Problem 1.

The statement is NOT true. Consider function f(z) = { L ifreQ

-1, fzeR\Q -’
Clearly f%(x) = 1 is integrable, but f is not integrable. If f3 is integrable then
we can apply Theorem 6.11 from Rudin with ¢(t) = t*/3 and get that f is indeed
integrable.

Problem 2.

From the definition of the Cantor set in 2.44 we know that it can be covered
by a finite set of intervals of arbitrarily small total length. Denote these intervals
by [uj,v;]. We can choose them in such a way that E C U(u;,v;). Now, the set
K = [a,b] \ U(u;,v;) is compact and f is uniformly continuous on it, i.e. there
exists ¢ > 0 such that |f(s) — f(t)| < eforall s,t € K, |s —t| < . Now we form a
partition P such that all u; and v; occur in it and no point from any (u;, v;) occurs
in P. Then we have

U(Pvf) _L(P’f) < CE,
and Theorem 6.6 implies that f is integrable.

Problem 3.

Since

b b
£+ 9l < [ u+olda= [17 + 19 + 21fllglda,
a a
by the Schwartz inequality we have

b b b
£+l < [ |f|2+g|2da+2\/ [ 1ida [ lgida = 151+ gl

So, we have | f + gl < [|f[| + llgll

Problem 4.

Let ||f|| = f;|f|dx Then || f|] > 0. Let || f|| = 0. Then, by Theorem 6.20 we
have F(z) = f;m|f(t)|dt is differentiable on [a,b] and F'(x) = f(x). But since |f]
is positive we have 0 < F(z) < F(b) = 0, i.e. F(x) =0. So, f(x) = 0. Now, we
need to check the triangle inequality:

b b
I +gll = / 1+ glde < / 1+ lgldz = 171 + Nl

So, || - || is indeed a norm on Cla, b].
But it does NOT define a norm on R[a,b]. Indeed a function f(0) =1, f(z) =0
for « € (0, 1] is integrable on [0, 1], but || f|| = 0.

Problem 5.
Let _
a(x):{ 0, ifz<0,
r, ifx>0,
and

r, ifx <0,
f(""”)_{ 0, ifz>0,

Then f_ll | fldoe = 0 and « is continuous.



