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We present a general formalism for describing stimulated Raman adiabatic passage in a multi-
level atom. The atom is assumed to have two ground state manifolds a and b and an excited state
manifold e, and the adiabatic passage is carried out by resonantly driving the a —e and b — e
transitions with time-dependent fields. Our formalism gives a complete description of the adiabatic
passage process, and can be applied to systems with arbitrary numbers of degenerate states in each
manifold and arbitrary couplings of the a — e and b — e transitions. We illustrate the formalism by
applying it to both a simple toy model and to adiabatic passage in the Cesium atom.

PACS numbers: 32.80.Qk

I. INTRODUCTION

A number of techniques for coherently manipulating atomic systems are based on the idea of adiabatically varying
the parameters of a time-dependent Hamiltonian. One such example is the technique of stimulated Raman adiabatic
passage (STIRAP), which can be used to coherently transfer population between the two ground states of a three-
level atom in the lambda configuration [1-3]. The STIRAP technique involves driving the atom with a pair of time-
dependent fields that couple the two ground states to the excited state, and relies on the fact that the Hamiltonian
for the system has an instantaneous eigenstate, called the dark state, that contains no excited state component. In
general this dark state is a superposition of the two ground states, where the overlap of the dark state with each
ground state depends on the ratio of the powers in the two fields. Population is transfered from the first ground state
to the second by adiabatically varying these powers in such a way that initially the dark state overlaps entirely with
the first ground state, during the process the dark state is a superposition of the two ground states, and after the
process has been completed the dark state overlaps entirely with the second ground state. The STIRAP technique has
been studied experimentally [4-10], and has formed the basis for numerous theoretical proposals [11-14]. In addition,
STIRAP has been generalized to multi-level systems [15-18], opening up new possibilities for creating superposition
states [19-23].

Here we present a general formalism for describing STIRAP in a multi-level atom. The atom is assumed to have two
ground state manifolds a and b and an excited state manifold e, where each manifold consists of an arbitrary number
of degenerate states, and the adiabatic passage is carried out by resonantly driving the a — e and b — e transitions
with time-dependent fields. The Hamiltonian for the system is

H:gCOSQ(Ab-l-AJIE)_%Sine(Aa"'Al)’ )

where ) is a time-independent Rabi frequency that characterizes the strength of the fields, 8 is a time-dependent
parameter that is varied to carry out the adiabatic passage, and A, and A; are lowering operators that connect states
in manifold e to states in manifolds a and b. We sweep 6 from 0 to 7/2 to transfer states from manifold a to manifold
b, and we sweep 6 from 7/2 to 0 to transfer states from manifold b to manifold a.

Let us denote the Hilbert spaces for manifolds a, b, and e by H,, Hp, and H.. We will show that H, and H; can
be decomposed as follows:

He = Hy @HIOH, (2)
Hy = Hp ©HE©H. 3)

Under adiabatic passage from a to b, states in H; coherently evolve into states in Hj, states in H¢ remain unchanged,
and states in M/, are driven to the excited state manifold and scatter incoherently. Similarly, for adiabatic passage
from b to a, states in ”H,,? coherently evolve into states in H), states in ’Hg remain unchanged, and states in H; are
driven to the excited state manifold and scatter incoherently. The coherent evolution from H) to Hp is described
by a unitary transformation U : H) — H;, and the coherent evolution from H; to H, is described by the unitary
transformation Ut : ’Hb)‘ — H). Given arbitrary operators A, and A, our goal is to perform the Hilbert space
decompositions described in equations (2) and (3) and to calculate the unitary transformation U.

The paper is organized as follows. In section II, we show how to preform the Hilbert space decompositions described
in equations (2) and (3). In section III, we calculate the unitary transformation U : H) — H;, and consider in detail



the special case dimH) = dim H) = 2. The formalism developed in sections II and III gives a complete description
of the adiabatic transfer process, and in section IV we illustrate this formalism by applying it to a simple toy model.
Finally, in section V we use the formalism to analyze adiabatic passage in the Cesium atom.

II. HILBERT SPACE DECOMPOSITIONS

We will first show how to perform the Hilbert space decompositions described in equations (2) and (3) for a given
pair of atomic lowering operators 4, and A;. Let H? be the space of states in manifold a that are dark to the a — e
transition, let ’Hgl be the space of states in manifold b that are dark to the b — e transition, and let H¢ be the space
of states in manifold e that are dark to the e — b transition. Note that H%, HJ, and HZ are just the null spaces of

the operators A}, Al and Aj:

Hy = {lta) € Ha | All¢a) = 0} (4)
Hi = {lgs) € Hy | Afl) = 0} ()
HE = {[vbe) € He | Aplthe) = O} (6)
Define H., Hi+, and H} to be the complements of these spaces in H,, Hp, and H,:

Ho = HF o HS (7)
Hy = Hy ©HE (8)
He = HF dHL. 9)

Clearly, states in H¢ and H{ are dark states of H. In addition, H has dark states of the form
|A) = cos @ [tha) + sin ¢ [s), (10)

where |¢),) € HE and [ip) € Hy. We will call such states lambda dark states, and say that [1,) and |¢3) form a
lambda pair. Since H|A) = 0, we have that

cos sin ¢ Al |4py) = sin 6 cos ¢ Al [1h,). (11)
This equation must hold for all values of 6, so ¢ must be related to € by
tan¢ = Atan@ (12)
for some value \. Thus, states |¢),) and [¢) are related by
AAflwn) = Alfiba). (13)
Note that by using equation (12), we can also express |A) as
|A) = (cos? 0 + A2sin? 0) /2 (cos 0 [b,) + Asin 6 [4)). (14)

Define 1) to be the space of states |,) € HE such that Al|¢),) € HE, and define H!, to be the complement of H
in HL:
HE = HoH.. (15)
Note that from the definitions of H/, and HZ, it follows that dim H/, < dim H.
We will now show that for every normalized state |1),) € HJ), we can construct a normalized state |¢5) € Hy

such that |¢,) and |i) form a lambda pair. First, note that we can view the raising operator Al as a mapping
Al :H, — He. Since the image of H, under A lies entirely in HL, we can define a new mapping R} : H) — HL by

Ri|¢a) = Allva), (16)

where |¢,) is an arbitrary state in 7. Similarly, given the definitions of H; and H,}

., we can define mappings
R} :Hi — HE and Ry : HE — Hi- by

Aflebo) (17)
Ablwe>a (18)

R} [s)
Rb'd’e)
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where |t) and [¢).) are arbitrary states in H;- and H_}. Note that the only state in ) that lies in the null space of
Al is the null state, the only state in ;- that lies in the null space of A} is the null state, and the only state in Hz
that lies in null space of A is the null state; thus, the null spaces of RZ, R}:, and Ry are trivial. This means that the
mapping R} Ry : HE — HE is invertible, and we can define a mapping M : H) — H;- by

M =R, (RIRy)"' R}. (19)
Define H} to be the image of M, and define H} to be the complement of H; in Hj
Hy = Hp ©Hy. (20)

Note that because the null spaces of R}, RZ, and Ry are all trivial, the null space of M is also trivial, and therefore
dim Hp = dim H). Given a normalized state [¢),) € H), define X by

A= (| M M|ga) 2, (21)
and define a normalized state [¢;) € Hj by
1
99 = M) (22
Using equations (19) and (22), we find that
AAllus) = AR} |by) = RIM ) = R} Ry (R} Ry) ™" Riltba) = REJba) = Af[¢ha)- (23)

Thus, states |1p) and [¢),) satisfy equation (13) and therefore form a lambda pair.
We claim that none of the states in H/, can form lambda pairs with states in H,f‘. To see this, consider a superposition
of states |1),) € H!, and |¢3) € Hi:

|#) = calta) + coltn)- (24)
Because of the way we have defined !, there must be a state |¢.) € HZ such that
(e[ Alltha) # 0. (25)
Since [1.) € H? we have that Ap|i.) = 0, so
(We|Allgs) = 0, (26)
and therefore
Q.
<¢€|H|¢) = _551n0<¢e|A2|¢a> Ca- (27)

Thus, for ¢, # 0 and sin @ # 0 we have that H|¢) # 0, so |¢) cannot be a lambda dark state.

Since all the states in H, form lambda pairs with states in Hg‘, and none of the states in #H|, form lambda pairs
with states in ;- it follows that none of the states in H, form lambda pairs with states in ;. Thus, states in H/,
and Hj, do not form dark states of H, and under adiabatic passage they are driven to the excited state manifold and
scatter incoherently.

III. UNITARY TRANSFORMATION

In the previous section we defined Hilbert spaces H, and ’Hi‘, which are subspaces of the total Hilbert spaces for
ground state manifolds a and b. We will now show that under adiabatic passage from a to b states in H, coherently
evolve into states in Hj, and we will derive the unitary transformation U : ) — Hj that describes this evolution.

First, choose an orthonormal basis {|t)a1), -+ , [tan)} for 2, and use the mapping M given in equation (19) to
construct a normalized basis {|¢p1), -- - , [¢sn)} for Hj, where |¢)y;) is defined by
1
[¥p) = ;Mhﬁa]‘) (28)
j

Nj = (Way| MTMpa;) 2. (29)
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Note that the basis states for H; will not necessarily be mutually orthogonal. The states |1,;) and [i;) form a
lambda pair, and define a lambda dark state that is given by

14;(0)) = cos ¢;(0) |tha;) + sin ¢;(6) |¢hs;), (30)
where
$;(0) = tan'(\; tan@). (31)
The states {|A1), - -+, |An)} form a basis for the lambda dark states, so we can express a general lambda dark state
|A) as
[A) =) cilAg). (32)
J
In the adiabatic limit, the time evolution of |A) is given by Schrédinger’s equation:
iLiay = HIA) =0 (33)
"' e
Thus, substituting for |A), we find that
D (1) +¢5 6 |A;)) =0, (34)

j
where the dots indicate derivatives with respect to 6, and where we have defined

d

1A;) = %V\j) = —sing; [Ya;) + €08 d; |¢hy;). (35)

Taking the inner product of equation (34) with (A|, we obtain
D (& (ArlAs) + ¢5 65 (Ar|Az)) = 0. (36)

J
Since {|A1), - -+, |A,)} is a complete basis for the lambda dark states, the matrix (Ag|A;) is invertible; we will denote
its inverse by L;g:
D Lk (AxlAj) = 8. (37)
k

If we multiply equation (36) by L;; and then sum over k, we obtain the following equations of motion for the expansion
coefficients ¢;:

éi = _ZZLik <Ak|j\]) (&j Cj. (38)

Note that we can express an arbitrary state [1,) € H) as

[Yha) = ch(O) |thaj) = chw) 1A;(0)). (39)

for some set of amplitudes ¢;(0). We can then integrate equation (38) subject to these initial conditions to obtain a
state

Ultha) = Y ¢j(n/2) |A;(m/2)) = ZCJ'(W/2) [%;)- (40)

J

This defines the unitary transformation U.



A. Example: dimH) = dim H} =2

As an example, we will write down the equations of motion explicitly for the case dim H) = dim Hj = 2. We choose
an orthonormal basis of states {|t)a1), [{)a2)} for H}, use equation (28) to obtain a basis of states {|¢p1), |¢s2)} for
H;, and use equation (29) to obtain the values A; and A. The matrices (Ay|A;) and (Ag|A;) are given by

N 1 zsin ¢ sin ¢
(AelAy) = ( z* sin ¢y sin ¢g 1 ) w
o 0 2z sin ¢ cos ¢
(Ak|Az) = ( 2* cos ¢ sin ¢ 0 ) ’ )
where
2 = (g ). (43)
The inverse of (Agx|A;) is
' ) 3 1 —zsin ¢ sin
Ly = (1 — |z|2 sin? 01 sin? ¢2) ! ( —2* sin ¢ sin ¢ ?1 s ) ) (44)

Substituting these matrices into equation (38), we find that the equations of motion for ¢; and ¢, are

( é ) = (1= | sin? gy sin? o)1 ( | 2|2 sin ¢y cos ¢y sin? ¢ —2zsin ¢y cos ¢ ) ( q:ﬁl a1 ) , (45)

o —2* cos ¢y sin ¢ | 2|2 sin ¢o cos p2 sin? ¢y b2 Co

and from equation (31) we have that

cosdr = (cos?6+ A\Zsin?0)~'/2 cos (46)
singr, = (cos?6+ A2sin?0)"1/2 A, sinf (47)
br = A (cos®0 + A2sin?6)71. (48)

Given A1, A2, and z, these equations of motion can be integrated to obtain the unitary transformation U : H) — ’H,’)\
For certain special cases, we can perform the integration analytically and write down the explicit form of U.

First, suppose [¢p1) and |12) are orthogonal. Then z = 0 and the equations of motion reduce to é; = é2 = 0, so
the unitary transformation U : H) — Hj is given by

Ular) = [tbv2) (49)
Ula2) = [thp2)- (50)

Next, suppose A1 = A2, so there is a single angle ¢ = ¢1 = ¢» that characterizes both lambda dark states. Also,
for simplicity, assume that z is real. Then we can express the equations of motion as

(cjl)=zSin¢>cos¢(1—z2sin4<75)l(ZSi_niqu ! )(Cl)a (51)

Cy zsin? ¢ Co

where primes denote derivatives with respect to ¢. We can decouple these equations by defining new variables
n+ =0 + Co:

n'y = Fzsinpcosd (1 £ z sin® ¢) ' 7. (52)

These equations can be integrated to give

e (¢) = (1 2 sin® ¢) = /%11 (0). (53)
Thus,

ci(¢) = %[(1 +2 5in” ) /% (e1(0) + e2(0)) + (1 — 2 sin §) /% (€1 (0) — e2(0))] (54)

eo(9) = %[(1 + 2 sin” ) /% (1(0) + e2(0)) — (1 - 2 sin® §) '/ (e1(0) — e2(0))]. (55)
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FIG. 1: Level diagram for the example system. Horizontal lines indicate states in ground state manifolds a, b and excited state
manifold e; diagonal lines indicate transitions coupled by A, and Al vertical lines indicate transitions coupled by A and Al.

For adiabatic passage from a to b we sweep 8 from 0 to 7/2, and from equation (31) we see that ¢ also sweeps from 0
to /2. Thus, after the adiabatic passage has been completed ¢ = /2, and the unitary transformation U : H) — ’Hi‘
is given by

Ultpar) = althp) + B [¢p2) (56)
Ulbaz) = Blw1) + a[¢p2), (57)
where
a = S+ (1= (58)
B = 5+ = (1=2) ), (59

IV. EXAMPLE SYSTEM

We will now illustrate the formalism developed in sections IT and IIT with a simple example. Consider an atom that
has the following internal states:

Ho = span{|ay), |ao), |a-)} (60)
Hy = span{[by), |bo), [b-)} (61)
He = span{ley), |eo), [e-)}. (62)
Define atomic lowering operators A, and Ay by
Ay = |byp){e+] + |bo){eo| + [b-){e—| (63)
Ao = lay)({e+] + (eol) + |a—)({e-| + (eol)- (64)

The transitions coupled by these operators are shown in Figure 1.
We will first apply the results of section II to find the decompositions of Hilbert spaces H, and Hp. There is a
single dark state |ag) for the a — e transition, and there are no dark states for the b — e and e — b transitions, so

Hg = span{|a)} (65)
H, = span{las)} (66)
Hy = {} (67)
Hy = Hp (68)
He = {} (69)
HE = He. (70)

Since Af|1,) € HL for every state [1),) € H.-, we find that

Ha = H, =span{las)} (71)
H, = {}- (72)



The mapping M : H) — Hj is given by
M = (|by) + [bo}){a+| + ([b-) + |bo)){a—|. (73)

We can use this mapping to define states |By) that form lambda pairs with states |a):

B2) = 5 Mlax) = (1/V2)((b) + b)), (74
where
As = (ax|MTM|as)'” = V2. (75)
Note that |B;) and |B_) are not orthogonal:
z=(B4|B_) =1/2. (76)
From the results of section II, it follows that
|A+) = cos §(6) la+) + sin ¢(6) | Bx) (77)
are lambda dark states of H, where
$(0) = tan" (V2 tan#). (78)
Define a state |s) in H; that is orthogonal to both |B,) and |B_):
|s) = (1/V3)(|b-) — [bo) + [b+)). (79)
Since the image of M is span{|B4)}, we find that
Hp = span{|B+)} (80)
My = span{|s)}. (81)

Now that we have decomposed the Hilbert spaces H, and Hj, let us apply the results of section III to calculate the
unitary transformation U : ) — H;. We first note that a general lambda dark state of H is a superposition of [A )
and |A_):

A) = er|Ay) + eofA). (82)

Since Ay = A_, the equations of motion for ¢; and ¢ are given by equation (51). As was shown in section IIT A, these
equations of motion can be integrated to give U : H) — Hp:

Ulay) = a|By) +B|B.) (83)
Ula_) = B|By)+alB.), (84)

where a and 8 are given by equations (58) and (59) with z = 1/2.

The Hilbert space decompositions and unitary transformation U give a complete description of the behavior of the
example system under adiabatic passage: for adiabatic passage from a to b, states |ay) coherently evolve into states
Ula4) and state |ag) remains unchanged; for adiabatic passage from b to a, states Ulay) coherently evolve into states
lat), and state |s) is driven to the excited state manifold and scatters incoherently.

It is interesting to note that if we start in state |ay) and perform adiabatic passage from a to b, population is
transferred to |b_) despite the fact that (b_|Ap Al|ar) = 0. The population reaches state |b_) by passing through
state |a_); at time ¢ the population in |a_) is given by

P(la-)) = |c2(¢)[* cos® 4, (85)

where cy(¢) is given by equation (54) with ¢;(0) = 1, ¢2(0) = 0, and where ¢ = tan~(v/2tan 6(t)).
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FIG. 2: Level diagram for Cesium. The two hyperfine ground state manifolds 65,5, F = 3 and 65,5, F = 4 correspond
to manifolds @ and b in our theory, and one of the excited state hyperfine manifolds, either 6Ps/, F' = 3 or 6P3/5, F' = 4,
corresponds to manifold e.

F 3 3 4 4
F 4 3 4

3
B, F)| /373 /173 /5T /T[T

TABLE I: Weighting factors 8(F', F) for Cesium.

V. ADIABATIC PASSAGE IN CESIUM

In order to show how the formalism developed in sections IT and IIT applies in a more physical context, we will
use it to analyze adiabatic passage in the Cesium atom. A level diagram for Cesium is shown in Figure 2; the two
hyperfine ground state manifolds 65, /2, F' = 3 and 65,5, F' = 4 correspond to manifolds a and b, and one of the
excited state hyperfine manifolds, either 6P3/5, F' = 3 or 6P3/5, F' = 4, corresponds to manifold e. For simplicity,
we will denote the 6S; /5, F' = 3 and 65 /5, F' = 4 ground state manifolds by g3 and g4, and the 6P/, F' = 3 and
6P; /5, F' = 4 excited state manifolds by e3 and e4.

Adiabatic passage between manifolds g3 and g4 is performed by driving the atom with a pair of classical fields that
connect these manifolds to the excited state manifold eps. The field driving the gr ¢ ep transition corresponds to
an atomic lowering operator that is given by

Ap = Ap - ér, (86)
where ér is the polarization of the field. The operator Ay is defined by
1
Ap=320> BE,F)(F,m/|L,¢;F,m) |F',m')(F,m|é;, (87)
m/ m g=-1

where (F',m'|1,g; F,m) is the Clebsch-Gordan coefficient that connects ground state |F,m) to excited state |F’,m’)
via polarization éj,

1
é — _
+1 + /2
€y = 2, (89)

(& £ 19) (88)

is a orthonormal basis of polarization vectors and B(F"', F') is given by Table I. In the following sections we apply the
results of section II to perform the Hilbert space decompositions given in equations (2) and (3) for adiabatic passage
via both the F' = 3 and F' = 4 excited state manifolds.



F|dim#H} dimH% dimH’
3 6 1 0
4| 6 2 1

TABLE II: Hilbert space dimensions for adiabatic passagve via the F/ = 3 manifold.

A. Adiabatic passage via the F’' = 3 manifold

For the g4 + es transition there are two dark states |dac), |dao) in gs (these dark states are calculated in the
Appendix), and there are no dark states in es, so

HE = span{|dy.), |dio)} (90)
HE = {}- (91)

For the g3 <> e3 transition there is a single dark state |d3) in g3 (this dark state is calculated in the Appendix), so
HE = span{|ds)}. (92)

From the dimensions of H¢, H¢, and H%, we can work out the dimensions of all the Hilbert spaces in the decompositions
of Hs and H4. First, note that because dimH¢ = 0 and dim H4 < dim H¢, we must have that dim H} = 0. Next,
since the dimensions of H3, H¢, and H} must sum to 7, we find that dim #3 = 6. Finally, since dimH} = dimH3 = 6
and the dimensions of H}, H%, and H, must sum to 9, we find that dim % = 1. Thus, the dimensions of the Hilbert
spaces are as shown in Table II. Note that these dimensions are independent of the polarizations of the classical fields.

1. Ezample: é3 =é4 = 2

The Hilbert space decompositions are

H§ = span{[3,0)} (93)
Hy = {} (94)
H3 = span{[3,+1), [3,+2), |3,+3)} (95)
HS = span{|4, +4)} (96)
Hy = span{|4,0)} (97)
H) = span{|4,+1), |4, +2), [4,+3)}. (98)

States |3, m) and |4,m) are lambda pairs for m = £1,+2, £3. Since the lambda dark states corresponding to these
pairs are mutually orthogonal, equation (38) decouples and the unitary transformation U : H3 — H} can be written
down explicitly:

U=>"[4,m)3,ml, (99)

where the sum is taken over m = £1,+£2,+3.

2. Ezample: é3 =%2,é4 =1

The Hilbert space decompositions are

H? = span{|3,0)} (100)
Hy = {} (101)
H3 = span{|3,+1), |3,+2), |3, +3)} (102)
H{ = span{|dac), |dao)} (103)
Hj = span{|s)} (104)
Hi = span{|Bi1), |Bas), |Bis)}, (105)
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where
|s) = (1/V2) (14,1) — |4,-1)) (106)
and the dark states are given by
ldae) = (1/8V2) (|4,4) +V284,2) + V70 |4,0) + V284, —2) + |4, —4)) (107)
ldso) = (1/4) (|4,3) + V7 |4,1) + VT |4, -1) + |4, =3)). (108)

We have defined states |Bi1), |B+2), and |Bis) that form lambda pairs with states |3, £1), |3, £2), and |3, £3); they
are given by

|Bis) = (1/8V254) (1274, £4) — 2v/7|4, £2) — V70[4,0) — 2v/7|4, F2) — |4, F4)) (109)
|Bio) = (1/4V15) (15/4,+3) — V7|4, 1) — V7|4, F1) — |4, F3)) (110)
|Bi1) = (1/24V/638) (99 |4, £4) + 198v/7|4, £2) — 29v/70|4,0) — 58v/7|4, F2) — 294, F4)), (111)

and the corresponding A values are

Ars = /10287/1792 (112)
Ai2 = /45/14 (113)
Ai1 = 1/8613/8960. (114)

The unitary transformation U : H} — H} can be obtained by numerically integrating equation (38) using the above
expressions for the states and A values. We can say something about the structure of this unitary transformation by
noting that the polarizations of the classical fields impose the selection rule Am = £1. Thus, it is useful to decompose
H3 and H; into subspaces of even and odd Zeeman states:

Hy = H3* @ HR° (115)
Hy = Hi* ©H, (116)

where
H3¢ = span{|3,+2)} (117)
H3° = span{[3,+1), [3,+3)} (118)
H;° = span{|Buis)} (119)
H3° = span{|B1), |Bs)}. (120)

The selection rule implies that U maps H3¢ to H}° and H3° to H3¢. Since dim H3° = dimH2° = 2 and A2 = A_s,
we can use the results of section IIL A to write down the unitary transformation U : H3¢ — H}° explicitly:

Ul3,+2) = a|Byz) + B|B-2) (121)
U3,=2) = B|B42) +a|B ), (122)
where o and 3 are given by equations (58) and (59) with z = (Bya|B_2) = —1/15.

B. Adiabatic passage via the F’ = 4 manifold

For the g4 ¢ e4 transition there is one dark state |d4) in g4 and one dark state |d.) in e4 (these dark states are
calculated in the Appendix), so

H¢ = span{|ds)} (123)
He = span{|d,)}. (124)

For the g3 <> e4 transition there are no dark states in g3, so
= {} (125)

As with adiabatic passage via F' = 3, we can use the dimensions of HY, H¢, and H? to say something about the
dimensions of the other Hilbert spaces in the decomposition of H3 and . For adiabatic passage via F' = 4, however,
there are two separate cases to consider: since dim 5 < dim H? and dim H¢ = 1, we find that dim H} can be either
0 or 1. For dim#, = 0 the dimensions of the Hilbert spaces are as shown in Table III, and for dimH5 = 1 the
dimensions of the Hilbert spaces are as shown in Table IV. Thus, for adiabatic passage via F' = 4 the dimensions of
the Hilbert spaces depend on the polarizations of the classical fields.
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F|dim#H} dimH% dimH’
7 0 0
4| 7 1 1

w

TABLE III: Hilbert space dimensions for adiabatic passage via F’ = 4 manifold, for the case dim Hj5 = 0.

F|dimH3 dimH% dim H'
3| 6 0 1
4| 6 1 2

TABLE IV: Hilbert space dimensions for adiabatic passage via F' = 4 manifold, for the case dim Hj5 = 1.

1. Ezample: é3 = €1 = 2

For this example dim #5 = 1, and the Hilbert space decompositions are

H = {} (126)
H; = span{|3,0)} (127)
H) = span{|3,+1), |3,+2), |3, +3)} (128)
H¢ = span{|4,0)} (129)
Hy = span{|4,+4)} (130)
H} = span{[4,+1), |4, +2), |4, +3)}. (131)

States |3,m) and |4, m) are lambda pairs for m = +1,+2, +3. Since the lambda dark states corresponding to these
pairs are mutually orthogonal, equation (38) decouples, and the unitary transformation U : H} — H; can be written
down explicitly:

U=>_[4,m)3,ml, (132)

where the sum is taken over m = +1,£2, 3.

2. Ezample: és =%, €1 =2

For this example dim #j5 = 1, and the Hilbert space decompositions are

H; = {} (133)
H; = span{|-)} (134)
H;‘ = span{|3,:|:2), |3a:|:3>> |3a0)a |+>} (135)
H{ = span{|4,0)} (136)
Hy = span{sc), [so)} (137)
,Hi‘ = Spa‘n{|Bi2)> |B:|:3)7 |BO>> |B+>}7 (138)

where
l£) = (1/v2)(13,1) £ [3,-1)) (139)

and

lse) = (1/4) (14,4) +V74,2) — V7|4, -2) - |4,-4)) (140)

|50) = (1/V32) (3/4,3) + V7|4,1) — V7|4, 1) - 3|4, -3)). (141)
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We have defined states |By), |Bo), |B+2), and |Bx3) that form lambda pairs with states |+), |3,0), |3,£2), and

|3, £3); they are given by

|Bt3

and the corresponding A values are

|Bo
|By

Y = (1/V8) (VT7|4,+4) — |4, +2)) (142)
Y = (1/4)(V7/4, £3) — 3|4, £1)) (143)
y = (1/v2)(14,1) + |4,-1)) (144)
y = (1/v2)(14,2) + [4,-2)), (145)

Aes = \/25/49 (
Ara = 1/200/147 (
Xo = 1/250/49 (148
A+ = /375/392. (

The unitary transformation U : H3 — 2 can be obtained by numerically integrating equation (38) using the above
expressions for the states and A values. As with the example given in section V A 2, the polarizations of the classical
fields impose the selection rule Am = =£1, so it is useful to decompose H3 and H} into subspaces of even and odd

Zeeman states:

Hy = H3® @ H° (150)
Hy = Hp® @M, (151)
where

H3° = span{[3,0), |3,+2)} (152)
H;° = span{|+), [3,£3)} (153)
'Hi“’ = span{|By), |B+2)} (154)
"Hie = span{|By), |B+s)}. (155)

The selection rule implies that U maps H3° to H}° and H3° to Hj°.

8. Ezample: é3 = é4 = €41
For this example dim #j5 = 0, and the Hilbert space decompositions are

Hy = {} (156)
Hy = span{} (157)
H3 = span{|3,0), |3, %1), [3,+2), [3,£3)} (158)
He = span{|4, )} (159)
Hy = span{|d,—4)} (160)
%i‘ = Span{|4’ 0), |4ai1>a |4ai2>a |4a:t3)} (161)

States |3,m) and |4, m) are lambda pairs for m = 0,+1,+2, +3. Since the lambda dark states corresponding to these
pairs are mutually orthogonal, equation (38) decouples, and the unitary transformation U : H3 — H} can be written

down explicitly:

3
U= > [4,m)3,m|. (162)

m=—3

VI. CONCLUSION

We have presented a general formalism for describing stimulated Raman adiabatic passage in a multi-level atom
with ground state manifolds a and b and excited state manifold e, where each manifold consists of an arbitrary number
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of degenerate states. This formalism describes how the Hilbert spaces for manifolds a and b decompose into subspaces,
each of which evolves in its own characteristic way under adiabatic passage. In particular, we identified subspaces ’Hé
and Hj that coherently evolve into one another under adiabatic passage, and calculated the unitary transformation
that describes this evolution. We have illustrated the formalism with a simple toy model, and used it to analyze
adiabatic passage in the Cesium atom. The formalism gives a complete description of the adiabatic passage process,
and should be useful for analyzing adiabatic passage in a wide variety of atomic systems.
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APPENDIX A: DARK STATES

Here we calculate the dark states for an optical field driving an F' — F or F' — F — 1 transition. We will choose a
coordinate system such that the field propagates along the Z axis, and define a basis of Zeeman states relative to this
quantization axis. The polarization € of the field can be expressed as

€= a+é+1 + Ol_é_l, (A].)

where é4; are given by equation (88). If |d) is a dark state of the field, then

é- Atdy = 0. (A2)
Thus, for every state |F',m') in the excited state manifold, we have that
> (F' mje- AT F,m) e =0, (A3)
m
where
cm = (F,m|d). (A4)

Using equation (87) to substitute for A‘fF, we obtain the following dark state conditions:
<F17m|17 +1;F7m - 1) QCm—1 + <Fl7m|17 _1;F7m + 1> a_Cpy1 = 0 (A5)
for —F' <m < F'. We will now consider ' — F' and F — F' — 1 transitions as separate cases.

1. Dark state for an F' — F transition

The Clebsch-Gordan coefficients for —F' < m < F' are given by

(Fm|l,+1; Fm—1) = — ((F+;;)((5Ll)_ m))1/2 (A6)
(Fym|l,—1;F,m+1) = + ((F_;'?((ﬁ:ll;m))m. (A7)
Thus, the dark state conditions are
VE+m)(F+1-m)aycm1 =+ F —m)(F+1+m)a_cmy (A8)
for —F <m < F, and
aycp_1 =a_c_p_1 =0. (A9)

For each value of F' there is single dark state that meets these conditions. The dark state for a 3 — 3 transition is
|d3) = N(\/ga?i—"ga 3) + \/30&3_04_|3, 1) + ﬁa+a3|3, _1) + \/gai|33 _3>)a (A]-O)
and the dark state for a 4 — 4 transition is
lds) = N(V3502 |4,4) + V2003 a_|4,2) + V18a2a? |4,0) + V20 oy a® |4, —2) + V350t [4, —4)), (A11)

where N is a normalization constant that depends on a..
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2. Dark states for an F' — F' — 1 transition

The Clebsch-Gordan coefficients for —F < m < F' are given by

(F—m)(F+1-m)\"*
_ . —1) = A12
(7= 1mit st Fm -1y = (2 (A12)

(F+m)(F +1+m)\"?
- 1 1) = : Al
(F—1,m|1,-1; F,m+1) < SFQF + 1) (A13)

Thus, the dark state conditions are

V(F —=m)(F+1-m)ajem_1 = —/(F+m)(F +1+m)a_cmi1. (A14)

for —F < m < F. For each value of F' there are two dark states that meet these conditions. The dark states for a
4 — 3 transition are

die) = N(at|4,4) — V2803 a_|4,2) + V7002 a? [4,0) — V28 a ol [4,-2) + ot |4, —4)) (A15)
+ + +
|d40> = N(ai|453> - \/7043_(1_|4, 1) + \/?(14_0(2_'4, _1> - Oé?i|4, _3>)5 (A]-G)

where N is a normalization constant that depends on a..
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