
DYNAMICAL SYSTEMS

HOMEWORK # 5

http://www.its.caltech.edu/∼asgor/dynsys/

1. Prove that powers of an ergodic (weakly mixing, mixing) measure-preserving
map are ergodic (weakly mixing, mixing).

2. Prove that a circle rotation Rα is not weakly mixing for any α ∈ R.

3. Prove that a measure preserving map f : (M, µ) → (M, µ) is ergodic if and
only if for any measurable sets A, B

lim
n→+∞

1
n

n−1∑

k=0

µ(f−k(A) ∩B) = µ(A)µ(B).

4. Let xk and yk be a first digit of 2k and of 3k + 1, correspondingly. For each
j = 1, 2, . . . , 9 find

lim
n→+∞

#{k = 1, 2, . . . , n |xk = j}
n

and lim
n→+∞

#{k = 1, 2, . . . , n | yk = j}
n

.

5. Consider the following map α : Σ+
2 → Σ+

2 ,

(α(ω))i =

{
1− ωi if ωj = 1 for all j < i,

ωi otherwise.

Prove that α : Σ+
2 → Σ+

2 is uniquely ergodic. Describe the invariant measure.
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