
Dynamical Systems

Final Exam

1. Fix α 6∈ Q, α ∈ (0, 1). Consider a map f : [0, 1) → [0, 1),

f(x) =
{

x + 1− α, if x ∈ [0, α)
x− α, if x ∈ [α, 1).

a) Show that f preserves the Lebesgue measure on [0, 1).
b) Prove that f is ergodic.
c) Find hµ(f).

2. Consider the following map f : [−1, 1]× [−1, 1]× [−1, 1] → R3,

f(x, y, z) =





(
x

100 − 1
2 , y

100 − 1
2 , 100z − 50

)
, if z ∈ [ 13 , 1],(

x
100 , y

100 , 100z
)
, if z ∈ [− 1

3 , 1
3 ),(

x
100 + 1

2 , y
100 + 1

2 , 100z + 50
)
, if z ∈ [−1,− 1

3 ).

Let Λ ⊂ [−1, 1] × [−1, 1] × [−1, 1] be a set of points where all (positive and
negative) iterates of f are defined.

a) Describe Λ, prove that Λ is a hyperbolic set.
b) Show that periodic orbits of f are dense in Λ.
c) Prove that f |Λ is transitive.
d) Find htop(f |Λ).
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