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In [3] and [4], Chung and Yau introduce the following property for a generating set of a
finitely generated group:

Definition. Let G be a group, and' a generating set, closed under inverses. We(say
satisfies Ri¢> 0 with respect tas, or just say satisfies Ric> 0 if .S is understood, if for
eachs € S we havesS = Ss as a set.

They show in [3] that for Cayley graphs of finite groups, with respect to such a gen-
erating set, one can derive a lower bound for the (nontrivial) Neumann eigenvalues of the
Laplace operator. A similar inequality holds for the eigenvalues of the Laplacian on a
compact Riemannian manifold with non—negative Ricci curvature; this motivates their ter-
minology. Yau [5] raised the question of which grougsatisfy Ric> 0 with respect to
some finite generating set.

Example.If G is abelian, thertz satisfies Ric> 0 with respect to any generating set.
Example.If G is the symmetric group, anflis the set of all transpositions, théhsatisfies
Ric > 0 with respect taS. To see this, observe théjz) o (zy) = (zx) o (yz) for any
x,y, z. Note that this makes sense even witéis an infinite symmetric group.
Example.If

G = (z,y,2|[x,2] = [y, 2] = 2% = 1, [w,y] = 2)
thenG satisfies Ric> 0 with respect to the symmetric generating set
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S = {:177y7 1:27 yz7:1771’ y7 71:712’ yilz}

We show in the following two theorems that a finitely generated grésatisfies Ric>
0 with respect to some finite generating set iff it is virtually abelian.
Theorem. Let G be a group which satisfies Rie 0 with respect toS, a symmetric gen-
erating set witi2k elements. Thetr contains a central abelian subgroup of index at
most2” k!

Proof. Let
S ={en, et en,ents . en, e,:l}
Let F' denote the subgroup of permutationsSsubject to the constraint that if € F,
thens(e;) = e; " iff s(e;') = ef'. Then the conjugation action 6t on the generating
setS defines a homomorphism
o:G—F

This is true because in any grougy = yz iff 2~y = yz~1. Let H be the kerneker ().
ThenH commutes withS) = G, soH is a central abelian subgroup.

It suffices to estimate the size of the imafy&~). Let ~ be the equivalence relation on
S defined bye; ~ e;'. ThenF descends to an action &y ~, so there is a surjective
homomorphismF — S, whose kernel has ord&*. It follows that the order ofF is
2k k! U

Theorem. LetG be a finitely generated group with a central abelian subgrélipf finite
indexk. ThenG satisfies Ric> 0 with respect to a finite symmetric generating set with at
mostkh2rank(H) elements, wherg;, denotes the cardinality of the-torsion subgroup
of H, and ranK H) denotes the minimal size of a generating setHor
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Proof. Let E = {ey, ..., e} be a set of coset representativeddin G, where the; are
chosen so that eaaf) * is somee;. Then for anyj there is a permutation; such that
e;e;H = eje, ;) H. It follows that there aré,;; € H such that

€;€; = ejesj (i)hij

On the other hand, sindeis finite, there is a; such that}’ € H. Itfollows thath;; = 1.
Note that each; dividesk, so that eaclh;; is contained in thé—torsion subgroug?;, of
H.

Let Hy < H be thefinite subgroup generated by tlig; for all 4, j. Then the set
of productsE' Hj, is finite, and by construction it is invariant under conjugation by any
element ofG. The union of EH, with a symmetric generating set féf is the desired
subsetS. O

Question. Find sharp estimates on the index#fin terms of the size of the generating set
S and vice versa.

In view of the results in [3], [4] one would like to find sharp bounds on the size of the
generating set for a given virtually abelian group, in order to get good estimates on spectral
invariants of the group.

Compare this with the classical Cheeger—Gromoll splitting theorem [1],[2]:

Theorem (Cheeger—Gromoll) Let (M, g) be a compact connected Riemannian manifold
with non—negative Ricci curvature. Then(M ) is virtually abelian.
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