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analysis challenge with up to 100, 000 potential
sources.

í Detection of interesting astrophysical events if
thousands of background signals can be identi-
fied.
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â Objective
• Simplistic problem with data stream of m sinu-

soidal signals embedded within noise
Û Bayesian spectrum analysis.

• Estimation of number of signals present in the
data, the noise variance, and parameters of sinu-
soids

• Bayesian approach123 with focus on confusion
problem due to high signal density per frequency
range.

1Jaynes E. T, Bayesian Spectrum Analysis and Chirp Analysis Max. Ent. a. Bayesian Spect. Analysis
a. Est. Problems, C. Ray Smith, and G.J. Erickson, ed., D. Reidel, Dordrecht-Holland, pp. 1-37 (1987)

2G. L. Bretthorst, Bayes. Spectr. Analysis a. Parameter Est., Springer Lect. Notes in Stat., #48 (1988)
3Andrieu C and Doucet A, IEEE Transactions on Signal Processing 47 2667 (1999)
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Data with N samples d=[d1, . . . , dN ]′

recorded at times t=[t1, . . . , tN ]′.

contains k superimposed sinusoids
fk(t,ak)=

∑k
i=1

(
A

(k)
i cos(2πf

(k)
i t)+B

(k)
i sin(2πf

(k)
i t)
)

embedded within noise εj ∼ N(0, σ2
k)

íModel Mk: dj =fk(tj, ak)+εj for j =1, . . . , N

í {Mk : k ∈{0, . . . ,M}} set of all M + 1 models

with ak = [A
(k)
1 , B

(k)
1 , f

(k)
1 , . . . , A

(k)
k , B

(k)
k , f

(k)
k , σ2

k]′

vector of 3k + 1 parameters for model Mk.
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â Bayesian approach
Posterior according to Bayes’ theorem

p(k,ak|d) =
p(k,ak)p(d|k,ak)

p(d)

Likelihood
p(d|k,ak)∼ 1

σN
k

exp
(
− 1

2σ2
k

∑N
j=1

(
dj−fk(tj, ak)

)2)
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â Bayesian approach
Posterior according to Bayes’ theorem

p(k,ak|d) =
p(k,ak)p(d|k,ak)

p(d)
Priors
Parameter Prior
# of sinusoids k discrete unif. U(0, 1, . . . ,M)

noise variance σ2
k inv. gamma IG(0.001, 0.001)

frequency f
(k)
i uniform U(0, 0.5)

amplitudes A
(k)
i ,B

(k)
i g-prior1 with covar. matrix

Σ=g2·I2k and hyperparam. g2

1A. Zellner, Bayesian Inference and Decision Techniques, P. Goel, A. Zellner, New York: Elsevier,
233-243 (1986)
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â MCMC sampling from posterior

Gibbs update í for noise variance σ2
k

and hyperparameter g
of g-prior

Reversible Jump MCMC í model determination
Delayed Rejection í parameter estimation
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â Gibbs update for noise variance

The vague prior IG(α = 0.001, β = 0.001) for σ2
k

with shape parameter α = Np/2 and scale parame-
ter β = NpS

2
p/2 yields Np = 0.002 and S2

p = 1.
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â Gibbs update for noise variance

The vague prior IG(α = 0.001, β = 0.001) for σ2
k

with shape parameter α = Np/2 and scale parame-
ter β = NpS

2
p/2 yields Np = 0.002 and S2

p = 1.

Û Samples are drawn from full conditional distri-
bution

p(σ2
k|k,ak, d) ∝ IG

(
Np + N

2
,
NpS

2
p + S2

2

)
where the sum of squared residuals is given by
S2 =

∑N
j=1

(
dj−fk(tj, ak)

)2
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â Gibbs update for hyperparameter g2

Similar to C. Andrieu et. al. we consider g2 as a
scale parameter of an extended hierarchical model
and ascribe a vague prior g2 ∝ IG(α = 2, β = 1)
to it1.
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â Gibbs update for hyperparameter g2

Similar to C. Andrieu et. al. we consider g2 as a
scale parameter of an extended hierarchical model
and ascribe a vague prior g2 ∝ IG(α = 2, β = 1)
to it1.

Û Samples for g2 are drawn from

p(g2|k,ak) ∝ IG
(
k + α,ATA/(2σ2

k) + β
)

where A = (A
(k)
1 , . . . , A

(k)
k , B

(k)
1 , . . . , B

(k)
k )T is

the vector containing all amplitudes of ak.
Note: g2 is related to signal to noise ratio (SNR).

1Andrieu C and Doucet A, IEEE Transactions on Signal Processing 47 2667 (1999)
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â Splitting a sinusoid into two
Transformation:

tk 7→k′(a(i), r) =



1
2A

(k)
i + rA

1
2B

(k)
i + rB

f
(k)
i + rf

1
2A

(k)
i − rA

1
2B

(k)
i − rB

f
(k)
i − rf


=



A
(k′)
i1

B
(k′)
i1

f
(k′)
i1

A
(k′)
i2

B
(k′)
i2

f
(k′)
i2


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Acceptance probability:

αk 7→k′(a
′
k′|ak)=min

{
1,

p(k′,a′
(i1)

,a′
(i2)

)p(d|a′
(i1)

,a′
(i2)

,k′)

p(k,a(i))p(d|a(i),k)q(r)

}
2
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â Merging two sinusoids
Inverse transformation:

tk′ 7→k(a′
(i1)

, a′
(i2)

)=



A
(k′)
i1

+ A
(k′)
i2

B
(k′)
i1

+ B
(k′)
i2

1
2f

(k′)
i1

+ 1
2f

(k′)
i2

1
2(A

(k′)
i1

− A
(k′)
i2

)

1
2(B

(k′)
i1

−B
(k′)
i2

)

1
2(f

(k′)
i1

− f
(k′)
i2

)


=



Ai
(k)

Bi
(k)

fi
(k)

rA
(k)

rB
(k)

rf
(k)


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â Creating a sinusoid
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â Annihilating a sinusoid

Inverse transformation:
tk′ 7→k

(
a′

(i)

)
= a′

(i)
= r
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â The RJMCMC-proposals
• create / annihilate

Periodogram serves as proposal distribution as
applied by Andrieu et al.1.

• split / merge
Perturbation of sinusoids by N(0, diag(σ2

A, σ2
B, σ2

f ))

with
σ2

A=σ2
B=σ2

k current noise level of model #k

σ2
f Û accuracy depends on actual SNR (see L.

Bretthorst2).
1Andrieu C and Doucet A, IEEE Transactions on Signal Processing 47 2667 (1999)
2G. L. Bretthorst, Bayes. Spectr. Analysis a. Parameter Est., Springer Lect. Notes in Stat., #48 (1988)
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â Delayed Rejection Method (DR) for
parameter estimation

an a′

Stage 1 (bold)
with q1(a

′|an)

Acceptance probability for Stage 1:

α1(a
′|an) = min

(
1,

p(a′)p(d|a′)q1(an|a′)
p(an)p(d|an)q1(a′|an)

)
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â Delayed Rejection Method (DR) for
parameter estimation

an a′

Stage 1 (bold)
with q1(a

′|an)

a′′
Stage 2 (timid)

with q2(a
′′|an, a

′)

Acceptance probability for Stage 2:
α2(a

′′|an)

=min
(
1,

p(a′′)p(d|a′′) q2(an|a′,a′′)
p(an)p(d|an) q2(a′′|an,a′)

)
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â Delayed Rejection Method (DR) for
parameter estimation

an a′

Stage 1 (bold)
with q1(a

′|an)

a′′
Stage 2 (timid)

with q2(a
′′|an, a

′)

Acceptance probability for Stage 2:
α2(a

′′|an)

=min
(
1,

p(a′′)p(d|a′′) q2(an|a′,a′′)
p(an)p(d|an) q2(a′′|an,a′)

)

fictive Stage 1

rejected

fictive Stage 2

accepted

q1(a
′|a′′)

q1(a′|an)
[1−α1(a

′|a′′)]
[1−α1(a′|an)]
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â The DR-proposals
stage amplitudes frequency

Ê
Single sinusoid is
changed by a sample
from N(0, σ2

k)

Periodogram
serves as proposal
distribution

Ë

Pair of neighbour si-
nusoids (i, j) changed
by N(0, Σ(i,j)) with
covariance matrix
Σ(i,j)=σ2

k(D
(k)
(i,j)

TD
(k)
(i,j)

)−1

with basis func-
tions D

(k)
(i,j)

.
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â The DR-proposals
stage amplitudes frequency

Ê
Single sinusoid is
changed by a sample
from N(0, σ2

k)

Periodogram
serves as proposal
distribution

Ë

Pair of neighbour si-
nusoids (i, j) changed
by N(0, Σ(i,j)) with
covariance matrix
Σ(i,j)=σ2

k(D
(k)
(i,j)

TD
(k)
(i,j)

)−1

with basis func-
tions D

(k)
(i,j)

.

Basis functions:

D
(k)

(i,j)(f )
=


cos(2πf

(k)
i t1) sin(2πf

(k)
i t1) cos(2πf

(k)
ic

t1) sin(2πf
(k)
ic

t1)

cos(2πf
(k)
i t2) sin(2πf

(k)
i t2) cos(2πf

(k)
ic

t2) sin(2πf
(k)
ic

t2)
... ... ... ...

cos(2πf
(k)
i tN) sin(2πf

(k)
i tN) cos(2πf

(k)
ic

tN) sin(2πf
(k)
ic

tN),


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â The DR-proposals
stage amplitudes frequency

Ê
Single sinusoid is
changed by a sample
from N(0, σ2

k)

Periodogram
serves as proposal
distribution

Ë

Pair of neighbour si-
nusoids (i, j) changed
by N(0, Σ(i,j)) with
covariance matrix
Σ(i,j)=σ2

k(D
(k)
(i,j)

TD
(k)
(i,j)

)−1

with basis func-
tions D

(k)
(i,j)

.

Frequency changed
by accuracy of
Bayesian fre-
quency estimates1

depending on
the SNR of the
involved signal.

1G. L. Bretthorst, Bayes. Spectr. Analysis a. Parameter Est., Springer Lect. Notes in Stat., #48 (1988)
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â Identifyability constraints
Since a signal is mainly determined by its fre-
quency one could impose an (ascending) order on
the frequency values in each RJMCMC sample.
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â Relabelling algorithms
Based on loss functions that depend on classifica-
tion action and possible permutations
í k-means type clustering algorithms.
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â Frequency interval separation
Label switching example and the choice of frequency intervals with 5 sinusoids
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â The label invariant loss function

Ĥ
(l)
k =

1

n

n∑
i=1

1{l}

 m̂∑
h=1

1Ik
(f

(h)
i )


Occupancies in which l components of the indi-
vidual RJMCMC samples fall into interval Ik with
Ik = [bk, bk+1[.
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k =

1

n

n∑
i=1

1{l}

 m̂∑
h=1

1Ik
(f

(h)
i )


Occupancies in which l components of the indi-
vidual RJMCMC samples fall into interval Ik with
Ik = [bk, bk+1[.
í Loss function with sum of single occupancies:

L(b1, . . . , bm̂+1) := m̂−
m̂∑

k=1

Ĥ
(1)
k
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â Minimising the loss function
Global minimisation of L(b1,...,bm̂+1) with respect
to the boundaries b2, ..., bm̂ using Monte Carlo
methods:
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â Minimising the loss function
Global minimisation of L(b1,...,bm̂+1) with respect
to the boundaries b2, ..., bm̂ using Monte Carlo
methods:

• varying individual boundaries.

• proposing boundaries from the midpoints of a
randomly chosen RJMCMC sample.

• proposing placement of a boundary that has adja-
cent interval with deficiency between boundaries
with abundant occupation.
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â Minimising the loss function
Global minimisation of L(b1,...,bm̂+1) with respect
to the boundaries b2, ..., bm̂ using Monte Carlo
methods:

• varying individual boundaries.

• proposing boundaries from the midpoints of a
randomly chosen RJMCMC sample.

• proposing placement of a boundary that has adja-
cent interval with deficiency between boundaries
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â Frequency interval separation
First step: Preallocation of definite samples

frequency intervals
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●1 ●?●? ●3 ●5 ?={2,4}
●1 ●2 ●3 ●4 ●5

●1 ●2 ●3 ●4 ●5
●1 ●?●? ●3 ●5 ?={2,4}

●1 ●2 ●3 ●4 ●5
●1 ●2 ●? ●? ●5 ?={3,4}
●1 ●? ●? ●? ●5 ?={2,3,4}

●1 ●2 ●3 ●? ●? ?={4,5}
●1 ●2 ●3 ●? ●? ?={4,5}

●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●? ●? ?={4,5}

●1 ●2 ●? ●? ●5 ?={3,4}
●1 ●2 ●3 ●? ●? ?={4,5}

●1 ●2 ●? ●? ●5 ?={3,4}
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●4 ●5

●1 ●? ●? ●3 ●5 ?={2,4}
●1 ●? ●? ●3 ●5 ?={2,4}
●1 ●2 ●3 ●4 ●5
●1 ●?●? ●3 ●5 ?={2,4}
●1 ●2 ●3 ●4 ●5

●1 ●2 ●3 ●? ●? ?={4,5}
●1 ●2 ●3 ●4 ●5
●1 ●2 ●? ●? ●5 ?={3,4}

●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●? ●? ?={4,5}

●1 ●2 ●3 ●4 ●5
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â Frequency interval separation
Second step: Preallocation of ambiguous samples by energy contribution

frequency intervals
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●1 ●2●? ●3 ●5 ?={4}

●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●? ●5 ?={4}
●1 ●2 ●? ●? ●5 ?={3,4}

●1 ●2 ●3 ●5 ●? ?={4}
●1 ●2 ●3 ●5 ●? ?={4}

●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●5 ●? ?={4}

●1 ●2 ●3 ●? ●5 ?={4}
●1 ●2 ●3 ●5 ●? ?={4}

●1 ●2 ●3 ●? ●5 ?={4}
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●4 ●5

●1 ●2 ●? ●3 ●5 ?={4}
●1 ●2 ●? ●3 ●5 ?={4}
●1 ●2 ●3 ●4 ●5
●1 ●2●? ●3 ●5 ?={4}
●1 ●2 ●3 ●4 ●5

●1 ●2 ●3 ●5 ●? ?={4}
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●? ●5 ?={4}

●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●4 ●5
●1 ●2 ●3 ●5 ●? ?={4}

●1 ●2 ●3 ●4 ●5
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â Further allocation
Allocatable samples allow estimations of all pa-
rameters of the m̂ dominant sinusoids of model
Mm̂.
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â Further allocation
Allocatable samples allow estimations of all pa-
rameters of the m̂ dominant sinusoids of model
Mm̂.

Problem: Large proportion of unallocated samples
from blended sinusoids and frequency overlaps.
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â Further allocation
Allocatable samples allow estimations of all pa-
rameters of the m̂ dominant sinusoids of model
Mm̂.

Problem: Large proportion of unallocated samples
from blended sinusoids and frequency overlaps.

í From the abundant information of the interval
separation, approximate a mixture distribution of
the entire posterior.
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â Further allocation
Allocatable samples allow estimations of all pa-
rameters of the m̂ dominant sinusoids of model
Mm̂.

Problem: Large proportion of unallocated samples
from blended sinusoids and frequency overlaps.

í From the abundant information of the interval
separation, approximate a mixture distribution of
the entire posterior.
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â Further allocation
í Assume mixture distribution with m̂ compo-
nents.
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â Further allocation
í Assume mixture distribution with m̂ compo-
nents.
Each component encompasses two distributions:
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â Further allocation
í Assume mixture distribution with m̂ compo-
nents.
Each component encompasses two distributions:

•multivariate normal approximation for the core
part of the sinusoid.
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â Further allocation
í Assume mixture distribution with m̂ compo-
nents.
Each component encompasses two distributions:

•multivariate normal approximation for the core
part of the sinusoid.

• “blended” part modelled by a uniform distribu-
tion over the entire frequency band.



•First •Prev •Next •Last •Go Back •Full Screen •Close •Quit

â Further allocation
í Assume mixture distribution with m̂ compo-
nents.
Each component encompasses two distributions:

•multivariate normal approximation for the core
part of the sinusoid.

• “blended” part modelled by a uniform distribu-
tion over the entire frequency band.

í For each component the two proportions can be
estimated by the number of allocatable samples of
each interval.
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â Further allocation
í Assume mixture distribution with m̂ compo-
nents.
Each component encompasses two distributions:

•multivariate normal approximation for the core
part of the sinusoid.

• “blended” part modelled by a uniform distribu-
tion over the entire frequency band.

í For each component the two proportions can be
estimated by the number of allocatable samples of
each interval.




