..., an,
such that a; + a = a; + b; for some b; € Ly—1. Let Dj = LD(A +a + a;; F \ Lg). By the
induction hypothesis, D = LD(A + a} + b;; F \ L) = LD(A + a;; F\ Ly), so Dy, ..., Dy, is
a permutation of Dy, ..., D,,. After compression, it follows that LD(A; F) = LD(A + a; F).

2. Each of the D; are Cj-compressed for | = 1,...,k — 1. Thus, D is Cj-compressed for | =
1,...,k —1 and, therefore, LD(A; F) = Cy(D) is Cj-compressed for I =1,..., k.
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3. Let D; = LD(B + a;; F \ Li). By the induction hypothesis, D; C Dj, so the corresponding
D’ satisfies D’ C D. Therefore, LD(B; F) C LD(A4; F).

4. By definition, D; = LD(A+a;; F \ Lx) and, by the induction hypothesis, we have pr, ,(A+
a;) = Vol(Dj;). Therefore,

m

Vol(LD(A; F)) = Vol(D) = % zm: Vol(D;) = % > oL, (A+ay)

j=1

_ w ika((/H— aj) N Ly_1)

= pL (AN (Lk-1 — a))) = pr, (A).
j=1
5. We show by induction that LD(A; F) is an interior-disjoint union of boxes of the form
1 1
v+ [0,7] X |0, ————| X+ X |0, ——— |,
10 [ [L21L1J [ [Lk!Lkl]}

where v is of the form
<0 = ) >
’ [LQ : Ll]"”, [Lk : Lk—l]

with ma, ..., my non-negative integers. The base case is trivial since LD(A; F) is an interval.

By the induction hypothesis, each D; is an interior-disjoint union of boxes of the form

v+ [0,7] x {O,M;Ll]] X oo X [O,[Lk_llLk_z]]

Thus, D is also the interior-disjoint union of boxes of the same kind and compressing preserves
this property.

Finally, since LD(A; F) is compressed, it is the finite union of boxes of the required form. O

The next lemma fully determines LD(A; F) by giving a precise condition for when the lattice
density contains any given point.

Lemma 6.3. Suppose k > 2, r € (0,1] is real and ma,...,my are positive integers. Then the
following are equivalent:

1. LD(A; F) contains the point

<r m2 ms3 m >
’[L21L1]7[LglLQ]v'“,[LkZLk_l] '

2. Foreachl=2,....k and (i, {141, ...,1k) € [my] X [myq1] X -+ x [my], there exist b;, . ;, € Ly
such that:

(a) Forl <k, bilyiz+17---7ik € bil+17---7ik + L.
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(b) bi,il_*_l,.u,ik — bj,iz+1,m,ik g Ll,1 fOT each 1 75] with i,j S [ml]
(c) pr,(A+bi, i) >1 for each is, ..., .

Proof. We proceed by induction on k. Let aq,...,a,, be any coset representatives of Ly /L_1 with
m = [Ly: Lp_1] and D; = LD(A 4+ a;; F \ Lg).

1 =-2: From the construction of LD(A; F), my, of the D; contain the point

<7" ma ms3 M1 )

’ [LQ : Ll]7 [Lg : LQ}’ ’ [Lk—l : Lk,_g]

Without loss of generality, assume that they are Dq,...,D,,,. Set b; =a; € Ly for i =1,...,my.
Then b; — b; & Ly_1 for i # j.

If & = 2, then each D; with ¢ € [my] contains r, meaning that pr, (4 4+ a;) > r. Thus,
pL, (A+b;) > r for each i € [my], completing the proof of the base case.

Now suppose that k > 2. By the induction hypothesis applied to each D;, , there exist b;‘z,---,ik €
Ly for each (if,%141,-..,%k) € [my] X [myy1] X -+ x [my] such that
(a) Forl <k —1, b;l 7777 i € b’iHl ____ i T Lo
(b) For I <k, b, o =i, i &L for each i # j with 4,5 € [my].

(¢) pr,(A+by +0b, ;) >rforeachis,..., i,
Set biz,...,ik = b/-

Ulyeenylh

’ +b;,,. Then property (a) holds for I < k — 1; property (b) holds for I < k and
property (c) holds. It remains to check that b;, , ;. € b;, + Lx—1 and b; —b; & Ly_q for each ¢ # j.

The former holds since b;, _, 5, = b}, | ;, +bi, € by, + Li_1 and the latter was observed earlier.
2 <= 1: Since aq,...,a,, are any coset representatives, we may pick a; = b; for i = 1,... my.
For k = 2, since pr, (A + b;) > r, D; contains r for ¢ = 1,...,mgs. Thus, LD(A; F) contains the
point (7, 2747)-
Now assume k > 2. Let b}, = b;, i, —bi,. Then we have the following properties, inherited
from the b:
(a) Forl <k —1, bgh_,ﬂ-k IS bliurl,.--,ik + L.
(b) For I <k, b, s =i, i &L for each i # j with 4,5 € [my].

(¢) pr,(A+by +0;, ;) >rforeachiy,..., i

ik

By the induction hypothesis, for ¢ = 1,...,mg, D; contains the point

<r ma2 ms3 ME—1 )
’ [LQ . Ll]7 [L3 : LQ] L [Lk—l . Lk_g] ’

Therefore, by the definition of LD(A; F), it contains the point

(T ma ms my; >
’[L22L1]7[LgZLQ]’“.’[LkZLk_l} ’

as required. O
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As an application of this lemma, we now show how to compute the projections of lattice densities.
Lemma 6.4. The following are true:

1. 1 (LD(A; F)) is the interval [0, 7], where
r=max{pr, (A+a)}.

In particular, 71 (LD(A; F)) depends only on A, Ly and Ly,.
2. For2 <l <k, m(LD(A;F)) is the interval

o )

where m € Z is the mazximum number of elements a1, ...,am € AN Ly such that a; — a; €
L\ Li_1 for any i # j. In particular, 7 (LD(A; F)) depends only on A, Li_1, L, and L.

Proof. We first observe that the maxima are well-defined. Indeed, pr, is invariant under translations
by elements of L1, so, for (1), we may take the maximum over the finitely many coset representatives
of Ly, /Ly. For (2), we see that each a; must belong to a different coset of L;/L;_1, som < [L; : Lj_1].

1. If m (LD(A; F)) = [0,7], then LD(A; F) contains the point

(r’ [Lz?Ll]’ [Ls?Lﬂ’m’ Ly 11Lk1]>

and 7 is the maximum such real number. By Lemma this is equivalent to the existence
of some b € Ly, such that pr, (A +b) > r. Thus,

r=max{py, (A+D)}.

2. Suppose LD(A; F) contains the point

( 1 m 1 )
r, yee ey RPN
[LQ : Ll] [Ll+1 : Ll] [Lk : kal]

for some r > 0 and m is the maximum such integer. By Lemma [6.3] this is equivalent to
the existence of b € Ly and by,...,by, € b+ L; such that b; — b; ¢ L;_; for each ¢ # j and
pL, (A+b;) > r for each 4. Since we may take r to be the minimum of pr,, (A + b;) over all i,
we are just requiring that pr, (A + b;) > 0, that is, (A + b;) N Ly # () for each i.

Suppose such b, b; exist. Let a; € A be such that a; + b; € Ly, which exists since (A +
b;) N L1 # (. Note that a; € Ly since a; € —b; + Ly C Li. Moreover, for any i # j,
a; —aj €bj —b;+ L1 C L;\ L;—_1, as required.

On the other hand, suppose we have a1,...,a, € AN Ly such that a; —a; € Ly \ Ly
for all i # j. Set b = —ay and b; = —a; for each i. Then b; = b+ a; —a; € b+ L; and
b —bj = a; —a; ¢ Ly for i # j. Finally, note that (A + b;) N Ly # 0 for each 4, since it
contains 0. O
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The next result, which again makes use of Lemma describes lattice densities of sumsets.

Theorem 6.5. Suppose B C L is d-periodic. If p = (p1,...,pr) € LD(A;F) and g = (q1,.-.,qk) €
LD(B; F), then
max(p, q) € LD(A + B; F),

where max(p, q) = (max(pl, ql)a s 7max(pka Qk))
Proof. Since LD(A; F) and LD(B; F) are both unions of boxes of the form

mo mg
0,7] x [0 X oo X [0, ————
o1 0] o o
for r € (0,1] and mea, ..., my positive integers, we may assume that p, ¢ are of the form

—(r mo ms myg
P\ L s L] (L Lia] )

q= <7"I My m3 my )
’ [L2 : Ll]7 [Lg N LQ}, ’ [Lk . Lk—l]
Without loss of generality, we assume that » > r’. By Lemma we obtain b;, i, b} ;. € Lg

with the properties given in the lemma. Let I = {i € [2,k] | m; >m/} and J = [2,k] \ I. Set

Cir,oiix = g it +b;;’,u.,i§;’ where
. i ifjel , i; ifjeJ
Z; _ )l J . and Z;/ _ )l J .
1 otherwise 1 otherwise
for (i,...,1) € [max(my,m))] x --- X [max(mk,m;ﬂ)]. We wish to show that the ¢;, . ; sat-
isfy properties (a)—(c) in Lemma for LD(A + B;F). Note that we have ¢;,, ;. € Ly since
biy... ’lk7b;” it € L. We now prove each of (a)—(c) in turn:
(a) For I < k, we have bir, Wyl € bigﬂ,...,i;c + L; and bgg,)iglﬂ i € b;;,ﬂ i T L;. Thus,
Ciyyiigryennin € Cippn,sin + Ly.
(b) Suppose [ € I. Then, for i # j, Cijiyyy,.in = Cirirarssin = bm‘;H,...,i; — bj7i2+17...,i§e g L;_1. The

case | € J is similar.

(¢) We have pr,(B + b;,z/ ;) = 1" > 0. In particular, B + bg,z/ ,» contains some element
,,,,, 1

x € L1. Thus, A+ B +c¢,, i 2 A+by i+, so we have pr,(A+ B +ciy . i) >
pr, (A+by, . ,z;+$)—pL1(A+bz;, i) > O

The final result of this subsection relates projections of lattice densities with respect to different
flags.

Lemma 6.6. Suppose F' = {L’1 c...CLj , C Lk} is a flag of full-rank sublattices of L. Then
the following are true:

1. If L} C Ly, then
|1 (LD(A; F))| < [ (LD(A4; F'))].
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2. For2<I1<k,if Ly=1L; and Lj_; C L;_1, then

|m(LD(A; F))| = |m(LD(A; 7))l

Proof. 1. Let
—_— /— ’
r = max {pp,(A+a)} and r = max {pLi(A+a)}.

By Lemma it suffices to show that » < r’. Suppose r is attained by a € L. Let
s=1[Ly:Lj] and c1,...,cs be coset representatives of Ly/L}. We can split (A + a) N L into
the disjoint union |J;_, (A + a + ¢;) N L}, so that

1 S
pL,(A+a) = EZPL;(A‘FG"'Q‘)-
i=1

Therefore, there is some 7 such that pr/(A+a+¢;) > 7, s0 1" > 7.

2. Suppose |m(LD(A; F'))| = grf—- By Lemma there are by,...,bp € AN Ly such

that b; —b; € L)\ L;_,. Let s = [L;_; : Lj_;]. Define an equivalence relation by setting
bi ~ b if b; — b; € L;_1. Then each equivalence class has at most s elements, since no two
elements belong to the same coset of Ll,l/Lg_l. Let aq,...,a, be any representatives of the
equivalence classes of by,...,b,, so that ms > n. Since the a; are in different equivalence
classes, we have a; — a; ¢ Ly, for i # j. By Lemma [6.4] again, we have

m ms n

MDA )| 2 e = e 2 sy = DA )

as required. O

6.2 Local lattice densities

In practice, we will make use of a local variant of lattice density. Intuitively, the local lattice density
of A at some point x is the lattice density of a tiny region of A around z. However, A is a discrete
set, so we cannot simply take an infinitesimally small ball around z. Instead, we define the local
lattice density of A in some small region S C R? to be the lattice density of a collection of copies
of AN S, placed so as to be d-periodic. To make this work, we require that S be tileable, which we
now define. Note that we will continue to use notation from the previous subsection. In particular,
F ={Ly C--- C Ly} is a flag of full-rank sublattices of a lattice L = VAS

Let Ly = LR =2 R?. We say that S C Lg is tileable if there is a sublattice P C L; of full rank
such that S @ P = Lg. In this case, we say that S is tiled by P. For example, if L = Z?, the box
[0, M)? C R? is tileable as long as MZ? C L;. In all of our applications, S will be a half-open box
of the form [0, M)? or an affine transformation of it.

Let P C Ly and S C Lg be such that S is tiled by P. For any A C L, define the local lattice
density

LDg(A4; F) :=LD((ANS) + P; F),

noting that (AN S) + P is d-periodic. Using Lemma it is not hard to check that LDg(A; F) is
independent of the choice of P as long as P C L.
Before moving on, we note some basic properties of these local lattice densities.
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Lemma 6.7. Let S,T C Lg be tileable and A C SNT NL. Then
LDs(4; F) = U(LDr(4; F)),

where U : R — R? is given by

(z TE) > Vol(T)x T T
1y--+ydk VOI(S) 1,42y bk |-
Proof. Suppose T is tiled by P C L;. Let x = (r, [L:il]""’ [Lk?ﬁil]) € LDr(4;F). By

Lemma there exist b;,
pry(A+P+biy,  4) >

Suppose S is tiled by Q C L;. Since T @ P = Lg, det(P) = Vol(T) and, similarly, det(Q) =
Vol(S). Since A+ Q + by, 4, is a union of translates of A + b;, . ;. , one for each point of @,
its density within L1, pr, (A + Q + bs,,... 4, ), is inversely proportional to det(Q). In particular,
pr (A+Q+biy, i) det(Q) = pr, (A+ P +b,, . ;. )det(P). Hence,

....ir, € Ly, satisfying the conditions in the lemma, one of which is that

_ det(P)
- det(Q) PL,y (

le(A+Q+bi2 ----- Zk)
Therefore, by Lemma U(x) € LDg(A;F), so we have LDg(4; F) D U(LDr(A;F)). The
converse follows similarly. O

Lemma 6.8. Let S,T C Ly be tileable with T C S. Then, for 2 <1<k,
|m (LD (A; F))| < |m(LDs(A; F))l-

Proof. By Lemma[6.7]
[m(LD7(4; F))| = |m(LDr(ANT; F))|
= |m(LDs(ANT;F))|
< |m(LDs(A; F))I,
as required. O

Lemma 6.9. Let S C Lg be tileable and A C Ly,. Then

AN S|
1L, N S|

= Vol(LDg(A4; F)).
Proof. Suppose S is tiled by P C Ly. Then
|[ANS|
Vol(LDgs(A; F)) = Vol(LD((ANS)+ P; F)) = pr, (ANS)+ P) = PG
k

as required. O
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7 Families of flags

In this section, we construct flags such that “the projection 741 of the lattice density is preserved
under multiplication by A\;”. More precisely, we want to find a flag 7 in Dy, . ,.x and a flag G in
Ok such that, for any d-periodic A C @Dy, ..k,

m11(LD(A; F)) € my1 (LD(A; - 4;G)) (9)

for I =0,1,...,k. We can find such flags for each [, but, unfortunately, it may not be possible to
find F, G that work simultaneously for all [. To overcome this, we construct families of flags F5z, G5
and show that for 77 “sufficiently large” these pairs satisfy @[) approximately for all [.

7.1 Algebraic families of flags
Recall that Aq,..., Ak € K =Q(\1,...,Ax) and d = deg(K/Q). Let a; be the ideal O N )\floK N

<N )\fl(’)K for { =0,1,...,k. In particular, ap = ®y, .. x.;x. Then a;l is the fractional ideal
Ok + MOk + -+ NOgk. We also have O =ag | ay | --- | ag. Let b C Ok be the ideal such
that a; = bja;_y for each I = 1,...,k. For each @ = (n1,...,nx) € Z5; and | = 0,1,...,k, let

Mi+1

g = b, 1" -~ bp*. Define two flags of lattices by

FE = {apcio Capcig € Capcin1 Cag},
GE ={cioCei1 C - Cep1 C Ok}
These families of flags will serve as candidates for satisfying @ The following two lemmas

make this precise. Note that for any two vectors 7,7 € ZF, we write @ > m if n; > m; for all .
We also write 7 + ¢ to denote the vector (n; +¢,...,ng + c).

Lemma 7.1. Let A C a; be d-periodic. Then, for any 1 > 0,
™ (LD(4; F)) = mi(LD(4; G y))-

Proof. Let
r=max {pa,c.,(A+a)} and ' = max {Pareno(A+a)}.
K

acag ’ ac
Note that by ---by = ag, so that c¢zy10 = arczo. By Lemma (1), it suffices to show that
r = r’. Since a; C Ok, we clearly have r’ > r. To see that » > 7/, observe that, since A C ay,
(A4 a)Na, =0 for any a € Ok \ ai. In particular, pq, ., ,(A+a) =0. O

For the next lemma, recall that M; : K — K is the Q-linear map corresponding to multiplication
by A; and each M; restricts to the map ar — Ok.

Lemma 7.2. Let A C ay be d-periodic and | € [k]. Then, for ii,m > 0 with m; = n;, + 1 for
i=l+1,1+2,...,k and m; = ny,

w1 (LD(A; FO))| < [miga (LD(MiA; G )|
Proof. Let r be the maximum number of elements a1, ..., a, € A such that a;—a; € ageq;\agci—1
for ¢ # j. Then, by Lemma 2), |mp1 (LD(A; FE))| = r/laxcqay : ageqy—1]. Since my = ny, we
have [axcq; @ arcii—1] = [¢r ¢ Cai—1] = Niyo(b)") = [em, : ¢my—1]. By Lemma 2) applied to
|41 (LD(M A4; gn{j))|, it suffices to find by,...,b, € M;A = X, - A such that b; —b; € ¢ \ G i—1

for i # j.
Set b; = A\ja;, so it is clear that b; € A\; - A. It suffices to show that:
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(a) b; — bj € Cm,l,
(b) bi — bj ¢ Cm,l—1 for ¢ 75 _j

For (a), observe that A\jagcsz; C a;lakcm =D0pp1 - bremy = oy Thus, by — b; = Ni(a; —aj) €
Aagci 1 € o

For (b), suppose that b, — b; € ¢;5,;_1 for some i # j. Then a; —a; € /\l_lcm,l,l. On the other
hand, a; — a; € agcq;. Together, we have a; —a; € /\l_lcm}l,l N agcs.

We claim that )\l_lc,m_l Nager,; C agci—1, which will lead to a contradiction, since a; — a; &
aici—1. We prove the claim by proving it locally at every prime ideal p C Ok, that is, we will
show that Vp()\lilcr-,“_l N akcm) > up(akcﬁ,l_l).

Recall that a; = a;_1 ﬁ)\l_l(’)K, s0 vp(a;) = max(vp(a—1), Vp()\l_l)), which implies that v, (b;) =
max (0, vp (A1) — vp(a—1)). We have

—1 —1 -1 —-n
VP()‘l Cmi—1 N akcﬁ,l) = Up()\l apd; “Czi—10M Cl;cbl LCﬁ’lfl)

= vp(apcz 1) + max(yp()\fl) — vp(ag), =y (by)).

If vy (a;-1) > vy (A1), then v, (b;) = 0. Otherwise, vy(a;) = (A, ). In either case, max(vy (A, ) —
vp(az), —vp(by)) > 0, proving the claim and the lemma. O

Unfortunately, there are no pairs of flags FX and G5 that simultaneously satisfy Lemmas
and [7.2] for all I. Indeed, in order for 71 (LD(A; FX)) = m(LD(4;GE)) and |m41(LD(A; FE))| <
|m141(LD(M;A; GE))| to hold for all [ via the lemmas, we would require that m; = n; and m; = n;+1
simultaneously. To overcome this, in the next subsection, we will show that for 7 sufficiently large
the projections of the lattice densities stabilise, so we may use ]—'}f and g;f . This seems to suggest
that, as 71 tends to infinity, the lattice densities LD(A; Fz) themselves converge as compact subsets.
However, we make no attempt to formally prove this, since all we require is that their projections
converge.

7.2 Regularity

For this subsection, we consider a more general setup, where we have, for each 7@ = (ny,...,n;) € N¥,
two flags

Fi={La1 CLasC - CLayC

z'},
G = { M1 C Mys C--- C My CZ°

12
where Ly, depends only on ny,ny41,...,n, and Lz, C Ly if @ > i’ and similarly for Mz ,;. We
also fix a set A C Z4.

For a positive integer R, an R-cube is a set that comes from taking the set [0, R)? C R?
and shifting it by an element of RZ?. Let P be an R-cube for some R. For natural numbers

M,n;,niq1,...,n, with M > 0 and a real number 6 > 0, we say that P is (M, d,ny,...,ny)-reqular
if each of the M9 different R/M-subcubes Q of P satisfies

M1 (LD (4; Far))| = (1 = 0)|m 1 (LDp(A; Fa))l, (10)

where @7 = (0,...,0,ny,...,n,) and @' = (0,...,0,n; + 1,...,ng).
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Remark. Here we are implicitly assuming that R/M is an integer. Throughout the remainder of
the paper, whenever we mention a local density LDp(A; F), we will assume that P is tileable. In
particular, this means that R and R/M will always be multiples of every bounded number, so that
the lattices RZ4 and (R/M)Z® are contained in Ly 1. In practice, we will only be considering Fy
where i is bounded and (N/M)-cubes where M is bounded and N can be taken to be a multiple of
a sufficiently large integer.

By Lemmas [6.6] and we always have
™11 (LD (A; Fiar))| < [m41(LDQ(A; F5))| < |mipa (LD p(A; Fia))l,

so regularity says that both inequalities are close to equalities. In other words, our notion of
regularity really encompasses two different types of regularity. The first is that the size of the
projection m 1 does not change much when we replace 7 with 7i’. The second is that the local
lattice density does not change much when we shrink the local region from P to Q. Note that in the
definition of regularity, we may replace 7,7’ with @ = (,...,%,n;,...,n;) and @’ = (%,...,%,n; +
1,...,ng), where the *’s could be any (possibly distinct) natural numbers, since that does not
change the relevant projection of the lattice density.

Before proving our main result on regularity, we note some simple consequences of the definition.

Lemma 7.3. Let My, My be positive integers and P be an (MyMs,d,ny, ..., ng)-reqular R-cube.
Then the following hold:

1. Pis (My,d,ny,...,ng)-regular.
2. For any R/M;-subcube Q of P, Q is (Ma,0,ny, ..., ng)-reqular.

Proof. Let @ be any R/Mj-subcube of P and S be any R/(M;Ms)-subcube of Q). By regularity,
we have
M1 (LD (A; Fir))| = (1 = 6)|mipa (LD p(A; Fig))-

By Lemma we have |m41(LDp(4; F5))| > |m4+1(LDg(A; Fz))| and |m41(LDg(A4; Far))| >
|m1+1(LDs(A; Fir))|. Therefore,

which prove the first and second parts of the lemma, respectively. O

We now come to our main result on regularity, which says that, for any dense A C [0, N)?, one

can cut the box [0, N)¢ into a bounded number of subcubes, most of which are regular and where
the union of the regular subcubes covers most of A. We first prove such a result with respect to a
single projection 711, before iterating to establish regularity with respect to all projections.

Lemma 7.4. Fize,§ > 0 andl € [k], a positive integer M and non-negative integers nyyi, ..., nk.
Then there exists Ry = Ro(M,e,8) such that if A C [0,N)? is of size at least eN¢ and N' | N,
there exists a natural number r < Ry and a collection P of disjoint N'/M"-cubes such that, for
A'=ANUpep P

1A = (1-9)|4],
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2. Pis (M,d,r,ni41,...,ng)-reqular for all P € P.

Proof. Let P(") be the collection of N’/M"-cubes in [0, N), Pér) be the subcollection of all

(M,8,7,n041,...,n,)-regular cubes in P and A" = AN UPeP“') P. We will set A’ = A"
0

and P = ’P(()r)7 so we wish to show that there is some bounded r such that |A")| > (1 — §)|A|.

Let Pl(r) be the collection of all cubes in P which are not (M, 6, r,ni41,...,nk)-regular.
Writing 7" = (0,...,0,7,ny41,...,n;), consider the quantity

(N'/N)1

(N'/N)1
L UW/N)”

7 P =1.

D, = > Impa(LDp(A; Frn))| <

Pep(r)
For any P € P(") and subcube @ € P"+1) we have the inequalities
|Ti41 (LD p(A; Fi))| 2 [Tt (LD p(A; Firin)| 2 [mi41 (LD (A; Frerrn)))|-

Therefore, D,. is decreasing in r.
d
Set Ry := JE\%. Since D, is decreasing and in [0, 1], there is some r < Ry such that D, > D, 11 >

D, — %. For each P € Pl(r), since P is not regular, there is some subcube Q@ € P+ of P such

that
|mi41(LDg (A; Frern))| < (1 = 6)|mip1 (LD p (A5 Fzen )|

Therefore,

N'/N)4 1
Dy~ Dy = SN S (LD (A Fr)| S i (LDG(A; Frern))|

e - M
PeP ™ QP
Qcp
N'/N)d 4
Z (]w%d) Z m|7‘[‘[+1(LDP(A7‘Fﬁ(7)))|
Pep(”
(N'/N)?§
B W > Ima(LDp(A; Fam))l- -
Pep(”

By Lemma for any P € ’Pl(r), we have

|[AnP| M
Vol(LDp(A4; Fim ) = Zinp] ~ N |AN P|.
Therefore,
N/d
[ANAD = " [ANP|= Y > Vol(LDp(4; Fyin))
Pep{” pep{”
N/d
< 3 > m (LDp(A; Frm))l- (12)
Pep(”
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Combining and , we have
NaMd

A\ A < (D, — Dyy1) < edN? < 6|4,

as required. O

Lemma 7.5. Fiz e, > 0 and a positive integer M and suppose that A C [0, N)¢ is of size at least
eN<. Then there exist ny,...,ng, r < Ry = Ry(M,e,0) and a collection P of disjoint N/MT -cubes
such that, for A" = ANUpep P,

1A= (1=0)l4],
2. Pis (M,d,ny,...,ng)-regular for all P € P andl € [k].
Proof. Following the notation of Lemma set S1 = Ry(M,e/2,6/k) and, for I = 2,... k,
Sy = Ro(MS - +514L 279 5 /k).

We then set Ry := S; + --- + Sx. We shall apply Lemma @ k times in succession to obtain
Ngy N1, ---,N1 < Ry

First, we obtain n; < S; and a collection PE) of disjoint N/M™-cubes such that, for AR =
ANUpepw P, we have

L AW = (1= 2) 4],
2. Pis (M5t +Sk—1t1 5 ny)-regular for all P € P*),

Suppose we have constructed ng,ng—1,...,n141 for some I > 1. Then, using Lemma @
we obtain n; < S; and a collection P!) of disjoint N/M™*+™_cubes such that, for AV =
A AUpepay P, we have

L JAD] > (1 - 2) AU+
2. Pis (MSt-+Siatl 5 0, . ny)-regular for all P € PY,

We may also assume that the collection P is a subset of a refinement of PG+,

Finally, set P = P, a collection of N/M"-cubes, where r = ny + --- + ng < R;. Then, for
A" = ANUpep P, we have

LA > (1= 2)" 141> (1-9)|4],

2. for each I € [k] and each P € P, P is a subcube of some PW e PO which is, by construc-
tion, (MS1T+Si-1+1 5 n, ... ny)-regular. But then, by Lemma Pis (M,6,n,...,ng)-
regular. O
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8 Proof of the dense case

In this section, we make use of the results of the last two sections to prove Lemma [5.1] which we
restate for the reader’s convenience. As noted in Section [5 this will complete the proof of our
main result. Recall, from Section [2} that we have isomorphisms @' : ® — Z? and ® : O — Z4.
Multiplication of the elements of ® by \; then corresponds to the map £; : Z¢ — Z< given by
L;=®oM;od ! In particular, one may check that |det Lo| = Ng/o(D).

Lemma 8.1. For any ¢ > 0, there exists Ny such that if N > No and A C [0, N)¢ with |A| > eN¢,
then
[CoA+ -+ LAl > H(A1, ..., ) |A| — 0:(JA)]).

Proof. Suppose A C [0, N)? with |A] > eN?. Let 6 > 0 be arbitrary, D be a large integer and
M be a sufficiently large multiple of D. M will depend on both £ and §, but not on N, which is
assumed to be very large. By Lemma there are bounded nq,...,ng,r and a collection P of
disjoint N/MT-cubes such that, for A" = ANJpcp P, we have

LA > (1 8)A],
2. Pis (M?4,ny,...,n;)-regular for all P € P and [ € [k].

Let Q be the collection of N/M"!-cubes @ such that @ C P for some P € P and Q is at least
at a distance of DN/M"+! away from the boundary of P. In particular, |Q| = (M — 2D)%|P|. By
Lemma each Q is (M, d,ny, ..., ny)-regular for all I € [k]. Set A” = ANJgeg @ Then A"\ A”
consists of points covered by P but not Q, so

M —2D\*"\ ) M —2D\*
— - < e~ — -
(1 ( ))N <e (1 ( ) |A]
2Dd
N <
oAl <614

[AT\ A"

IN

IN

for M > 2Dd/de. Tt follows that |A”| > (1 — 26)|A|. Let Qg be the collection of all N/M"+1-
cubes, including those outside [0, N)¢. For Q € Qq, denote by QT the slightly expanded cube

Q+[— JV?TIXQ, %]d. Then, for M sufficiently large (M > 4Dd/) suffices),

d
Vol(Q*) = (1 + ??) Vol(Q) < (14 6) Vol(Q). (13)

Let frff , g;f be the families of flags of sublattices of ® and Ok defined in Section Under
the isomorphisms ®, @', these families translate to families 7, Gy in Z? given by Fj := @' (FLK)
and Gz := ®(GX). By Lemmas and we have the following two properties:

1. For d-periodic A C Z¢,
ﬂl(LD(A,.Fﬁ)) = 7T1(LD(£0A, gﬁ+1)) (14)

2. For d-periodic A C Z? and [ € [K],
|m+1(LD(A; Fia))| < [mi1 (LD(LiA4; Gin)) | (15)

ifm;=n;+1fori=1014+1,...,k and m; = ny.
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Define the bodies X,Y C Rétk+l = R? x RFHL by

X = [J (@ x LDg(4; Fz)),
QeQ

Y= [ (LoQ x (1+426) LD,y q+)(LoA+ -+ LkA;Grpr)).
QeQo

We remark that in order for LD, g+) to make sense, we require that Lo(Q") be tileable with
respect to the sparsest lattice in Gzyi. But this is possible for N a multiple of a large enough
number, since 7i is bounded.

For each [ =0,...,k, let £, : RI*+1 5 Rd+E+L he the linear map given by

‘Cg(fayanla""yk) = (Elf707'"707yl307"'30)'
We make the following claim.
Claim 8.2. L{X + -+ L X CY.

Before proving this key claim, we first finish the proof of Lemma [8.1] assuming it. Let L£* :
RAHEFL 5 RIFRHL be given by L*(2,y) = (Ly'x,y) for x € R and y € RFT'. Note that £5'L;
is conjugate to M, the map corresponding to multiplication by A\; on K. By Lemma [2:3] the
maps 1, Ly ., ... Ly 12, are simultaneously diagonalisable over C, where the diagonal matrix
corresponding to £y '£; has diagonal entries (o1()\;),...,04(\;)). Therefore, the £*£) are simul-
taneously diagonalisable with corresponding diagonal matrix entries (1,...,1,1,0,...,0) for I =0
and (o1(N),...,04(N),0,...,0,1,0,...,0) otherwise. Thus, by Theorem we have

d
pLTLOX + -+ L7LLX) > H(l + oA+ loi(A2) [+ - - + |os (M) Du(X).

Therefore, using Claim and the fact that | det Lo| = Ng,o(D),

p(Y) = p(LoX + -+ L3 X)

d
> | det(Lo)| H(l + oA+ loi(A)| + - + o3 (M) ) (X)

= H(\, ... ) u(X).

By Lemma [6.9]
p(X) =Y Vol(Q) x Vol(LDq(4; Fi))
Qe
= 3 14nQl = 47 > (1 - 26)/4].
QEQ

By the definition of C; (see Lemma [4.1)), since A lies in the cube (=N, N)?, the sum A +
Lo LiA+ -+ Ly LA lies in the cube (—(k + 1)C1 N, (k + 1)C1N)4 € R?. There are at most
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(4(k + 1)Cy)* M+ different Q € Qp such that Q7 intersects (—(k + 1)C1 N, (k + 1)CyN)?. For
simplicity, assume that D > (4(k + 1)C1)?, so that there are at most DM%"™+1) such Q. Thus,
there are at most DM +1) different Q € Q such that Lo(Q1T)N (LoA+---+ Ly A) # 0. For each
such @, we have

|Lo(QT) N (LoA+ -+ L A)| — [LoQ N (LoA+ -+ + LiA)| < det(Lo)(Vol(QT) — Vol(Q))
DN¢
=0 (M(7'+1)d+1>
5(N/MT+1)d.
Therefore, again using Lemma

= > Vol(£oQ) x (1 +26)F Vol(LDyq+)(LoA + -+ + LiA; Griy1))

QEQo
Vol(£oQ)
= (14 20)F+ T L0(Q) N (LoA + -+ + LA
(1+20) QGQOVI(ﬁ( ))|0(Q) (LoA+ -+ LiA)
< (1+20)M 3" 1Lo(QT) N (LoA + -+ + L A)]
QEQo

QEQo
= (14+20)*(|LoA + --- + L1 A| + D6NY).

< (1+20)F ( Z 1LoQ N (LoA + -+ + Ly A)| + DMATHD . §(N/M™ 1) )

Thus, we have

|LoA+ -+ LLA| >

(9))
—O(@)H (A1, .., )p(X) = Op(5)N?
(1 —O(8)H (A1, ..., )(1 —28)|A| — Op(§)N?

Since § was arbitrary, this proves the lemma. O
In order to complete the proof, we now return to Claim

Proof of Claim[8:3 Let (z;,y1) € X for [ = 0,...,k with @, € Q the cube containing z; and

y1 € LDg, (A; F5). Our aim is to show that (3, Lix1,y) € Y, where y = (m1(y0), - - -, Tet1(Yx))-
Let Q* € Qp be the cube containing = := x¢ + ﬁalﬁlxl 44 £51£kxk. Then Loxg + -+ +

Ly = Loz € LoQ™, so it suffices to show that y € (1 +25) LDz (-+)(LoA + -+ + L A;Grv1).
Suppose Q* = Qg + t for some translate t € %Zd. Then ¢t = Ealﬁlxl + et Eglﬁkxk + to

for some tg € (—%, %)d. Let z} =z, + [,Izlﬁoto, so that

Cy N ClNrC[ DN DN]d

. _ -1 _ Sy =
xy —a = L, Loty € [ ML B MrL el
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Therefore, if P, € P is the cube containing Q) and @} € Qo is the cube containing z}, we must
have Q; C Py, since Q, € Q is at least a distance DN/M"*! away from the boundary of Pj.

Let R; be the N/M" 2-cube containing x; for each [ = 1,...,k — 1 and R} the N/M""2-cube
containing xy, so that R;, C P;. Define the following sets:

[ ] A():AQQ(),
e Ai=AnNR forl=1,....k—1,
o A, =ANR;.

We have ; € A for [ =0,...,k—1, 2} € Ay and ¢t = Ealﬁlm —|—-~-+£61£ka. Since A; is
contained in an N/M"+2-cube for | = 1,...,k, EalﬁlAl +ee EalﬁkAk is contained in a cube of
side length DN/M"*2 if D is sufficiently large. Since t € [lalL'lAl +-- LglﬁkAk and Ag C Qo,
we have Ag + EalﬁlAl 4t ,cglﬁkAk - Qa“ +t=Q*t.

Suppose L is a lattice such that Q% is tiled by L for every Q € Qq, such as L = ((N/M™+! +
2DN/M"™+2)Z)%. Then Lo(QT) is tiled by LoL. By repeatedly applying Theorem we have that

k
[ 71 (LD(LA; + £oL; Gaga)) S LD(LoAg + -+ + LAk + LoL; Gaga)
=0

= LDLO(Q*Jr)(»COAO 4+ -+ LiAg; gﬁ+1)'

We will now show that |m;11(LD(L;A; + LoL; Gat1))| > (1 —0)m41(y:) for all I, looking at each
of the three cases [ = 0,1 <[ <k —1 and |l = k separately. For [ = 0, we have

|7T1(LD(£0A0 + LoL; Qﬁ+1))| = |7T1(LD(A() + L,]:ﬁ))‘ by
= |m1 (LD g+ (Ao; Fir))|
Vol(Qo) =
= — 2~ |m(LDg,(Ao; Fr by L
Vol Q1) 71 (LDq, (Ao; 7)) y Lemma [6.7]
> (1= 6)[m1(LDg, (A; F5))| by

> (1= 0)m(yo)-

Forl=1,...,k—1,since Q; is (M, d,ny, ..., ni)-regular, by , we have, for 7") = (ny+1,..., 0+
1,1041,...,nk), that

|T141(LDR, (4; Fz0))| = (1 = 0)|m1(LDg, (A; Fa))|-

Note that £; ' Lo(Q") is tiled by £;'LoL for any @ € Qp. Let S; be a translate of £; ' Lo(Q*)
containing R;. Such a translate exists for M sufficiently large since R; is an N/M"2-cube and Q*
is an N/M"*+1-cube. Therefore,

141 (LD(L1A; + LoL; Grig1))| > [ma1t (LD(A + £ LoLy Frw))| by
= [m41(LDs, (Ai; Fm))|
= |m+1(LDg, (A;; Frm))| by Lemma [6.7]
= |m+1(LDR, (4; Fro))|
> (1 —=6)|m4+1(LDq, (4; Fa)) by regularity
> (1= 0)m1(y)-
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Finally, for [ = k, similarly define S; to be a translate of £;1£0(QZ+) containing Rj. Then, we
have

|kt (LD(LrAk + LoL; Giig1))| > |mesr (LD(Ag + L LoL; Frw))| by
= [mk+1(LDs, (Aks Fzom))|
= | Tt 1 (LD Ry (Ar; Frn))] by Lemma
= [mp+1(LD gy (A; Frzm))|
> (1 —0)|mp41(LDp, (A4; Fr))| by regularity of Py
> (1= 6)|mk+1(LDq, (A; Fa)) by Lemma [6.§]
> (1= 0)mpq1 (yr)-

Therefore, we have
(I=08)y=((1—=0)m(yo),.---, (1 —0)mht1(yr))
€ LDgyo++)(LoAo + - + LxAy; Giig1)
- LDLO(Q*+)(£0A + -+ LA, gfi+1)7

which implies that y € (1 +26) LDz, (g++)(LoA + - -+ + LxA; Gr11), as required. O

9 Sums of linear transformations

In this section, we prove Theorem [1.7] our main result about sums of pre-commuting linear trans-
formations. As mentioned in the introduction, the idea of the proof is to show that the general case
reduces to the seemingly special case of sums of algebraic dilates.

9.1 Algebraic number theory preliminaries

Recall that, for a;,...,ar € K, the denominator ideal D, .. q, x is given by

Don,vapk =1 € Ok | za; € O foralli=1,... k}.

Abbreviating this again as @, the ideal norm Ny /g(®) is the index [Ok : ®]. The main result
of this short subsection gives an alternative way to compute the norm of the denominator ideal.
In the statement, we also use the notation N K/@(a), but this now refers to the field norm of an
element « of K, which is the product of the conjugates of «.

Theorem 9.1. Let aq,...,a € K and consider the polynomial
F(zo,...,zx) == Ngjo(zo + x100 + - - + mp0) € Q[wo, 21, . - ., k]
If D > 0 is the smallest positive integer such that DF' has integer coefficients, then D = N (D).

To prove this, we require a variant of Gauss’s lemma over the ring of integers Og. We first need
a definition.

Definition 9.2. Let F(z) = ag + a1z + - - - + a,2™ € KJ[z]. Define the content of F, denoted by
cont i (F'), to be the fractional ideal agOx + a10k + -+ + a,Ox C K. If it is clear from context,
we omit the subscript and simply write cont(F’).
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If F € Zx], then contg(F) = ¢Z, where ¢ € Z is the content of F' as used in the usual Gauss’s
lemma, that is, the greatest common divisor of the coefficients of F. If L is a field extension of
K and F € K|z|, then conty(F) = contg (F) - Or. In particular, if F' € Q[z], then contg (F) =
contg(F) - Okg. Our variant of Gauss’s lemma over Ok is now as follows.

Lemma 9.3 (Gauss’s lemma over Ok). For any two polynomials F,G € K|xz], cont(FG) =
cont(F) cont(G).

Remark. This result also follows from the Dedekind—Mertens lemma, which says that for any ring
R and polynomials F,G € R[z] there exists a positive integer n such that cont(F)" cont(FG) =
cont(F)" ! cont(G). Our lemma then follows, since every non-zero fractional ideal in O is in-
vertible. We give a direct proof here for completeness.

Proof of Lemma[9.3 Let F(x) = ap+ a1z + -+ + a,z™ and G(x) = by + byx + - - - + bypz™. Then
their product F(z)G(z) = co+c1z+ -+ -+ Cpymax™ ™ has coefficients ¢; = agb; +a1bj_1+---+a;bo.
It is clear that cont(F'G) C cont(F') cont(G). To show that cont(FG) D cont(F') cont(G), it suffices
to show that, for any prime ideal p C O, vp(cont(FG)) < vy(cont(F)) + vy (cont(G)).

Suppose vp(cont(F)) = s and vp(cont(G)) = t. Since vy(cont(F)) = min(vy(ag),. .., vp(an)),
there exists an index k such that v, (ar) = s. Let k be the smallest such index, so that vy (a;) > s+1
for j =0,...,k—1. Similarly, let [ be the smallest index such that v, (b;) = ¢, so that v,(b;) >t +1
for j=0,...,0—1.

Consider the coefficient cxy; = Zfié a;bgyi—j. For j =k, the term ab; satisfies vy(agb;) =
vp(ag) + vp(bi) = s+ t. For every other j # k, either j < k (for which vy(a;) > s+ 1) or j > k
(for which vy (bg4i—;) > t+ 1). In either case, we have vp(ajbpti—j) > s+t + 1. Therefore,

Vp(crt1) = s +t, so we have vp(cont(FG)) < s +t, as required. O

Observe that we may similarly define content for multivariate polynomials F' € Klxy, ..., x]
and our variant of Gauss’s lemma then also holds for multivariate polynomials. Indeed, the set
of coefficients for F(xzg, ..., ) is the same as for F(x, 2™, ... 2V*) for sufficiently large N, >

Ni_1 > ---> N; > 1. Thus, the content of F is the same as the content of F(z,z™, ... ™),
so we may apply the univariate case.

Proof of Theorem[9.1] Let o1,...,04: K — C be the complex embeddings of K, with o being the
identity. Then

d
F(xo,...,2x) = Ngjg(zo + 2100 + -+ + 21008) = H(:co +z10i(an) + -+ + xpoi(ag)).
i=1
Let K’ C C be the smallest field containing o1 (K),...,04(K), that is, K’ is the normal closure of

K over Q. By definition, D™'Z = contg(F), so we have cont g/ (F) = D7'Ok/. On the other hand,
by Lemma |9.3]

COHtK/(F) = HCODtK/ (LL'() + xlai(al) +---+ xkai(ak)).

For any subset S C K’, denote by SOk the Ok -fractional ideal generated by S, i.e., the set of
elements of the form sja; + - - - + spa, for some non-negative integer n, s; € S and a; € Ok/. Then
contg: (zg + x104(1) + - - + xpoi(ag)) = O + 04(a1) Ok + -+ + 04 () Ok
= Ji(OK/ 4+ o1O0gr +--- + akOK/)

= 01(9710}(/) = 0','(@71)01(/.
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Multiplying over all i, we get cont g (F) =[], 04(D ") Ok’ = Nk o(D 1) Ok, where the last equal-
ity follows from the fact that, for any Og-fractional ideal a, we have [[; 04(a)Ok' = N /g(a)Ok:.
Indeed, this holds when a = aOf is principal (since Ng/g(a) = []; oi(a) and Ng,g(aOk) =
Nk g(a)Ok), so the general case follows since a™ is always principal for some m > 0. Therefore,
we have D' O+ = N /o(D 1Ok, so D = N g(D), as required. O

9.2 Pre-commuting matrices

In this subsection, we prove the following result, which allows us to regard sums of pre-commuting
linear transformations as sums of algebraic dilates.

Theorem 9.4. Suppose Ly, ..., Ly € Maty(Z) are non-zero, pre-commuting, irreducible and co-
prime. Then they are invertible over Q and there exist a number field K with deg(K/Q) = d,
Ats-. ., Ak € K and a Q-isomorphism ® : K — Q% such that |det(Lo)| = Ni/g(Day,...xk) and,
foralluecQ? andl=1,...,k,

LolLi(u) = (N - @7 (u)).

Before proving this theorem, we prove a structure theorem for pairwise commuting matrices with
no non-trivial common invariant subspace. A folklore result (e.g., [9, Corollary 2.4.6.4]) says that
pairwise commuting maps are simultaneously upper-triangularisable over C and so have a common
eigenvector.

Lemma 9.5. If Lq,...,L; € Maty(C) are pairwise commuting matrices, then they have a common
eigenvector v € CY.

Suppose A1, ..., A generate the field K and multiplication by these elements correspond to the
matrices My,..., My € Maty(Q), as spelled out in Section Then Mi,..., My are pairwise
commuting and have no non-trivial common invariant subspace over Q. Conversely, we now show
that any such tuple of matrices My, ..., M arise from some A1, ..., A\; in some field K.

Lemma 9.6. Suppose My,..., My € Maty(Q) are pairwise commuting and have no non-trivial
common invariant subspace over Q. Then there is a number field K of degree d, algebraic numbers
A3 € K and a Q-isomorphism ® : K — Q¢ such that

1. K=QA1,.-., k),
2. forl=1,...,k, the map @ 'M;® : K — K is given by multiplication by \;.

Proof. By Lemma there is a common eigenvector v € C? for My, ..., M}, with eigenvalues
M,y k. Let K = Q(\q,...,\;). Then we may assume without loss of generality that v €
K4 Let d = deg(K/Q) and oy,...,04 : K — C be the complex embeddings. Then o;(v) is
also a common eigenvector for My, ..., My with eigenvalues o;(\1),...,0;(Ax). Since the tuples
(0i(A1),...,0i(\g)) are distinct for ¢ = 1,...,d" (as each tuple uniquely determines the map o; :
K — K), the common eigenvectors o1(v),...,o4(v) € C? are linearly independent, implying that
d <d.

Note that U = (o1 (v),...,04(v)) NQ% is a common invariant subspace. We will show that this
subspace has dimension d’. Clearly it has dimension at most d’. Let A € K be a generator, so
that 1,\,...,AY "1 is a Q-basis for K. For i = 0,....d —1, let u; = oy (Nw) + -+ + og(\v) =
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TrK/Q()\iv) € Q% so that u; € U. We claim that ug, ..., uq_;1 are linearly independent. Indeed,
since u; = o1 (\)’o1(v)+- - -+ o4 (N)iog (v) and a1 (v), ..., 04 (v) are linearly independent, it suffices
to show that the d’ x d’ matrix

1 0‘1()\) 0'1()\)(1,_1
1 0‘2()\) UQ()\)d/_l
1 crd/()\) O’d/(/\)d/71
is non-singular. But this is true since it is a Vandermonde matrix and o1 (A), ..., o4 (\) are distinct,
which in turn follows from the fact that A generates K.
Since M1, ..., M} have no non-trivial common invariant subspace, we must have d’ = d. We de-

duce that My, ..., My, are simultaneously diagonalisable with eigenvalue tuples (c; (A1), ..., 0:(Ak))
for i = 1,...,d. Define the linear map ® : K — Q¢ as follows. First, let e; € Q¢ be any non-
zero vector and set ®(1) = e;. Then, for any o € K, express « as a polynomial P(\q,..., \g)
with rational coefficients in A1,...,Ax. Such a polynomial exists since Aq,..., A\, generate K,
though it is not unique. Set ®(a) = P(My,..., My)e;. Observe that this is independent of the
choice of P. Indeed, it suffices to show that if P is a polynomial with rational coefficients such
that P(\1,...,Ax) = 0, then P(My,..., M) = 0. The matrix P(My,..., My) is diagonalisable
with eigenvalues P(c;(A1),...,04(Ag)) for ¢ = 1,...,d. Since P has rational coefficients, we have
P(oi(M1),...,0i(Ak)) = 0i(P(A1,..., M) = 0 for all ¢ and thus P(My,..., M) =0.

Notice that if P(A1,...,A\x) = a # 0, then P(My,..., M},) is diagonalisable with eigenvalues
o1(a),...,or(a). Thus, P(My,..., M) is non-singular and so ®(a) # 0. It follows that ® is
injective and hence an isomorphism. Since @ also satisfies condition 2, the result follows. O

We now return to Theorem
Proof of Theorem[9]] Let P € GL4(Q) be such that PLy, ..., PLy are pairwise commuting. Since

Loy, ..., Ly are irreducible, PLg,...,PL; have no non-trivial common invariant subspace. Let
K, \g,...,\, ® be as in the conclusion of Lemma when applied to PLg, ..., PLy.

Since all of Ly, ..., L, are non-zero, all of \g, ..., Ax are also non-zero. In particular, L, ..., Lk
are invertible over Q. Since I, (PLy) YPLy,...,(PLy) 1 PLy are also pairwise commuting, we may

assume without loss of generality that P = L;*, so we have \g = 1. From Lemma (9.6, we have
that, forallu € Q? and [ =1,...,k,

Lol Li(u) = (N - D (u)).

It remains to show that [det(Lo)| = Nk /o(®), where ® = Dy, . x,;x. Consider the integer
polynomial

G(zg,...,xp) = det(xoLo + - - - + L)
= det(Ly) det(zo + xlﬁalﬁl 4 xkﬁglﬁk)
= det(ﬁo)NK/Q(Io + a1+ k).

By Theorem Nk /o(D) is the smallest positive integer required to scale N g(xo +21 A1 +-- -+
T Ag) into an integer polynomial. Thus, N ,q(®D) divides det(Lo), so that |det(Lo)| > N /o(D).
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Let &1 : O — Z% and &5 : © — Z< be linear isomorphisms of lattices, so that ®; o <I>§1
74 — 79 is a d x d integer matrix with absolute determinant Nk (D). Since A -D C Ok, we
have ®(\; - @5 (u)) € Z¢ for any u € Z%. Thus, the linear map u + ®;(\; - &5 (u)) is represented
by an integer matrix. But this map is also equal to the composition (&1 0 ®~1)(LyL;)(P o &5 1).
Since Lo, ..., L}, are coprime, we have | det((®; 0 ®~1)(Ly)(® o ®51))| > 1, which implies that
Nk (D) = |det(®; o ;)| > | det(Lo)|. Therefore, |det(Lo)| = Nk (D), as required. O

9.3 Sums of pre-commuting linear transformations

We are now ready to prove Theorem our main result about sums of linear transformations,
which we restate for convenience. Recall that if Lo, ..., Lr € Maty(Z) are non-zero, pre-commuting,
irreducible and coprime and the polynomial G(xo,...,xzx) = det(zoLo + - - - + 1 L) factorises as

G(xo,y...,xp) = H(aOixo + o agiTk),
i=1

then H (Lo, ..., L) is defined by

d

H(Lo,...,Lx) = [ [(laoil + - + laxi])-

i=1
The statement that we wish to prove is then as follows.

Theorem 9.7. Suppose that Lo, ..., L, € Maty(Z) are pre-commuting, irreducible and coprime.
Then
|LoA+ -+ LAl > H(Lo, ..., Lk)|A] — o|A)

for all finite subsets A of Z.2.

Proof. We may assume that Lo,..., L are non-zero. Let Aq,...,\; be the algebraic numbers
given by applying Theorem[0.4]to Ly, ..., L. Then the required estimate follows from Theorem
provided only that H(Ly,...,Lr) = H(A1,...,Ax). To check this, note that the map corresponding
to multiplication by A; is similar to L 12, so we have
G(Io, ceTg) = det(aﬁoﬁo + -+ a2 Lly)
= det(Lo) det(zol + 1Ly L1 + - + 2Ly L)
= det(ﬁo)NK/Q(on + xl)\l +-- 4+ xk)\k)
d
= det(ﬁo) H(:L‘o + O‘i()q)ml + -+ Ui()\k)xk).

i=1
Therefore,
d
H(Lo,...,Ly) = |det(Lo)l [T+ [oi(A)[ + -+ + o (M)
i=1

d
= Niso®@ar, i) [JA + oA+ + o (M)])
i=1

=H(\1,.. ., ),
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completing the proof. O

10 Concluding remarks

Lower-order terms. A close inspection of our arguments shows that the o(]A|) term in our bound
A+ A Aot A Al > HOws . A)JA] = of|A))

can be taken to be O(|A|/, /log | A]), where log ) is the k-times iterated logarithm. This is clearly

not best possible. The lower bound in Section [3.1] suggests that one should be able to improve the
error term to O(JA|'~1/4), where d = deg(K/Q), though this is likely to be difficult. Given this,
it would already be interesting to obtain O(|A|'=7) for some o depending only on Aj,..., ;. In
the particular case where £k = 1 and A is of the form (p/q)l/ 4 this was already achieved in our
earlier paper [7]. However, the methods of that paper and this one are quite orthogonal, so a novel
approach is likely to be necessary for the general case.

An interesting example. The main problem left open by this paper is to prove an analogue of
Theoremmwhen the matrices Lo, ..., L, € Maty(Z) are not necessarily pre-commuting. Our own
attentions in this direction have focused on the specific example where

0 1 0 0 01 0 0 O
Lo=]|-1 0 0}, Ly=10 0 0], Lx=1]0 0 1
0 0 0 -1 0 0 0 -1 0

These matrices can be shown to be irreducible and coprime, though they are not pre-commuting.
We believe that
|[LoA+ L1A+ LA > 8|A] —o(|A])

for all finite A C Z?, with the box [0, N)3 showing that this would be asymptotically best possible.
However, we were unable to even prove that there is some C' > 0 such that

|LoA+ L1A+ L2A] > CJA]

for all finite A C Z3. Resolving this issue would be a promising first step towards understanding
the general problem.
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