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Abstract. We describe a theory of gravity in (1+ 1) dimensions that can be thought
of as a toy model of general relativity. The theory should be a useful pedagogical tool,
because it is mathematically much simpler than general relativity but shares much of
the same conceptual structure; in particular, it gives a simple illustration of how gravity
arises from spacetime curvature. We derive the theory from fundamental physical
principles using two different methods, one based on extrapolating from Newtonian
gravity and one based on the equivalence principle, and present several exact solutions.
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1. Introduction

General relativity is a difficult subject to teach to beginning students because a great
deal of mathematics needs to be introduced, and the complexity of this mathematics can
sometimes obscure the underlying physical concepts. The complexity of the mathematics
reflects the complexity of describing spacetime curvature in (3 4+ 1) dimensions; in
lower dimensions, the mathematics needed to describe spacetime curvature is much
simpler. For example, whereas in (3 + 1) dimensions 20 different parameters are needed
to characterize the spacetime curvature, in (1 4+ 1) dimensions a single parameter will
sufficef. In this paper, we show that by working in (14 1) dimensions one can construct
a toy model of gravity that is much simpler than general relativity, yet retains much of
its conceptual structure. The model is a useful pedagogical tool because it illustrates
many of the ideas of general relativity in a simplified context; in particular, it shows how
gravity arises from spacetime curvature. The paper should be accessible to advanced
undergraduates and beginning graduate students, and is intended to supplement an
introductory class in general relativity taught at the level of Misner, Thorne, and
Wheeler [1].

It is not obvious how to construct a theory of gravity in (1 4+ 1) dimensions that is
analogous to general relativity; simply writing down the Einstein field equations in (141)
dimensions does not work [2], as can be understood from the following considerations.
In (1 + 1) dimensions the Riemann tensor can be expressed as}

R

R7ua6 = 9 g™ (gua 9vp — Gup gl/a)a (1)
where R is the curvature scalar and g, is the metric tensor. Thus, the Ricci tensor is
given by

R

Rl/ﬂ = Rﬂrl/'yﬂ = 5 9vB- (2)

Equation (2) implies that in (1 + 1) dimensions the Einstein tensor vanishes identically,
R

Guu = R/w - 5 Guv = 0, (3)
and the Einstein field equations reduce to

Gy =8rGT,, =0, (4)

where T, is the energy-momentum tensor. Thus, the Einstein field equations do
not constrain the metric tensor, and simply state that the energy-momentum tensor
vanishes.

Instead of writing down the Einstein field equations in (1 + 1) dimensions, we will
consider an alternative theory of gravity that is described by the field equation

R = 4GgasT. (5)

1 The number of parameters needed to characterize the spacetime curvature is given by the number of
independent components of the Riemann tensor, which in d spacetime dimensions is (d?/12)(d? — 1).
I See [3], page 232.
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In the 1980’s this theory was proposed as a lower-dimensional model of gravity [4, 5, 6],
and its dynamical content has been investigated by a number of authors [7, 8, 9, 10, 11].
The theory is the direct (1 + 1)-dimensional analog of a theory of gravity in (3 + 1)
dimensions that was proposed by Nordstrgm in 1913. The Nordstrgm field equations
areg

R =24nGgasT*  C*,, =0, (6)

where C*?,,, is a quantity known as the Weyl tensor. One can show that in (1 + 1)
dimensions the Weyl tensor vanishes identically||, so the Nordstrgm equations are
equivalent to equation (5).

The paper is organized as follows. We first describe two different methods of
deriving the toy model from basic physical principles: in section 2, we derive the toy
model by extrapolating from Newtonian gravity, and in section 3, we derive the toy
model by starting with a flat spacetime and constructing a relativistic field theory that
obeys the principle of equivalence. We then consider two solutions to the field equation
for the toy model: in section 4 we present a solution for a stationary point particle, and
in section 5 we present a solution for a static source of uniform density.

2. Deriving the toy model from Newtonian gravity

One way to derive the toy model is to look for a relativistic theory that reduces to
Newtonian gravity in the nonrelativistic limit. It is straightforward to write down the
analog to Newtonian gravity in (1+1) dimensions: the field equation for the gravitational
potential ¢ is given by

0;0(t, x) = 2Gp(t, ), (7)

where (G is the gravitational constant and p is the mass density, and the equation of
motion for a point particle moving in this potential is given by

5(t) = =00 (t, 7) |omse), (8)

where z(t) is the position of the particle at time ¢. A key feature of this equation of
motion is that it does not involve the particle mass, which means that the trajectory of
the particle depends only on its initial position and velocity, and not on its constitution.
This suggests that we might be able to explain gravitational effects in terms of a property
intrinsic to space itself, rather than in terms of a particle-field interaction, and we
will therefore look for a relativistic generalization of Newtonian gravity that explains
gravitational effects in this way.

A further hint that can guide us towards the correct relativistic generalization is
the observation that the effects of gravitational acceleration can be locally transformed
away by a suitable choice of coordinates. We can demonstrate this by choosing a system
of coordinates in which the position of the particle is specified in terms of its separation

§ See [12]; a discussion of the Nordstrgm theory that is accessible to students is given in [1], page 429.
|| See [3], page 238.
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A(t) = z(t) — zr(t) from a freely falling reference particle with trajectory zz(t). From
equation (8), we find that the equation of motion for A is

A(t) = £(t) — Zr(t) = A1) 8;0(1,2) o=zn(o) (9)
where we have assumed that A is small enough that we can expand in A and retain
only the first-order term. Using equation (7), we can substitute for 02¢(¢, x) to obtain

A(t) = —2Gp(t, zr(t)) A(t). (10)
We can also write this equation as

. 1

A(t) = EFt(t)a (11)
where m is the mass of the particle and

Fy(t) = —2mGp(t, 2r(t)) A(?) (12)

is a quantity that we will call the tidal forcet. Note that the tidal force is negligible
if the particle is close to the reference trajectory, so in this limit equation (11) has the
same form as the equation of motion for a free particle in the absence of a gravitational
field.

Based on these observations, we are led to consider a geometric theory of gravity
in which particle trajectories correspond to geodesics in a curved spacetime. We can
then view the tidal acceleration described by equation (10) as geodesic deviation caused
by the spacetime curvature. Thus, we would like to interpret equation (10) as the

nonrelativistic limit of the equation of geodesic deviationi
d’ A R
== DA,
ds? 2

where R is the curvature scalar corresponding to the metric tensor g,, and s is the

(13)

proper time defined relative to g,,. By comparing equation (10) with equation (13), we
can relate the curvature scalar to the mass density:

R = 4G)p. (14)

This should be the nonrelativistic limit of our new field equation. This cannot be
the correct relativistic field equation, since R is a scalar under general coordinate
transformations while p is the time-time component of the energy-momentum tensor
T°?. Note, however, that the trace of the energy-momentum tensor is a scalar, and
reduces to p in the nonrelativistic limit. Thus, we take

R = 4G gosT* (15)
as our gravitational field equation.

1 The name “tidal force” comes from the fact that one can define an analogous force for Newtonian
gravity in (3+ 1) dimensions, and it is the action of this force on the oceans of the Earth that generates
the tides (see [13], section 1.6).

1 This equation is discussed in [1], page 30.
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3. Deriving the toy model from the principle of equivalence

A second way to derive the toy model is to start with a flat spacetime and construct
a relativistic field theory that satisfies the principle of equivalencef. The principle
of equivalence states that all forms of energy-momentum act as a source for gravity,
including the energy-momentum of the gravitational field itself. This means that
the gravitational field is self-interacting, so the gravitational field equation must be
nonlinear. We can obtain the correct nonlinear field equation by using the following
procedure. First, we write down a theory that describes a point particle interacting with
a scalar field ¢ via an arbitrary coupling. Next, we calculate the total energy-momentum
tensor for the particle-field system, and impose the principle of equivalence by choosing
the form of the coupling such that the source for the field is given by the trace of this
tensor. Finally, we show that the resulting theory can be interpreted geometrically, so
we can either view the theory as describing a particle coupled to a scalar field in a flat
spacetime, or as describing a free particle moving in a curved spacetime with metric
tensorf g, = €2 n,,.

3.1. Free point particle in flat spacetime

Let us begin by considering a free point particle of mass m moving in a flat spacetime.
We can describe the motion of the particle by specifying its trajectory z#()\), where A is
an arbitrary parameter that labels points along the particle’s worldline. It is convenient
to parameterize the trajectory in terms of the proper time 7, which is defined such that

dr = (77,“,11“1)”)1/2 dA, (16)
where
dz*
b= __| 1
RN (17)

Given a trajectory expressed in terms of an arbitrary parameter A, we can use equation
(16) to re-parameterize the trajectory in terms of the proper time. We then define the
velocity of the particle to be

dz*
b=, 18
v dr (18)

The mass density in the rest frame of the particle is
pla)=m [ 60~ a(r)) dr (19

1 This method of deriving the toy model is based on a similar method for deriving general relativity
by considering a tensor field in flat spacetime (see [14] and the references within; a treatment that is
accessible to beginning students is given in [13], chapter 3).

I Here 7, is the Minkowski tensor, defined such that ngo = —m11 = 1, o1 = 110 = 0.
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and in Appendix A we show that the energy-momentum tensor for the particle is§

W (x) =m / whw” 63 (z — z(7)) dr. (20)
We can describe the dynamics of the particle in terms of the action

S, = /Lp dA:/L,, d’z, (21)
where L, the relativistic Lagrangian, is given by

L, = —m(nasv®vP)'/?, (22)
and £,, the Lagrangian density, is given by

Ly = =m [ (1ag®*)! 60z = 2(0) d = =py(a). (23)

The equation of motion for the particle can be obtained from L, via the Euler-Lagrange

equations

d 0L 0L

dAovr 027 (24)
Note that

oL o Bre oL

81; = —m(1apv v’) 12 Myut" 825 =0 (25)

Thus, from equations (16), (17), (18), and (24), it follows that the equation of motion

for the particle is
dw*
dr

As a consistency check, we can use this equation of motion to show that the energy-

~0. (26)

momentum tensor is conserved:

— dw”
0.1y (@) =m [ 6~ a(r)) dr =0, (27)
where we have used that
wh 9,69 (z — 2(1)) = —dié(Q) (x — 2(7)) (28)
T

and integrated by parts.

3.2. Point particle coupled to a scalar field in flat spacetime

Suppose we now couple the point particle to a scalar field ¢. We will take the action
for the system to be

S= /(Lf 4L+ L) e, (29)

§ The bars on these quantities indicate that they are defined from the point of view in which the
spacetime is flat; later, when we reinterpret the theory, we will need to distinguish these quantities

from the corresponding quantities defined from the point of view in which the spacetime is curved.
Here 6 (z — 2(1)) = 6(t — 2°(7)) 6(x — 2 (7)).



General relativity in (1 + 1) dimensions 7

where
1
- 1

Ly = 1500u0)(0"9) (30)
describes a free massless scalar field,

Ly=—py (31)
describes a free particle, and

Li=—f(8)pp (32)

describes an arbitrary coupling between the particle and field. We can use this action
to obtain equations of motion for the particle and field, and to write down the energy-
momentum tensor for the system.

Let us first consider the particle. Since the particle degrees of freedom only enter
into the Lagrangian densities £, and £;, we can obtain the equation of motion for the
particle from the action

Spi = / (L, + L) d*z = / Ly d, (33)
where the relativistic Lagrangian L,; is given by

Lpi = =m(1 + f)(nuv*v") /2. (34)
From the Euler-Lagrange equations (24), we find that the equation of motion for the
particle is

%w“ + 1+ )70 f) (whe” — ) = 0. (35)

Now let us consider the field. The field equation can be obtained from the Euler-
Lagrange equations
oL oL

- = =0, 36
50,9 50 0
where £ = Ly + £, + L;. Note that
oL 1 oL df _
—— =0 — =——pp
50.0) 2607 55 ag™ (37)
Thus, we find that the field equation is||
df
Op=-262 5,

We can calculate the total energy-momentum tensor 7% for the system by applying the
procedure described in Appendix A to the action given in equation (29). We find that

T =T + T (39)
where

_ 1 1

T3 = 35((0°9)(0°6) = 51 (8,0)(0"9)) (40)

T = m(1 + f) / WP 5 (z — (1)) dr. (41)

|| Here O = 7*9,0, = 87 — 82 is the d’Alembertian operator in (1 + 1) dimensions.
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As a consistency check, we can use the particle equation of motion (35) and the field
equation (38) to show that

_ df

0T = =015 = p, 6 %o, (42)
confirming that the total energy-momentum tensor is conserved:
0,7 = 0. (43)

3.3. Determining the coupling

We will impose the principle of equivalence by choosing the coupling f(¢) in such a way
that the trace of the total energy-momentum tensor 7% acts as a source for the field
¢. This means that the field equation must have the form

O¢ = —2G nusT. (44)

If we substitute the field equation (38) and the expression for T*® given in equation
(39), we see that this condition implies

af
%_1+f, (45)

where we have used that na/jT}lﬁ =0 and nang‘);’g = (1 + f)p,- We can integrate this
equation to obtain

f(9) = Ae? — 1 (46)
for some constant A. Since the particle should be free when the field vanishes, we require
that f(0) = 0, which implies that A = 1:

fl@)=e’ 1. (47)
Substituting f(¢) into the expressions we derived in the previous section, we find that

the equation of motion for the particle is
d

Lkt (20w’ — ) =0, (18)
T
the field equation is

D¢ = _2Ge¢ﬁpa (49)

and the total energy-momentum tensor for the system is 7%% = TJ?"B + Tp‘;’g , where T}lﬂ

is given by equation (40), and

Tp‘jﬂ (z) = me® / ww? 6@ (z — (1)) dr. (50)

3.4. Geometric interpretation

We will now show that we can reinterpret the theory, so we can view it as describing a
free point particle moving in a curved spacetime with metric tensor g,, = €?**n,,. To
accomplish this we need to reinterpret both the particle equation of motion (48) and
the field equation (49) in geometric terms.
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Let us begin with the particle equation of motion. For a particle moving in a

spacetime described by the metric tensor g, the proper time s is defined such that
ds = (guv™v”) 2 d) = e? (nv*”)? d) = e? dr, (51)

and the particle velocity is given by

. dzt _ dr dz*

== = et 52

ds —ds dr " (52)

Using these relations, we can rewrite the equation of motion (48) in terms of s and ut:
d

£u“ + (0,0) (2utu” — g*) = 0. (53)

In Appendix B we calculate the Christoffel symbols for the metric g,,, and using these
symbols we can express this equation of motion as

d
%Qﬂ + T pu®uf = 0. (54)
This is just the geodesic equation; thus, we find that the particle moves along geodesics
of the curved spacetime described by g, .

Next, we will reinterpret the field equation (49). In Appendix A, we show that
for a particle of mass m moving in a curved spacetime with metric tensor g,,, the

energy-momentum tensor is given by

T (z) = mg /2 / u®uf 63 (z — 2(s)) ds, (55)
where g = — det g,,. From equations (19), (51), (52), and (55), we find that

9as T, (2) = €7 py(2). (56)
In Appendix B, we show that the curvature scalar corresponding to g, is

R =22 9"9,0,6 = —2¢** O¢. (57)

Thus, we can express the field equation (49) as
R = 4G gopT2". (58)

This is just the field equation (5) for the special case of a point particle source.

In summary, from one point of view the spacetime is flat and the particle interacts
with a scalar field ¢. The equation of motion for the particle is given by equation
(48), and the field equation is given by equation (49). From another point of view, the
spacetime is curved and the particle falls freely. The equation of motion for the particle
is given by the geodesic equation (54), and the spacetime geometry is described by a
metric tensor that satisfies the field equation (58).

4. Solution for a stationary point particle

To illustrate the results of the previous section, we will solve the field equation for
the case of a stationary point particle. Let us first consider the system from the flat-
spacetime point of view. We will take the trajectory of the particle to be 2°(7) = 7,
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2'(r) = 0, where 7 is the proper time defined relative to the metric tensor 7,,.
Substituting this trajectory into equation (19), we find that the mass density in the
rest frame of the particle is given by

pla) =m [ 69z~ 2(r) dr = m (). (59)
If we substitute this result into the field equation (49), we find that
02p(z) = 2Gme? §(x), (60)

where ¢g = ¢(0), and where we have assumed that the potential is static. The solution
to this equation ist

d(z) = Gme®|z| + ¢q. (61)

We can also consider the system from the curved-spacetime point of view. The
metric that describes the spacetime curvature is

ds? = 2@ (dt* — dz?), (62)
with ¢(z) given by equation (61), and the curvature scalar is
R = 2¢ 2@ 2¢(z) = 4Gme ? §(x), (63)

so the spacetime is flat everywhere except on the particle worldline itself. In the curved-
spacetime interpretation the parameter ¢, can be thought of as defining a constant
scaling factor e®. This scaling factor can always be eliminated by transforming to new
coordinates £ = e?° t, T = e?° z in which the metric takes the form

ds® = @ (d? — dz?), (64)

where ¢(Z) = a|Z| and a = Gm. Thus, without loss of generality we can take ¢y = 0.

4.1. Coordinate transformations

The (t, z) coordinates that we have been using up until now are convenient because they
allow us to connect the toy model with the flat-spacetime interpretation, but we can
gain further insight into our solution by considering an alternative system of coordinates
that casts the metric into a simpler form. Since the spacetime is flat for x > 0 and z < 0,
in each of these regions we can define coordinates in which the metric tensor is given by
the Minkowski tensor 7),,. For the region x > 0 we define coordinates (u4,v;) by

e®® sinh at (65)
e"” cosh at, (66)

u(t,r) =a*

vy (t,r) =a™*
and for the region z < 0 we define coordinates (u_,v_) by
u_(t,r) = at e"*sinh at (67)
v_(t,z) = a ‘e ** coshat. (68)

1 The most general solution includes an additional term Ez that describes a constant background field,
but for simplicity we will assume that E = 0.
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It is straightforward to verify that if we apply these coordinate transformations to the
metric given in equation (62), we obtain the Minkowski metric:
ds* = du? — dvl = du® — dv?. (69)

Note that events with = > 0 are described exclusively by the (u.,v,) coordinates,
events with 2 < 0 are described exclusively by the (u_,v_) coordinates, and events with
x = 0 (that is, events on the worldline of the particle) are described by both systems of
coordinates. The two coordinate patches are therefore glued together along the particle
worldline, which in the new coordinates corresponds to the hyperbolas v — u% = 1/a?
and v? — u® = 1/a?®. We will call these hyperbolas H, and H_, respectively; note that
points to the left of these hyperbolas do not correspond to physical events.

To describe the gluing, we need to relate the two coordinate descriptions of events
(t,0) that lie on the particle worldline; from equations (65), (66), (67), and (68), we find
that

wi(t,0) = u_(£,0) v, (t,0) = v_(£,0). (70)
We also need to relate the two coordinate descriptions of vectors in the tangent space of
the particle worldline. From equations (65) and (66), we find that as x — 0 from above,

duy \ _ [ coshat sinhat dt (71)
dv, | \ sinhat coshat dz |’

and from equations (67) and (68), we find that as z — 0 from below,

du_ _ coshat —sinhat dt (72)
dv_ ] \ sinhat — coshat de |-

Thus, at £ = 0, we have that

du_ \ [ cosh2at —sinh2at du (73)
dv_ |\ sinh2at — cosh2at dvy, |~
This is just a spatial reflection followed by a Lorentz transformation with g = tanh 2at.

An arbitrary vector in the tangent space of the particle worldline has two coordinate
descriptions A% and A", and these are related by the same transformation law:

A%\ [ cosh2at —sinh2at A (74)
Al )\ sinh2at — cosh2at AL )
In summary, the new coordinates are convenient because they reduce the metric
to Minkowski form, but the cost of this simplification is that instead of one global

coordinate patch (¢,2) we need two coordinate patches (u,,v,) and (u_,v_) that are
glued together in a nontrivial way.

4.2. Trajectory of a freely falling test particle

Let us now consider the trajectory of a test particle} falling in the spacetime described by
equation (62). Intuitively, we expect the test particle to be attracted by the gravitational

1 We will assume the mass of the test particle is small compared to mass m of the source particle, so
it does not significantly alter the spacetime geometry.
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field of the source particle and to undergo periodic oscillations about the source particle
worldline. One can verify this by calculating the trajectory of the test particle in the
(t,x) coordinate system, using either equation (48), the equation of motion for the
flat-spacetime interpretation, or equation (54), the equation of motion for the curved-
spacetime interpretation. We will consider an alternative approach, however, which
makes use of the (uy,v;) and (u_,v_) coordinates, and helps clarify the way in which
the two coordinate patches are glued together.

Let us assume that the test particle starts out to the right of the source particle
worldline, so initially we can describe its trajectory using the (u,,v,) coordinates. The
metric tensor in this coordinate system is just the Minkowski metric, so the test particle
moves at a constant velocity until it hits the hyperbola H,. We then switch over to the
(u—,v_) coordinate system, using equations (70) and (74) to obtain the initial position
and velocity of the test particle in this system. The test particle once again moves at a
constant velocity until it hits the hyperbola H_, at which point we switch back to the
(uy,vy) coordinate system and the whole process repeats itself.

We can illustrate this with a specific example. Consider a portion of a test particle
trajectory that consists of two segments: for —sy < s < 0 the trajectory is given by

u_(s) = s coshf v_(s) =a"' — ssinh#, (75)
and for 0 < s < 54 the trajectory is given by
uy(s) = s coshf vi(s) =a~' + ssinho, (76)

where sy = 2a !sinhd. Note that in each segment the particle moves at a constant
velocity S+ = £ tanh §. We can verify that the two segments are glued together properly
by checking that they satisfy equations (70) and (74) at s = 0:

duy  du_ dvy  do_
ds  ds  ds  ds’
where we have used that ¢t = 0 for the point on the trajectory at s = 0.

(77)

Uy = U Vy = V-

It is straightforward to transform the trajectory into the (¢,x) coordinate system
by inverting equations (65), (67), (66), and (68). Figure 1 illustrates the trajectory for
the case 6 = 1/2.

5. Solution for a static, uniform density source

As a second example, we will present a solution for the case of a static, uniform density
sourcef. This solution provides a simple example that illustrates some of the techniques
involved in finding solutions for relativistic stars. We will assume that the source is a
perfect fluid, so its energy-momentum tensor is given byi

T*(z) = (p + p(x)) u®(z) u’(z) — p(z) g°°, (78)

1 This is the (1 4+ 1)-dimensional analog of an exact solution due to Schwarzschild for the interior of a
uniform-density star (see [1], pages 609-12).
I See [15], equation 2.10.7.
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at

ax

Figure 1. Test particle trajectory in the (u—_,v_), (us,vs), and (¢,z) coordinate
systems. The thick lines indicate the trajectory of the test particle; the thin lines in
the (u_,v_) and (uy,vy) coordinate systems indicate the hyperbolas H_ and H,.

where p is the density, and p(z) and u*(z) are the pressure and velocity of the fluid at
the point z. Let us choose a system of coordinates such that the metric tensor has the
form g,, = €?**n,,. Since the fluid is static, in this coordinate system the components
of the velocity vector u® are

u’ =e™? ut = 0. (79)
Thus, the components of the energy-momentum tensor are
T =2y TH=¢2p T%=0 TY=0. (80)

The energy-momentum tensor must obey the conservation law
VT = 95T + T, T + TP, T = 0, (81)

where V4 indicates a covariant derivative. Substituting for the components of 7%? using
equation (80), and for the Christoffel symbols using the results of Appendix B, we find
that

VT = e (0,p + (p+ ) 0u0)- (82)
Thus, we obtain an equation of hydrostatic equilibrium:
Op = —(p + p) 0:9. (83)

This equation describes how the pressure must vary inside the source in order to balance
the gravitational attraction.
Using equation (80) for the components of 7%, and using the results of Appendix
B for the curvature scalar R, we find that the field equation is given by
R = —2¢72?0¢ = 4G go3T* = 4G(p — p). (84)
Since the field is static, this reduces to

326 = 2G(p — p) €. (85)
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The equation of hydrostatic equilibrium (83) and the field equation (85) form a coupled
set of equations that can be solved for the pressure p(z) and the gravitational potential
¢(z). We can simplify these equations by introducing a dimensionless spatial coordinate

u = (4Gpy)*? e (86)
and a dimensionless pressure
P(u) = p(u)/po, (87)

where py = p(0) and ¢g = ¢(0) are the pressure and gravitational potential at the center
of the source. In terms of these new quantities, equations (83) and (85) become

P'(u) = — (a+ P(u)) ¢'(u) (88)
1

¢ (u) = 5(a = P(u)) %), (89)
where the primes denote derivatives with respect to u and where o = p/p, is the
density-to-pressure ratio at the center of the source. We can integrate equation (88) to
obtain

a+ P(u)
=¢p—1 — . 90

o) = oo — log “1) (90
Or, solving for the pressure,

P(u) = (a+ 1) e~ @@=%) _ ¢, (91)
Substituting this result into equation (89), we find

&' (u) = qre20m=s0) _ Lo 4 1) @00 (92)

2
We will assume that the source is symmetric about u = 0, so ¢'(0) = 0. Using this
boundary condition, we can write down the solution to equation (92):

1
d(u) = ¢ — log(i(a +1— (a—1)coshu)). (93)
If we substitute this result into equation (91), we find that

1
P(u) = 5(042 +1—(a? — 1) coshu). (94)
Thus, the pressure decreases as we move outwards from the center at u = 0, and
eventually reaches zero at some point u = r that defines the surface of the source. We

can determine the location of this point by solving the equation P(r) = 0 for r; we find

that
1
r = log <a+1). (95)

o —

So far we have only considered the interior of the source, which corresponds to the region
|u| < r. Outside the source the energy-momentum tensor vanishes, so the field equation
is

¢"(u) =0, (96)
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and the potential is given by
é(u) = Alu| + B (97)

for some constants A and B. We can determine these constants by matching the exterior
solution given by equation (97) to the interior solution given by equation (93). From
equations (93) and (95), we find that

P(£r) = do +1log(1+1/a) (98)

¢ (£r) = £ 1. (99)
Thus, the exterior solution, which applies to the region |u| > r, is given by

d(u) = |ul —r+ ¢o + log(1 + 1/). (100)

It is instructive to compare this solution to the analogous solution for a constant-
density source in Newtonian gravity. The field equation for Newtonian gravity is given
by equation (7), so for a source with a constant density p we have that

02p(x) = 2Gp. (101)

To determine how the pressure p(z) varies inside the source, let us consider the forces
acting on a small mass element of length dz. The mass element feels an inward force
—p oz 0,¢(z) due to the gravitational field, and an outward force 6z 0,p(x) due to the
pressure variation. If we require that these forces balance, we obtain an equation of
hydrostatic equilibrium:

0.p(z) = —p Opp(7). (102)

Equations (101) and (102) are the Newtonian analogs of equations (85) and (83). We
can solve these equations for the gravitational potential and the pressure inside the

source:
1
d(u) = Zau2 (103)
1
Pu)=1- Zoz2u2, (104)

where for simplicity we have assumed that ¢y = 0, and as before o = p/py, u =
(4Gpo)'/? z, and P(u) = p(u)/po. The surface of the source is located at the point
u = r where the pressure vanishes, so we find that » = 2/«. Using these results, it is
straightforward to show that the relativistic solution reduces to the Newtonian solution
in the limit o > 1 in which the density of the source is much larger than the pressure
at the center of the source.

Appendix A. Energy-momentum tensor
Here we show how to obtain a conserved energy-momentum tensort for a system that
is described in terms of an action S. First, we write the action in covariant form; that

T See [15], pages 360-3 for a discussion of this method and a proof that the resulting energy-momentum
tensor is conserved.
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is, in a form that is invariant under general coordinate transformations. We can then
obtain the energy-momentum tensor 7% by varying this covariant action with respect

to the metric tensor:

1
0SS = —3 /TO‘/B 0ap 9% d’x (A1)

where g = — det g,,,. For this method to be applicable, all the fields in the action must
be dynamical; in other words, there can be no explicit spacetime dependence of the
Lagrangian density. There are two results that are useful in performing the variations.
First, the variation of the inverse metric tensor is given by

Sgh = _glwzguﬂ 59(1/3’- (AZ)
Second, the variation of g is given by}
59 =g g/u/ 5g;w- (A3)

To illustrate this technique, we will calculate the energy-momentum tensor for a
free point particle and for a free scalar field. For a free point particle, the action is

Sp = —m/(naﬂv”‘v//’))l/2 dA. (A.4)
In covariant form, this action becomes

Sp=—m //(90‘51)"‘1)’3)1/2 6@ (z — z(N\)) d\ d?x. (A.5)
If we vary this action with respect to g,, we find that the energy-momentum tensor is

Tp‘m =mg /? /(gaﬂvavﬂ)l/2 0P 6P (2 — z(N)) dA. (A.6)
For a flat spacetime with g,, = 7,,, the energy-momentum tensor is

T = m / WP 5@ (z — 2(r)) dr. (A7)
For a free scalar field, the action is

5= 1 [ @@ ds (A8)
In covariant form, this action becomes

Sp=1g | 9(0.9)(0.0) 9" da’. (A.9)
If we vary this action with respect to g,3, we find that the energy-momentum tensor is

T = (90 (0a0) (039) — 5 "5 (06)(055). (A10)
For a flat spacetime with g,, = 7,,, the energy—momentum tensor is

TP = S ((0°9)(@°9) — 5 1" (06)(0"6)). (A1)

1 These results are derived in [3], page 258.
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Appendix B. Geometry in conformal coordinates

Here we calculate the Christoffel symbols and curvature scalar for the metric tensor
9uw = €?n,,. The Christoffel symbols are

[ap = %g“"(aaguﬂ + 989or — 0vGap) (B.1)
= 1" (Mg Oa® + Nav Opd — Nap 0, 9)- (B.2)

The Riemann curvature tensor is defined to be
RF g = 0,10 — 0T oy + T 5T, — T 0 TH 5, (B.3)

and from this expression we can obtain the curvature scalar:
R = gaﬂRuauﬂ = _QQMUaual/QS = _2672(#77“”8”3,,(25 = —2672¢ |:|¢ (B4)

Note that we can also use equation (1) to express the Riemann tensor in terms of R.

References

[1] Misner C W, Thorne K S, and Wheeler J A 1971 Gravitation (New York: W. H. Freeman)
[2] Collas P 1977 Am. J. Phys. 45 833-7
[3] Nakahara M 1990 Geometry, Topology and Physics (Bristol: Institute of Physics Publishing)
[4] Jackiw R 1985 Nucl. Phys. B 252 343-56
[5] Brown J D, Henneaux M, and Teitelboim C 1986 Phys. Rev. D 33 319-23
[6] Mann R B, Shiekh A, and Tarasov L 1990 Nucl. Phys. B 341 134-54
[7] Sikkema A E and Mann R B 1991 Class. Quant. Grav. 8 219-36
[8] Mann R B, Morsink S M, Sikkema A E, and Steele T G 1991 Phys. Rev. D 43 3948-57
[9] Mann R B, Ohta T 1997 Phys. Rev. D 55 4723-47
[10] Burnell F J, Mann R B, Ohta T 2003 Phys. Rev. Lett. 90 134101
[11] Malecki J J, Mann R B 2004 Phys. Rev. E 69 066208
[12] Nordstrgm G 1913 Ann. Phys. Lpz. 42 533
[13] Ohanian H C 1976 Gravitation and Spacetime (New York: W. W. Norton)
[14] Feynman R P, Morinigo F B, and Wagner W G 1995 Feynman Lectures on Gravitation (Reading:
Addison-Wesley)
[15] Weinberg S 1972 Gravitation and Cosmology (New York: John Wiley and Sons)



