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Abstract

A celebrated conjecture of Sidorenko and Erd&s—Simonovits states that, for all bipartite
graphs H, quasirandom graphs contain asymptotically the minimum number of copies of H
taken over all graphs with the same order and edge density. This conjecture has attracted
considerable interest over the last decade and is now known to hold for a broad range of bipartite
graphs, with the overall trend saying that a graph satisfies the conjecture if it can be built from
simple building blocks such as trees in a certain recursive fashion.

Our contribution here, which goes beyond this paradigm, is to show that the conjecture holds
for any bipartite graph H with bipartition AU B where the number of vertices in B of degree k
satisfies a certain divisibility condition for each k. As a corollary, we have that for every bipartite
graph H with bipartition AU B, there is a positive integer p such that the blow-up HY formed
by taking p vertex-disjoint copies of H and gluing all copies of A along corresponding vertices
satisfies the conjecture. Another way of viewing this latter result is that for every bipartite H
there is a positive integer p such that an LP-version of Sidorenko’s conjecture holds for H.

1 Introduction

One of the central problems in extremal graph theory is to estimate the minimum number of copies
of a graph H which can be contained in another graph G of given order and edge density. Even when
H is a triangle, this problem is highly non-trivial and was only solved fully by Razborov [12} [13]
in 2008, who used it as the first test case for his influential flag algebra technique. His result was
then extended to K4 by Nikiforov [II] and to all K, by Reiher [14] using further ideas.

Part of the difficulty in proving these results is that the behaviour of the minimum number of
copies of K, as a function of the edge density is surprisingly complicated. On the other hand, when
H is a bipartite graph, conjectures of Erdés and Simonovits [5] and Sidorenko [I5] suggest that the
minimum should be extremely simple, being asymptotically equal to the number of copies of H in
a quasirandom graph of the same density.

This attractive conjecture, usually known as Sidorenko’s conjecture, is best stated in terms of
homomorphisms. A homomorphism from a graph H to a graph G is a mapping f : V(H) — V(G)
such that (f(u), f(v)) is an edge of G whenever (u,v) is an edge of H. If hy(G) is the number
of homomorphisms from H to G, we write tg(G) = hy(G)/|G|H! for the homomorphism density,
the probability that a uniform random mapping from V(H) to V(G) is a homomorphism. The
conjecture is then as follows.
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Sidorenko’s conjecture. For any bipartite graph H and any graph G,
tr(G) > ti, (G)*H).

Sidorenko [I5] himself showed that the conjecture holds for some simple classes of bipartite
graph, namely, complete bipartite graphs, even cycles and trees, and for bipartite graphs with at
most four vertices on one side. There the matter stood for some time until work of Hatami [7],
connecting it with a question of Lovéasz [10] about which graphs define norms, revived interest in
the conjecture. In particular, he showed that hypercubes have a certain weak norming property
and, hence, that they satisfy Sidorenko’s conjecture.

The first significant breakthrough on the conjecture was made by Conlon, Fox and Sudakov [I],
who used the dependent random choice technique [6] to show that if H is a bipartite graph with a
vertex which is complete to the other side, then Sidorenko’s conjecture holds for H. As a corollary,
they showed that this implies an approximate version of the conjecture. An important further
advance was then made by Li and Szegedy [9], who initiated the application of entropy methods to
the conjecture, at first in the guise of logarithmic convexity inequalities. In particular, they found
a remarkably concise proof of the result of Conlon, Fox and Sudakov and extended this result to a
more general class, which they referred to as reflection trees.

These ideas were developed further by Kim, Lee and Lee [8], who proved the conjecture for
what they called tree-arrangeable graphs, and then pushed to their (seemingly) natural conclusion
by Conlon, Kim, Lee and Lee [2 B] and, independently, by Szegedy [16]. These works give broad
classes of graphs for which Sidorenko’s conjecture holds, though it is somewhat hard to do justice
to these classes in this limited space. However, the overall trend is that a graph may be shown to
satisfy the conjecture if it can be built from simple building blocks such as trees (or weakly norming
graphs [4]) in a certain recursive fashion. The main result of this paper is the following, which we
believe moves beyond the confines of this paradigm.

Theorem 1.1. Let H be a bipartite graph with bipartition AU B, maxyecp deg(b) = r and, for each
1<k <r, let di be the number of vertices with degree k in B. Then, if (";") (2) divides dy, for each
1 <k <r, Sidorenko’s conjecture holds for H.

In the proof, critical use is made of a simple mechanism that we call the Holder trick, which
allows us to convert a graph of the type described in Theorem into a simpler graph to which
we can apply the existing techniques. This trick was first observed in [2, Section 3], but was not
exploited to its full potential. To illustrate this key idea, we will discuss the notorious example
K55\ Cyp in the next section, showing that its ‘square’ satisfies the conjecture.

When the bipartite graph H is regular on one side of the bipartition, a stronger statement,
without any divisibility condition, can be obtained which already implies the aforementioned result
about K55\ Cio.

Theorem 1.2. Let H be a bipartite graph with partition AUB and deg(b) = r for allb € B. Then,
provided |B| > (";"), Sidorenko’s conjecture holds for H.

Given a bipartite graph H with bipartition A U B and a positive integer p, its blow-up Hf‘,
or ‘p-th power’, relative to A is defined to be the graph formed by taking p vertex-disjoint copies
of H and gluing all copies of A along corresponding vertices. That is, we replace each vertex in
B with an independent set of order p and connect every vertex in A that was joined to b € B to
every vertex in the corresponding independent set. Since (";“) (1) divides |A]!/(JA| —r)! for each k,
a simple corollary of Theorem again generalising the K3 5 \ Cjg case, is then as follows.



Corollary 1.3. For every bipartite graph H with bipartition AU B, there is a positive integer p
such that HY satisfies Sidorenko’s conjecture. In particular, p = |A|! always suffices.

This can be viewed as saying that for any bipartite graph H there is an integer p such that an
LP-version of the conjecture holds for H. To see this, suppose that |A| = m and identify the set A

with [m] = {1,2,...,m}. Now, writing x4 = (z1,...,%m), where z; € V(G) for all i = 1,2,...,m,
consider the function ty(G;z4) which counts the proportion of mappings f from V(H) to V(G)
with f(7) = x; for all i = 1,2,...,m which are homomorphisms. Sidorenko’s conjecture for H is

clearly equivalent to the statement that Bt (G;x4) > tx,(G)*), whereas Corollary says
that for any H there is a positive integer p such that E, ,tg(G;2.4)P > t, (G)PeH),
Another interesting corollary of Theorem is as follows.

Corollary 1.4. For any bipartite graph H, there is another bipartite graph H' such that Sidorenko’s
conjecture holds for the disjoint union of H and H'.

To see this, suppose that H has bipartition A U B with |A| = m, maxycp deg(b) = r and, for
each 1 < k < r, dj is the number of vertices of degree k in B. Let H' be a bipartite graph between
A" and B', where |A’| = r and B’ has exactly [dy/(m + r)!](m + r)! — dj, vertices with degree k for
each 1 < k < r. It is then easy to check that the conditions of Theorem are satisfied for HU H'.

For convenience of notation, we will use the language of graphons throughout the paper. A
graphon is a symmetric measurable function W from [0,1]? to [0,1], where symmetric in this
context means that W (z,y) = W (y, ) for all (x,y) € [0,1]%. Very roughly, this may be seen as a
continuous analogue of the adjacency matrix of a graph. The homomorphism density tg(W) of a
graph H in a graphon W is then given by

tu(W)=E | [ W(wiz) :/ I Wiz du™,
ijEE(H) 0117 45 B

where p is the Lebesgue measure on [0,1]. Note that we will typically abbreviate integrals with
expectations, as above. In this language, Sidorenko’s conjecture for a given H is equivalent to
saying that

tr (W) > ti, (W)

for every graphon W. It is this statement that we will prove in the cases of interest.

2 A motivating example

We now take a closer look at the graph M := K55 \ Cig, the simplest graph for which Sidorenko’s
conjecture is not known, showing that its ‘square’ does satisfy the conjecture. Since M is vertex-
transitive, we don’t need to distinguish which part of the bipartition is glued and we can simply
write M? rather than Mfl.

The main result of this short section relates the homomorphism density of M? to the homo-
morphism density of another graph. To define this graph, let H be a family of subsets of a finite
set A. The (A, H)-incidence graph is the bipartite graph on AU H such that a € A and F € H are
adjacent if and only if a € F'. For r < m, the (m,r)-incidence graph is then the (A, H)-incidence
graph where A = [m] and H = ([m]).

T

Theorem 2.1. Let Fy 3 be the (5,3)-incidence graph. Then, for every graphon W,

tar2 (W) > tF5,3 (W)



By aresult of the authors [4] (discussed in Appendix , F5 3 is a weakly norming graph, which in
turn implies that it satisfies Sidorenko’s conjecture, i.e., for any graphon W, tp , (W) > tg, (W),
Together with Theorem [2.1] . this implies that M? also satlsﬁes the conjecture.

For the proof of Theorem [2.I] we introduce some notation that we will use throughout the
paper. Given a vector (z1,...,%y) and I = {i1,...,is} C [m] with 41 < -+ < i, let z1 be the
vector (zi,,...,x;,). Let Sy, be the set of all permutations of [m] and let F be a family of functions
{fr: I C [m]}, where each f is a measurable function from [0, 1]’ to [0,1]. Then, for each f; € F,
let

1/m!
frizr) := H foy(r)
GESm
We will need Holder’s inequality in the following form:
1/m!
II fi@n| < I] E H fon : (1)
IC[m] PESm IC[m

Finally, suppose H is a bipartite graph with bipartition AU B. For a subset F' of A and a graphon
W, let p(xp) := Ey [[;cr W(zi,y). Then tg(W) can be rephrased as

veEB

where the expectation, both here and in the proof below, is over x 4.

Proof of Theorem [2.1. Note that M is isomorphic to the bipartite graph on Z U Z’ where Z and
7' are two disjoint copies of the group Zs and i € Z' is adjacent to i — 1,7 and ¢ + 1 in Z. Let Z;
be the subset {i —1,4,7 4 1} of Z. Then

5
ta2(W) =E [H P(!EZi)Q] :

i=1

Now let F be the set {fr : I C [5]}, where fi(z;) =
since Z1,..., Z5 constitute half the triples in ( ) fr
Moreover,

p(z7)? if I = Z; and f; = 1 otherwise. Then,
(z7) = p(zg) if [I| = 3 and f; = 1 otherwise.

5

H p(zz 2

=1

tar(W)=E

H f¢>(1) (z1)

IC5)

for each ¢ € S5. Hence, Holder’s inequality implies that

tr,(W)=E | [] sler)| = H (1)
Te(3) L 1C[5]
< H E H f¢(])(.’L‘[) = H E Hp(wzi>2] =ty (W),
¢eSs | IC]3] | ¢eSs  Li=1
as required. 0



3 Weighted homomorphism densities

Let o = (aw)pep be a vector indexed by v € B with non-negative coordinates. Define the a-weighted
homomorphism density of H by

1% (W) =E

H p(xN(v)>aU] s

veB

where the expectation here and below, unless otherwise indicated, is over z4. In particular, if
a, = p for each v € B, then t3(W) = tHZ(W)' We say that the weight vector a = (o )ypep is
symmetric if o, = a,, whenever deg(u) = deg(v), i.e., it assigns the same weight to vertices with
the same degree. When « is symmetric, we simply write o = (oy,)},_;, where r is the maximum
degree of B and «y, := «, for all v with deg(v) = k.

For r < m, define the (m,r)-downset graph to be the (A, H)-incidence graph with A = [m] and
H= ( <AT). The main result of this section states that, for certain symmetric integer weight vectors
a, a ‘weighted’ version of Sidorenko’s conjecture holds for the (m,r)-downset graph. This can also
be interpreted as saying that Sidorenko’s conjecture holds for certain blow-ups of the (m, r)-downset
graph, where vertices in ([<mT]) of different degrees may be blown up by different amounts.
Theorem 3.1. Suppose r < m and let H be the (m,r)-downset graph and o = (ay);_; be a
symmetric integer weight vector such that (T:,f) divides ay, for each 1 < k <r and o, > 0. Then,
for every graphon W,

13 (W) = tre, (W), (2)

where eq(H) := ), - o, deg(v).

The proof has three steps. First, we construct a weakly norming (r + 1)-graph H, and a
measurable function Wy, : [0, 1]"*! — [0, 1] such that

tr (W) = ty,(Wa).
Then, by using the fact that H, is weakly norming, we obtain
11, (Wa) > tg, (Wo) (He)/el0),
where G, is a subgraph of H, with ‘simpler’ structure. We then conclude by showing that
tga Wa) 2 gy (W)H,

where g, p is the ‘correct’ exponent to yield .

Throughout this section, let £ := ak/(T__,f) for k = 1,2,---,r and 8 := B182---Br. The
divisibility condition in Theorem ensures that each [ is an integer. For an r-set F, let
Up(F) := F and, for 1 < k < r, let Ug(F) be the union of g disjoint copies of (’Z) We say
that (ug,u1,ug, -+ ,uy), u; € U;(F), is an F-chain if the corresponding subsets of F' form a chain
under containment.

Let Vo = [m] and, for 1 < k < r, let V}, be the disjoint union of all Uy (F), F € ([T]). In other
words, each v € Vj, corresponds to the j-th copy of the k-set F’ in Ui (F) for some 1 < j < S,
F' e (i), and F € ([T}). Since V}, consists of B, copies of each F’ € ([7,?]) for each F € ([T])
with F C F, we have |Vi| = (T,?) (T:,f)ﬁk = (T) (Z)Bk For each v € Vj, let ¢x(v) denote the set



u € Ug(F') that corresponds to v. We then define H, to be the (r + 1)-partite (r + 1)-graph on
V=VWUWViU---UV, where (vo,v1,---,v.), v; € V;, is an edge if and only if the corresponding
subsets co(vo), c1(v1), -+, ¢r(vr) form an F-chain for some F' € ([’:f]).

To help understand this definition, let us also define the subgraph G, which will appear in
Lemmas and Write U/ = U;([r]) and let G, be the (r + 1)-partite (r + 1)-graph on
UyJ U U---UU where (ug,u1,--- ,ur), u; € U/, is an edge if and only if it is an [r]-chain.
Clearly, G, is isomorphic to each subgraph of H, induced on Uy(F)UU(F)U---UU,(F) for an r-
set F'. Moreover, these induced subgraphs isomorphic to G, are edge disjoint, so e(Hq) = (T)e(ga).

We make two further remarks about the definition of H,. First, note that V has a different
status to the rest of the Vj in that, for each F' € ([T]), Uo(F) is identified with the subset F' of
Vo = [m], while, for all other k, the Uy (F) are all disjoint subsets of Vj.. Thus, the (T) edge-disjoint
copies of G, that decompose H, are close to being vertex disjoint in the sense that they can only
intersect in V. Second, if any S = 0 for k < r, we simply ignore the k-th coordinate. This will
reduce the uniformity of the hypergraph, but all of our arguments still go through in this case. For
convenience of notation, we assume in what follows that S # 0 for all k.

Now let W, : [0,1]"*1 — [0,1] be the function

r
Woc(-rvzlszu e 7ZT) = H W(xvzk)qka
k=1

where

Bk
Bl = 1)\ — k)"

Our first step is contained in the next lemma.

kK =

Lemma 3.2. Supposer < m and let H be the (m,r)-downset graph and o = (ay,)j_, be a symmetric
integer weight vector such that (T__,f) divides g, for each 1 < k <r. Then, for every graphon W,

(W) = ty, (Wa).

Proof. For F € ([T]), let g(zr) == [lpcp p(z )Pl Then, since any k-set is contained in exactly
(mfk

Tfk) r-sets, we may rewrite t% (W) as

W) =E [I] I er™|=E| [] 9| (3)
B=1 e (im)

©) re(')

For each k-set I, note that

B
pz )P = Eyy s, H HW(:/U,,yJ)

i€F j=1

Now relabel all the y;, 7 = 1,2, - , B, for each F' € (I,j), by mutually independent uniform random
variables z,, where v ranges over those v € Uy(F'). Let U(F) := Uy (F) UUs(F)U---U U, (F) and

write 7 ~ v if 7 is contained in the k-subset of F that corresponds to v. Then, for each F € ([T]),

g(xF): H p(xF’)ﬁ‘F/‘ :EZUZ’UGU(F) H HW<$MZU) )

FICF veU (F) inv



since the z,, v € U(F'), are mutually independent. We may repeat this step for each r-set F' while
assigning mutually independent random variables z, for all v € | ) U(F). Then, by ,

t?{(W):E H ng :Eas[m] H IEzv:veU(F) H HW xuzv
(i) re(?) vy ive

=E H H Hsz,zv , (4)

Fe([ ]) veU(F) i~v

where the last equality follows from mutual independence. We shall verify that the right-hand side
equals ty_ (W,) by comparing the exponents of the W (z;, z;,) in (4) with those in

tua(Wa) =E H H W (i, ka : ()

(4,01, ,vr)EE(Ha) k=1

For each pair consisting of ¢ € [m] and v € Ui(F') with ¢ ~ v, the term W (x;, z,) appears exactly
once in the product in (4)). On the other hand, there exist 8(k—1)!(r —k)!/B), F-chains that contain
{i} and v. Thus, there are f(k — 1)!(r — k)!/B; hyperedges in H, containing ¢ and v. Hence, by
expanding the product in , each W (z;, z,) receives the exponent

Bk —DI(r — k)!gx
Bk

where we used the definition of gy. O

The next lemma gives a lower bound for the homomorphism density ¢y, (W,) in terms of
tg,(Wy). This follows in a straightforward manner from a result of the authors [4], so we have
consigned the proof, and a broader discussion of weakly norming hypergraphs, to an appendix.

Lemma 3.3. The (r+1)-graph H, is weakly norming. In particular, for every (r+1)-graphon Wy,
e, (Wa) = tg, (Wa) 7).
The following lemma is the final ingredient we need to prove Theorem
Lemma 3.4. If (T:]f) divides ay, for each 1 < k <r and a, > 0, then, for every graphon W,
tga(Wa) 2 tr, (W)qa’H7

where qo,m = ea(H)/ ().

Proof. Let U' = Uj UUSU---UU]/, where the U/ are as in the definition of G,. Then, following the
proof of Lemma, we have

tg,(Wo) =E 11 [T Wi, z,) | =E I Wiz,

(t,u1, ,ur)EE(Ga) k=1 i~ugE(r]uel’



where i ~ u means that i is contained in the subset of [r] corresponding to u. Hence, we may write

tga(Wa) =E |E;,wev H W(:Uzazu) =E p(x[r]>ﬁr H p(xF)ﬁlF‘ :tg(W)v (6)

i~u,i€lr]uel’ Fcr]

where J is the (r,r)-downset graph and 8 = (f;)/_; is a symmetric integer weight vector with
Br = a,. > 1. Since t/j-(W) can be interpreted as the homomorphism density in W of a bipartite
graph with at least one vertex complete to the other side, the result of Conlon, Fox and Sudakov [I]
implies that

W) = trey (W),

where eg(J) = 51 () kBk. By the elementary identity (") (;) = () (T__]f),

estn) =y 3 () (72 )= k: (o = S

T/ k=1

as desired. ]
Proof of Theorem [3.1 By Lemmas and we obtain

m
T

15 (W) =t (Wa) = ta, (Wa) (") >ty (W),

as required. O

4 The Holder trick

The argument in Section [2| that M? satisfies Sidorenko’s conjecture for M = K55\ Cip had two
ingredients, the fact that the (5, 3)-incidence graph Fj 3 is weakly norming and, therefore, satisfies
the conjecture, and the inequality ¢y,2 (W) > tp, ,(W) for all graphons W. The main result of the
previous section may be seen as a generalisation of the fact that Fj 3 satisfies the conjecture. To
complete the proof of Theorem we now generalise the inequality. This will again be a simple
consequence of Holder’s inequality.

Theorem 4.1. Let H be a bipartite graph with bipartition AU B and maxpep deg(b) = r and, for
each 1 <k <r, let ap := dk/(‘f:'), where dy, is the number of vertices in B of degree k. Then, for
every graphon W,

tg(W) = t5(W),

where J is the (|A|,r)-downset graph and o = (ou,)},_,. Moreover, if deg(b) =r for allb € B, then,
for every graphon W,
tg(W) = t5(W),

where F is the (|A[,r)-incidence graph and oo = (cu)j_y is the symmetric weight vector with o, =
1B/ () and a, = 0 for k # 1.

Theorem [1.1] is an immediate consequence of this result and Theorem Recall the state-
ment, that Sidorenko’s conjecture holds for any bipartite graph H with bipartition A U B and
maxpe g deg(b) = r such that the number of vertices of degree k is divisible by (‘f‘) (2) = (“2') (":}‘:kk)
foreach 1 <k <r.



Proof of Theorem[1.1. As in Theorem [d.1] for each 1 < k < r, let dj be the number of vertices in
B of degree k and ay, := dk/(|£|). Then, by Theorem

where J is the (| A[,7)-downset graph. By the divisibility assumption, oo = () _; is a nonnegative

integer vector such that (‘f'_;k) divides aj for each 1 < k < r and «, > 0. Hence, we may apply

Theorem [3.1] to conclude that
5W) > 11, (W),

Therefore, since
T A T
ea(J) = kg_l (’k‘>akk = ,;_1 dik = e(H),

Sidorenko’s conjecture holds for H. O
Theorem [1.9] is a similar consequence of the second part of Theorem [£.1] with one slight twist.

Proof of Theorem[1.3. With the slight abuse of notation a = a, = ]B|/(|‘;‘|), we have

«

t2(W)=E | [[ plen®| ZE | [] plan)| =tr(W),
1e(;) Ie(;)

where the inequality follows from the convexity of f(x) = 2* when a > 1. Therefore,

[A|
”

tir(W) 2 (5 (W) = tp(W)* 2 i, (W) (5 = e, (W)eUD,

where the first inequality is the second part of Theorem the third inequality follows from the
fact that the (|Al,r)-incidence graph F' is weakly norming [4] and, therefore, satisfies Sidorenko’s

conjecture, and the final equality comes from the straightforward computation ar('f') =r|B| =
e(H). O

We now return to the proof of Theorem

Proof of Theorem [{.1. Let m := |A| and identify the set A with [m]. Let F = {f; : I C [m]} be the
family of functions given by fr(xy) = p(x1)¢, where c; is the number of vertices b € B such that
N(b) = 1. If I and I’ are subsets of [m] of size k, then there are exactly k!(m — k)! permutations
¢ that map I onto I’ and, for every such ¢, f4r)(21) = p(xr)°r’. Thus, for each I of size k,

1/m)!

fr(z) = H foy (1) = plap)ZIKi= exc/ (V) = p(xr)™.
PESm

On the other hand, since each ¢ € S, is just a relabeling of A = [m),

tuW) =B | [] fory(ar)

1Cm]



Therefore, Holder’s inequality in the form (1)) gives

1/m)!

Hp$1a"' =E Hflxl SHE Hf¢ =ty (W),

IC[m] $ESm IC[m

as desired. Moreover, if deg(b) =r for all b € B, then a, = |B|/("") and oy, = 0 for k # r. Thus,

tu(W)>E | J[ plen™| =ta:W),
1e(tmh)

which proves the second part of the statement. O

5 Concluding remarks

As a closing remark, we note another corollary of Theorem [I.1which we believe to be of independent
interest. Put briefly, it says that a certain local version of Sidorenko’s conjecture holds for any
bipartite graph H.

Corollary 5.1. For every bipartite graph H with bipartition AU B and every e,q > 0, there is
no = no(e, H,q) such that every n-vertex graph G with n > ng and ¢ = tx,(G) has an |A|-tuple x4
of distinct vertices such that ty(G;z4) > (1 —e)g®H).

Proof. Let a = |A| and n = |V(G)|. Let K be the set of non-degenerate a-tuples in V(G)#, noting
that [V(G)*\ K| < an®!. Then

1 1 a
k k J
a(Gsxa) - E a(G;xa)® + § aH(G;za)" | < a EE 1(Gyza)* +

n
zaEK zAgtK

Therefore, by letting k = a!, Corollary implies that

na

nn—1)---(n—a+1) (
> (1= e)tr, (G)FUD),

By extn(G;xa)t >

a
By tr(G;xa)* — E)

provided n is sufficiently large in terms of €, H and ¢q. There must then be x4 € K with tg(G;z4) >
(1 —e)tx,(G)H) since otherwise we would have E, et (G5 2.4)F < (1 —¢)Fftg, (G)*¥<UH) | contra-
dicting the inequality above. O
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Weakly norming hypergraphs

Following Hatami [7], we say that a hypergraph H is weakly norming if the functional || - ||,
defined by

W |l ery = tu (|W]) YD
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is a norm on the space of bounded symmetric measurable functions. As shown by Hatami [7], any
weakly norming hypergraph H has the property that for any H' C H and any graphon W,

IWllecery = W |y
or, in the language of homomorphism densities,
b (W) 2 gz (W) (/0.

In particular, this implies that any weakly norming hypergraph satisfies Sidorenko’s conjecture.

The main result of interest to us here is a result of the authors [4, Theorem 5.1] saying that a
certain class of hypergraphs, which we call reflection hypergraphs, are weakly norming. To define
this class, suppose that W is a finite reflection group, T is a set of simple reflections in W, and
Ty,---,T, are subsets of T. Then the (T, ,T,; T, W)-reflection hypergraph is the r-partite r-
graph whose parts are the cosets of the subgroup Wy generated by T} for each k = 1,--- | r, with
an edge for every r-tuple of the form (wWiy,--- ,wW,) with w € W. An r-graph is then said to be
a reflection hypergraph if it is isomorphic to the (11, -- ,T,; T, W)-reflection hypergraph for some
choice of parameters.

Theorem A.l. Reflection hypergraphs are weakly norming.

In order to prove Lemma [3.3] it therefore suffices to show that H, is a reflection hypergraph.
If B = 1 for each k, then it is not hard to construct a reflection hypergraph that is isomorphic
to Ga. Let s;; be the permutation in S, that swaps 7 and j. It is well-known that T':= {s;(j4.1) : i =
1,2,--- ,r — 1} is a set of simple reflections. We claim that the (Ty, 71,75, - ,Ty; T, Sy)-reflection
hypergraph with the choice Ty = T1, T; = T'\ {s;i41)}, 1 < i <1, T, = T, is isomorphic to G,
when 81 = B2 = -+ = B, = 1. To see this, observe first that each T, 1 < k < r, generates the
subgroup

Wi :={o € S, :0(j) <k for each j < k},

which is isomorphic to Sy X S,_i. Thus, each coset wWj. is the set of permutations in S, that
map [k] onto some k-subset F' € ([Zj), which allows us to identify each coset with the k-set F'. For
example, the chain {1} = {1} C {1,2} C --- C [r — 1] C [r], which is an edge in G,, corresponds to
the (r + 1)-tuple (W1, Wy, --- ,W,_1,S,). Similarly, every edge in G,, identified by a chain {i} =
Fy C .-+ C F,_1 C[r], where |Fy| = k, corresponds to an (r+ 1)-tuple (wWy, wWq,--- ,wW,_1,S;)
of cosets, where w € S, is a permutation that maps 1 to ¢. This proves the claim.

Recall now that H, consists of (") edge-disjoint (r + 1)-graphs Ho[Uo(F) UU(F)], F € ([T]),

each of which is isomorphic to G,. To realise H, with §; =1 for all i = 1,2,--- ,r as a reflection
hypergraph, one may add new reflections s;(;;1), for j =r,--- ,m — 1, to T, and amend the T,
0 < k < r, to generate (T) copies of each coset wWy, 1 < k < r, in the (Tp,T1,--- , T T, S,)-

reflection hypergraph. More explicitly, H,, is isomorphic to the (T{, Ty, T3, - -+ ,T);T", Sy, )-reflection
hypergraph, where T" = T U {s;41) : v < j < m}, Top = To U {sj;41) : 7 < j < m} and
T, =T U {sjGj+1y s 7+ 1 <j <m} for 0 <k < r. To see this, note first that the cosets of the
subgroup generated by T} and T, correspond to singletons and r-subsets in [m], respectively. For
L<k<r, T, =T\ {Sk(kt1)> Sr(r4+1)} generates the subgroup

Wi i={o€Sn:0()<kifl<i<k k<o(j)<rifk<j<r},

which is isomorphic to Si X Sy_p X Sp—r. Thus, each coset of W, is identified with a disjoint
pair (F’, F") consisting of a k-set F’ and an (r — k)-set F”, which corresponds to an element in
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Up(F' U F"). For instance, W/ corresponds to the copy of [k] in Uy([r]). Then it is easy to check
that each edge in the (77, 17,Ty,--- ,T);T', Sy )-reflection hypergraph corresponds to an F-chain
for some r-set F'.

We also remark that these constructions generalise to the case 8 € {0,1} for k = 1,2,--- ,7.
If some (), = 0, one may simply delete the corresponding T}, or T}, when constructing G, and H,,
respectively. By doing so, reflection ¢-graphs, where ¢ is the number of positive S, are obtained.

Given the union of r disjoint sets Ay U Ag U+ U A, let Ay = U"_; A; \ Ag. Moreover, if H is
an r-partite r-graph with r-partition A3 U As U --- U A,., the blow-up H% is obtained by taking p
k

vertex-disjoint copies of H and gluing all copies of A along corresponding vertices. The following
lemma then says that blow-ups of reflection hypergraphs are also reflection hypergraphs.

Lemma A.2. Let H be an r-partite r-graph on AyUAsU---UA,.. If H is a reflection hypergraph and
k and p are positive integers with 1 < k < r, then the blow-up ’H% s also a reflection hypergraph.
k

Proof. Suppose that #H is isomorphic to the (11,75, - ,T,; T, W)-reflection hypergraph, where W
is a finite reflection group, 7' is a set of simple reflections in W and T; C T, i = 1,2,--- 7.
Let P = {012,093, " ,a(p,l)p} be a set of p — 1 new reflections such that each element of P
commutes with all the elements in W and P generates a group which is isomorphic to S, where
oij corresponds to the permutation swapping ¢ and j in [p]. Let 77 := TUP, T/ := T;UP for i # k,
T} =T, U P\ {012}, and let W’ be the new reflection group generated by 7", i.e., W = W x S),.

Let H' be the (T7,--- ,T);T',W')-reflection hypergraph. We claim that H' is isomorphic to
%%k. Let A] := {wW/: w € W}. Then H' is an r-graph on the new r-partition Aj U A5U---UAL.
Moreover, A, = A; x S, for all i # k since 7] contains all the new reflections in T', whereas
Al = U_ (A X 015S2))- Let ¢ : V(H') — V(H) be the map defined by

P(wW; x Sp) := wW; for each i # k and ¢(wWy, X 01jS)3,)) := wWj, for each 1 < j <p.

One may check that ¢ is a surjective hypergraph homomorphism from H’ to H. Moreover, it is
injective on Uz A}, p-to-1 on A}, and maps every non-edge in ' to a non-edge in . Therefore, H’
is obtained by gluing p vertex-disjoint copies of the (T4, -- ,T,; T, W)-reflection hypergraph along
the vertices that are not cosets of W and, hence, it is isomorphic to ’H%k. ]

Proof of Lemma([3.3 Let H be the hypergraph H, with 8, € {0,1} for all k. By applying the
lemma above with this H, one may blow-up each vertex in the vertex set Vi of H to Bi copies.
Thus, by repeating this blowing-up process, we conclude that H, is a reflection hypergraph for any
given non-negative integers 51, B2, - , G- O
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