
Problem 1.
Since f is measurable, f−1([a,∞)) = Fa is measurable for any a. Then Fa =

Ba∪Na, where Ba is a Borel set and Na has measure 0. But Na ⊂ N∗
a , where N∗

a is
a Borel set of measure 0. Now, let’s N = ∪a∈QN∗

a , then m(N) = 0. Let g = fχNc .
Then g is Borel measurable. Indeed, for 0 < a ∈ Q we have g−1([a,∞)) = Ba \N
and for 0 > a ∈ Q g−1([a,∞)) = Ba∪N . Since Ba and N are Borel sets, g−1([a,∞))
is a Borel set for any rational a. Taking limit we see that it is a Borel for any real
a and function g is Borel measurable.

Problem 2.
By Lusin Theorem, for any n there exists a continuous function gn such that

m({x | f 6= gn}) < 1/n. Since polynomials are dense in C[a, b], there exists a
polynomial pn such that |pn(x) − gn(x)| ≤ 1/n for any x ∈ [a, b]. By construction
of the sequence gn, it converges to f in measure, so there exists a subsequence qnk

converging to f a.e. (see Problem 3). And since ‖pnk
− gnk

‖ → 0 when k →∞ we
see that pnk

converges to f a.e..
Problem 3.
First, we show that there is a subsequence fnk

converging to some function f
a.e.. To do it we choose fnk

to satisfy

m(Ek) < 2−k, where Ek = {x | |fnk+1 − fnk
≥ 2−k|}.

Then, since
∑

k m(Ek) < ∞, by Borel-Cantelli lemma we have m(E) = 0, where
E =

⋂∞
k=1

⋃∞
j=k Ej . For any x /∈ E we have x /∈

⋃∞
j=k Ej for some k. So, |fnj+1(x)−

fnj
(x)| < 2−j . This means, that the sequence fnj

(x) converges. So, the sequence
fnj

converges a.e. to some function f .
Since f − fnk

=
∑∞

j=k(fnj+1 − fnj
) we have

|f(x)− fnk
(x)| ≤

∞∑
j=k

|f(x)nj+1(x) − fnj
(x)| < 2−k+1

for any x /∈
⋃∞

j=k Ej . So,

m({x | |f(x)− fnk
(x)| ≥ 2−k+1}) ≤ m(

∞⋃
j=k

Ej) ≤ 2k+1.

We see that fnk
converges to f in measure, so fn converges to f too, since it is

Cauchy in measure.
Problem 4.
Since

∫ b

a
x

1+x2 dx = 1
2 log 1+a2

1+b2 , we have

lim
n→∞

∫
[−n,n]

x

1 + x2
dx = 0

and

lim
n→∞

∫
[−n,2n]

x

1 + x2
dx = log 2.

Problem 5.
Assume that fn converges to f in measure. Then for any ε and δ there exits N

such that m({|fn − f | > δ}) < ε for n > N . Then

d(fn, f) =
∫
{|fn−f |>δ}

|fn − f |
1 + |fn − f |

+
∫
{|fn−f |≤δ}

|fn − f |
1 + |fn − f |

≤ εM + δ,
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where M = sup |fn−f |
1+|fn−f | . Choosing ε and δ small enough we have d(fn, f) → 0.

Assume d(fn, f) → 0. Since
∫ |fn−f |

1+|fn−f |dx → 0 and |fn−f |
1+|fn−f | ≥ 0 we have

|fn−f |
1+|fn−f | → 0 a.e.. So, fn → f a.e. and fn → f in measure.


