Problem 1.
By Fatou theorem,
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which implies
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These two inequalities imply the result.
Problem 2.
Notice that fR f@*+1/n) = 1/2" [, f(z). Then [, SN | f2" + 1/n) =

PO 11/2n Jo f@). Also, [N [f2* +1/n)| = S0 1/2" [, |f(x)|. Since

Jr 2oz 1f( 2"+1/n)| =302 JelF @ +1/m) and | S0, F(2"+1/n)| < 300, [F(2n+
1/n)| we have [, f = [z ¢

Problem 3.

‘We have
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So, the convolution is bounded.
Now,
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The last integral tends to 0 when x5 — x7. Indeed, we can approximate function
f in Ly norm by continuous functions, i.e. there exists a function g such that
If —glli < e. Consider an interval [—-7T,T] such that f_TT |fldz < ||f]| — € and
fTT lgldz < ||f|| — €. On this interval g is uniformly continuous and there is such
o that |g(z — &) — g(x)| < €/2T for all 0 < § < §p. This means thatf lg(z—0)—

g(z)] < e. And from triangle inequality we get f |f(z —0) — f(z)| < 2. Since
the integral of f by R C [T, T] is less than € we get || f(x —d) — f(z)||1 — 0 when
0 —0.

So, the convolution is continuous.

Problem 4.



Since f € L, and g € L, we now that f* € L,/, and ¢g° € L,/;. Now, let
= 22 Then s/p+ s/q =1 and we can apply Holder inequality:

§= p+q
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So, fg € Ls. Since 1/s+ 1/r = 1 we can apply Holder inequality to functions fg
and h:

[ \gahl < sl
and using previous inequality we get
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Problem 5.
Consider function F(p) = log fol |f(z)[Pdz. Let’s show that this function is
convex, i.e. for any p; < ps and A € [0, 1] we have inequality

F(pi(1 = A) +p2A) < Fp1)(1 = A) + F(p2) A

Indeed, F'(pi(1 — A) + p2)) = log fol |FIPr A=V f[P22. Since |f|P*=N € Lyjq_y)
and |f|P** € L1y we can apply Holder inequality:
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Fpi(1— A) + p2)) = log / FIPON e <
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log<(/0 ) () )=1/(1—A>1og||f||g;+1/Mog||f|g;.

This proves convexity. Convexity implies continuity, since the right hand side of
the inequality F'(p1(1 — \) + p2A) < F(p1)(1 — A) + F(p2)A tends to F(p1) when
A — 0 and function F' is nonnegative.

Now, let’s prove that || f|l, — || f|lcc when p — oo. First, suppose that || |l = 1.
Then for any € > 0 there exists a set of X measure § such that |f(x)| > 1 — e when
z € X. So, |fIP>(1—€)?on X and fol |f|Pdz > §(1—e)P. Thus, || f|l, > §/P(1—¢).
The last quantity tends to 1 — e when p — oo. And since ||f||, < 1 we have
limy, oo || fllp = 1. If || flleo # 1 consider function f = f/||fllec. Then |f|l, — 1,
which means that || f]l, — || f|lco-



