Problem 1. Since binary expansion is not unique at binary rational points, the
function is not well-defined there. We will think that this function is not defined
at binary rational points. These points form a countable set, so it’s measure equals
Z€ro.

Now, let’s denote f;(0.didy...) = d;2-(+20)  Then we have
f(x) = folz) + fi(z)+....

Each of functions f; is measurable, so f is measurable as a limit of measurable func-
tions. Also, fol flx)de =3 fol fi(z)dz, by Monotone Convergence Theorem. But
fol fi(z)dz = 1270420 Them, computing the sum we get the result fol f(@)dz = 3.

Problem 2. a) The answer is NO. Indeed, we can easily construct a closed
nowhere dense set: if {¢;} is the set of rationals in [0,1], then I = U(g; —e27%, ¢; +
£27%) is an open dense set of measure less then . So, J = [0, 1]\ [ is a closed nowhere
dense set of positive measure. Since I is dense, the function y; is discontinuous
at any point of J. And since I is open xj is continuous at any point of I. So, it
has closed nowhere set of discontinuities which has positive measure, so it is not
Riemann integrable.

b) Let f has a closed nowhere dense set D of discontinuities, where p(D) > 0.
Since D is nowhere dense, p(D) < 1. Let’s denote

W) = 1 " xpe(s)ds,

where D¢ =[0,1]\ D. This function is clearly continuous by properties of integral.
Also, it’s monotone. Indeed, since D is closed nowhere dense, D° N[z, 2] contains
an interval, so
xr2
/ Xpe(s)ds > 0.
T

And since h(0) =1 and k(1) = 1, h(x) is a homeomorphism of the interval.

Let’s show that u(h(D)) = 0. Since D is closed, D¢ = UI;, where I;’s are
pairwise disjoint intervals. Also, h(I;) is an interval of length

H((1) = T | xoe(s)ds = ()

since I; C D¢. Taking sum by all intervals we get u(h(D¢)) =1, so u(h(D)) = 0.

¢) No, counterexample is f(z) = X2 The set of discontinuities is {1/n}.
It has measure zero, but it’s not closed.

d) There exists such homeomorphism h that f o h is Riemann integrable if and
only if the set of discontinuities D of the function f is of first category, i.e. it is a
countable union of closed nowhere dense sets.

To prove this, we will use the following construction. For some intervals I =
(a,b), J = (¢,d) and a nowhere dense set D C I, the function

d—c v
hap) c.),0(®) = ¢+ m/a Xpe(s)ds

define a homeomorphism between (a,b) and (¢, d) such that u(h(D)) = 0. This is
a slight generalization of the part b).

Now, let’s D = UD;, where Dy C Dy C ... are closed nowhere dense. First, we
define a homeomorphism g of D to some set of measure zero. We do it inductively.
Let g1 = h(0,1),(0,1),p,, defined on D; only. Now, suppose we have g; defined on
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D;. We define g;+; on D;y; in the following way. Since D; is closed, DY is open,
so D§ = UI;, where I; = (a;,b;) are pairwise disjoint intervals. We can choose I;’s
to be maximal, i.e. 9I; C D; U{0,1}. Then we define g;41 on each I;:

9i+1(%) = h(a; b,),(c; d;),Din1;s  When @ € Digy \ Dy,
where
¢j = gilaz), dj = gi(bs),
and
gir1(x) = g;(x), when x € D;.

Then, from the definition, this map is monotone and continuous on D; ;. Repeating
this procedure, we get a continuous monotone map g on D. And g(D) = Ud(D;),
so p(g(D)) = 0. Since this map is monotone on closed set D, it can be continued
to a homeomorphism of the entire interval [0, 1].

Problem 3. a) It’s obvious that operator T preserves the norm. So, it’s
bounded, and, therefore, continuous.

b) Let’s denote by xj, the k-th component of z: z = (x,ex). Then (T"z), =
Trn(ky. Now for any k we have two possibilities: either 7™ (k) = k for some n, or
7" (k) — oo, as n — oo.

If 7 (k) = k then

1 N . 1 n )
Sn(k) =5 zojmx)k — Ak) =~ Zojmm
when N — co. Indeed, Sy (k) = A(k)+ & 308 /un (T2 and & S0 (Ti2) —
0 when N — oo.
If 7(k) — oo when n — oo then Sy(k) — A(k) = 0. Indeed, x,, < ¢ when
m > M, so
1 M i 1N i
Sn(k) = N Z(T )k + N Z (T2,
0 Ni+1
where N is such that #™(k) > M when n > Nj. Since N; doesn’t depend on N
the first term tends to zer0. And the second term is less then €. So, Sy(k) — 0
when N — oo.

So, we see that the limit exists for any component. We need to show that
corresponding vector converges in H. We can choose such M that >, |zj|* <
if k > M. Let K > M be such number that for all k¥ > K we have 7" (k) > M
for any n. Then we have Y, - [Sn (k)2 < e, 50 >, [Sn(k) — A(k)]? < 2¢ for any

N. Also, we can find such N that 2521 |Sn (k) — A(k)| < e. So, we see that the
1 N1 i NI
averages x ) o 1z have a limit in H.

c) Denote z, = L 570" T*z. Then

n+1 T
Tz, = Zn+l = T,
n n

So, Tz, — zp+1 — 0, as n — oo. And since z,, — z, we have Tz = z.
Problem 4. a) Let
1

f@) = (1 —logz)?



Then
1 1 1
| @l = o) =1

and fol |f(z)|Pdx = oo for any p > 1.

b) Obviously, f /P where f is from the previous part, works.

¢) Yes, since you can consider fx[o,1] € L1(R).

Problem 5.

We know that
1 (™ flro+2)— f(xo) 2 sin 2n+1

Sn(f)(xo) - f(xo) = ; - 2sin £ 2
- 2

zdz.

So, if f/(0) exists, then the function g(z) = £&eF2)=I®0) _= g integrable. Then,

z 2sin

by Riemann lemma, we have
T 2n+1

5u(F)(0) — f(o) = / o(2)sin

T

zdz — 0, when n — oo.



