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Abstract

The book graph By(,k) consists of n copies of Ki11 joined along a common Kj. The Ramsey

numbers of B,(Lk) are known to have strong connections to the classical Ramsey numbers of
cliques. Recently, the first author determined the asymptotic order of these Ramsey numbers
for fixed k, thus answering an old question of Erddés, Faudree, Rousseau, and Schelp. In this
paper, we first provide a simpler proof of this theorem. Next, answering a question of the first
author, we present a different proof that avoids the use of Szemerédi’s regularity lemma, thus
providing much tighter control on the error term. Finally, we prove a conjecture of Nikiforov,
Rousseau, and Schelp by showing that all extremal colorings for this Ramsey problem are
quasirandom.

1 Introduction

Given two graphs Hy and Hs, their Ramsey number r(Hi, Hs) is the minimum N such that any
red /blue coloring of the edges of the complete graph K contains a red copy of Hj or a blue copy
of Hy. Ramsey’s theorem asserts that r(Hq, Hs) is finite for all graphs Hy and Hy. In the special
case where H; and Hj are the same graph H, we write r(H ) rather than r(H, H). Though Ramsey
proved his theorem nearly a century ago, our understanding of the numbers r(H) is still rather
limited. Even for the basic case of identical cliques, the bounds v/2' < r(K,) < 4" have remained
almost unchanged since 1947 (more precisely, there have been no improvements to the exponential
constants /2 and 4).

One possible approach to improving the upper bound on r(K,) is as follows. Fix some k < r
and suppose we are given an edge coloring! of Ky with no monochromatic copy of K,. Suppose
some blue K}, has at least n = r(K,, K,_j) extensions to a monochromatic Ki1. Then, by the
definition of n, among these n vertices, we must find either a red K, or a blue K, _j, which can be
combined with our original blue K} to yield a blue K,. This contradicts our assumption that the
coloring has no monochromatic K, and, therefore, every monochromatic K must have fewer than
n monochromatic extensions to a Ki11. Equivalently, if we define the book graph B,(f) to consist
of n copies of K}, joined along a common K}, (called the spine of the book), then we have shown
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(k)

that a coloring with no monochromatic K, must also not contain a monochromatic By, where
n =r(K,, K,_t). In other words,
r(K,) < r(BM®).

Therefore, one could hope to improve the upper bound on r(K,) by finding good upper bounds on
r(ng)). Such an approach, combined with other techniques coming from the theory of quasirandom
graphs, was used by the first author [2] to obtain the first superpolynomial improvement to the
upper bound of 4".

These observations suggest that one should study the Ramsey numbers r(BﬁLk)). In fact, the
study of T(ng)) implicitly goes back to Ramsey’s original paper [19], where he proved the finiteness
of r(K,) by inductively proving the finiteness of ’I“(ng)). However, the modern study of book
Ramsey numbers was initiated about four decades ago by Erdés, Faudree, Rousseau, and Schelp [7]
and by Thomason [23]. Both papers prove a lower bound of the form

r(BP) > 2"n — op(n),

which follows by considering a uniformly random coloring of Kp; in such a coloring, a fixed
monochromatic K} has, in expectation, 27%(N — k) monochromatic extensions and the desired
bound follows from applying the Chernoff bound and then the union bound. Alternatively, one can
check (e.g., [23, Theorem 6(i)]) that a Paley graph of order ¢ = 2F(n — Q(y/n)) contains no BT(,,k),
yielding a lower bound of the same form.

Erdés, Faudree, Rousseau, and Schelp [7] asked whether this lower bound or a simple upper
bound of the form 4*n is asymptotically tight, while Thomason [23] conjectured that the lower
bound should be asymptotically correct. In fact, he made the stronger conjecture that, for all n
and k,

r(BWY < 28(n+k—2)+2.

If true, this would yield a huge improvement on the upper bound for r(K,). Indeed, Bg_l) = K,, so

we would immediately have r(K,) < r2"~!. In fact, if one could prove that r(B,(@k)) asymptotically
matches the lower bound given by the random construction and one had sufficiently strong control
on the error term in this asymptotic, one might hope for an exponential improvement on r(K,). The
first part of this plan was carried out by the first author [3], who answered the question of Erdés,
Faudree, Rousseau, and Schelp and proved an approximate version of Thomason’s conjecture.

Theorem 1.1 (Conlon [3]). For any k > 1,

r(BW) = 25n 4 oy, (n).

Unfortunately, the error term og(n) decays extremely slowly. More specifically, to obtain the
upper bound 2¥n + en for some ¢ > 0, the argument in [3] requires n to be at least a tower of twos
whose height is a function of k& and 1/e. The first author raised the natural question of whether
such a dependence is necessary. Our first main result shows that it is not.

Theorem 1.2. For any k > 3,

BW) =24 0 " .
r(By7) nt Ok (loglog log n)1/25




That is, if one wishes to obtain the upper bound 2*n + en, then one “only” needs n to be triple
exponential in 1/e. While this eliminates the tower-type dependence of Theorem 1.1, it is still far
from strong enough to give an exponential improvement to r(K,) via the approach outlined above.

A second major direction of research in graph Ramsey theory regards the structure of Ramsey
colorings, that is, colorings of K with no monochromatic K,, where N is “close” to the Ramsey
number r(K,). More specifically, we say that an edge coloring of Ky is C-Ramsey if it contains
no monochromatic K, with r > C'log N. Since our best lower bounds for r(K,) come from ran-
dom constructions, there have been many attempts to show that such C-Ramsey colorings exhibit
properties that are typical for random colorings. For instance, Erdés and Szemerédi [8] proved that
such colorings must have both red and blue densities bounded away from 0; Promel and Rodl [18]
proved that both the red and blue graphs contain induced copies of all “small” graphs (see also [9]
for a simpler proof with better bounds); Jenssen, Keevash, Long, and Yepremyan [13] proved that
both the red and blue graphs contain induced subgraphs exhibiting vertices with Q(N?/3) distinct
degrees; and Kwan and Sudakov [15] proved that both the red and blue graphs contain Q(N%?2)
induced subgraphs with distinct numbers of vertices or edges.

Following Chung, Graham, and Wilson [1], themselves building on work of Thomason [24], we
say that an edge coloring of Ky is 0-quasirandom if, for any pair of disjoint vertex sets X and Y,

1
ep(X,Y) — 5|XHYy < ON?,

where ep(X,Y) denotes the number of blue edges between X and Y. Note that since the colors
are complementary, we could just as well have used red edges. The importance of this definition
is that, for 6 sufficiently small, it implies that the graph has other natural random-like properties,
such as that of containing roughly the “correct” number of monochromatic copies of all graphs
of any fixed order. In light of the research described above, it is natural to ask whether Ramsey
colorings are quasirandom. Unfortunately, this is not the case, as may easily be seen by considering
the disjoint union of two copies of a C-Ramsey coloring and making all edges between them blue,
as this coloring is 2C-Ramsey and is not quasirandom. Nevertheless, S6s [21] conjectured that true
extremal colorings are quasirandom. More precisely, she conjectured that for every 6 > 0 there is
some 7o such that, for all » > g, all edge colorings on r(K,) — 1 vertices with no monochromatic
K, are 0-quasirandom.

A proof of Sés’s conjecture seems completely out of reach at present, if only because it would
seem to require an asymptotic determination of the Ramsey number r( K, ). However, an analogous
conjecture for book Ramsey numbers was made by Nikiforov, Rousseau, and Schelp [17] and, given
that we now understand the asymptotic behavior of r(B,(lk)) for all fixed k, we might hope that this
conjecture is within range. For k = 2, where the asymptotic behavior has been long known [20],
the conjecture was proved by Nikiforov, Rousseau, and Schelp [17] themselves. Our second main
result establishes their conjecture in full generality.

Theorem 1.3. For any k > 2 and any 0 < 0 < %, there is some ¢ = ¢(0,k) > 0 such that if a
2-coloring of Ky is not 0-quasirandom for N sufficiently large, then it contains a monochromatic
B with n = (27% +¢)N.

Theorem 1.3 will follow from the following stronger result, which says that in a non-quasirandom
coloring, a constant fraction of the monochromatic K form the spine of one of these large books.



Theorem 1.4. For any k > 2 and any 0 < 6 < %, there is some ¢; = ¢1(0,k) > 0 such that if
a 2-coloring of Ky is not O-quasirandom for N sufficiently large, then it contains at least ¢ciN*
monochromatic Ky, each of which has at least (2_’7C +¢1)N extensions to a monochromatic Ky 1.

Moreover, in Theorem 5.8, we prove a converse to this result, which, when combined with
Theorem 1.4, implies the following result.

Theorem 1.5. Fiz k > 2. A 2-coloring of the edges of Ky is o(1)-quasirandom if and only if all
but o(N*¥) monochromatic Ky have at most (2% 4 0(1))N extensions to a monochromatic K.

This adds to the long list of properties known to be equivalent to quasirandomness. It also has an
interesting consequence related to a famous (and famously false) conjecture of Erdds [6]. He conjec-
tured that, for any fixed k > 3, every red/blue coloring of K contains at least (1 — 0(1))21_(];) (],Z)
monochromatic K}, that is, that a uniformly random coloring asymptotically minimizes the number
of monochromatic K. While this conjecture is a simple consequence of Goodman’s formula [12]
when k& = 3, Thomason [25] showed that it is false for all £ > 4. Any coloring witnessing the failure
of this conjecture (i.e., with asymptotically fewer than 21_(5) (]Z ) monochromatic Kj) must not
be o(1)-quasirandom, as a quasirandom coloring has the same count of K}, as a uniformly random
coloring. Therefore, Theorem 1.5 implies that any coloring with “too few” monochromatic Kj must
have the property that a positive proportion of its Ki_q lie in “too many” monochromatic K. In
other words, it is impossible to have asymptotically fewer monochromatic K than in a random
coloring unless these K}, are somehow more clustered than in a random coloring.

The rest of the paper is organized as follows. In Section 2, we collect some fairly standard
results related to Szemerédi’s regularity lemma which will be important in our proofs. In Section 3,
we present a streamlined proof of Theorem 1.1. Most of the ideas in this proof are already present
in [3], but the presentation here is simpler. Moreover, various ideas and results from Section 3 will
be adapted and reused later in the paper. In Section 4, we prove Theorem 1.2, which improves the
error term in Theorem 1.1. We then present our quasirandomness results in Section 5, including
the proof of Theorem 1.4 and its converse. We conclude with some further remarks, though there
is also an appendix where we consign the proofs of certain technical lemmas.

1.1 Notation and terminology

If X and Y are two vertex subsets of a graph, let e(X,Y’) denote the number of pairs in X x Y
that are edges. We will often normalize this and consider the edge density,

e(X,Y)

dX,Y)= ——~.
XY = Tx7v]

If we consider a red/blue coloring of the edges of a graph, then eg(X,Y’) and er(X,Y) will denote
the number of pairs in X x Y that are blue and red edges, respectively. Similarly, dg and dgr will
denote the blue and red edge densities, respectively. Finally, for a vertex v and a set Y, we will
sometimes abuse notation and write d(v,Y) for d({v},Y’) and similarly for dp and dg.

An equitable partition of a graph G is a partition of the vertex set V(G) = V3 U --- UV, with
|Vil = |Vjl| < 1forall 1 <4i,j <m. A pair of vertex subsets (X,Y) is said to be e-regular if, for
every X' C X, Y/ CY with | X'| > ¢|X|, [Y'| > ¢|Y], we have

d(X,Y) —d(X',Y")| <.



Note that we do not require X and Y to be disjoint. In particular, we say that a single vertex
subset X is e-regular if the pair (X, X) is e-regular. We will often need a simple fact, known as
the hereditary property of regularity, which asserts that for any 0 < o < %, if (X,Y) is e-regular
and X' C X, Y’ CY satisty | X'| > a|X|, |Y'| > «|Y], then (X', Y”) is (¢/«)-regular.

Remark 1.6. All logarithms are to base 2 unless otherwise stated. For the sake of clarity of
presentation, we systematically omit floor and ceiling signs whenever they are not crucial. In this
vein, whenever we have an equitable partition of a vertex set, we will always assume that all of
the parts have exactly the same size, rather than being off by at most one. Because the number of
vertices in our graphs will always be “sufficiently large”, this has no effect on our final results.

2 Some regularity tools

The main regularity result we will need is the following, which is a slight strengthening of the usual
version of Szemerédi’s regularity lemma.

Lemma 2.1. For every e > 0 and My € N, there is some M = M (e, My) > My such that for every
graph G, there is an equitable partition V(G) =V U---UVy, into My < m < M parts so that the
following hold:

1. FEach part V; is e-reqular and

2. For every 1 < i < m, there are at most em values 1 < j < m such that the pair (V;,V;) is
not e-regular.

Note that this strengthens Szemerédi’s regularity lemma in two ways: first, it ensures that every
part of the partition is e-regular with itself and, second, it imposes some structure on the fewer
than em?/2 irregular pairs, ensuring that they are reasonably well-distributed.

In order to prove Lemma 2.1, we will need some other results. The first asserts that every graph
contains a reasonably large e-regular subset.

_(10/e)!
Lemma 2.2 (Conlon-Fox [4, Lemma 5.2]). Given 0 <e < %, let § = 27° C5 Then, for every
graph G, there is an e-reqular subset W C V(G) with |W| > 6|V (G)].

The next lemma asserts that inside an e-regular set of vertices, we may find a subset of any
specified cardinality whose regularity is not much worse, provided we do not restrict to too small
a cardinality. The proof of this lemma may be found in the appendix.

Lemma 2.3. Fiz 0 <e < % and let t > =% be an integer. Let G be a graph on at least t vertices
and suppose that V(G) is e-reqular. Then there is a subset U C V(G) with |U| =t such that U
is (10e)Y/3-regular. In fact, a randomly chosen U € (V(tG)) will be (10e)'/3-regular with probability
tending to 1 as € — 0.

Using the previous two lemmas, we can prove that any graph may be equitably partitioned into
e-regular subsets. We will use this result instead of Lemma 2.1 as the main partitioning lemma in
the proof of Theorem 1.2.

)15
Lemma 2.4. Fiz 0 < e < ﬁ and suppose that G is a graph on n > 21/e0 9 yertices. Then G
has an equitable partition V(G) = Vi U --- U Vi such that each V; is e-regular, where K = K (¢) is

e 12 e 15
a constant depending only on € satisfying 91/e010/9) < K(e) < o1/t



Remark. Unlike Szemerédi’s regularity lemma, Lemma 2.4 makes no assertion about regularity
between the parts, only that they are all e-regular with themselves. Lemma 2.4 is very similar to
[4, Lemma 5.7], which is also proven by repeatedly applying Lemma 2.2. However, our lemma is
stronger both in guaranteeing that the partition is equitable and in having the number of parts be
a fixed constant depending only on ¢, rather than lying in some range.
4

Proof of Lemma 2.4. Let n = |V(G)|. Let g9 = &3/10%, let &g = d(g9) = 2= """ be the
parameter from Lemma 2.2, and set §; = £26y/10. Note that by our assumption on n, we have that
n>egtort.

We will iteratively construct a sequence of disjoint (¢/10)-regular vertex subsets Uy, U, ... with
|Ui| = d1n for all . To begin the sequence, we apply Lemma 2.2 to find a set W; C V(G) with
|[W1| > don that is eg-regular. We now apply Lemma 2.3 with ¢t = d1n to Wi to find an (¢/10)-
regular subset U; C W; with |U;| = d1n. Note that we may apply Lemma 2.3 since, by our
assumption on n, we have that ¢ > 564.

Suppose now that we have defined disjoint sets Uy, ..., U; with i < (1 —&2/10)/8;. Let Vi =
V(UL U---UU;). Then we apply Lemma 2.2 to Vj41 to find an ep-regular subset W11 C Vi
with

01

Therefore, we may apply Lemma 2.3 to W;1; to find an (¢/10)-regular subset U;y; C W;;1 with
|Ui+1] = 01n, so continuing the sequence.
This process stops once we have K := [(1 —&2/10)/61| + 1 sets Uy, Us, ..., Uk. At that point,

1— 2 1 2
[Wit1] 2 ol Vis1| = do(1 — id1)n > do (1 - 6/051> n=" don _ 5n.

we will have placed at least a (1 — &2/10)-fraction of the vertices into one of the sets Uy, ..., Uk.
The remaining vertices we arbitrarily and equitably partition into sets Z1, ..., Zx, where
2 2 2
e“n/10 e /10 €
Z;| < < on) < —|U;|.
Zil < =% —1—52/10(1) g Ui

Finally, we set V; = U; U Z; to obtain an equitable partition of V(G). Lemma 5.6 in [4] shows that
if (X,Y) is an a-regular pair of vertices and Z is a set of vertices disjoint from Y with |Z] < g|Y],
then (X,Y U Z) is (a + B + v/B)-regular. Applying this fact to (U;, U;) twice with 8 = £2/9 shows
that V; is (¢/10 + 2(2/9) + 2(g/3))-regular and thus e-regular. O

(10/e)*®
Proof of Lemma 2.1. Let 1 = ¢/2 and g9 = €2/128 and let K1 = K(e1) < 21/e1 be the
parameter from Lemma 2.4. Finally, let n = min{e1/K1,e-¢2/2} > 0. The usual form of Szemerédi’s
regularity lemma (e.g., [14, Theorem 2]) says that there is some L = L(n, My) > My such that
we can find an equitable partition V(G) = W U --- U W, with max{Mjy,1/n} < ¢ < L where all
but at most 77(5) pairs of parts (W;, W;) are n-regular. We now apply Lemma 2.4 to each W; to
get an equitable partition W; = U;; U --- U U;k, such that each part is e;-regular. Since the W
formed an equitable partition and each W is cut up into the same number K of parts, the resulting
partition of V(G) is equitable. Moreover, since each U;; is at least a 1/K;-fraction subset of W,
the hereditary property of regularity implies that if (W;,,W;,) is n-regular, then (Uj,j,,Ui,j,) is
nkq-regular for all ji, jo. Therefore, all but an n-fraction of the pairs (U;, j,, Us,j,) With i1 # io are
nKi-regular. By our choice of 1, we know that nK; < 1. So we have found an equitable partition
where each part is e1-regular and all but an n-fraction of the pairs (U, ;,, Ui,j,) with i1 # ip are



e1-regular. Moreover, the fraction of pairs (U, j,, Ui,j,) with iy = iy is 1/, so we see that the total
fraction of irregular pairs is at most n + 1/¢ < 2n.

We will now rename the parts as Uy, ..., U,,, where m = K/, since we no longer need to track
which W part each U part came from. We are almost done, except that the irregular pairs might still
be badly distributed: some U; might be involved in more than em irregular pairs. However, since
there are at most 277(“21) irregular pairs, the number of such “bad” U; is at most (2n/e)m < eam.
Therefore, at most an eo-fraction of the vertices are contained in a bad U;. We now equitably,
but otherwise arbitrarily, distribute these vertices into the remaining at least (1 — e3)m parts to
obtain a new partition Vi,...,V,,, where V; is obtained from U; by adding to it at most 5|U;]
vertices, where 8 = 15252 < 2e9. We again apply Lemma 5.6 from [4]. In fact, we will only need
a slightly weaker bound, namely, that if (X,Y") is an a-regular pair of vertices and Z is a set of
vertices disjoint from Y with |Z| < B|Y], then (X,Y U Z) is (a + 2y/B)-regular. Therefore, by
applying this fact twice, we see that if (U;,U;) was an ei-regular pair of good parts, then (V;,V})
is (e1 + 44/B)-regular. Moreover,

2
€ €
81+4\/B<€1+4\/2€2:§+4 674:(6.
By the exact same computation, we see that each V; is e-regular, since each U; was e1-regular.

Therefore, V4, ..., V,, is the desired partition. ]
Another important tool will be a standard counting lemma (see, e.g., [26, Theorem 3.27]).

Lemma 2.5. Suppose that Vi, ..., Vi are (not necessarily distinct) subsets of a graph G such that
all pairs (V;,Vj) are e-regular. Then the number of labeled copies of K}, whose ith vertex is in V;
for all i is

[T avivse(y) iljlw.

1<i<j<k

We will frequently use the following consequence of Lemma 2.5, designed to count monochro-
matic extensions of cliques and thus estimate the size of monochromatic books.

Corollary 2.6. Let 1, € (0,1) be parameters with n < 63/k%. Suppose Uy, ..., Uy are (not neces-
sarily distinct) vertex sets in a graph G and all pairs (Us, U;) are n-reqular with [ [, <; ;<) d(Ui, Uj) >
0. Let Q be a randomly chosen copy of K. with one vertex in each U; with 1 <1i < k and say that
a vertex u extends Q if u is adjacent to every verter of Q. Then, for any u,

k
Pr(u extends Q) > Hd(u, U;) — 40. (1)
i=1

Proof. Since the right-hand side of (1) is negative if d(u,U;) < 49 for some 4, the conclusion is
vacuously true in this case. Thus, we may assume that d(u, U;) > 46 for all i.

First, by the counting lemma, Lemma 2.5, the number of copies of K} with one vertex in each
U, is at most

I vy +7I(§> f[l\UiL

1<i<j<k



On the other hand, for a vertex u, let U/ be its neighborhood in U;, so that |U]| = d(u, U;)|U;| >
8|U;|. Then, by the hereditary property of regularity, we know that each pair (U], U j’ ) is Z-regular.
Therefore, by Lemma 2.5, we know that the number of K} with one vertex in each U is at least

I aulo) —() H\Uy

1<i<j<k

Note that since (U;, Uj) is n-regular and § > 7, we also know that d(U],U}) > d(U;, U;) — n and,
therefore,

k n(k
1T
H d(U;, Uj) = H d(UmUj)—??(Q)E H d(Ui,Uj)—5<2>.
1<i<j<k 1<i<j<k 1<i<j<k

Putting this together, we find that the number of K} with one vertex in each U] is at least

I awv.uy <> HduU|Uy

1<i<j<k

Now, the probability that u extends @ is precisely the probability that ) has one vertex in each
U/. Therefore, dividing the number of such cliques by the total number of cliques with one vertex
in each U; gives us the probability that u extends ). By the calculations above, we get

<H1§i<j§k d(U:, Uj) — 23 (’5)) [T (d(u, U3 Ui])
<H1<i<j<k (Ui, U') + n(k)> [T, Ui

_ [Ti<icj<x Ui, Uj) Hd
H1<i<j<k d(UuU)

Hd (2)
=1

Pr(u extends Q) >

9 + 77
k
> (1 - 40) H d(u, U;) (3)
i=1
k
> [[d(w, U3) - 46. (4)
i=1

In (2), we used that the function (x —y)/(x + z) is monotonically increasing in z for all y, z > 0, as
well as the assumption that [[d(U;,U;) > 6. In (3), we used that (x —2y)/(z(1+y)) > 1 — 2z for
all positive z,y with y < 22/2, applying this with z = § and y = g(g), where the bound y < 22/2
holds by our assumption that n < 6%/k? < (53/2(5). Finally, in (4), we used that (1 —x)y >y —=
for all y € [0, 1]. O

3 A simplified proof of Theorem 1.1

In this section, we present another proof of Theorem 1.1 which gives bounds comparable to those
obtained in [3]. Though many of the ideas are the same in both proofs, we believe that the proof



here is conceptually simpler than that in [3]. The main differences are that we use Lemma 2.1
instead of the usual regularity lemma and also that we use averaging arguments in a few more
places. As a result, we only need to find a clique in the reduced graph, instead of a clique blow-up
as in [3].

Suppose we are given a red/blue coloring of the edges of Ky, where N = (2¥ + ¢)n for some
€ > 0. We wish to find a monochromatic BT(Lk) in this coloring. Doing this for all € and all sufficiently
large n will prove Theorem 1.1. The key observation, which also implicitly underlies the proof in
[3], is that to find the “large” structure of a monochromatic Bék), it suffices to find a different
“small” structure, which we call a good configuration.

Definition 3.1. Fix £ > 2 and let 7, > 0 be some parameters. A (k,n,0)-good configuration is a
collection of k disjoint vertex sets C1,...,Cy C V(K ) with the following properties:

1. Each Cj is np-regular with itself and has red density at least § and

2. For all i # j, the pair (C;j, Cj) is n-regular and has blue density at least d.

Definition 3.2. A (k,n,d)-good configuration C1,...,Cy is called a (k,n,d)-great configuration if
the density conditions in Properties 1 and 2 are replaced by the stronger conditions that
dr(CHE) >§  and [[ ds(cicy =5

1<i<j<k

where the first condition holds for all i € [k]. Note that we still require the same n-regularity
conditions as in Definition 3.1, while strengthening the density assumptions.

Remark. Note that good and great configurations are equivalent up to a polynomial change in
the parameters. Certainly, a (k,n,d)-great configuration is also (k,n, d)-good, for if the product of
some numbers in [0, 1] is at least J, then each of these numbers must be at least . On the other

hand, every (k,n,d)-good configuration is also (k,n, 5(5))—great.

We will first describe a process that finds either a monochromatic By(Lk) or a good configuration

and then later see how to use this good configuration to find a monochromatic book. We set
§=2"%cand n= 52k

We begin by applying Lemma 2.1 to the red graph, with the parameter n as above and with
My = 1/n. We obtain an equitable partition V(Ky) = Vi U --- UV, with a bounded number of
parts such that, for each i, V; is n-regular and there are at most nm values of j such that (V;,V})
is not n-regular. Note that since the colors are complementary, the same holds for the blue graph.
Without loss of generality, at least m’ > m/2 of the parts have internal red density at least %
By renaming if necessary, we may assume that Vi,...,V,, are these red parts. We introduce new
vertices vy, ...,U, and form a reduced graph G on the vertex set v1,..., v, by connecting v; to
vj (for ¢ # j) if (V;,V}) is n-regular and dp(V;,V;) > §. Let G’ be the subgraph of G induced by
the “red” vertices v; with 1 < i < m’. Suppose that, in G/, some v; has at least (2'7% 4 2n)m’
non-neighbors. Then, since v; has at most nm < 2nm’ non-neighbors coming from irregular pairs,
this means that there are at least 2'~*m/ parts V; with 1 < j < m/ such that (V;,Vj) is n-regular
and dp(V;, Vj) > 1— 6. Let J be the set of all these indices j and let U = (J,c; V; be the union of
all of these V;. We then have

er(Vi,U) =Y _er(Vi,V;) 2 ) (1= 0)[Vi|[Vj| = (1 = 8)|Vi[|U]. (5)
jeJ jeJ



Let V/ C V; denote the set of vertices v € V; with er(v,U) > (1 —26)|U|. Then we may write

er(Vi,U) = > er(v,U)+ Y er(v,U) < |[V/||U|+ (1= 28)[Vi\ V}||U]. (6)
veV/ veVi\V/

Combining equations (5) and (6), we find that [V/| > 1|V;|, where every vertex in V; has red density
at least 1 — 2§ into U. Moreover, we may apply the n-regularity of V; to conclude that the internal
red density of V/ is at least % —n > 4, while the hereditary property of regularity implies that V/
is 2n-regular. By the counting lemma, Lemma 2.5, V;/ contains at least

(5(5) - 2?7(];)) VI |F > %5(5)\1@% >0

red copies of K, where we used that 27 (g) < %(5 (). Fix one such red K. Since each vertex in this
red K} has at least (1 —26)|U| red edges into U, this red K}, has at least (1 —2kd)|U| red common
neighbors in U. Finally, since U contains at least 2! %m’ > 27%m parts V; and the partition
is equitable (and, as explained in Remark 1.6, we are assuming equitable always means exactly
equitable), we have that |U| > 27%N. Thus, the red K} we found in V7 has at least (1 — 2k6)|U|
extensions to a red Ky and

(1 —2k0)|U| > (1 —2k0)(1 427 %e)n > n,

where we used that 27%¢ > 4kd and (1 — 2)(1+ 2z) > 1 for all = € [0, 5]. Thus, this red K}, gives
us our desired B;Lk).
Therefore, we may assume that every vertex in G’ has degree at least (1 — 2% — 2n)m/. By

Turan’s theorem, as long as

1
21k pop <« —

kE—1
G’ will contain a Kj,. But, since n < 27%, this condition holds for all k£ > 2, so G’ contains a copy of
K}, with vertices v;,, ..., v;. Set C; = V;,. Then we have found a (k, 7, §)-good configuration, since

every pair (C;, C;) with i < j is n-regular, each C; has red density at least % > 4§, and dg(C;, Cj) > 0
for ¢ # j. The following lemma therefore completes the proof. It is stated for great configurations

k
for later convenience, but, as noted above, our (k,7,d)-good configuration is also (k,n,d (2))—great.

Lemma 3.3. Suppose a red/blue coloring of Ky, with N = (2F + &)n, contains a (k,n,5)-great
configuration with § < 2-2k=32 gnd n < 53/k:2. Then it also contains a monochromatic B,(lk).

Proof. Let C1,...,Ck be the (k,n,d)-great configuration. First, observe that by the counting
lemma, Lemma 2.5, the number of blue Kj with one vertex in each Cj is at least

[T ancicy=n(y) e (6-0(3)) [Lici (- TTIci = o

1<i<j<k i=1 i=1 i=1

since the definition of a great configuration includes that [[ dg(C;, C;) > 0. Therefore, there is at
least one blue K} with one vertex in each C;. Similarly, for any ¢, the number of red K}, inside C;

is at least
(area® —n(5) et = (3-(5) ) 1c3t 0.
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Thus, every C; contains at least one red Kj.
Next we will need an analytic inequality, essentially [3, Lemma 8]. The proof of this lemma and
a stronger, stability version that we will need later may be found in the appendix.

Lemma 3.4. For any x1,...,x; € [0,1],

k k
[I §:1—% > o1k,
=1 =1

Now, for any vertex v and any i € [k], consider the blue density z;(v) := dp(v,C;). By Lemma
3.4, we know that

?r'\r—‘

Summing this inequality over all v, we get that

k

k
S TTwt) + 3 3 S0 - ww) > 2+,

veV i=1 i=1veV

Since the sum of these two quantities is at least 2'"*N, one of them must be at least 27¥N. First,
suppose that

}:II% )>27FN. (7)

veV i=1
For a given vertex v, if we pick v; € C; with 1 < ¢ < k uniformly and independently at random,
then Hle x;(v) is the probability that the edges (v, v;) are blue. Hence, inequality (7) implies that
for a random v and random v; € Cj, there is a probability at least 27% that all the edges (v, v;)
are blue. Heuristically, this fact, combined with the regularity of the pairs (Cj, C;), implies that a
random blue K}, spanned by (C4, ..., C}) will also have probability close to 27 of being in the blue
neighborhood of a random v. More formally, by applying Corollary 2.6 for each v and summing,
we see that the expected number of blue extensions of a randomly chosen blue K} spanned by
(C1,...,Cy) is at least

k
> (H zi(v) — 45) > (27F 46N = (27F —46)(2F + e)n > (1 4+ 27Fe — 2MF36)n > n,
=1

veV

by our choice of § < 27273¢. Therefore, there must exist some blue K with at least n blue

(k)

extensions, giving us our desired blue By,
On the other hand, suppose that

f§:§:1—xz k> o9k,

i=1 veV

Then there must exist some 1 < i < k for which >, .,(1 — z;(v))¥ > 27F¥N. For this 4, similar
logic applies: this fact, together with the regularity of C;, implies that for a random red Kj in C;

11



and for a random v € V, v will form a red extension of the K}, with probability close to 27%. More
precisely, by Corollary 2.6, the expected number of extensions of a random red K, in C; is at least?

3 ((1 — )k - 45) > (27F — 46)N > n,

veV

by the same computation as above. Therefore, we see that a randomly chosen red K}, inside C; will

have at least n red extensions in expectation. Hence, there must exist a red ng), completing the
proof. O

Recall that previously we found a (k,7,d)-good configuration with 6 = 27 ¢ and 7 = 52K

k
This is also a (k,n,d")-great configuration, where ¢’ = 5(). Therefore, we can apply Lemma 3.3,
since & < 272873¢ and n = §2** < (§)* < (8)*/k?. Applying Lemma 3.3 yields our desired

monochromatic B,(lk) and completes the proof of Theorem 1.1.

4 A new proof, with better bounds

In this section, we prove Theorem 1.2, which we now restate in the following more precise form.

2 3
£25k2 5100k

Theorem 1.2. Fiz k > 3. Then, for any n > 22 ,

r(B®)) < 2kp + i

(logloglogn)1/25°

The proof of this result follows similar lines to the proof of Theorem 1.1 presented in Section 3,
except that we must now avoid invoking Szemerédi’s regularity lemma at all costs, as doing so
would necessarily result in tower-type bounds. Instead, we will invoke Lemma 2.4 to obtain a
somewhat structured partition of our vertex set (which results in only a double-exponential loss in
our parameters) and then attempt to locate a great configuration in this partition. If we are able
to do so, then Lemma 3.3 guarantees us our desired monochromatic book. Assuming that at least
half the parts in the partition are red, we first show that such a great configuration exists unless
there are very few blue K between the red parts of our partition and then, in Section 4.1, we show
how to guarantee a monochromatic book also in that case (without finding a great configuration).
The rest of the section spells out the details of this approach. We will assume throughout that
e < 274 /R and set § = 272 3¢ ¢ = §3/k2, and n = (2.

Suppose we are given a red/blue coloring of Ky, where N = (2* + ¢)n, and we wish to find a

(k)

monochromatic Bnk . We apply Lemma 2.4 to the red graph with parameter n as above to obtain

an equitable partition of the vertices V' = Vi U --- U V,, where each part is n-regular in red and

m = K(n); to do this, we assume that N > 21/ ’7(10/7])15. Since the colors are complementary, each
part is also n-regular in blue. We call a part V; red if at least half its edges are colored red and
blue otherwise. Without loss of generality, we may assume that at least m/2 of the parts are red.
Let R be the set of all vertices in red parts, that is,

R= Vi, (8)

2Strictly speaking, if v € C;, then dg(v,C;) # 1 — ;(v), as v has no edge to itself. However, this tiny loss can be
absorbed into the error terms and the result does not change.
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The main tool that we will use to find a great configuration in R is a weak regularity lemma
due to Duke, Lefmann, and Rodl, stated below. We need the following terminology. A cylinder is
simply a product set, that is, a set of the form S = 51 x --- x Si. We say that such a cylinder of
vertex sets is e-regular if every pair (S;, S;) with 1 <i # j < k is e-regular.

Lemma 4.1 (Duke Lefmann-R6dl [5]). For any 0 < ( < 1 and any k € N, let M = (R,
Suppose Uy, ..., Uy are disjoint vertex subsets of a graph G. Then there is a partition P of the
cylinder Uy X --- x Uy into at most M parts, each a cylinder of the form Wi x --- x Wy with
W; C U;, such that the following hold:

1. All but a ¢-fraction of the tuples (v1,...,v;) € Uy X --- x Uy are contained in (-regular parts
of P and

2. For each W1 x --- x Wy, € P and each i € [k], |W;| > |U;|/M.

Using this lemma, we now show that we can find a great configuration in R, provided that R
contains a reasonable number of blue Kj.

Lemma 4.2. Let 0 < { < %, 0<6<22 anda > 26 +Ck2. Suppose the set R from (8) contains
at least o|R|F blue K, and that n < min{a, (¢ 1}. Then there ezist disjoint C1,...,C, C R
which form a (k,(,d)-great configuration.

Proof. First, we show that since R contains “many” blue K}, we can find distinct 41, ..., so that
the red blocks V;,,...,V;, € R span “many” blue K}, where we say that the tuple spans a blue

K. if each part contains one vertex of the K. Note first that the number of blue K}, with at least
two vertices in a fixed part V; is at most

V V 2 R 2 2 R i
and, therefore, the number of blue K} with at least two vertices in the same part is at most 2| R|* /m.

Recall from Lemma 2.4 that m = K(n) > o1 /m10/M 4/a, so that 2|R|¥/m < «|R|¥/2. Thus, at
least a|R|¥/2 blue K}, go between parts. By averaging over all choices of i1, ..., we find that
there must exist a choice such that (V;,,...,V;,) spans at least §|V;,|---|V;, | blue Kj. We reorder
the parts so that these are Vi,..., V.

We now apply Lemma 4.1 with the parameter ¢ as in the statement of the lemma. We thus get
a partition P of V; x --- x Vi, with each part P, € P a cylinder Wyy X - -+ X Wy, We can write

#{blue Kj in Vi x -~ x Vi} = > #{blue K} in P},
l

where a blue K in Py is a blue K}, with one vertex in each Wj,. At most a (-fraction of the k-tuples
in Vi X --- x V are contained in irregular parts P;. Therefore,

3 #{blueKkag}>(——§)\V1\ Vil

Py is ¢-regular

For each (-regular Py, we can count the number of blue K} using Lemma 2.5. This implies that

#{blue K in P} < g() I dswie,w. HIWZA

1<i<j<k
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where dp denotes the blue density. Therefore,

« k -
(5_4) Vil-- Vil < > g( >+Hds ie. Wie) | [T Wil
i=1

Py (-regular 1<j

< max
Py (-regular

<>+HdB 0 Wie) Zﬁrw

1<J PiePi=1

= max <>+HdB i, W ) Vil Vil

Py (-regular
v C-reg i<

Thus, there is some £ for which P, is (-regular and

2
[Tanwie w0 = (5 -¢) ~¢(3) 2 5 -5 28

1<J

by our choice of a. Setting C; = Wi, we have found sets C, ..., Cy such that each pair (C;, Cj) is
(-regular and the product of their pairwise blue densities is at least 9.

We also know that for each i, |C;| > |V;|/M. Since V; was n-regular, the hereditary property
of regularity implies that C; is nM-regular and, by our choice of 1 < C2k2<75 = M2, it will thus
be (-regular. Moreover, since |C;| > n|V;|, the n-regularity of V; implies that the red density of C;
is at least % -n > 5t/ (’5) These are the properties defining great configurations, so we see that
Cy,...,C is a (k,(,0)-great configuration, as desired. O

Thus, by assuming that R contains many blue Kj, we conclude that it also contains a great
configuration. By Lemma 3.3 and our choice of § = 272¥73¢ and ¢ = 63/k?, this (k,(,§)-great

configuration then implies the existence of the required monochromatic copy of Bnk . In the next
subsection, we will see how to find such a book under the opposite assumption that R has fewer
than a|R|* blue K.

4.1 Few blue cliques

We now assume that the condition of Lemma 4.2 is not met and show that we can still find a
monochromatic book, though we can no longer guarantee the existence of a great configuration (for
instance, if every edge is red). Broadly speaking, the idea of the proof is to use the assumption that
R contains few blue K}, to find either a monochromatic book or a large subset of R with few blue
Kj_1. Applying the same argument repeatedly (starting from a set with few K, and restricting to
a large subset with few K,_1), we will eventually find a large subset of R with few blue Kp, that
is, few blue edges. At that point, it is straightforward to show that this set must contain a large
red book, which concludes the proof.

A pair of vertex sets (X,Y) is said to be lower-(\,v)-regular if d(X',Y") > X holds for every
X' C X,Y' CY with | X'| > ~|X]|, |[Y'| > ~|Y]. We begin by showing that given any two vertex
sets, one of which is regular and fairly dense in red, we can find either a large red book or a large
pair of lower-(\, v)-regular subsets in the blue graph.

14



Lemma 4.3. Fix0<6§%,0<'y<%, and0<)\<ﬁ, and set

1_111(1—['3/)
and p= (%) T

__ B
1 —2kX

6/

Fiz 0 <n < p/22k2. Suppose A is a set that is n-regular with red density at least % and B s a
disjoint set of vertices with |B| > ~v~3. Then either there is a red K in A with at least 5| B| red
extensions in B (i.e., a red book Bgrj)gl) or there are subsets A’ C A, B' C B such that |A’'| > p|4|,
|B'| > (1 —~)(1 — B B|, and (A, B') is lower-(\,y)-regular in blue.

Proof. We will iteratively build two sequences of vertex sets A = Ay O A1 O -+ and B = By 2
By O --- with the following properties:

(i) [Adl > (v/2)"|A],
(i) (1—7)B] =€ <[Be <(1—7)|B], and
(iii) Setting By = B\ By, every vertex in A, has blue degree at most 2| B,| into By.

In each step of the process, either (Ay, By) will be lower-(\, v)-regular in blue (in which case we take
A" = Ay, B' = By) or else we will be able to continue the sequence. If we continue for sufficiently
long, then the outcome will yield the desired large red book.

To begin, set Ag = A, By = B, noting that the three properties we are tracking hold vacuously,
since |Ag| = |A|, |Bo| = |B|, and By = @. Suppose now that we have defined A, and By satisfy-
ing properties (i)—(iii). If (Ag, By) is lower-(\,«y)-regular in blue, then we output (Ay, By) as our
desired pair (A’, B’). If not, we may find X C A, Y C By such that | X| > ~| 4|, |Y| > v|Bl,
and dp(X,Y) < A. If Z is a uniformly random subset of Y of cardinality exactly [v|By|], then
Eldg(X, Z)] = dg(X,Y), which implies that there is some subset Y/ C Y with |Y'| = [v|By|] and
dp(X,Y') <dp(X,Y) < A\. Fixsuch a Y’

Let X7 C X be the set of all z € X with eg(z,Y’) < 2A|Y’| and X5 = X \ X;. Then

AX|Y'| > dp(X, YNX[Y' | = ep(@,Y') > Y ep(x,Y) > 20 XY,
zeX z€X>

which implies that |Xs| < |X| and thus that [X1| > $|X|. We set A,y = X7 and Bpy = B\ Y.
We need to check that properties (i)—(iii) still hold for (Agy1, Be+1). Property (i) is rather
straightforward, since

1 ¥ Y /Y ¢ 0% {41
Apa| = 1X1] > =X > 214 >f(f) A :<7> Al
Al =150 2 g1x1 > Jad = 2 (D) 141= (1) 1
where we used our assumption that property (i) holds for A,. Similarly,
|Beya| = [Bel = [Y'| = |Bel = 7] Bel] < [Bel = |Bel = (1 =) Be| < (1 =7)*|B]
and

[Besa| > [Bel = 11Bd =1 > (1 =) (1= 7)|B| = £) = 1> (1 =) |B| - (£ +1),
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by applying property (ii) for By. Finally, if we let By11 = B\ Byy1, then we see that
Bey1 =B\ (B \Y') =B, uY'".

By applying property (iii) to (Ag, By), we know that every vertex in Ay has blue density at most
2)\ into By. Since Ay C Ay, the same holds immediately for all vertices in A, 1. Additionally, by
our choice of Ay = X1, we know that every vertex in Ay, has blue density less than 2\ into Y.
By adding these two facts, we see that dg(z, Byy1) < 2\ for all x € Ay, proving property (iii).
This proves that we can indeed continue the sequence of pairs (Ay, By).

Now suppose this process continues until step £* = (—M] Then

In(1-8")

> (D) = ()77 A=

Thus, smce A was n-regular and had red density at least & 3, we see that Ay has red density at least

3 —n > 1 and is (1/p)-regular. Therefore, by the countmg lemma, Lemma 2.5, we see that A

contains at least
(4—@ 1 (’f)) ApF > <2—2<'s> g (’f)) ApF >0
p\2 2

red Kp, since n < p/22k2. Thus, Ay+ contains at least one red Kj,.

Fix a red K}, inside Ay«. Since every vertex in this clique has blue degree at most 2)\]B7p into
By, they have at least (1 — 2k)\)|By+<| common red neighbors inside By«. Moreover, by our choice
of £* and property (ii), we see that

| A

|Bes| < (1 =) B < e

B| < (1- 8B,
which implies that the number of red extensions of our fixed clique is at least
(1 — 2kN)|Bys| = (1 — 2kA\)(|B| — |Be<]) > (1 — 2kXN)B'|B| = B|B].

(k)
BBl
Therefore, we may assume that the process stops at some step £ < £*—1. Then, by the definition

of the sequence, we know that (Ay, By) is lower-(\, 7y)-regular in blue, so all that needs to be done
is to check the lower bounds on |A4y| and |By|. But, by properties (i) and (ii), we see that

This gives us our monochromatic red book B

40> (1) 1412 (1) 1412 pla

and
|Bel > (1—7)"|B| — ¢
> (1- 7)_111(1_5/)/7‘3, —1 (9)
> (%) In(1- /7,3‘ y (10)
=(1-5)""7B| -

where we used the definition of £* in (9) and the inequality 1 — x > e_x_x2, valid for all x € [0, %],

n (10). Next, we observe that since 8 < % and A < ﬁ, we have that 1 — 8/ > %, which
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implies that —In(1 — ') < 1 and thus that ¢ < % Additionally, since v < %, we have that
v < (3)' < (1= p')'*7. Therefore, since |B| > y~3, we have that

1
€< 2 <|Bl <(1-§)|B,

which implies that
[Bel > (1= )" Bl = €= (1—7)(1 - 8)"BI.

This shows that (Ay, By) satisfies the properties required of (A’, B’) and concludes the proof. [

We will use this lemma in conjunction with the following result, which, though stated in a more

general form, will tell us that if we have few blue K,;; in a large set, then it has a large subset
containing few blue K,.
Lemma 4.4. Fiz 0 < A\ < %, reN, and 0 <y < \'. Suppose that G = (A, B, E) is a bipartite
graph such that the pair (A, B) is lower-(\,y)-regular. Suppose also that H = (B, F) is an r-uniform
hypergraph with vertex set B and edge set F. Define an extension to be a pair (a, f) € A x F such
that a is adjacent in G to every vertex of f. Then the number of extensions in G is at least

r
XAl (IF] = 5 1BI)

Proof. The proof is by induction on r. The base case is when r = 1, which means that F' is a 1-

uniform hypergraph on B, i.e., simply a subset of B. If |F'| < v|B|, then the bound holds trivially,

since \"|A|(|F| — ry|B|"/A"~1) is negative in this case. So suppose that |F| > v|B|. Then we may

apply lower-(A,y)-regularity to the pair (A, F') to conclude that d(A,F) > A. Since r = 1, the

number of extensions is the same as the number of edges between A and F'. But

e(A, F) = d(A, F)|A[[F| = AA[[F| = AA[(|F| = ~[B),

as desired.

For the induction step, suppose the lemma is true for r — 1. Call a vertex v € B good if its
degree to A is at least A|A| and bad otherwise. Then there are fewer than v|B| bad vertices, for
otherwise they would form a set B’ of size at least v|B| with density less than A into A. For a
good vertex v € B, let A’ C A be its set of neighbors in A and let H, be its link in H. That is,
H, = (B, F,) is the (r — 1)-uniform hypergraph with vertex set B and hyperedges

sz{fe<rfgl>:fu{v}eF}.

By the hereditary property of lower regularity, we know that the pair (A’, B) is lower-(\,v/\)-
regular. Therefore, we may apply the induction hypothesis to the configuration (A’, B, H,) to
conclude that the number of extensions of H, in A’ is at least

r— (T B 1)(7/)‘) r— r (T B 1)'7 r—
A (’Fv’—W\B\ L) > XA \FA—W]B\ i

since |A’| > A|A| by the goodness of v. Note that, by the definition of A’, every extension of
f € F, into A’ yields an extension of f U {v} € F into A. Now, instead of counting extensions of
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hyperedges, it will be convenient to count extensions of ordered hyperedges. In other words, every
f € F will be counted r! times, once for each ordering of its vertices. Then, by summing over the
first vertex of the ordered hyperedges, we have that

#(ordered extensions) = Z #(ordered extensions of hyperedges starting with v)
vEB

> Z #(ordered extensions of hyperedges starting with v)
v good

> - owial ¥ (1nl- O3 )

v good

> rIN| A <|F| - ()|B|7“> — (r= WA} ) |F

AT 1
v bad

> vl (1) - U i B - XAl )

>V IA] (1P| - 5551B1)

where we used the fact that since there are at most v|B| bad vertices, there are at most v|B|"
ordered r-tuples that start with a bad vertex. Dividing by 7! to count unordered extensions gives
the desired result. O

Using these two lemmas, we can tackle the case where R does not contain many blue K. The
main technical details will appear in the next lemma, but for the moment we give a high-level
overview. First, since R contains few blue K}, one of its parts spans few blue K} with the rest of
R. Call this block A and set B = R\ A. Then, by Lemma 4.3, either we can find a large red book
between A and B or we can restrict to large subsets A’ and B’ such that (A4’, B’) is lower regular
in blue. In the latter case, Lemma 4.4 implies that either there are many blue K} between A’ and
B’, a possibility which is ruled out by our assumption that A spans few blue K} with B, or else
B’ must itself contain few blue Kj_;. We now repeat this argument k — 2 times. At each step, we
assume that we have few blue K, and either we find a large monochromatic book or else we reduce
to a large subset with few blue K,._;. If we never find a monochromatic book, then, at the end, we
find a large subset of R with few blue K, i.e., a large subset that is close to monochromatic in red.
If the parameters are chosen appropriately, we can then show that this large, very red set contains
the requisite red B,(@k). The inductive step for this argument is given by the following lemma. Recall
that R is the union of blocks V;, each of which is n-regular and has red density at least %

Lemma 4.5. Let 3 <r <k be an integer and let B =1/(k — 1), 7 = (1 — B)F2¢/8% X =274 /k,
8= 3/(1—2k\) and

v = min{/\k2,1 —(1- B2k (k—7/4)In(1-p5) 1}.

(k- 2) (1 - )

Suppose that |R| > v~* and S") C R is a set that is the disjoint union S = U Vi(r) of blocks,
where VZ.(T) CV; and either Vi(r) = or else \Vi(r)] > 7|V;|. Suppose too that

15D > (1= 4)F7 (1 = B)EE) — 2k — 1)) |
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and S) spans at most a,|ST|" blue K, where o, = (k — 1+ 1)A*". Then either S contains
a monochromatic BT(Lk) or there is a subset SU=1 C S() that is the union of Vi(T_l) - Vi(r) with
either Vi(rfl) = or |Vi(r71)] > 7|V;| such that

STV 2 (1 =00 = gHECDO) ok — (r— 1)r) |R]

and ST spans at most oar_l\S(”*l)]Tfl blue K,_1, where a1 = (k — (r — 1) + 1)/\’“(”*1).

Remark. The definition of 7 is rather complicated, but one can check that for all k£ > 3 the first
term in the minimum is the smallest, i.e., v = P However, it will be convenient for the proof to
define it as above.

Proof of Lemma 4.5. By assumption, S(") spans at most ar|S () |” blue K,. Therefore, by averaging,
r)

there must be some i for which there are at most rarﬂ/'i(T)HS(T)V*l blue K, with a vertex in Vi( .
Fix such an 7 and let A = Vi(T) and B = S\ V;(T).

Since A = Vi(r) C V; with |Vi(r)| > 7|V;|, we find that A is (n/7)-regular and, since 7 > 7, it has
red density at least % -n> % We apply Lemma 4.3 with parameters 3,~, and A as above to the
pair (A4, B), which we may do since the assumption that |R| > y~% implies that |B| > v~3. This
tells us that we can either find a red book B( ) or subsets A’ C A, B’ C B such that (A", B') is

BB
lower-(\, y)-regular in blue with |A’| > p|A| and |B’| > (1 —)(1 — 8)'*7|B|, where
/6 (,}/>1_1n(1_’8)
;o _ (7 v
P=1am ™ =1

First, suppose that we have found a red book B/(3|1)3| We know that

1B = [50)] — [V

> (1=)* (1= )R] — (2(k —r)7|R| + Vi)
> (1—)*(1 - g)HVED R — 2kr N (11)
> (1= 0)"2(1 = )" 5/2|R| — 2k7N (12)

= (1 - B)*2|R| — 2k7N.

In (11), we used that » > 3 and |V;| = N/K(n) < 7N by the choice of 7. In (12), we used the
definition of -y, which implies that (1 —~)*¥ > (1 — 8)"/2 and that (1 — g/)(HHNE=3) > (1 — g)k=5/2,

since 1+~ < (f];jg;ll);a(ig,ﬂ)) < (5:’?{)21);?1@;3)). Now, we plug in |R| > N/2 and our definition of 7 to
find that

k2N k-2 €
1Bl 2 (1=6)""5 —2k(1-5) oV

_ _ 2k +
— (1—p)"2n ((2’“ Ly %) ~ ke 5)
> (1 _ B)k_22k_1n.

(k)
B|B

BIB| = B(1 - B) 2" n > n,

Therefore, the number of pages in our red book B satisfies
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since, for all k > 3 and 8 =1/(k — 1), we have that

1 1 \F2 1
o1 (1 - k:l) Z 51 (13)

(k)

Thus, in this case, we have found a red By

Therefore, we may suppose that we instead find the subsets A’ and B’ described earlier. If B’
spans fewer than %a,ﬂ_l\B’\"*l blue K,_1, then we are done. To see this, we delete from B’ all the
vertices in blocks V; that maintain at most a 7 fraction of their vertices and set S (*=1) to be the
remainder. Doing so discards at most 7|R| vertices from B’, so we find that

S0V 2 |B ~ IR
> (1= =87 (157 = V")) = 7R
> (1=9)(1 = 8)+10] — 27| |
> (1—7)(1—p)* ((1 _ ,Y)k—r(l _ 5/)(k—r)(1+'y) — ok — T)T) R| — 27|R)|

> (1= )70 = ) E D) ok — (r — 1))7) |R)

as desired. Additionally, since we discarded at most 7|R| vertices from B’, we discarded at most a
(7| R|/|B’|)-fraction of the vertices in B’. By the same computation as in equations (11) and (12),
we see that |B'| > (1 — 8)*"2|R| — 2kTN > 1(1— B)*~2|R|. Therefore, 7|R|/|B'| < 2r(1—p)** =
2¢ /8% < 27% 50 discarding this small fraction of vertices means that S (r=1) will still span fewer
than ar,l\S(’"_l)V_l blue K, _1, as needed. Therefore, in this case, we are done.

So we may assume that B’ spans at least %0@_1|B’|’“*1 blue K,. Now we apply Lemma 4.4
to the blue graph between the pair (A’, B’), which is lower-(\, v)-regular by construction. The
hypergraph on B’ that we will use is the hypergraph F of all blue K,_1 in B’, i.e., an (r — 1)-tuple
in B’ will be a hyperedge if and only if it spans a blue clique. Note that |F| > %ar,1|B’|T_1,
since we assumed that B’ spans at least that many blue K, ;. Then the number of extensions is
precisely the number of blue K, with one vertex in A’ and the rest in B’. Lemma 4.4 says that
this number of extensions is at least

r— r— r— T_l r—
vty (171 - OB ) 2 i (Gar - CEY ) 1

> (A(1—y)(1— g (;a,,_l - (TAT 12> ) |A'|B|"!
=: plA||BI"

In other words, an average vertex in A’ is contained in at least u|B|"~! blue extensions of a blue
K,_1 in B. Now we delete A’ from A and apply this argument again. Formally, set 47 = A\ A’

Then we apply Lemma 4.3 to the pair (A;, B), which tells us that we either find a red book BL(3’I|?3|
or subsets A} C A;, B’ C B such that (A}, B’) is lower-(\,vy)-regular in blue with |A}| > p| 4|
and |B'| > (1—7)(1—8)'*7|B|. As above, if we find the monochromatic BEIJ)BI we are done, since

B|B| > n. If not, then either this B’ has a density of blue K,_; smaller than 1 5Qr—1, in which case
we are again done, or else an average vertex in A} is contained in at least u|B \”*1 blue extensions
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of a blue K,_; in B. In that case, we set Ay = A; \ A} and repeat the process once more. Each
time we repeat, either we get the desired conclusion or we can pull out a new subset A, C A with
|ALl > pl]A\ (A UA]U---UA,_,)| and such that the average vertex in A} is contained in at least
u|B|"~! blue extensions of a blue K,._; in B. Since we pull out at least a p-fraction of the remainder
of A at each step, we will eventually pull out at least half the vertices in A.

The set A C A of removed vertices has the property that the average vertex in A is contained
in at least u|B|"~! blue extensions of a blue K, in B. Therefore, the total number of extensions
between A and B is at least 3u|A|/B|"~!. However, by construction, this number is also at most
ra,|Al|ST =t < 2r=lra,|A||B|"~, using the fact that |B| > 2|S()|. So we conclude that

1 (r — 1)7).

L ()‘(1 —7)(1 - ﬂ/)l—m)ril <204r1 T v

2 ra, > Jh=

N |

Rearranging, this implies that

2 tlrq, 2(r — 1)y
(075 | S — -+ —
(AL =)L = p)ttr)r—t AT—2
k24K 2Ky
< vt 2 (14)
<A Ty AR (15)
<Ak =+ )AFT) 4 \brk (16)

= (k— (r—1) + 1)ARC=1),

where in (14) we used that 7 < k and (1 —~)(1 — #)'™7 > L, in (15) we used that 1/X > k2
and v < A¥* < A¥*~2/9k and in (16) we used our assumption that o, < (k —r 4+ 1)A" and that
k2 —r > kr — k since r < k. This is our desired bound. O

We can now put all the pieces together and finish the proof of Theorem 1.2.

Proof of Theorem 1.2. Recall that we are given a 2-coloring of Ky, where N = (2% + &)n. We
set 6 = 270 ¢ = 83/k% g = (T, B = (k- 1), T = (L B)F /8% A = 27k,
B'=38/(1-2kN), a= M and

y= min{/\kz, |- gy (BT =) 1} |

(k=2)In(1 - 5)

We apply Lemma 2.4 to our coloring, with n as the parameter, which we can do as long as N >

15
o1/m M We assume without loss of generality that at least half the parts in the partition have

internal red density at least % and set R to be the union of these parts. If R spans at least a|R|
blue K, then we apply Lemma 4.2. To do so, we need to check that o > 28 + k2, which indeed

holds since
2—4k’3

20 + Ck:2 =97 2k=22 4 97 0k=93 < o < — 2\ = a,

by our choice of ¢ < =4k’ / I (recall that we are free to make such a choice since we are ultimately
interested in small €). To apply Lemma 4.2, we also need to check that n < min{a, (2]“24_5,% ,
which certainly holds since n < § < a < % by the above. Similarly, § < 272 holds since

21



§ <e< 2% Thus, Lemma 4.2 applies and we may find a (k, (,d)-great configuration within R.
We then apply Lemma 3.3 to this (k, (,d)-great configuration to find the desired monochromatic
B,

Therefore, we may suppose that R contains fewer than o|R|* blue K. We set SF) =R, oy, = «,
and apply Lemma 4.5. To do so, we need to assume that |R| > 7. We then repeatedly apply

Lemma 4.5 and, at each step of this induction, either we will find a monochromatic ng) or we will
be able to continue on to the next step. This process ends when r = 2, at which point we have
found a set S® with fewer than as|S®|? blue edges, where ay < kA2 < kA%, and with

SO] = (L =7)F2(1 = g)E20) — 2k —2)r) IR
> (1= )21 = g7/ — 2k7) |R]
_ ((1 _ pyks/A 2kT) IR,

using our definition of v as in (12). At this point, it is very easy to find a red Bflk), since S?) is
almost a red clique. Concretely, first observe that each blue edge is in ('S;:i‘l_ 2) tuples of k£ + 1

vertices of S, This means that the number of red Ky in S@) is at least

15@)| @2 (18P -2 1@
_ > (1= .
<k+1 aalsPP(17, 1) 2 (0 2k + Do) ),

This implies that a random k-tuple of vertices in S*) is in at least (1 —3k(k+1)az)|S®| red Kj1,
on average. Moreover,
(1= 3k(k+ 1)w)|SP| > (1 = 3k(k + 1)kAY) (1 — B)*>/* — 2k1)|R|

(1- 2—10k)29/8—k <2k—1 i %) n

Y

Vv

n,

using, similarly to (13), that, by our choice of 3 = 1/(k — 1), we have that (1 — 3)¥~%/* — 2k >
29/8=k  Therefore, if the process is allowed to continue until = 2, then we again find our desired
monochromatic book.

In this proof, our two lower-bound assumptions on N were that N > 21/7
apply Lemma 2.4, and that |R| > y~4, in order to apply Lemma 4.5. The latter is a much weaker
condition, since |R| > N/2 and

w/mts .
(orm , in order to

2 2 3 10/m15
,.y—4 — )\—4.’4; — k4l€ 216k‘ g 6_4 < 21/7;( /m) ‘

15
Therefore, the lower bound the proof gives is N > 1/mom By our choice of ¢ < 2_4’“3/1::”“27 we
have that { = 2_6k_953/k‘2 > ¢* and

2,+—5 2_-20 2_—-20 —22
n= <2k ¢ > (84)2k 5 — 68]6 € > 9—¢ ]

Therefore,
1nomts g2 %
2 <2

)
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25 6—25
That is, if ¢ < 2*4’“3//{’“2 and n > 92 , then
(k)

any 2-coloring of the complete graph on (2¥ + &)n vertices must contain a monochromatic By .
Therefore, as long as

so our proof goes through when n > 22

. 222<274k3/kk2)725 B 22k25k22100k3
£25k2 51003
this result will hold. Thus, for n > 2%° . we have
n
r(B¥)) < 2Fn + ,
(B,") < (log log log n)1/25
as desired. ]

5 Quasirandomness results

5.1 The main result

We begin by recalling the definition of quasirandomness from the introduction. Usually, quasiran-
domness is defined for a sequence of graphs and the right-hand side of the defining inequality is
just o(N?). However, it will be more convenient for us to explicitly track the error parameter 6,
rather than hiding it in the little-o notation.

Definition 5.1. For any 6 > 0, a 2-coloring of the edges of K is called 0-quasirandom if, for any
disjoint X, Y C V(Ky),

1
ep(X,Y) — SIX|[V]| < ON?,

where ep(X,Y') denotes the number of blue edges between X and Y. Since the colors are comple-
mentary, this condition is equivalent to the analogous condition for the red edge count er(X,Y).

With this, we can restate the main theorem of this section, Theorem 1.3.

Theorem 1.3. For any k > 2 and any 0 < 0 < %, there is some ¢ = c(0,k) > 0 such that if a
2-coloring of Ky is not 0-quasirandom for N sufficiently large, then it contains a monochromatic
BW with n = (27% 4+ ¢)N.

Remark. This result was conjectured by Nikiforov, Rousseau, and Schelp [17], who proved it
in the case k = 2. This case is very special because of Goodman’s formula [12] for counting
monochromatic triangles in 2-colorings, no analogue of which exists for counting monochromatic
cliques of larger size. As such, the approach we use to prove Theorem 1.3 is substantially different
and more complicated than that in [17], though it is interesting to note that our new technique
actually fails for £k = 2. As such, for completeness, we also present a proof of the k = 2 case
(modifying and simplifying the proof from [17]) in Section 5.2.

As mentioned in the introduction, we will actually prove a strengthening of Theorem 1.3,
restated here.

Theorem 1.4. For any k > 2 and any 0 < 6 < %, there is some ¢; = c1(0,k) > 0 such that if
a 2-coloring of Kn is not 0-quasirandom for N sufficiently large, then it contains at least ¢;N¥
monochromatic Ky, each of which has at least (27% + ¢1)N extensions to a monochromatic Ky 1.
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We will prove the contrapositive: if fewer than ¢; N¥ monochromatic cliques in a coloring have
at least (27% + ¢;) N extensions, then the coloring is #-quasirandom. First, we apply an argument
similar to that in Section 3 to find a good configuration within our coloring. As we know from
Lemma 3.3, this good configuration is enough to guarantee the existence of a monochromatic ng).
Lemma 3.3 followed from Lemma 3.4, which proves a lower bound for a certain function of real
variables x1,...,x;. Here we need a stability version of Lemma 3.4, which says that if our vector
(z1,...,)) is bounded away from (%, ce %), then the function in Lemma 3.4 is bounded away from
its minimum. Using this, one can strengthen Lemma 3.3 so that our good configuration not only
contains a ng), but also guarantees many larger books, unless every part of the good configuration

is e-regular with density close to % to the entire vertex set of the graph. Thus, under the assumption

g)_ bpep)n We canl pull out a small part of the graph

that is e-regular to the whole vertex set. We then iterate this argument, repeatedly pulling out
parts of the coloring that are e-regular to V', until we have almost partitioned the graph into such
a collection of parts. The property these parts satisfy is a form of weak regularity, which will be
sufficient to prove that the coloring is quasirandom.

We begin with a simple consequence of Markov’s inequality, saying that whenever a random
clique among some large set of monochromatic cliques has many monochromatic extensions in
expectation, then we can find many cliques with many extensions.

that our coloring contains few monochromatic B

Lemma 5.2. Let x,& € (0,1), let 0 < v < &, and suppose that Q is a set of at least KN
monochromatic Ky in a 2-coloring of Kn. Suppose that a uniformly random Q € Q has at least
EN monochromatic extensions in expectation. Then the coloring contains at least (& — v)kN*
monochromatic Ky, each with at least vN monochromatic extensions.

Proof. Let X be the random variable counting the number of monochromatic extensions of a random
Q € Qandlet Y =N — X. Then Y is a nonnegative random variable with E[Y] = N — E[X] <
(1 —¢)N. By Markov’s inequality,

E[Y] 1-N 1-¢
S = 0N S N S oy T
Thus,
1-¢ (—v
> >1-— = > ¢
Pr(X >vN)>1 - 1_]/_5 v,

which implies that the number of @ € Q with at least ¥ N extensions is at least (§ — v)|Q| >
(€ —v)kN*, as desired. -

By using a stability version of Jensen’s inequality, we can obtain the promised stability variant
of Lemma 3.4, which is stated below. The proof is given in the appendix.

Lemma 5.3. Let k > 3. Then, for every eg > 0, there exists dg > 0 such that, for any x1, ...,z €
[0,1] with |z; — 3| > &y for some j,

k k
1 _
Hmi+k;(1—xi)k22l k+50.
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Remark. This lemma is actually false for k = 2, since the minimum value of % is attained every-
where on the line z1 + xo = 1. Note also that the precise numerical dependence between &g and g
depends in a complicated way on k, but it is of the form &y = Q. (e2).

Using Lemma 5.3, we can prove the strengthening of Lemma 3.3 alluded to earlier, which says
that a good configuration whose blue density to the rest of the graph is not close to % actually
yields a monochromatic book with substantially more than 2~¥N pages.

Lemma 5.4. Let 0 < gy < % and let &g = do(g0) be the parameter from Lemma 5.3. Suppose

§ < dpeo/2, n < 52K and Cy,...,Cy is a (k,n,d)-good configuration in a 2-coloring of Ky. Define
B; ={veKn :|dp(v,C;) — 3| > eo}-

(k)

(2=k4c)N’

¢ = dpep/4. Moreover, if |C;| > aN for all i and some o > 0, then there exists some 0 < ¢1 < ¢

depending on €g, o, and § such that the coloring contains at least ¢t N* monochromatic Ky, each
of which has at least (27F + ¢1)N monochromatic extensions.

If |Bi| > eoN for some i, then the coloring contains a monochromatic book B where

Proof. First, as in the proof of Lemma 3.3, observe that by the counting lemma, Lemma 2.5, the
number of blue K}, with one vertex in each Cj is at least

II dscicy) <> H\c>< <>>H|C|>0

1<i<j<k

so there is at least one blue K}, spanning C1, ..., Cy. Similarly, the number of red K}, inside a given

C; is at least
(ar@)® = (3) )i = (56 (5} ) 1t > .

so each C; contains at least one red K.
Suppose, without loss of generality, that |Bi| > ¢gN. For every v € V, let x;(v) = dp(v, C;).
By Lemma 5.3, for v € By, we have

k
[Jaiw)+

w\»—t

k
21—@ k> ol=F 4 g,

where §yp > 0 depends on ¢y. Additionally, for every v € V'\ By, we know, by Lemma 3.4, that

k k
H Z (1 —ax(v)k > 21k,
=1 =1

Summing these two inequalities over all vertices, we get that

X:Hxz + = ZZ 1—2;(0))F > 217k N + 60| B1| > (217F + Gpeo) N.

veV 1=1 =1 veV

??‘\H

Now, we argue as in the proof of Lemma 3.3. One of the two summands above must be at least
k
27k + ‘S‘)%)N. If it is the first, we apply Corollary 2.6, using the fact that [[,_; dp(Ci, Cj) > 5()
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k
2

and n < 6% < (§ ( ))3 /k?. Then summing the result of Corollary 2.6 over all v € V implies that a

random blue K} spanning C1, ..., C) will have in expectation at least
k k dne k
> (H zi(v) — 45(2>> > (M + % - 45(2)> N>@2%4+eN
veV \i=1

blue extensions, since ¢ = dpgp/4. On the other hand, if the second summand is the larger one,
then we find that a random red K, inside some C; will have in expectation at least®

> (1= mi) - 466)) > <2"“ + 5”% - 45('§>> N>@F+oN

veV

red extensions.

To prove the last statement in the lemma, that we can in fact find ¢; N¥ monochromatic cliques
each with at least (27% +¢;) N monochromatic extensions, we apply Lemma 5.2, using the fact that
the argument just presented actually finds a set of cliques with at least (27% + ¢)N extensions in
expectation. To apply Lemma 5.2, we need only check that the sets of cliques in question are large,
of size at least Q(N*). But this again follows from the counting lemma, Lemma 2.5. Specifically,

since |C;] > aN for all i, Lemma 2.5 implies that the number of blue K} spanning C1,...,Cy is at
least
k K k k 1 k
[T dsici- 77<2> NGEE (5@ - 77<2>) o V¢ > Lot
1<i<j<k =1

k
and similarly for the number of red K} inside C;. Thus, if we define xk = %5 (2)ak, then we find that
all the sets of cliques we considered in the above argument contain at least K N* cliques. Applying
Lemma 5.2 with this choice of k, £ =2 % +¢, and v = 2_k+c/2, we see that the coloring contains at

least (& — v)kN* monochromatic cliques, each with at least N monochromatic extensions. Taking

c1 = min{(£ — v)k,v — 27F} = cx/2 gives the result. O
The previous lemma shows that if our coloring has no monochromatic B ((53 Eo)N? then, for every
good configuration C1, ..., Ck, most vertices have blue density into C; that is close to % The next

lemma strengthens this, saying that, in fact, the good configuration is regular to the rest of the
graph. We say that a pair (X,Y") of vertex sets in a graph is (p,e)-regular if, for every X' C X
Y' CY with | X'| > ¢|X|, |Y'| > ¢|Y], we have

|d(X/7Y/) _p‘ <e.

Saying that (X,Y) is (p,e)-regular is essentially equivalent to saying that (X,Y") is e-regular and
has edge density p & ¢, so it is not strictly necessary to make this new definition. However, the
next lemma is most conveniently stated in the language of (p,e)-regularity, rather than that of
e-regularity.

Lemma 5.5. Fiz 0 < g1 < i, let g = €2/2, and let 5o = do(co) be the parameter from Lemma
5.3. Let 0 < 6 < dpeo/4 = Ox(e$) and 0 < n < 222,528 pe other parameters and suppose that

3 As in the proof of Lemma 3.3, dr(v, C;) is not quite the same as 1 —dg (v, C;) if v € C;, but this discrepancy can
be absorbed into the error term.
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Ch,...,Cy is a (k,n,0)-good configuration in a 2-coloring of K. If there exists some i € [k] such

that the pair (C;, V') is not (%,61)-regular, then the coloring contains a monochromatic B((k)

2=k+te)N
for ¢ = dpeg/4. Moreover, if |C;| > aN for all i and some o > 0, then the coloring contains at least
c1 N¥ monochromatic Ky, each with at least (2*’“ +c1)N extensions, for some 0 < ¢1 < ¢ depending

on €1, 0, and a.

Proof. Without loss of generality, suppose that (C1,V) is not (%,51)—regular. Then there exist
C7 C Cp and D C V such that

1
dp(C1,D) — 2‘ > e,

where |C{| > ¢1|C1| and |D| > e;N. Suppose first that dg(C], D) > % + 1. Let D; C D denote
the set of vertices v € D with dg(v,C}]) < 2 + & and Dy = D\ Dy. Then

1 1 €1
(3+2)1cIDl < X ento.c)+ X ento.p) < (5 + 3 ) IGHIDI+ G

veDq vEDg

which implies that |Do| > 5| D].

Now consider the collection of sets C}, Ca, Cs, ..., Ci. By the hereditary property of regularity,
this is a (k,n’,d’)-good configuration, where n’ = n/e; and & = § — 5. Moreover, we have a set
Dy C V with |dp(v,C}) — | > €1/2 for all v € Dy and

2

1Ds| > L D) > LN,
2 2

so we may apply Lemma 5.4 with B; = Dy and &9 = £2/2 to conclude that our coloring contains

a monochromatic B((;fzk +ON
then we also get that |C]| > ae1N, so the second part of Lemma 5.4 implies that our coloring
contains at least c; N¥ monochromatic K}, each of which has at least (27% + ¢;) N monochromatic
extensions, for some ¢; < ¢ depending on €1, «a, and 6.

The above argument worked under the assumption that dg(C7, D) > % + €1, so we now need
to deal with the case where dg(C, D) < 3 — 1. However, this case is similar: we first find a large
subset Dy C D with dg(v,C]) < % — % for all v € Dy and then the remainder of the argument is
identical. O

for some ¢ depending on gg. If we assume that |C;| > aN for all 4,

The next technical lemma we need is the following, which spells out the inductive step of the
procedure outlined earlier, wherein we repeatedly pull out subsets of our coloring that are regular
to the remainder of the graph.

Lemma 5.6. Fiz 0 < ¢ < 1/25k and consider a 2-coloring of Kn with vertex set V, where N is
sufficiently large in terms of €. Suppose that Ay, ..., Ay are disjoint subsets of V' such that (A;, V)
is (3,€%)-regular for alli. Let W =V \ (A1 U---U Ay) and suppose that |W| > eN. Then either
there is some non-empty Ag1 C W such that (Agi1,V) is (5,€%)-regular or the coloring contains
at least c;N* monochromatic Ky, each with at least (2% 4 ¢1)N monochromatic extensions, where
c1 > 0 depends only on € and k.

Proof. The structure of this proof is very similar to the structure of Section 3, where we proved
Theorem 1.1. Let 1 = &2, g9 = €3/2, and &y = do(e0) = Qi (e¥) be the parameter from Lemma 5.3.
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Next, fix 6 = dpeo/4, n = 2_2k2€252k2, ¢ =27%ke?, and ¢ = 4e to be other parameters depending
on € and k. We apply Lemma 2.1 to the subgraph induced on W, with parameters n and My = 1/n,
to obtain an equitable partition W = Wy U --- U W, where My < m < M = M(n, Mp). Without
loss of generality, we may assume that the parts Wy, ..., W,,» have internal red density at least %,
where m’ > m/2. We build a reduced graph G with vertex set wi, ..., w,, by making {w;,,w;j,}
an edge if (W},, W},) is n-regular and dg(W;,,W;,) > 6. We also set G’ to be the subgraph of G
induced by wy, ..., Wy.

We will now show that G’ is quite dense and, in fact, that it has few vertices with low degree.
Concretely, suppose first that w; has fewer than (1—2'"%—2¢ —2#n)m/ neighbors in G’. Since w; has
at most nm < 2npm’ non-neighbors coming from irregular pairs, this means that there are at least
(217F 2 Yym/ parts W; with 2 < j < m/ such that (Wi, W) is n-regular and dg(W1, W;) > 1 —96.
Let J be the set of these indices j and set U = UjeJ W;. By the counting lemma, Lemma 2.5, W1

k
2

contains at least (27( ) - n(g)) W1 |* red copies of K}, and

oo (M) ()

where we used that n < 52K < (5(5)/(5) and 9-() (5(5) > 2*’“2, along with our assumption that

|W| > eN. If we set & = (¢/2¥M)¥, then this implies that W, contains at least xN* red Kj.
k k

Moreover, dR(Wl)(2) > 9-(3) > 0% /4. We pick a random such red K, and apply Corollary 2.6 with

parameters 1 and 6% /4, which we may do since n < (6¥/4)3/k?. Then Corollary 2.6 implies that

the expected number of red extensions of this random clique inside U is at least

3 (dR(u, W)k — 4 <5:>> > ((1 U 5k) U| > (1 — 2k8)|U|,

uelU

where we first used Jensen’s inequality applied to the convex function z — z* to lower bound
>, dr(u, W1)* by (1—6)F|U| and then used that (1 —6)% > 1—kd and 6¥ < k§. Since we assumed
that J was large, and since the partition is equitable, we find that

U] > @+ 2¢)m/ [ W] > (27 + )W,
Thus, a random red K}, inside W has, on average, at least (1 — 2kd)(27% + ¢/)|W| red extensions
in W.

Now suppose that instead of just w; having low degree in G’, we have a set of at least em
vertices w; € V(G’), each with fewer than (1 —2'~* —2¢/ — 2n)m/ neighbors in G’. Let S be the set
of these j and T' = | jes Wj. By the above argument, for every j € S, we have that W} contains at
least kN* red K}, each with at least (1 — 2k6)(27% + ¢/)|W| red extensions on average. Moreover,
we have that

W

IT] = [SIIWj| = (em) =t = e[ W] = 2V,

So we may apply the (%,52) regularity of (A;, V) to conclude that dp(T, A;) = % + <2 for all 1.
Thus, if we pick j € S randomly, then E[dg(Wj, A;)] = % + 2. Therefore, if we first sample j € S
randomly and then pick a random red K} inside W}, then Corollary 2.6 implies that this random
red K will have in expectation at least

> (dR<a, W)k 4 (if)) > ((; - )k - ak) 4] = 2751 — 3ke?)] 4

a€A;
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red extensions into A;, again by Jensen’s inequality. This implies that this random Kj has in
expectation at least (1—3ke2)27%| A U- - -UA| extensions into A1U- - -UA,. Adding up the extensions
into this set and into W, its complement, shows that this random red K} has in expectation at
least €N red extensions, where ¢ is a weighted average of (1 — 3ke2)27% and (1 — 2k6)(27F + ¢)
with the latter quantity receiving weight at least e, since |W| > eN. Thus,

£E>(1—¢)(1- 3]{:52)2_’g +e(1 - ng)(2—k +d)
> (1 - 3ke? —e)27" +e(1 — 2k8)(1 + 2¥¢)27".

We claim that 2ké < 2%¢//(2(1 + 2%¢/)). Indeed, if 2°¢/ > 1, then this follows from 2k§ < 2ke < 1,
whereas if 2¢¢/ < 1, then this follows from 2kd < 2Fe = 2F¢/ /4 < 2k /(2(1 + 2%¢')). Therefore,

2k

(1 —2k8)(1428) > (1 )

> (1+2F) =142F1¢.
Continuing the above computation, we thus have that

€>(1—3ke? —)27F +e(1 — 2k0)(1 + 28 )27
> 27F(1 — 3ke? + 281 ¢e)
> 27F(1 — 3ke? + 2FH1e?)
>27F 4o

where in the last step we used that 2871 > 4k for k > 2, as well as the definition of ¢ = 2 *ke?.

Recall that we picked this random red Kj by first uniformly sampling a random j € S and
then picking a uniformly random red K} in W;. By the above, this random red Kj, has at least
(27% + ¢)N red extensions in expectation. Therefore, there must exist some j € S such that a
random red K}, in W; has at least (2*’C + ¢)N red extensions in expectation. If we let Q denote
the set of red K}, in Wj, then |Q| > kN ¥ by our earlier computation. Therefore, by Lemma 5.2,
we can find at least ¢y N* red K 1S, each with at least (2*]C + ¢1)N red extensions, for some ¢; < ¢
depending only on € and k.

Hence, we may assume that at most em < 2em’ vertices of G’ have degree less than (1 —
2¢" — 2n)m/. Therefore, the average degree in G’ is at least

217]6 _

(1—21"%F—2d —2p)(1—2e) >1—21"F —2¢ —2p—2e > 1 —21F —19¢,

by our choice of ¢ = 4¢ and 1 < €. Since € < ﬁ, we have that 12 < i Therefore, 1—217%—12¢ >
1—1/(k —1). Thus, by Turdn’s theorem, G’ contains a Kj. Let wj,,...,wj, be the vertices of
this K}, in G’. We claim that (C1,...,Ck) = (Wj,,...,W;,) is a (k,n,0)-good configuration in our
original coloring of Ky. Indeed, by our definition of the W;, we know that each of them is an
n-regular set with red density at least % > ¢ and, by the definition of the reduced graph G, we
know that if {w;,w; } is an edge of G, then (W;, Wj) is an n-regular pair with dg(W;, W) > 4.
Moreover, we know that |C;| > /N, where o = ¢/M and M depends only on 7 and, thus,
only on € and k. Therefore, by Lemma 5.5, we know that either our coloring contains at least
c1N* monochromatic K, each with at least (2% + ¢;) N monochromatic extensions, or (C;, V)
is (%,52)—regular for all j, where ¢; again depends only on ¢ and k. In particular, we may set
Ayp1 = Cq (or any other C}) and obtain the desired conclusion. O]
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The previous lemma shows that if we assume our coloring does not contain ¢; N* monochromatic
K}, each with at least (27% 4 ¢;) N monochromatic extensions, then we may inductively pull out
subsets that are (%,52)—regular with the whole vertex set and we may keep doing so until the
remainder of the graph becomes too small (namely, until it contains only an e-fraction of the
vertices). At the end of this process, we will have almost partitioned our vertex set into parts which
are not necessarily e-regular with each other, but which satisfy a more global regularity condition
(for comparison, this notion is a bit stronger than the Frieze-Kannan notion of weak regularity
[10, 11]). Our final technical lemma shows that this global regularity is enough to conclude that

our coloring is #-quasirandom.
Lemma 5.7. Let € < 0/2. Suppose there is a partition
V(Ky)=A1U---UAU Apsq,
where, for eachi < ¥, (A;,V) is (%, e)-reqular and |Agy1| < eN. Then the coloring is 0-quasirandom.
Proof. Fix disjoint X,Y C V(Ky). We need to check that

1
ep(X,Y) — 2|X|\Yy' < ON?Z.

First, observe that if |Y| < eN, then

1 1
en(X,Y) — Z|X|[Y]| < Z|X||Y] < SN? < ON2.
2 2 2

So, from now on, we may assume that |Y| > eN. For 1 <i < /41, let X; = A; N X and define

L
D IXil < [Apa|+2 ) |Aif < 2eN.

i¢lx i1
We now write
1 /+1 1
ea(X,Y) = gIxIV| =3 (eax7) - 51x0v1).
1=

We split this sum into two parts, depending on whether ¢ € I'x or not. First, suppose that ¢ € Ix.
Then |X;| > €|4;| and |Y| > |V| by our assumption that |Y| > N, so we may apply the (3,¢)-
regularity of (A4;, V) to conclude that

2.

i€lx

1
en(X,,Y) - 31XV =

i€lx

1
dp(X;,Y) — 2‘ XY <> elXi||Y] < el X||Y] < eN?.
i€lx

On the other hand, we know by our earlier discussions that

D

i¢Ix

Adding these up, we conclude that

1 1 1
e(X;,Y) — 2|X,~]|Y\‘ < SV X < 5Y1(2eN) < eN2.
i¢lx

1
ep(X,Y) — 2|X|]Y|' < 2eN? < ON?,

as desired. O
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Remark. The output of Lemma 5.6 is a collection of sets, each of which is (%,52)—regular to

V. However, all that Lemma 5.7 requires is (%,6)—regularity, which is substantially weaker. The
reason for the discrepancy is that Lemma 5.6 requires a quadratic dependence between the level of
regularity and the size of the remainder set W.

With this collection of technical lemmas, we can finally prove the main result of this section.

Proof of Theorem 1.4 for k> 3. Fix k > 3 and 0 < 6 < 3, let £ = min{6/2,1/25k}, and fix a
2-coloring of K. Let ¢; > 0 be the constant from Lemma 5.6, depending only on ¢ and k and,
thus, only on 6 and k. If our coloring does not contain at least ¢; N¥ monochromatic K}, each with
at least (27% + ¢;) N monochromatic extensions, then we may repeatedly apply Lemma 5.6. At
each step, we find a new set A; C V such that (4;,V) is (%, 2)-regular, as long as the remainder
of the graph has cardinality at least e N. When this is no longer the case, we stop the iteration and
apply Lemma 5.7 with Ay, ..., A the sets we pulled out using Lemma 5.6 and Ay, the remainder

set of cardinality at most e/N. This implies that the coloring is f-quasirandom, as desired. O

Remark. The dependence between ¢y and 6 in this proof is of tower type, because, in the proof of
Lemma 5.6, we assumed that N was sufficiently large to apply Lemma 2.1, which gives a tower-type
bound. In principle, it should also be possible to obtain a proof of Theorem 1.4 avoiding Lemma 2.1
and only using Lemma 2.4, as in the proof of Theorem 1.2 in Section 4. Doing so would likely give
a tighter dependence between 0 and c¢; in Theorem 1.4, since Lemma 2.4 never invokes tower-type
dependencies. However, we chose not to pursue this further, because the proof of Theorem 1.2 is
already substantially more involved than that of Theorem 1.1 (for instance, we have to split into
two cases depending on the number of blue K}) and obtaining a stability version would inevitably
add further complications.

5.2 The k£ =2 case

As mentioned previously, our proof of Theorem 1.4 fails for k = 2, because Lemma 5.3 is false in
that case. However, even though our proof fails, the result is still true, since the following simple
variant of the argument in [17] applies.

Proof of Theorem 1.4 for k = 2. Consider a red/blue coloring of the edges of K in which there are
at most s(g) edges that are in at least (1 +¢)(IN —2) monochromatic triangles, where ¢ > 1/N. We
may suppose without loss of generality that the red edge density is at least 1/2. Let codegp(u,v)
and codeg g (u, v) denote the number of common red and blue neighbors, respectively, of the vertices
u and v, and let

N -2 N -2
S = Z <codegR(u,v) - 4) + Z <codegB(u,v) - 4) ,
(u,v) red +  (uw) blue +

where the nonnegative part x4 is given by 1 = x if £ > 0 and x4 = 0 if x < 0. The number S is
a measure of the monochromatic book excess over the random bound. Since the excess is at most
e(N — 2) for all but E(g) edges (whose excess is at most (NN — 2)), we obtain

S<5<];7>-i(]\7—2)—|—(1—5)<];7>-5(N—2)<65<]?\)7>. (17)
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Let M denote the number of monochromatic triangles in the coloring. Observe that

()

as the right-hand side is just one third of the sum that defines S taken without nonnegative parts.
Goodman’s formula [12] for the number of monochromatic triangles in a coloring is

w5 () - (5 - ()

This identity is equivalent to

1)1 -2

From this identity, the inequalities (17) and (18), and the Cauchy—Schwarz inequality, we obtain

> =

veV

degp(v) — <el2N?,

where we used the bound € > 1/N.
By the inclusion-exclusion principle, we have

codegp(u,v) > N — 2 — degp(u) — degp(v) + codegp(u, v),

from which it follows that

N -2 N -2 N -1 N -1
codegp(u,v) — > codegp(u,v) — — degp(u) — —— |- degp(v) — —— |- 1.
Summing over all pairs (u,v), we get
N -2 N -1 N
S>3 <codegR(u7v) - 4>+ — (N - 1)%: degp(u) — 2‘ - (2>

(u,v)

Since the red density is at least 1/2, convexity implies that the average value of codegp(u,v) is at

least % , SO

codegp(u,v) — |

> (codegR(u,v) - N;?’)+ >3 %

(u,w) (u,v)

N—3‘

Moreover,

N -2 N -3 1 N?
Z <codegR(u,v) - 4>+ - Z <codegR(u,v) - 4>+ > Z ~1 > R

(u,v) (u,v)

Putting all this together, we get

Z N -3

4
(u,0)

N2
< S H2SH2AN - AN L N(N - 1) < (45 + 251/2) N,

codegp(u,v) —

Chung, Graham, and Wilson [1] proved that if an N-vertex graph with density at least 1/2 has
average codegree N/4 4+ o(N), then it is o(1)-quasirandom. Since the red density is at least 1/2,
we therefore get that the coloring is #-quasirandom for some 6 depending on &. O
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5.3 The converse result

As mentioned in the introduction, a converse to Theorem 1.4 is also true, meaning that the condition
in Theorem 1.4 is an equivalent characterization of quasirandomness (up to a change in parameters).

Theorem 5.8. For any k > 2 and any co > 0, there is some 0 > 0 such that if a 2-coloring of the
edges of Ky is 0-quasirandom, then the number of monochromatic Ky with at least (27% 4+ co) N
monochromatic extensions is at most caN*.

Proof. We will use the standard result of Chung, Graham, and Wilson that a quasirandom coloring
contains roughly the correct count of any fixed monochromatic subgraph. Specifically, for every
0 > 0, there is some 6 > 0 such that, in any #-quasirandom coloring,

N (N
M (K}) = #(monochromatic Kj) = 21-(5) <l<:> + §N*,
N
M (Kg41) = #(monochromatic K1) = 2! -(*37) (k: N 1) + §NFFL

k2 N k+2
M (K} 1o — €) = #(monochromatic Kj o —€) = 22~ (3 )<k N 2) ( 5 ) + SN2,
where K o — e is the graph formed by deleting one edge from Kj,o. Note that for this latter
count we have an extra factor of (k+2), which accounts for the fact that the graph is not vertex
transitive. On the other hand, we observe that every monochromatic copy of Kji9 — e corresponds
to two distinct extensions of a single monochromatic Kj to a monochromatic K. Therefore,

#(monochromatic extensions of @
M(Kk+2—€)=Z( ( ) ;

2
Q

where the sum is over all monochromatic Kj. Let ext(Q) denote the number of monochromatic
extensions of (). Then we also have that ZQ ext(Q) counts the total number of ways of extending
a monochromatic Kj to a monochromatic Kj,q, which is precisely (k + 1)M (K1), since each
monochromatic K1 contributes exactly k£ + 1 terms to the sum.

Note that we may assume that N is sufficiently large by replacing co by a smaller value. Con-
cretely, we assume henceforth that N > max{k? + k,1/5}. We now consider the quantity

E=) (ext(Q)—27FN)
On the one hand, we have that

E=> ext(Q)?— 2N ext(Q) + > 272N?
Q Q Q
S Z (eXt ) + Z ext(Q) | —27FN Y ext(Q) + 27 N2M(Ky)
Q

= 2M(Kk+2 —e)+( 21 FN)(k+ 1M (Kpi1) + 272 N2 M (K})

k+2 2—k— (") N 1—2k— (5 2 (N k42
< 2% —2 N(k+1 2 N 2kSN
< (M)( ) DN ( ) @ () o
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N
—92-("3?) <k > (=N + k? + k) + 2kON*+2
< 2kSNFT2,

On the other hand, suppose there were at least ca N* monochromatic K}, with at least (27% 4 co) N
monochromatic extensions. Then, by only keeping these cliques in the sum defining F, we would
have that

E= Z(ext(Q) —27FN)2 > ¢, N¥(euN)? = S NF+2,
Q
Therefore, if 6 is small enough that 6 < ¢3/(2k), we have a contradiction. O

6 Conclusion
The outstanding open problem that remains is Thomason’s conjecture [23], that
r(BF) < 2(n+k—2)+2.

There are, in fact, two problems here, the problem of proving this conjecture for all n and k and the
problem of proving it when k is fixed and n is sufficiently large. The first of these problems seems
bewilderingly hard, not least because it would immediately yield an exponential improvement for
the classical Ramsey number (K, ), as outlined in the introduction. The second problem may be
more approachable, but we have not found a way of leveraging our stability result, saying that near
extremal colorings are quasirandom, to obtain this more precise statement.
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A Proofs of technical lemmas

In this appendix, we collect those proofs which did not fit neatly into the structure of the paper
itself. We begin with the proof of Lemma 2.3, which says that a random subset of a regular set is
still regular, as long as the subset is not too small.

Proof of Lemma 2.3. Say that a graph G of density d is e-homogeneous if

max |e(S,T) — d|S||T|| < e|V|?.
S, TCV(G)
It is easy to check [16, Exercise 9.6] that e-regularity implies e-homogeneity, which in turn implies
el/3_regularity.
Given two edge-weighted graphs G and H on the same set V' of vertices, their cut distance is
defined by

1
dD(G7 H) = WS{I’}%)%/ ‘BG(S,T) - 6H(S,T)|,

where e and ey denote the total weight of edges between S and T in G and H, respectively. Note
that if G has density d and H; denotes the complete graph with loops on vertex set V' where every
edge receives weight d, then e-homogeneity is equivalent to the statement that do(G, Hy) < e.
Finally, we will need the First Sampling Lemma [16, Lemma 10.5], which says that if U is chosen
uniformly at random from (‘t/), then, with probability at least 1 — 4e—VY/ 10,

(G, HIU)) = do(G, )| <

Now suppose, as in the Lemma statement, that G is e-regular and let d be its density. Then G
is e-homogeneous, so do(G, Hy) < €. Let U be chosen uniformly at random from (‘;) and let d’
denote the density of G[U]. Then we have that

do(G[U], Hy [U]) = (do(G[U], He[U]) — do(G[U], Ha[U]))
+ (do(G[U], HaU]) — do(G, Ha)) + do(G, Ha) (19)

and we can bound each of these terms in turn. Since the triangle inequality holds for the cut
distance, we know that

do(GIU), Hy[U]) - da(GIU), HalU))| < do(Ha[U], Ha[U)) = |d - |

To bound this, suppose we reveal the vertices in the random subset U one at a time and let
Z, ..., Z be the martingale where Z; is the expected value of e(G[U]) conditioned on the first i
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vertices revealed. Then |Z; — Z;_1| < t — 1, since each new vertex can affect the total number of
edges in U by at most t — 1, and Zy = Ele(G[U])] = d(;) Therefore, by Azuma’s inequality, we
see that for any A > 0,

PI'(|Zt — Z0| > )\) S 2€—>\2/(2t(t—1)2) S 267/\2/(4t(;)).
If we set A = 5(;) for some § > 0, then we see that
Pr(ld | > 8) < 20/t 9015

For the next term in (19), we use the First Sampling Lemma, which implies that with probability

at least 1 — 46*‘/2/10,
8

do(G[U], Ha[U]) — do(G, Ha) < Ve

Finally, by our assumption that G is e-regular, we know that do(G, Hy) < e. Putting this all
together, we see that for any § > 0, with probability at least 1 — 4e~ V10 _ 26_52(t_1)/8, we have
that

8
dD(G[U], Hd/[U]) < o+ W +e.

1/4 and using our assumption that t > =4, we find that

Plugging in § =t~
do(GU],Hy[U]) <e+8=+¢e=10¢e

with probability at least 1 — Ge—VE/10 >1- Ge—c */10, By our assumption that e < 1/5, this
quantity is strictly positive, so there exists some subset U satisfying do(G[U], Hy[U]) < 10e. This
means that G[U] is 10e-homogeneous, so it must also be (10e)'/3-regular, as desired. O

The rest of the section consists of proofs of the various analytic results used throughout the
paper. First, we need the following simple inequality.

Lemma A.1 (Multiplicative Jensen inequality). Suppose 0 < a < b and x1,...,x € (a,b). Let
f i (a,b) = R be a function such that y — f(eY) is strictly convex on the interval (loga,logb).
Then, for any z € (a*,b¥), subject to the constraint Hi?:l T, = 2,

k
> )
=1

is minimized when all the x; are equal (and thus equal to 2k ).

| =

Proof. Define new variables y1, ..., yx by y; = log z;, so that > y; = log z. We now apply Jensen’s
inequality to the strictly convex function f oexp, which says that subject to the constraint ) y; =
log z, Zle f(e¥") is minimized when all the y; are equal. This is equivalent to the desired result. [

Proof of Lemma 3.4. Our proof follows the proof of [3, Lemma 8|, though we give considerably
more detail, particularly for small values of k. Set z = H,’f:l x; and assume for the moment that
every x; is in (%, 1). We will show that for every fixed z, the inequality is true. For this, we first
claim that ¢ : y — (1 — e¥)" is strictly convex on (log ,0). To see this, note that

" (y) = ke (1 — ey)k*Q(kzey —1).
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For y € (log 1,0), we have that eV € (4,1), so that ¢”(y) is strictly positive and ¢ is strictly convex.
Therefore, by Lemma A.l, we get that subject to the constraint Hle x; = z, the function
%Zle(l — z;)¥ is minimized when all the z; are equal to z'/*. Thus,

k

Hazz Z —z)F > 2+ (1= 2R = ().

=1

We now claim that for all z € (0,1), ¥(z) > 2'~*. To see this, note that

W () =1— (1 — 2Ryl 55
Setting this equal to zero and taking (k — 1)th roots, we get that ¢'(z) = 0 implies that
1— 2k = Uk,
Thus, the only critical point of ¢ in (0,1) is at 2k = % or, equivalently, z = 2%, where we have
¥(2) = 2'7%. On the other hand, 1(0) = (1) = 1, so this critical point must be the minimum of
¥ on the interval (0, 1), proving the desired claim.
Thus, we have proven the lemma under the assumption that z; € ( 1) for all 7. By continuity,

we can get the same result under the assumption that x; € [+ z,1] for all 1. So now suppose that
0<z; < % for some j. If £ > 5, then

k k
1
EE (1—z)F > (1—%) _k<1—k> > 2tk

so we only need to check the result in the cases k = 2, 3, and 4.
Case k = 2: We may write

1
+ 3 (1 — 221 — 229 + 27129 + 27 + 73)

1
1 — 1 —x2)2

x1T9 + %((1 —21)?+ (1 —32)°%) =

_|_

(NN NCN I NCR

— 21—k’.

v

Case k = 3: The function we are trying to minimize is
1
F(x1,29,x3) = x12073 + §((1 —z1)3 + (1 —20)3 + (1 — z3)3).

To minimize this function, we will find its critical points. Its partial derivatives are
H T — (1-— xz
JFi

If we set each of these three equations equal to zero, it is tedious but straightforward to verify that

the only solution in (0,1)? is at (l % l) Thus, F' is either minimized at that point (where its value
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is 1/4 = 217F) or else on the boundary of the cube. So we may assume that one of the z;, say z3,
is in {0,1}. If z3 = 0, we have that

1
F(xl,a:g,()) = g(l + (1 — $1)3 + (1 — xg)?’)
and since this function is monotonically decreasing in both x; and xo, it is minimized when z; =
x9 = 1, where its value is 1/3, which is larger than 1/4. For the other case, where x5 = 1, we write

1
G(a:l,xg) = F(:cl,xg, 1) = T122 + g((l — Jil)g + (1 — .TQ)S).

The partial derivatives of G are

oG 9 oG 9

g, —(1— T —(1—

8%’1 T2 ( .1‘1) 8902 1 ( .1‘2)
and setting these both equal to zero, we find that the only critical point of G in (0,1)? is when
T1=To = %(3 —+/5). But at this point the value of G is approximately 0.303, which is larger than
1/4. So it again suffices to check the boundary case, when one of the variables, say z2, is in {0, 1}.
But if z9 = 0, then

1 1
G(x1,0) = g(l +(1—x1)3) > 3
and if o = 1, then
1 | 1 222 1
G(z1,1) = —(1l—m)P =4t >4 s
(xlv ) x1+3< :Bl) 3+$ 3 _3+ 3 _37

where we used that 23 < 22 for z; € [0, 1].

Case k = 4: Here, our function is

1
F(r1,22,23,74) = 17022374 + Z((l —a)t+ (1 —2)' + (1 —a23) + (1 —aq)?).

To minimize, we again consider the partial derivatives
oF 3
JF
Setting each equation equal to zero and multiplying by its z;, we get that

3 3

1’1(1 — :cl) = xg(l — 1’2) = .263(1 — x3)3 = 1’4(1 — .264)3 = X1X2X3T4.
Setting z = x1x9x314, this system of equations tells us that, for all 7,
zi(1—2;)% = 2.

Observe that the function = — x(1 — ) is 0 at both 0 and 1 and has a unique local maximum in
the interval (0,1). This implies that, for any fixed z, the equation (1 — z)® = 2 has at most two
solutions for = € [0, 1]. Thus, we find that all four z; can take on at most two values at the critical
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point. Call these values a and b. We now split into cases depending on how many x; take on each
value.
If all the z; are equal, say to a, then we are done. Indeed, in that case z = a* and all our
equations become
a(l —a)® = a,
which implies that a =1 — a, i.e., a = %, and the only critical point with all its coordinates equal

is (3550 5:5):

Next, suppose that x; = a, while 9 = 23 = 24 = b. Then z = ab® and our equations become
a(l —a)® =ab® =b(1 —b)>.

From the first equation, we find that (1 —a)® = b3 and thus that a + b = 1. Plugging this into the
second equation, we find that
ab® = b(1 — b)3 = ba®

and thus a? = b2, so that a = b. Combining this with a + b = 1, we find that a = b = %, returning
us to the previous case.
Finally, the remaining case is where z; = z9 = a, while 23 = 24 = b. Then z = a?b? and our
equations are
a(l —a)® = a®h? = b(1 — b)3.

Multiplying the two equations together and dividing out by ab gives
(1—a)®*(1 —b)® =a’p’

and thus (1 —a)(1 —b) = ab. Expanding out the left-hand side and rearranging tells us that
a + b = 1. Therefore, our equations become

ab® = a’b® = ba®,

which implies that @ = b. This and a + b = 1 imply that a = b = %, again yielding our previously

found critical point. Therefore, the unique critical point of F in (0,1)* is at (%, %, %, %)
To conclude, we again need to check what happens on the boundary. So suppose that some

variable, say x4, is in {0,1}. If 24 = 0, then

F(x1,29,23,0) = i(l + (1 —z) 4+ (1 —z)* 4+ (1 — z3)b).

This function is monotonically decreasing in 1, 2, x3, so it is minimized when x1 = x5 = 3 = 1,
at which point we have

1 1 1 1111

On the other hand, if 4 = 1, then we can define
1
G(z1,x9,23) = F (21,22, 23,1) = 21003 + Z((l — $1)4 + (1 —z9)* + (1- x3)h).

Solving for where the gradient of G is 0, we find that the only such point in (0, 1)? is approximately
(0.43,0.43,0.43), where the value of G is approximately 0.159, which is more than 1/8. So the only
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way the value of F' can be smaller than 1/8 on the boundary is if another variable, say x3, is also
on the boundary. If z3 = 0, then we have

1
F(.’L'l,.fQ,O, 1) = 1(1 + (1 - $1)4 + (1 - x2)4)7

which is minimized when x1 = x9 = 1, where its value is 1/4 > 1/8. So we may suppose z3 = x4 = 1

and define )
H(zy,22) = F(x1,29,1,1) = 2129 + Z((l —z)t 4 (1 —z0)h).

Its gradient equals zero in (0, 1) only at approximately (0.32,0.32), where its value is approximately
0.209 > 1/8. So the only remaining case is the boundary, when x9 € {0,1}. As above, if x93 = 0,
then H(x1,0) > 1/4 > 1/8, so this case is not a problem. If 29 = x3 = x4 = 1, then

1— 4

F($1717171) =1 + (41‘1)7
which is minimized at x; = 0, where its value is 1/4 > 1/8. Thus, having checked the boundary of
[0,1]*, we can conclude that the unique minimum of F on [0, 1]* is at (%, %, %, %) O

In order to prove Lemma 5.3, we will use Holder’s defect inequality, which can be thought of as
a stability version of Jensen’s inequality. The statement is as follows.

Theorem A.2 (Holder’s Defect Formula, [22, Problem 6.5]). Suppose ¢ : [a,b] — R is a twice-
differentiable function with ©"(y) > m >0 for all y € (a,b). For any y1,...,yx € [a,b], let

k k
1 1
M:EZ%’ and UQZEZ(%—M)Z
i=1 i=1
be the empirical mean and variance of {y1,...,yx}. Then

ma2

k
% ; (i) —oln) = ——

Proof of Lemma 5.3. To prove this, it suffices to show that for every k > 3, the point (%, ey %) is
the unique global minimum of the function

| =

k
> (-,
i=1

For k = 3 and 4, we explicitly checked this in the proof of Lemma 3.4. So from now on, we may
assume that k£ > 5.

To apply Theorem A.2, we need to get a uniform lower bound on ¢”(y), where p(y) = (1 —e¥),
as in the proof of Lemma 3.4. To obtain this uniform lower bound we will need to restrict to a
subinterval, and specifically a subinterval of (log %, 0), where ¢”(y) > 0. We first deal with the case
where one of the variables is not in such a subinterval.

Suppose first that z; < 1—7;5 for some j, where £ > 0 is some small constant. Then

k k
H:BZ'—I—]iZ(l—iL'i)kZ]i(l—xj)kZ;(1—1—11:_€> .

k
Fon.oo) = ][+
=1



For k > 5 and ¢ sufficiently small, this last term is larger than 2%, Therefore, as long as

we get the desired result whenever one of the x; is at most % Thus, from now on, we may assume
that z; > % for all j.
Next, suppose that one of the z; is equal to 1, say x; = 1. We can compute

k—1 k—1 k—1
= Ll;[l r;— (1 - ;rk)k_li 1 = g Ti > (1—1:6> > 0.

Therefore, in a neighborhood of the region where z; = 1, we have that F' is a strictly increasing
function of x;. Now suppose that there exist some x1,...,Tp_1 > % so that F(z1,...,z5_1,1) =
217k Then, by decreasing x;, from 1 to some number slightly smaller than 1, we could decrease
the value of F. This would then allow us to decrease the value of F to below 2% contradicting
Lemma 3.4. Therefore, whenever x;, = 1, the value of F' must be strictly larger than 2'=*. By
symmetry, the same holds if any coordinate is 1. Since the boundary of the cube is compact, we find
that F(xq,...,25) > 217% + 24y, for some &y > 0, whenever one of the xj equals 1. By continuity
of F, this also implies a lower bound of 2!=% 4 §; in some neighborhood of the boundary. Thus,
for ¢ sufficiently small, we get the desired result if any of the z; is larger than 1 —¢'.

We have therefore established the desired bound if some z; is either less than % or greater

oF
Gmk

=1 Ep=

than 1 — &', for some constants £ and £’ depending only on k. Inside the interval (%, 1-¢), we
have a uniform lower bound on ¢”, so, by the Holder defect formula, Theorem A.2, we also obtain
the desired result in this interval. O

42



	Introduction
	Notation and terminology

	Some regularity tools
	A simplified proof of Theorem 1.1
	A new proof, with better bounds
	Few blue cliques

	Quasirandomness results
	The main result
	The k=2 case
	The converse result

	Conclusion
	Proofs of technical lemmas

