Problem 1.

Assume that [~ f(z)dz converges. Since f(z) > 0 and f(z) decreases mono-
tonically on [1,00) we have inequality

N N
0<Sy=> fm < [ ).
n=2 1

The integral converges, so the sequence Sy is bounded from above. Since this
sequence is nonnegative it has a limit when n — co. So, the series converge.
Now assume that Y 2 | f(n) converges. Again it is easy to see that

A [A]
0< P = [ f@)e < 3 fm)

Since the series converge, F'(A) is bounded from above. But F'(A) is increasing
since f(z) > 0. So, F(A) has a limit when A — oo.
Problem 2.

We know that if a(x) = I(x — ¢) then f: f(x)da = f(c), where

0, ifx <0,
I@”)_{ 1 ifz>0.

From this and linearity of the integral we have:

2)

0, ifz=a,
a=4¢ 1/2 fa<z<b |
1 ifx=0
b) If a,b & {1, n € N} then o = 317 51 (2 — 1/n),
c)
x, it x € [a, (b+ 2a)/3]
a=< (b+2a)/3 itxe[(b+2a)/3,(2b+a)/3]

x—(b—a)/3 ifze[(2b+a)/3,b)
d) a =3, oy, where

0, ifa§x<a—|—b2_7“,
o, = %x—%(a—l—b;na), ifa+bgjf‘§x<a+2b;_‘ﬁ
S if a + 574 <@ <b.
Problem 3.

To find the length of a curve y(¢t) = (v1(¢),...,Vn(t)) we use the formula I(y) =
fol \/(71)2 + -+ (74)3dt. So, we have:

a) 1= [y V1+4n2dt = V1+ 472,

b) = [ 2mdt = 2m,

c)l = [ 4ndt = 4m.

Problem 4.

Suppose the set F is covered by intervals (x;,v;), ¢ = 1,...,n and > |x; —
yil < m*(E) + 6. Then the set f((xs,y;)) lies in an interval (z},y;) such that
|z} — y}| < K|x; — y;]. Indeed, for any two points z,y € (x;,y;) we have

|f(x) = f(y)] < K|z —y| < K|z, —yil.
1




2

So, the distance between any two points from the set f((z;,y;)) is not greater than
Klz; — yil.
So, the set f(E) is covered by intervals (z},y;) and we have inequality
Dolwi—yil KD |z — gl < K(m*(E) + ).

Since ¢ is arbitrary we have

m*(f(B) <Y |oi =yl S K Y los — yil < Km*(E).

Problem 5.

The set F is contained in the set F' of all reals in [0, 1] whose decimal expansion
doesn’t contain 2’s. Let z = ZZO:1 107"z, so 0.z1x5 ... is the decimal expansion
of 2. Then,

F:[O,l]\GFn,

n=1
where

oo
F,={x= ZlO_"xn | 1, .. X1 # 2, Ty = 2}
n=1

It’s easy to see that m(F,) = (9/10)"~11/10. Since F,, N F,, = 0 if n # m then

i =1- 53 ()" =0

n=1



