HOMEWORK 2 — EUCLIDEAN, HYPERBOLIC AND CONFORMAL
GEOMETRY

DANNY CALEGARI

Problem1. A subsetC' c E3 is convexiff for each pair of distinct points:,y € C, the
line segment joining: to y is contained irC'. A convex combinatioof pointsw; . . . v, of
E™ is a linear combination of the fortyvy + - - - + t,,v,,, SUch that; +---+t¢,, = 1 and
t; > 0forall .

(1) Show that a subsét of E” is convex iffC' contains every convex combination of
points inC.

(2) Theconvex hullof a subsetS C E™ is the intersectiorC'(.S) of all the convex
subsets oE"™ containingS. Prove thatC'(.S) is the set of all convex combinations
of points ofS.

(3) LetG be the group of homeomorphisms (ie-1, continuous with a continuous
inverse) ofE™ which take convex sets to convex sets. Show thad exactly the
group ofaffine transformationsthat is, the group of transformations of the form

x— Ax +t
whereA € GL(3,R) andt is a translation.

Problem2. Let S C E? be a sphere, ang a plane tangent t& at x. Stereographic
projectionfrom S to = is the map taking each poipte S to the intersectiom of the line
x'p with =, wherez’ is the point onS oppositer. Show that stereographic projection can
be extended to an inversion.

Problem3. Let A, B, C be mutually tangent spheres. L&t be a fourth sphere tangent

to A, B andC. Construct a chain of spheres, beginning with, whereX; is tangent to

A, B,C and toX;_;. Show that the chain closes up on the sixth sphere. Note: assume that
the spheres are chosen so that their interiors are all disjoint.

Problem4. Show that forz, y € D3, the identity
20z —y|?
(1= Jz)(d = [yl?)
holds, wherelny, denotes the distance between points with the conformally invariant hy-
perbolic metric orD?, and|z — y| denotes the Euclidean distance betweeandy, and

|z| denotes the Euclidean distance froro «.
Hint: show that the expression on the right hand side is invariant under a conformal

transformation o?3.

cosh(dnyp(z,y)) =1+

Problem5. Supposes, T are two distinct spheres perpendicular to the unit sphereid.et
andir be the isometries d? in the hyperbolic metric which are defined by inversiorsin
andT respectively. Show that the fixed point sefli of the compositionigi; is exactly
the intersectior N 7.
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Problem6. A hyperbolic spherés the set of points in hyperbolic space equidistant from
some point, the center. Show that the hyperbolic spheres in the conformal ibded
exactly the Euclidean spheres completely containdfin

Problem?. Recall that avector fieldw onU C R™ is a smoothly varying choice of tangent
vectorw(p) € T,R™ for eachp € R™. A vector field isconformalif it is tangent to al—
parameter family of conformal transformations. That is, if there is a family of conformal
mapse; : U — R™ such that each, is conformal, and if for each, the tangent vector

doy (p)

Tt = w(p)
t=0

Show that a vector fieldo onR"™ is conformal iff
(9’(1)1‘ _ 8wj

al'j le

dx; n - oxy,
Herew; denotes théth component of the vectar,;, which can be thought of as a function
onU. Deduce that for a conformal vector field

82wi 82101'
~1 )
(n )axf +; dx?
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