Problem 1.

Since f is measurable, f~!([a,00)) = F, is measurable for any a. Then F, =
B,UN,, where B, is a Borel set and N, has measure 0. But N, C N}, where N is
a Borel set of measure 0. Now, let’'s N = U,eqN., then m(N) = 0. Let g = fxne.
Then g is Borel measurable. Indeed, for 0 < a € Q we have g~*([a,00)) = B, \ N
and for 0 > a € Q g~ ([a,00)) = B,UN. Since B, and N are Borel sets, g~*([a, c0))
is a Borel set for any rational a. Taking limit we see that it is a Borel for any real
a and function g is Borel measurable.

Problem 2.

By Lusin Theorem, for any n there exists a continuous function g, such that
m{z | f # gn}) < 1/n. Since polynomials are dense in Cla,b|, there exists a
polynomial p,, such that |p,(x) — gn(x)| < 1/n for any = € [a,b]. By construction
of the sequence g, it converges to f in measure, so there exists a subsequence gy,
converging to f a.e. (see Problem 3). And since ||pn, — gn, || — 0 when k — oo we
see that p,, converges to f a.e..

Problem 3.

First, we show that there is a subsequence f,, converging to some function f
a.e.. To do it we choose f,, to satisfy

m(Ey) <27%  where By = {x | | furs, — fue =27}
Then, since ), m(E};) < oo, by Borel-Cantelli lemma we have m(E) = 0, where
E =2, U2, Ej. Forany x ¢ E we have z ¢ |J;Z,, Ej for some k. So, | fn, ., (z)—

In; ()] < 277, This means, that the sequence Jn,; (x) converges. So, the sequence
fn; converges a.e. to some function f.

Since f — fup = 32 4 (fuysr — fu,) we have
(@) = fu(2)] < Z|f D)y (@) — g ()] < 275
for any = ¢ U2, Ej. So,
m({ | 1@) = fun (@) 2 2551 < (] By) < 2,

We see that f,, converges to f in measure, so f,, converges to f too, since it is
Cauchy in measure.

Problem 4
Since f iz de = 1log ii‘l; , we have
o Tt =
and
li Y _dr =1log?2
im ——dz = log 2.
n—00 J[_p, on] 1+ 22 &
Problem 5.

Assume that f, converges to f in measure. Then for any € and § there exits IV
such that m({|f, — f| > d}) < e for n > N. Then

_ | fn — £ | fn = fl
d(fn,f)—/{ [y +/{ T =T < eM + 4,

fn—flmoy L+ [fn — uefl<oy L+ [fn — [l
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where M = sup % Choosing € and ¢ small enough we have d(f,, f) — 0.

Assume d(fy, f) — 0. Since [ IJ‘rf‘T} flfldx — 0 and 1J|rf|’}7n_‘f| > 0 we have
i

TH o] 0 a.e.. So, f, — f a.e. and f, — f in measure.



